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Abstract: The dynamic behavior of a stochastic epidemic model with information intervention
and vertical transmission was the concern of this paper. The threshold to judge the extinction and
persistence of the disease was obtained. Specifically, when A < O (A appears in Section 3), the three
classes I;, M,, and R, appearing in the model go extinct at an exponential rate, and the susceptible
class S, almost surely converges to the solution of the boundary equation exponentially. When
A > 0, the result that the disease in the model is persistent in the mean and the existence of invariant
probability measure are proved by constructing a new form of Lyapunov functions, which results in
getting sufficient and nearly necessary conditions for different properties. Moreover, one of the main
characteristics of this article was the study of the critical case of A = 0 under some conditions. Some
examples were listed to confirm the obtained results.
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1. Introduction

Outbreaks of infectious diseases do great harm to life and fortune. The construction and research
of mathematical models play an extremely important role in the prevention and control of diseases.
Scholars have studied various properties of many epidemic models, such as SIR
(Susceptible-Infected-Recovered), SEIR (Susceptible-Exposed-Infected-Recovered), SIRS, SIQS
(Susceptible-Infected-Quarantined-Recovered), which portray different characteristics of disease
transmission [1-6]. The authors in [6] studied the Hopf bifurcation and stability of a delayed
SIR model. They established an epidemic model with temporary immunity and specific functional
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response [7], and got the well-possedness and the threshold to determine different behaviors of
the model.

When an epidemic occurs, people can learn about the transmission route of the disease, prevention
measures and the government’s policy on disease control from media such as the TV or Internet, so
that they can take certain measures to slow down the spread of the disease, such as self-isolation,
vaccination, and compliance with the government’s anti-epidemic regulations. On account of the role
of media information on disease control, scholars have studied the different properties of epidemic
models with information intervention [8—12]. At present, there are mainly two ways to study the
impact of information intervention on the behavior. One is to study the impact of information
intervention on the contact rate [8,9, 13, 14], and the other is to introduce a new class with information
awareness [10, 11, 15, 16]. In [15], the following epidemic model with separate information
intervention class was established:

S, =A—-d,S, - BS.I, — dmM,S, + 6R,,
1, =BS.1; - (d + v + Wi,

R = domM,S, +yI, — (d, + O)R,, (I.D
—a y
T Hwbg !

where S, I, R, denote the quantity of the susceptible class, the infected class, and the recovered class at
time ¢, separately. M, represents the individuals of the class with information awareness. The meanings
of the parameters in model (1.1) are shown in Table 1. In addition, a, represents the degradation rate
of information, which contains the subtraction due to the natural death of M. Thus, the assumption
that a, > d; is reasonable. The whole part d,m indicates response rate; the detailed meaning of each
parameter on the information and schematic diagram of the above model can be seen in [15]. All the
above parameters are specified as positive.

Table 1. Meanings of the parameters in model (1.1).

Parameters Meaning

A The inflow rate in the population

d, The natural death rate

u Mortality due to disease

B The contact rate between S and /

0% The recovery rate of the infected

0 The loss rate of immunity, turning the recovered into the susceptible
ap, by The information growth rate and the saturation coefficient
a The degradation rate of information

m The rate of information interaction

dy The response intensity

Reality is not immutable and often full of various uncertainties. The above deterministic
model (1.1) can not reflect these uncertain factors. Therefore, the introduction of the model with
stochastic noise will better reflect the reality and present more research contexts. For this reason,
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many scholars have studied epidemic models with various stochastic factors [17-20]. The authors
have studied the nontrivial positive periodic solution and condition for extinction of the model with
media coverage and white noise [18]. Bao-Shao investigated an SIRS model with Markovian
switching, which is used to describe the changes of coefficients in different environments, and
discussed the influence of Markovian switching on the behavior of the model. In this paper, we
introduce the stochastic perturbation of white noise into the above model, whose intensity is
proportional to each class, that is

dSt :[A - d]St _ﬁS[It - dzmM,St + 6Rt:|dl + U]S,dW](t),

dlt :[ﬁStIt — (dl +y +/.I)It]dt + O'z[tdWQ(t),

(1.2)
arl;
am, = - @M, Jdt + 73 MdWs o)
=\ M o3 M,dWs(1)
Here, W;(r),i = 1,2,3,4 are mutually independent Brownian motions on probability space and

oi,i = 1,2,3,4 represent the intensities of the stochastic perturbations. The greater the stochastic
perturbations, the deeper the impact on the system, the greater o-; will be.

In addition to physical or respiratory transmission, there is also a form of vertical transmission from
an infected mother to the newborns, such as with hepatitis B and AIDS. Vertical transmission from the
mother to the newborn is considered as one of the most important ways of AIDS transmission. Thus,
the epidemic models possessing vertical transmission have been extensively investigated [21-23]. The
authors in [21] proposed an epidemic model with vertical transmission where the parameter b signifies
the birth rate of the population and ¢ stands for the proportion of newborns infected after birth from
infectious mothers. p = 1—qg and d; > b > 0 is assumed. Therefore, pb expresses the rate of newborns
who have not been infected by their mothers and become susceptible.

Hence, introducing the above factors, including the information intervention and vertical
transmission, we can obtain the following stochastic model:

dSt :[A - dISt _ﬁStIt - dzthSt + b(St + Rt + Ml)
+ pbl, + 5R,]dt + 1S AW (1),

d, :[qbl, +BS, - (dy +y + ,u)It]dt + o LdWa(1), (13)

a]It
aM. :( - M)dt+ M,dWs(0),
t 1+ b/, a) iy O3, 3(1)

The above factors not only make the model more general, but also raise the degree of difficulty of the
study. The novelties of this paper are as follows: (i) An epidemic model with information intervention
and vertical transmission is established; (ii) a threshold is obtained to determine the different dynamics
of the model and the exponential rates of three classes are studied; (iii) the critical case of A = 0, which
has rarely been discussed in the literature, is investigated here.
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This paper is arranged as follows: In Section 2, some estimations of the solution are given, followed
by some lemmas to be used later. Section 3 gives a rough illustration of the value for disease extinction
and provides the main conclusions of the paper. Part 4 focuses on the proof of Theorem 3.1 and
Proposition 3.1 in detail. Part 5 proves the persistence of the model when A > 0 and obtains the
condition that the model has a stationary distribution. Section 6 studies the critical case when A = 0.
Section 7 discusses the results of the paper and lists some examples and numerical simulations to check
the previous results.

2. Background knowledge

In this paper, (Q, &, {&};, P) is assumed to be a complete probability space and Rﬁ ={(a,b,c,d)|a >
0,b>0,c>0,d>0}and Rﬁ’” :={(a,b,c,d)la>0,b>0,c>0,d>0}. aAb=min{a,b}. Py;,,, and
Es.i.m,.» denote the probability and expectation with initial condition (s, i, my, r), respectively.

For the general SDE dx, = f(x,)dt + g(x,)dW(t) and the twice-differentiable function V(x), the
operator LV is defined by

LV(x) = fTV(x) + %tr(gT Vir(X)g). (2.1)

In addition, the 1t6’s formula can be expressed as

dV(x) = LV(x)dt + V(x) g(x,)dW(2). (2.2)

First of all, we are concerned with the existence and uniqueness as well as approximate scope of
the solution. The following lemmas will respond to these problems.

Lemma 2.1.

(i) For the initial condition (s,i,mq,r) € R, the model (1.3) has a global solution (S, 1,, M,, R;) that
possesses Markov-Feller property. Moreover, the solution (S,,I;, M;,R;) will remain in Ri with
probability 1.

(ii) Let o0 = max{o,0,,03,04}, for 0 < ¥ < p < 0 < @, there exist constants Ny > 0 and
N, > 0 satisfying

N,

E[(S; + I+ M, +R)"™* + 871 < [(s+i+mg+n""0+ 5™ + (2.3)

1

Proof. The proof of part (i) is common and omitted. Our main proof is part (i1). Let V,(S,I, M,R) :=
(S +1+M+R)" + 5~ Direct calculation to V;(S, I, M, R) yields to

Electronic Research Archive Volume 32, Issue 6, 3700-3727.



3704

LV S, ,M,R)=(1+6)(S +1+ M+R)9[A —(d-b)S+I+M+R)

I+ al
H 1+ bll
o(1 +6)

- (@~ M|

+ (S +1+M+R" 038> + 2 + 02 M? + 02R?]
_ﬂS_ﬁ_l[A—dIS _ﬁSI—deMS +b(S +R+ M)
2

2

§(1+0)[A+%](S +I+M+R+(1+6)S +I+M+R)9‘1[
1

+ pbl + SR] +

9 2
—(dy - b)(S +I+M+R)2+%(SZ+IZ+M2+R2)]

I+ Fo?
—9AS "+ 9d,S 7 + 98BS I + 9domS "M + gS—ﬂ.

2(d1-b)
o2 ’

LetO<d?<p<b<
inequality, it has

SO ﬁ(llj”) <l+dand -(d, - D) + % < 0 hold true. By using Young’s

s L s F e L cs L L siremen,
1+p l1+p 1+p
and
sm< L5+ M <s 2 U s e MR
1+p l1+p 1+p
Hence,

2
LV(S, I, M,R) = — |(d) - b) - 9% (1+6)(S + 1+ M +R)™!
+(1+60)[A+ ;ﬂ](s +1+M+R)?—9AS!
1

9(1 + 9o
2
1
p[ﬂ,B +9dom](S + I+ M + R)"*?.

_9d+p)

+ [9d, + 1577 + [98 + 9dom]S ™+

+
1

Let N, = d) — b — %, then LV(S,1, M,R) + N\V\(S,1, M,R) < N, where
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Ny=  sup { _ NS + T+ M+ R
(S,I,M,R)eR%

+(1+O)[A+ Zﬂ](s +1+M+R)Y —9AS~"!
1
9(1 + 9o
2
[98 + 9dom](S + 1 + M + R)™*7 + le—ﬂ} < co.

_9(1+p)

+ [0d, + 187 + [98 + 9dym]S ™ »

+ —_—
1+p
The rest of the process is standard; one can see Lemma 2.3 in [24]. Thus, (2.3) is obtained.

Lemma 2.2. For all initial conditions (s,i,mg,r) € Rﬁ, the solution (S, I,, M, R,) of (1.3) satisfies

limsup(S; + I, + M, + R)) < o0, a.s., 2.4)
>0
hence,
I M R
lim7’ =0, 1im7’ =0, limT’ =0, lim—= =0, a.s.,
—00 t—00 t—00 t—00
I P o [ - (2.5)
lim — f S . dW,(s) = 0, lim — f 1,dWs(s) = 0, lim — f R.dWy(s) = 0, a.s.
t—oo 0 t—oco 0 t—oo 0
Moreover, it has
InS Inl, In M, InR
lim nt L=, 1im% <0, lim nt £ <0, lim nt £ 20, as. (2.6)
1—00 t—00 t—o00 1—00

Proof. For (2.4), the proof is analogous to Lemma 3.1 in [22], mainly utilizing the result of
Theorem 3.9 in [25], so it is omitted here. The proofs for (2.5) can be derived from (2.4) and strong
law of large numbers.

For lim,_,, 1“% < 0 and other formulas in (2.6), we recommend Lemma 2.3 in [26] to get a detailed
proof. In addition, the property that ES ¥ < oo will lead to liminf,_ @ > 0, so lim,,e @ =0
is obtained.

3. The threshold to determine the extinction or permanence of model (1.3)

We will give a value in this section and roughly explain it as the threshold of the extinction or
persistence of model (1.3).
Take into account the first equation of model (1.3) on the boundary I, = 0, M, = 0, and R, = 0, it has

dS, = [A - (d, — b)§ Idt + 01§ AW, (2). (3.1)

Let §* be the solution to (3.1) with the initial condition Sy = u. It should be noted that S, < §,, > 0
cannot be obtained by using the comparison theorem. Applying the It6’s formula to the function
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S —1 - 1nS and making use of the result in [27], there exists the unique stationary distribution 7
for (3.1) with the density

) = r() X leE, x> 0,

= 24 T(-) is the Gamma function. We get from the strong law of large

where v = %{b)+l,'

numbers that
thm - f,BS ds —f Bxf(x)dx = ’8— a.s. (3.2)

Calculating the second formula of model (1.3), it has

Inl, Inl,

1 !
T:T+;f,35sds—(d1+7+,u qb+— 03) +

o Wa(2)
a

(3.3)

Intuitively, if limsup,_,, 1“11’ < 0, then lim,,, I, = 0. This leads to the results lim,_,., M, = O,

lim,_,, R, = 0, which will be explained in detail later. Thus, we have S, ~ S, if ¢ is sufficiently large,
then one can anticipate that

A
lim ,BS ds = hm ,BS ds = b . (3.4)
t—00 t—o0 d1 - b
Defining the value
A 1
A= d'IB—b—(d1+y+,u—qb+§0'§). (3.5)

1111, 1111[

Hence, lim sup,_, ., —* will tend to A above. If A < 0, then limsup,_,,, = will be negative, and the
disease will die out. Conversely, when A > 0, no matter how small the 1n1t1a1 value [ is, I, tends to
be large for a sufficiently long time. The above description seems simple; however, the proof requires
careful and rigorous implementation.

Now, we present the main conclusions of this paper, the proof of which will be given in the later

; S _ BA
section. Let R = T e————

Theorem 3.1. When A < 0, or equivalently Rg < 1, the solution (S;, I;, M, R;) with the initial condition
(s,i,mq, 1) € Ri’o satisfies
. Inl,
lim

t—00 t

=A<0, a.s., 3.6)
(3.6) implies that the disease I, becomes extinct at an exponential rate.
Theorem 3.1 gives a condition to judge the extinction of the disease.

Proposition 3.1. IfA < 0, let A := min{-A, a+iod, di+6+i02) > 0and A, := min{-A, a+io?) >0,
then

InM — o?
lim 2 = _A, = max{A, —(a + 73)}, a.s., 3.7)

t—oo t
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InR — 1 o’
lim nt L= —A = max{A, —(ap + 50’%), —(dy+6+ 74)}, a.s. (3.8)
—o0
Furthermore,
In|S,-§ — ol
lim M < max{-A,—(d; — b + 71)}, a.s. (3.9)
>0

Definition 3.1. /28] The disease in model (1.3) is called to be persistent in the mean, if the following
inequality holds

1 !
liminf;f I(w)du > 0, a.s.
0

—o0

Theorem 3.2. For the solution (S, 1;, M;, R,) with the initial condition (s, i, my,r) € Rﬁ‘r’”, when A > 0,
that is, Rg > 1, the disease I, in model (1.3) is persistent in the mean. Moveover, the solution
(S:, I;, My, R,) has the invariant probability measure.

Remark 3.1. According to Theorems 3.1 and 3.2, we know that the sign of A will judge extinction
or persistence of model (1.3) and Rg can be regarded as the reproduction number, which depicts the
number of second-generation infections after a single infected one enters the population.

4. The case of A <0
In this section, we will prove Theorem 3.1 and Proposition 3.1 with the assumption that A < 0.

4.1. Proof of Theorem 3.1

First, consider the equation

dS¢ = [A = (d, - b)S? + gldt + o1 S AW, (b). 4.1)

Similar to the Eq (3.1), a suitable Lyapunov function can be proved to obtain the invariant measure
n® with density
24Dy
(2(/\_;8)) T 2D e
() = —21 x 1 e ", x>0
Q4 4
(AL )
Lemma 4.1. Provided that A < 0, for any € > 0 and H > 0, there is a constant 6, > 0 such that for
any (s,i,mg, r) € [0, H] X [0,8,]° (where [0,5,]° represents [0,5,] X [0,6,] X [0,8,]), it has

PyimAlimZ, =0, limM, =0, limR, =0} >1-e. 4.2)

t—00 t—00 1—o00
Proof. Let (s,i,mg,r) € [0, H] X [0,6,]>. Forthe 0 < g < % (A is defined in Proposition 3.1),
consider the Eq (4.1) with € replaced by &, the ergodicity of solution with the initial data s denoted by

S leads to
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A+ g
d -b’

) 1 ! _ 00
lim— | §7"du= f xff(x)dx =
t=eo 1 Jo 0

If the initial value is not emphasized later, we still use S?' to express the solution of the equation.
Thus, there is a constant 7'; such that IP)(Q{{ )y>1- § where

| A A+ A
Q= {w: —f Sevsdy < =84 2y > T,
t )y di—b 88
Due to §7° < § for s < H, it yields P,(Q,) > 1 — < for s € [0, H].

Because lim,_, %’(’) =0, a.s.,i =1,2,3,4, it has for some constant 75, P({);) > 1 — g, where

Wit .
sz{wzg ()Smm{

” se1hbVi>Trand i =1,2,3,4}.

A
8
Assume that T = max{T, T»}; thanks to Lemmas 2.1 and 2.2, then for some positive constants C,
and K, ithas P(€3) > 1 — £ and P({)y) > 1 — £, where
Q; ={w: S(w) < Cy,t>0} 4.3)
and
T
Q={w: f BS .du < K}.
0
Let K above be sufficiently large such that P(Qs) > 1 — <. Here,

Qs ={w: oW < K, fori=1,2,3,4andt < T}.

Choose 0; sufficiently small so that

61 + a1e* T + dym(e™® + a,e* T)K /B + ye**T) < m, (4.4)
and
8 max{Cy, C3} < —————— (4.5)
: 2 b+ pb+ 6 '
Here, C, and C; will be determined in (4.11) and (4.12), respectively, later.
Let the stopping time be defined as
—'f{z~ (I, MR} > —2 }
e L ) ) &
From the second equation, we get
! 1
I, = Iyexp{ \fo BS.du—(d+y+u—qgb+ Eag)t + o Wh(1)}. (4.6)

Similarly, the third and fourth equations of (1.3) result in
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M, =W, (D[ M, + f t ¥ (u)du]

lbI

and

t
R, =2 (D[Ry + f(deSuMu +yL)Y; ' (w)du],

where W, (¢) = exp{—(a, + )t + o3 Ws(1)} and W, () = exp{—(d; + 6 + %)t + a4 Wy(1)}.
Hence, we get from (4. 6) that for almost every w € Qy N Qs and r € [0,T A 7], it has

T &
I < Ioefo BS udur 2 Wa(u) < IOeZK < 51821( < —1‘
2b+ pb+ 9

Moreover, the expression of W, (7) leads to that for w € Qs,

0.2 0_2
exp{—(as + f)t - K} < Wi(r) < exp{—(as + 73)t + K}, V€ [0,T A T].

Thus, when w € N7_,,

1()f Y1 (w)du
b IL,

< f alloe (“” 5 )I+O'3W3(l) (612+ 3)u 0'3W3(u)du
0

< 5161164KT.

Due to (4.4), it has

M, =¥ ()M, + ‘Pl(t)f ‘I’ (u)du

<eXs +6aeKT<L
= YL o “2b+pb+o

In the same way, forz € [0, T A 7] on ﬂl "

t
Wy (t) f domS M,V (u)du
0

! 2
- Tay— _
S f d2m51 [eK + a1€4KT]Sue (d+6+ 5 Yt—u)+o3W3(1) O'3W3(u)du
0

< doymé [ + a,e* T1e* K /B,

and

¢ T
‘I’z(t)f yIu‘I’g](u)du < f yIOeZKeZKdu < 61ye4KT.
0 0

Thus, it yields from (4.8) and (4.4) that

Volume 32, Issue 6,
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R, <eé¥Ry + dom6[eX + a1e* T1e*)K/B + 6,ye* T
<6,[eX + dom(e*F + ale6KT)K/ﬁ + ye4KT]
€1
<—
2b+ pb+6

Hence, for (s, 1, my, r) € [0, H] X [0,6,]* on almost every w € N_,, we have

7>T.

Next, we shall prove the assertion 7 = oo for almost every w € 02: 1 S%.
First, when ¢ € [T, 7], it has S, < S%' for all v € [0,¢] by comparison principle; then for almost
w € ﬂ]i:le,

!
1
I, =Iyexp{ f BS.du—(d+y+u—qgb+ Eaé)t + o Wy (1)}
0

t
_ 1
<Iyexp{ f BSedu—(dy+y+u—qgb+ —o%)t + o, Wy (1)}

A 1 A
)t+—t—(d1+y+,u qb + 0-2)t+—t}

<[
oeXp{ﬁ( 3 3
2A ﬁé‘]
<l At + —t+ ——t
<™ < 5167 % (s,i,mo, r) € [0, H] % [0, .
One can rewrite M, on ¢t > T that
M—‘P(t)[M+fT ALV +f D1 ().
= 1 0 . b ] u)au b I u)au

0' < 0'2 < . .
For almost every w € Qy, exp{—(az + 3)t — A1} < ¥1(1) < exp{—(ay + 5)r + At} is obtained and

¥ () f ———¥; ' (w)du

bI
<e (a2+2)1+ Atfaloe Ssu (a2+2+ Du gy,
T

01a 3A
< 121 e 80

——————e % on NL, Q..
a+ 35— 1A

Therefore, there exists a positive constant C, satisfying

2 T 6
141 _3A
M, < @+ A)t[mo +f a1 IpeK @t )u+Kdu : Y
0 a, + 23 %A
3K (u2+ )T (ar+3 7 —L1 Ay d1ay 3A¢
< (01 +ade 2 Te™ TRV 4 > e
a, + 73 - %A

< 61Che 8%,

Electronic Research Archive Volume 32, Issue 6, 3700-3727.



3711

where

2
a 73
1 +a KT, 4.11)

5 _1
(12+2 2A

C, =

Similarly, rewriting the expression of R, (4.8) yields

T ¢
R, = V7,(®)[Ry + f (dymS M, + ylu)‘I’g](u)du] + W, (1) f (domS M, + ylu)‘I’gl(u)du.
0 T
For almost all w € €,, we have
e—(dl +6+%‘2‘)t—§5t <Wy(1) < e +5+2—£)t+%5t.
For almost all w € N} Q; and t > T, it has
!
Wy (1) f domS M,¥;" (u)du
T

2 ! 2
_ T4y LA _3A T4 1A
< g di+o+ )t+8Atf dymC,6,Cre §hu (i +5+ 5+ 5 Ru g
T

< - —e
dy+6+ 5 — A
Similar to the proof of M,, it has
' -1 Ylo -3 At
Yo(t) | yI,Y, (w)du < > —e 7.
T d] +0+ % - %A
Thus,
(Tz -
R, <&@ DN s, dymy (€K + a1 e® T)K/B + 61ye** T
51d2mlecz i 75;2 i
dy+6+ 5 — 1A di+6+ 5 — 1A
S51C3€_%At,
where
domC,C
= Mt r_ + 1+ dom(e™ + a5 TYK/B + ye*KT. (4.12)

di+65+% 1K di+o+Z-1A

Assume that n is an integer with n > T. We get from the estimation of /,, M, and R, for ¢ € [0,n A 7]
and almost every w € N?_, Q) that

&1 &1

[ <6 ————, M, <6Ch £ —————,
S S b pb+s T P T b+ ph+6

Electronic Research Archive Volume 32, Issue 6, 3700-3727.
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and

&1

R <6,C3< —2
= = obkpb+6

assertion 7 = oo is obtained. In addition, from the estimation of /,, M,, and R,, one has

These results imply n < 7 on almost every w € 02:1Qk- On the basis of arbitrariness of n, the

. InJ, 5A . Inl 3A . In], A
lim <—-—, lim <—-——, lim <——.
t—oco 8 t—oo 8 t—oo 8

This will lead to the (4.2) for any initial condition (s, i, mg, r) € [0, H] X [0, 6,]° on almost ﬁ,f:IQk
with P(NY_ Q) > 1 €.

The subsequent proof of Theorem 1 is analogue to that of Theorem 2.2 in [29], so it is omitted here.

4.2. Proof of Proposition 3.1

Now, we provide the proof of the Proposition 3.1. From (3.6), we get that for any small €, there
exist positive random variables &, &, satisfying that for ¢ > 0,

‘fle(A—El)t S It S 526(A+El)t~

Due to the expression of W(¢), it yields

In¥, (¢ o2
fim 2O 73), a.s.

[—00

This means there exist random variables & > 0, & > 0 satisfying that for 7 > 0,

é336—(112+T3+61)t < \Pl(l_) < §4€_(a2+73_61)t.

ayl
1+b1[

By virtue of (4.7) and the increasing property of with respect to 7, it yields

o2 o2 t a é'; e(A—El)u o2
M[ >§36—(a2+73+61)tm0 + §3e—(a2+73+61)t 161 (a2+73—51)udu
- o &a(1+Db1&reh)
2

(T2 [op
2536_(a2+73+51 );mo " 6361161 _ [e(A—3e] ) e_(“2+73+61)t].
(o
E(1+ D&)A +ar+ 5 —26)

Thus,
In M —
liminf ——" > A, - 4e,.
—o0
Similarly, we can get that
lim sup L < —Kl + 4¢.
11—

Therefore, one obtains that for almost every w € ﬂ2:1Qk’ (3.7) holds true by the arbitrariness of ;.
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Due to Lemma 2.2 and (3.7), it has lim,_,. = —Kl, which leads to there being random

variables & > 0 and & > 0 satisfying

InS M,
t

é‘:se(_gl_fl)t < StMt < 566(_E1+El)t.

Moreover, there are random variables & > 0 and & > 0 such that

2 2
_ 4 _ 74 _
§7€ (d1+0+—5+ep)t < \Pz(t) < fge (d+0+— El)t.

Thus, we get from (4.8) that

2 ! 2

v 1 e [on
§7e—(d1+6+24+q)t[R0 + é:_f(dzm§5e(_Al_ﬂ)u +y§16(A—el)u)e(d1+5+;‘—sl)udu] <
80 (4.13)

o2 4 — o2
R < égge—(d1+6+24—q)t[RO + flf(dzmgﬁe(—mm)u +,)/€_~26(A+6|)u)e(d1+6+24+e1)udu].
7 Jo

Hence, it has

InR — o,
lim sup % < max(~A1,~(d) + 6+ =) + 4er,

t—00

InR — o
lim inf % > max(~A1, ~(di + 6+ =)} — 4ei.

t—00

This implies that (3.8) holds.
For the convergence rate of the solution S, with initial data (s, i, mo, ) of (1.3) to the solution S,
with initial data s of (3.1), take into account the equation

diS,-S)=| - -b)S,-S)) +BS d; + dymM,S,
4.14)

2
Let W3(¢) := exp{—(d; — b + %)t + o Wi(1)}, then utilizing the constant variation method, we
can obtain

!
S, =S, =¥yt f [ﬂSqu + dymM,S, — pbl, — bM,, — (b + 6)R, |¥; " (u)du. (4.15)
0

This means

!
—W5(0) f [pbl, + bM, + (b + 6)R,¥; (w)du < §, - S,
0

. (4.16)
< W5(1) f [ﬁsulu +dymM,S , |¥3" (w)du.
0
By (3.6) and Lemma 2.2, there is a random variable & > 0 such that
S0, < EeArer, 4.17)
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e 0'2 .
Let Ay := max{-A,—(d; — b + 3"}, and A, > A;. For a sufficiently small €, Ay > A; + 3¢ can
be satisfied. The expression of W;(¢) implies that there exist random variables &o > 0 and &;; > 0
such that

2 2
—(d—b+ L (dy—b+ I _
é:lOe (dy—b+—-+ept < \P3(t) < flle (di=b+~ 61)t.

Similar to the method in (4.12), we can get from (4.16) that

gt —St < ?11 —(dl b+—61)lf [ﬁf e(A+d1 h+ 5 +261)u +d mg e( A1+d1 b+ 5 +261)u]du
10

Applying L’Hospital rule means

lim Si=5

t—o00 eAZ[

<0.

Likewise, we can get that lim,_,« S’Azs,’ > 0. Thus, (3.9) is obtained.

5. The case of A > 0

In this section, we shall prove Theorem 3.2, which studies the condition of persistence in the mean
and the invariant probability measure of the model (1.3). First, we prove the disease persistence in
Subsection 5.1.

5.1. Persistence of the disease
For C; in (4.3), define V,(I) = —Inl, Vs =S — S and
B BdomC,

Va(S, I, M) = V(I V M. 5.1
4( ) 2()+d1—b 3+(d1—b)a2 (5.1)

Direct calculation by Ito’s formula yields that

d’?il £(S = $)dWi(1) = adWa(0) + ’? d12 bl)(rj MdWs(1), (5.2)

dVy = LV,dt +

where
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1 2 _
LVi= = SIS~ @y 4y + = g1+ 22+ L@ - 5§ =)+ 1)
-
,demCl (11[
dymMS — (b + 8)R — bM — pbl — M
+d1—b[ 2mMS — (b +6) P e Trmg ~ @M
2 ﬁZ
-BS +(di+y+u-— qb+—) B(S S)+ bSI
ﬁdzmMS n ,del’l’lC]Cll = demCl M (53)
dl_b (dl_b)az d] b
B*C, BdymCa
<-8S +(d b+ — 1
—BS +(di+y+u—gb+ ) a0 W —ba
ﬁ2C1 ,demClal — A
<—A i 1-BS — —).
S—At It e TP T

Here, we use (4.3) and (4.14). Hence, integrating for (5.2) from O to ¢ and dividing it by 7, we have

V4(Sta Ih Mt) - V4(SO’ 109 MO)
t

BC, ﬁdzmclal)l ft B f’ 5 BA oW (1)
<-A - lds — = S.d -
= +(d1 b @bl s SY I b :

,80'1 f BdomC,073 f
S, DdW M. dW.
7 ( S)dWi(s) + A — b, 1 3(5).

Then, taking the hmlt, for A > 0, using the results in Lemma 2.2 and the expression of V, as well
as the ergodicity of S, yields

ﬁzcl pdmCa; ) 1 f
lim Ids > A, 5.4
(dl b di—Day)iont s SA

which signifies the disease in model (1.3) is persistent in the mean.
Next, we prove the invariant probability measure of the model (1.3) under the condition of A > 0.

5.2. Invariant probability measure of model (1.3)
Let 0% = max{o?, 03,03, 03}. Define a function by

F(S,1,M,R) := HyVy(S, I, M) + V5(S,I, M,R) —InS —InM — InR, (5.5)
where the function Vj is defined in (5.1), V5(S,I, M,R) = ﬁ(S +1+M+R)'" ac(0,])satisfies

610'2

dl b - 7 > 0, (56)
and the constant H, is to be explained later.
Notice that the function F(S, I, M,R) is continuous, and thus in the interior of Ri, it has the

minimum value F (S, Iy, My, Ry). So, a nonnegative function F (S, 1, M, R) can be defined by
F(S.I,M.R) = F(S.1,M,R) = F(S o, Io, Mo, Ro).
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By calculation to Vs, it has

LVs (S +1+ M+R)“[A— d=b)S —(d —=b)] —pul —(a, - b)M

]+a(S +1+ M+ R)*“!

3 (18? + 03I + 03M? + 7iR)

- (d ~ bR+

. ! 2 (5.7)

<(A + b—l)(s +I+M+R"—(d —b- =) +1+ M +R)™!
1

a0'2

1
N1 = S(di=b=—)S +1+ M+ R)*!,
where N, = sup(s’,,M’R)eRi[(A + Z—i)(S +I1+M+R)*— %(dl -b- %)(S +1+ M + R)*!] < o by (5.6).
Meanwhile,

L(-=InS) =~ é[A—dlS -pBSI—dymMS]

1 1
- §[b(S + R+ M) + pbl + 6R] + Eo-%

A o1
s—§+d1+—+,81+d2mM,

2
1 a1 0%
M) =-— M)+ =2
L(=In M) M[1+b11 aM] >
al o3

3
< ta+ =,
ST MO +bh TP

and

1 2
L-0R) = = 2 [dsmMS +1 - (dy + 5)R] + %

domMS  ylI o’
P A S A
R R 2

1 o3
<-Lid v+ 22
R 2

2 2 2
o +0'3 +oy

Hence, let N; = 2d, + a, + 6 + ——,

B*C, I+,3d2mc1al

I+ N, + N
4 —b by, TN

LF(S,I,M,R,S) <H,[-A +

1 2 A
o di—-b-Z NS+ T+ M+ R - = 481
v - —1 Y s - Py

: M +b1) R 7 d,—b

—iF\(S. 1 M.R) — KBS — —2— )1,
di—b

We define the function fi(S, I, M,R) := %(dl —-b- %)(S + 1+ M + R)**! for convenience. Let the
constants N;(i = 3,4, 5) be defined as follows,

Electronic Research Archive Volume 32, Issue 6, 3700-3727.



3717

BCy I+ﬁd2mclal
d] -b (d] - b)a2

N3 := sup {—f] + H)[—A +

(S,I,M,R)eR%

No= sup {—fl(S,I,M,R)+,BI+d2mM},

(S,I,M,R)eR%

I+ BI + dzmM},

and

B*Cy I+ﬁd2mclal
d] -b (d] - b)az

1
N5 = sup {Hz[—A + Il - Ef] +,BI + dzmM}

{s zé }x(I,M,R)eR?

It is easy to see that N; < oo (i = 3,4,5). Let the constant €, be sufficiently small and H, sufficiently
large such that

B*Cy pdomCa,

-A+ + <0, 59
d b2 W - b (5-9)
A
—— + N +N,+N; <1, (5.10)
€&
B*C, pdymCia
H(—A+ + )+N + N, + Ny < -1, 5.11
2 4, _bez (dl—b)azez 1 2 4 ( )
ag
-+ N+ N>+ N3 < -1, 5.12
&(l+bg) 12T (.12)
Y AN+ N+ N <, (5.13)
€
and
di-b-F |
— ) ] + Ny + N, + N5 <-1. (514)
2

For the €, above, define the bounded set E as the following form,
1 1, I, 1
E={S,IIMR):<S<—,6<]<—6<R<5,6<M=< =}
6 6 € €
The following will suffice to prove LF 1(S, I, M,R) < —1 in the domain Ri \ E. Note that Rﬁ \ E
could be divided into eight sub-regions Ef, i =1,...,8:

ES={S,LM,R)eR}:S <&}, ES={S,I,M,R) R} :I<e),
E5={S,LM,R)eR} : M<6&,l>6), ES={S,LM,R)eR! :R< 6,126},

1 1
ES={S,LM,R)eR}:S > 6—2}, ES={S,LM,R)eR} : > 6—2},

1 1
E5={S.I,M,R) R} : M > —, Eg={(S,I,M,R) €R} : R > =}.
& &
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(i) When (S, 1, M, R) € E¢, it follows from (5.8) and (5.10) that

— A A
Fl(S,],M,R)S —§+N1 + N, + N3 <——+ N+ N+ N; < —1.
€

(i) When (S, 1, M, R) € E¥, it yields from (5.8) and (5.11) that

B*C, . pd,mCia,
di—-b > (d -ba

F](S,I,M,R)SHz(—A+ 62)+N1+N2+N4S—1.

(iii) When (S,1, M,R) € E, (5.8) and (5.12) lead to

~ LZ]I

Fi(S,,M,R) £ ———+ N+ N, + N.

1( ) M(1+b11) 1 2 3
a

<—+ N+ N>+ N3 < -1
el +be) : ? :

(iv) When (S, I, M, R) € E¢, it follows from (5.8) and (5.13) that

_ 1
Fi(S.I M.R) < —% AN + Ny + N < X Ny + Ny +Ns < —1.
€

(v) When (S, 1, M,R) € E, we know from (5.8) and (5.14) that

2

_ di-b-2
F](S,I,M,R)S— Sa+ +N1 +N2+N5
di—b-<
s - 4 a+l+N1+N2+N5S—1.

&

The cases in E§, EY, Eg are similar to that in ES, which we will omit here. Hence, the assertion that
LF(S,I, M,R) < —1inR* \ E is obtained.

Meanwhile, by the continuity of F 1(S, 1, M, R) and the compactness of E, there is a constant H; > 0
such that F1(S, 1, M,R) < H, for (S, 1, M,R) € E. Thus, it yields

_ B(F(Sy, Io, My, Ro))
t
< E(F(Sl‘a II’ Mt’ Rt)) - E(F(S()’ IO’ MO,RO))
- t

1 (" =
:;f E[LF(SI,{,IM’ MM’RM)]du
0

A

d- b)]du.

1 (7= 1 (7 ~
<- f Fl(Sua ImMu’Ru)du - HZﬁ_ f [(Su
t Jo r Jo
By using the ergodicity of S, it has
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1 (7=
Osliminf—f Fi (S, 1,,M, R,)du

t—00 t 0

R A —
=liminf P f (F1(S us Ly My, R)Yys 1 mpyeey + F1(S us Ly My, R)Ls 1.mp)eeey)du
0

—o0

t—00 14

1 t
Sliminf—f H3P((S us Lis My, Ry) € EV) + (=DP((S us Iu, My, R,) € E})du
0

1 !
<liminf — f [(1+ H)P{(S,, 1., M,,R,) € E} — 1]du.
0

t—ooo  f

This means

1 !
liminf—fP(u,(SQ,IQ,Mo,R()),E)dMZ (515)

t—o00 t 0 1 + H3 .
Therefore, due to the compactness of E and (5.15), model (1.3) has the invariant probability measure
by exploiting Theorem 2 in [30].

6. The case of A =0

This section will deal with the case of A = 0, which is a critical one that has been less investigated
in literature.

Theorem 6.1. For the model (1.3) with initial condition (s, i,mgy,r) € Rﬁt’", ifA=0andd, —b+pu—-
% > 0, then

1 t
lim — I(w)du =0, a.s. (6.1)

t—oo 0

Proof. We prove it by contradiction. Assume that (S;, I;, M;, R;) has the invariant measure m on R‘i’”.
Thus, it can be concluded by the ergodicity that for any m measurable function g,

!

1
lim — gS.,, I,,M,,R,)du = f g(s,i,m,rym(ds, di,dm, dr). (6.2)
0 R}

t—oo
¥

Hence, there exist positive constants /; and &, such that

1 !
lim~ [ Idu= f im(ds, di,dm, dr) = h; > 0,
R}?

t—oo 0

and

1 !
lim — R,du = f4 rm(ds, di,dm,dr) = hy > 0.
0 RY?

t—oo f
¥

Integrating for the second equation of (1.3) and using (2.4) as well as Lemma 2.2 leads to

1 [ 1 I—i
im = | (BSul,—(d +y + 1 —gb)Lydu +lim = | oL dWa(u) = lim ~—"
0

t—oo f t—o00 0 t—o0

=0. (6.3)
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Thus, lime 1 [} B Ludu = (di +y + it = gb) limes & [ Ldu.
Utilizing the same method yields to

1 [ 1 [
lim— | dmM,S du = lim f (—yl, + (d, + 6)R,)du, (6.4)
and
1 [ 1 (" al, 1
lim- | ayM,du = lim - N gy <lim= | al,du. (6.5)
t—oo 0 t—oo 0 1 + bllu t—oo 0

For (4.14), it has

1 (" _
lim " [y = b)(S,—S.,)+BS.1, +dymM,S,
t—00 0

i} (6.6)
.S =S,
— pbl, —bM, — (b + 6)R,]du = lim =0,
—o0
Substituting (6.3)—(6.5) into the above equation yields
1 [ _
0 =lim " [-(dy - b)(S, - S, +BS.1, +dymM,S, — pbl, — bM, — (b + 6)R,]du
—00 0
. 1 ! — ba1
> lim " [-(d -b)(S,-S,)+(d —b+u—-—)I,+(d, —b)R,]du.
t—00 0 aj
Then,
1 1 1 [ ba,
Iim- | (S,-S.,)du > lim- [ [(di—-b+u—-—)I,+(d; —b)R,]du
t—oo f 0 dl — bt t 0 a
] b (6.7)
a
> [(dy = b+ — —)hy + (dy — b)hs =: hy > 0.
dl -b ap
Therefore, we have
In/, In I, Wyt [ 2
fim - :limM+lim—f(ﬂSu—(dl Fy = gb + 22))du
t—oo t—o0 t t—oo 0 2
R N A o3 R Y A
:l1m—f(BSu —(d+y+u—-—gb+ —))du—hm—fﬁ(Su—Su)du
t—oo 0 2 t—oo 0

<A —ﬁh3 = —ﬁh3 <0, a.s.
Consequently, P{lim,_,., I, = 0} = 1, which contradicts the hypothesis at the beginning of this proof.

7. Discussion and simulations

From the analysis above, we see that A could be used to determine the different dynamical behavior
of the model. In the deterministic model without stochastic noise, if A > 0, then the disease will persist.
When the noise o, is large enough, A < 0 can always hold, which means the disease shall be extinct
by Theorem 3.1. This reveals that stochastic noise contributes to the extinction of disease.
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If » = 0 and g = 0, that is, there is no vertical transmission, the model (1.3) we discuss in this
paper becomes the one in [16]. The authors in [16] obtained the value ER(S) to decide the persistence
and stationary distribution of the model with information intervention. However, compared with the
value Rf in this paper, there is an additional term £ ;:;“ in ‘Rg , which makes the value ‘Rg smaller. In
fact, this term can be eliminated by establishing appropriate functions. Due to the two terms ”;:l’f in Ry
and %02, there is a greater gap between the value Ry to judge extinction and the value ‘R(S) to determine
persistence. This article gets the same value that determines both behaviors. In addition, we also obtain
more detailed estimates of I/, M, and R when A < 0.

In addition, our model is more complex and general than that in [22]. If there is no M, and R; class,
model (1.3) will degenerate into the model similar to that in [22]. For the two-dimensional model
there, the author obtained the values Rg and ﬁg for deciding the extinction (Rg < 1) and the existence
of stationary distribution (Rg > 1), which are different. In our paper, a new function is built to acquire
the same threshold that determines different properties.

Moreover, we see from the expression of A that gb will make A larger, and when A > 0, the
disease will spread by Theorem 3.2. Therefore, it is proposed that women should avoid to get pregnant
during the period of infection for the sake of maternal and child health, which will reduce the vertical
transmission rate and be beneficial for disease control.

In what follows, we will enumerate some examples to check the conclusions reached in the
previous section.

Example 7.1. In order to verify the conclusion of Theorem 3.1, let A = 0.12, d; = 0.05, 8 = 0.16,
a; =012,y =0.12,a, =05,p =002, p =04, u=0.02,6 =035,y =045, m = 12,04 = 04,
o, = 0.6, 03 = 0.2 and o4 = 0.1, thus, the parameter A = —0.048 < 0, the disease will die out; see
Figure 1(a) with the initial condition S = 2.1, Iy = 1.2, My = 0, Ry = 1.2. While in the deterministic
model without noise, the value A = 0.132 > 0, the disease is persistent; see Figure 1(b). Figure 1(b)
shows the trajectories of various parts of the model, indicating that the disease is persistent, while
Figure 1(a) shows that the disease is extinct without noise.

I T 6

—s@ — S

— () — I
M(t) 51 M@)| |

—R(Q | —RO

(a) (b)

Figure 1. (a) The trajectory of model (1.3) taking values in Example 7.1; (b) the trajectory
of model (1.3) with values in Example 6.1 without stochastic noise.
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Example 7.2. Let A = 0.12,d, = 0.06,d, = 0.8, 8=0.08,a; =0.12, b, = 1,a, = 0.25, b = 0.03,
p=04,u=004,6=0.35vy=055m=0.15 0, =0.3,0, =04, 03 = 0.2 and o4 = 0.1 such that
A < —0.392. According to the results of Proposition 3.1, lim,_,, @ = —-0.27, im0 @ = —0.27 and

lim, M < —0.075; see Figure 2.

0.5 0.5 .
YA
04t 04t X
03Ff 0.3+
02F 0.2+
0.1f 0.1f
or ot
-0.1F -0.1
02t 0.2
03 ™ 0.3F
04t 04t
05 : : : : : 05 : : : : :
0 500 1000 1500 2000 2500 500 1000 1500 2000 2500
(a) (b)
05
0.4r  max(-A,—(d - b+03/2)| ]
0.3
0.2
0.1
0 M\A
0.1
0.2
03F
04t
05 : : : : : : :
0 100 200 300 400 500 600 700 800

(©)

Figure 2. The trajectory of model (1.3) with values in Example 7.2 and the same initial
values as in Example 7.1: (a) the trajectory of l“%, (b) the trajectory of 1“%, and (c) the

trajectory of

In|S,—S,|
-

Example 7.3. Let A = 0.12, 8 = 0.2 and y = 0.45; other parameters are the same as those in
Example 7.2. Thus, A = 0.7213 > 0. We know from Theorem 3.2 that the disease in model (1.3) is
persistent in the mean; see Figure 3.
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10

— ()
or M(t)

MU MM

1
o MAB L AL AR AW L0, TR Wi

I
0 500 1000 1500 2000 2500 3000 3500 4000

(a)
Figure 3. The trajectory of /, and M, in model (1.3) with values in Example 7.3.

Example 7.4. Now, we discuss the influence of information intervention factor on the behavior
of model (1.3). Suppose that m = 0.5, d, = 0.8, and other parameters are the same as those in
Example 6.2. First, let a; = 0 a, = 0, that is, there is no M, class, then A = 0.7563 > 0 and the disease
will spread. The trajectory of susceptible class S, is shown in Figure 4(a). When a; = 0.9, a, = 0.3,
and o3 = 0.2, the class M, affected by the information intervention exists and makes themselves as
uninfected as possible through different measures, such as self-isolation or vaccination, which will
reduce the size of the susceptible population to varying degrees. Figure 4(b) shows the trajectory of M,
and S, where the trajectory of S, is slightly smaller than that of S, in Figure 4(a).

10 T T T T 10

—s()
ar 1 or M)
8 1 8t 1
7+ 7
6 6
5 5
4 4 |
3 3 ‘I‘W
i }
2 2 ' ’ . I ‘ "
\
1 1
0 0
0 100 200 300 400 500 600 0 100 200 300 400 500 600
(a) (b)

Figure 4. (a) The trajectory of S, in model (1.3) taking values in Example 7.4; (b) the
trajectory of S, and M, in model (1.3) with values in Example 7.4.
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Example 7.5. Next, to verify the conclusion of Theorem 6.1, let A = 0.12, d; = 0.06, 8 = 0.2,
a; =02,by=1,a, =025,b=0.02, p =04, u=0.047,6 =04,y =0.5, m =0.15, oy = 0.08,
o, = 0.1, 03 = 0.5 and o4 = 0.05; thus, the parameter A=0and d; — b + u — bai; > 0, and the disease

will not be persistent in the mean. See Figure 5 with the initial condition Sy = 2.1, I, = 1.2, My = 0,
and Ry = 1.2. (a) is the sample path of model (1.3) and (b) represents the trajectory of } fot Ids.

—s0
10
i Mo | |
s —R@) 2|

151

‘l | 0.5‘« N
| | \
200

0 100 200 300 400 500 600 700 800 900 0 100 300 400 500 600 700 800 900

o

(a) (b)

Figure 5. (a) The sample path of (1.3) with values in Example 7.5; (b) the trajectory of
} fot Iids in (1.3) with values in Example 7.5.

8. Conclusions and future research

The dynamic behavior of a stochastic epidemic model with information intervention and vertical
transmission was the concern of this paper. The threshold to judge the extinction and persistence of
the disease is obtained. When A = f_/—\b - (d+y+u—gb+ %o%) < 0, the three classes I,, M,, and
R, appearing in the model go extinct at an exponential rate, and the susceptible class S, almost surely
converges to the solution of the boundary equation exponentially. When A > 0, the disease in the model
is persistent in the mean. Besides, the existence of invariant probability measure under this condition
is proved by constructing proper Lyapunov functions. In addition, the critical case of A = 0 is also
investigated and it is found that the disease will not be persistent in the mean under some conditions.
Several discussions are presented to explain the results and some numerical examples are proposed to
verify the obtained results.

A few other issues are worth further studies. This paper analyzes the model with a bilinear incidence
rate, while a nonlinear one can be applied to a wider range of circumstances. Therefore, it will be more
generic to generalize the model to one with nonlinear incidence. We consider, in this paper, that the
stochastic noise is continuously characterized by white noise, and the introduction of more noises such
as Markovian switching and Lévy noise will enable the model to be more realistic. Further research
can be conducted on optimizing strategies for some control and prevention measures. We leave these
issues for future investigations.
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