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1. Introduction

Smooth varieties have certain nice properties, and both algebraic and analytic methods can be applied
to them. However, when studying problems in birational geometry, particularly those related to the
minimal model program, it becomes necessary to investigate varieties with singularities. Fortunately, as
Hironaka’s famous theorem states, every variety in characteristic zero has a resolution of singularity.
The existence of resolutions of singularities provides a way to study singular varieties. For instance, by
comparing a variety to its resolution of singularities, one can measure the complexity of a singularity.
This is a fundamental technique in higher-dimensional birational geometry.

Since we want to understand a singularity through its resolution, it is natural to inquire about the
difference between two distinct resolutions of singularities. For an algebraic surface S, there exists a
smooth surface known as the minimal resolution of S. This is a resolution of singularities § — S such
that p(S /S) is minimal. The minimal resolution S is unique, and any birational morphism S’ — S from
a smooth surface S’ to S factors through § — S.

In this paper, we want to find a higher-dimensional analog of the minimal resolution for surfaces.
It is not reasonable to assume the existence of a unique minimal resolution for higher-dimensional
singularities. For instance, if X --> X’ is a smooth flop over W, then X and X" are two different resolutions
of singularities for W. Since flops are symmetric (at least in dimension three), it appears that X and X’
are both minimal. Thus, we need to consider the following issues:

(1) To define “minimal resolutions”, which ideally should be resolutions of singularities with some
minimal geometric invariants.
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(2) To compare two different minimal resolutions. We need some symmetry between them, so that even
if minimal resolutions are not unique, it is not necessary to distinguish them.

(3) To compare a minimal resolution with an arbitrary resolution of singularities.

Inspired by the two-dimensional case, it is natural to consider resolutions of singularities with
minimal Picard number (we will call such resolutions P-minimal resolutions, see Section 7 for a more
precise definition). We know that a fixed singularity may have more than one P-minimal resolution, and
two different P-minimal resolutions can differ by a smooth flop. It is also possible that two different
P-minimal resolutions “differ by a singular flop”: consider X --> X’ as a possibly singular flop over
W.Let X — X and X’ — X’ be P-minimal resolutions of X and X', respectively. Then, because of the
symmetry between flops, one may expect that X and X’ are two different P-minimal resolutions of W.
We call the birational map X --> X’ a P-desingularization of the flop X --» X’ (a precise definition can be
found in Section 7). If we consider P-desingularizations of flops as elementary birational maps, then in
dimension three, P-minimal resolutions have nice properties.

Theorem 1.1. Assume that X is a projective threefold over the complex numbers and X,, X, are two
different P-minimal resolutions of X. Then X, and X, are connected by P-desingularizations of terminal
and Q-factorial flops.

Moreover, if X has terminal and Q-factorial singularities, then the birational map X, --» X, has an
Q-type factorization.

Please see Section 6 for the definition of Q-type factorizations.

Theorem 1.2. Assume that X is a projective threefold over the complex numbers and W — X is a
birational morphism from a smooth threefold W to X. Then, for any P-minimal resolution X of X, one
has a factorization

W= Xk R AR 4 )N(l --> )N(o = X

such that X;,| --» X; is either a smooth blow-down or a P-desingularization of a terminal Q-factorial flop.

Since three-dimensional terminal flops are topologically symmetric, some topological invariants like
Betti numbers will not change after P-desingularizations of terminal flops. Hence, it is easy to see that
P-minimal resolutions are the resolution of singularities with minimal Betti numbers.

Corollary 1.3. Assume that X is a projective threefold over the complex numbers and W — X is a
birational morphism from a smooth threefold W to X. Then, for any P-minimal resolution X of X, one
has that b;(X) < b;(W) foralli = 0, ..., 6.

Although in dimension three P-minimal resolutions behave well, for singularities of dimension
greater than three, P-minimal resolutions may not be truly “minimal”. A simple example is a smooth
flip. If X --» X" is a smooth flip over W, then both X and X’ are P-minimal resolutions of W, but X’
is better than X. Notice that the only known smooth flips are standard flips [1, Section 11.3], and if
X --» X’ is a standard flip, then it is easy to see that b;(X) > b;(X") for all i and the inequality is strict
for some i. Thus, the resolution of singularities with minimal Betti numbers may be the right minimal
resolution for higher-dimensional singularities. Because of Corollary 1.3, in dimension three P-minimal
resolutions are exactly those smooth resolutions which have minimal Betti numbers. Therefore, this
new definition of minimal resolutions is compatible with our three-dimensional theorems.
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We now return to the proof of our main theorems. Let X be a threefold and W — X be a resolution
of singularities. One can run Ky-MMP over X as

W=Xo->X;->...-»> Xy =X

Let X; be a P-minimal resolution of X;. Then X, = W and it is easy to see that X, is also a P-minimal
resolution of X. Thus, our main theorems can be easily proved if we know the relation between X; and
X;,1. Since X; has only terminal and Q-factorial singularities, studying P-minimal resolutions of X;
becomes simpler.

In [2], Chen introduced feasible resolutions for terminal threefolds, which is a resolution of singularities
consisting of a sequence of divisorial contractions to points with minimal discrepancies (see Section 2.3.3
for more detail). Given a terminal threefold X and a feasible resolution X of X, one can define the
generalized depth of X to be the integer p(X/X). The generalized depth is a very useful geometric
invariant of a terminal threefold. In our application, the crucial factor is that one can test whether
a resolution of singularities W — X is a feasible resolution or not by comparing p(W/X) and the
generalized depth of X. We need to understand how generalized depths change after steps of the minimal
model program. After that, we can prove that for terminal and Q-factorial threefolds, P-minimal
resolutions and feasible resolutions coincide.

Now we only need to figure out the following two things: how generalized depths change after a step
of minimal model program (MMP), and how P-minimal resolutions change after a step of MMP. To
answer those questions, we have to factorize a step of MMP into more simpler birational maps. In [3],
Chen and Hacon proved that three-dimensional terminal flips and divisorial contractions to curves can
be factorized into a composition of (inverses of) divisorial contractions and flops. In this paper, we
construct a similar factorization for divisorial contractions to points. After knowing the factorization,
we are able to answer the two questions above and prove our main theorems.

In addition to the above, we introduce the notion of Gorenstein depth for terminal threefolds. The
basic idea is as follows: given a sequence of steps of MMP of terminal threefolds

XO - X] AR 4 Xk,

one can show that the generalized depth of X, is bounded above by the integer k and the generalized
depth of Xj. That is to say, the number of steps of MMP bounds the singularities on the minimal model.
One may ask whether there is an opposite bound. Specifically, if we know the singularities of the
minimal model X}, can we bound singularities of X,? In this paper, we define the Gorenstein depth of
terminal threefolds, which roughly speaking measures only Gorenstein singularities. One can show that
the Gorenstein depth is always non-decreasing when running three-dimensional terminal MMP. Our
result on Gorenstein depth will have important applications in [4].

This paper is structured as follows: Section 2 is a preliminary section. In Section 3, we develop
some useful tools to construct relations between divisorial contractions to points. Those tools, as well
as the explicit classification of divisorial contractions, will be used in Section 4 to construct links of
different divisorial contractions to points. In Section 5, we prove the property of the generalized depth.
The construction of diagrams in Theorem 1.1 will be given in Section 6. All our main theorems will be
proved in Section 7. In the last section, we discuss possible higher-dimensional generalizations of the
notion of minimal resolutions, and possible applications of our main theorems.
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2. Preliminaries

2.1. Notation and conventions

In this paper we only consider varieties over complex numbers.

Let X and Y be two algebraic varieties. We say that X and Y are birational if there exists Zariski
open sets U C X and V C Y such that U and V are isomorphic. If X and Y are birational, we say that
¢ : X --» Y is a birational map, and we will denote ¢|; to be the isomorphism U — V. If ¢ : X — Yisa
morphism between X and Y and there exists a Zariski open set U C X such that ¢|; is an isomorphism,
then we say that ¢ is a birational morphism.

For a divisorial contraction, we mean a birational morphism ¥ — X which contracts an irreducible
divisor E to a locus of codimension at least two, such that Ky is Q-Cartier and is anti-ample over X. We
will denote by v the valuation that corresponds to E.

Let G be a cyclic group of order r generated by 7. For any Z-valued n-tuple (ay, ..., a,), one can
define a G-actionon A/, by 7(x;) = §“x;, where & = e’ . We will denote the quotient space A" /G

.....

by Al | )/l(al, s ).

(X1 5005 n)’ T

We say that w is a weight on W/G = A?XI ..... xn)/G defined by w(xy, ..., x,) = %(bl, .oy by) if wis a map
Ow — 1Zs such that

Assume that ¢ : X --» Y is a birational map. Let U C X be the largest open set such that ¢|y is an
isomorphism and Z C X be an irreducible subset such that Z intersects U non-trivially. We will denote
by Zy the closure of ¢|y(Z|y).

2.2. Weighted blow-ups
Let W = A" and G be a finite cyclic group, such that W = W/G = A" o) / %(al, ..., ay). There is an

elementary way to construct a birational morphism W’ — W, so called( tll’le’ weighted blow-up, defined
as follows.
We write everything in the language of toric varieties. Let N be the lattice {ey, ..., e,, V)z, where ey, ...,
e, is the standard basis of R” and v = %(al, ey ay). Leto = ey, ..., ¢,)r.,. We have W = Spec C[NVNo].
Letw = %(bl, ..., b,) be a vector such that b; = Aa; + k;r for A € N and k; € Z with b; # 0. We define

a weighted blow-up of W with weight w to be the toric variety defined by the fan consisting of the cones
O = (€, ey @i W5 €ig s ees €y).
Let U, be the toric variety defined by the cone o; and lattice N, namely
U; = Spec C[N' no/].

Lemma 2.1. One has that
U= A"[(t,7)

where 7 is the action given by
_r b; L
X & X, X &y, JF
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and 7’ is the action given by

a: ajbi—a;b;
Xi & Xiy  Xj .frb 'Xj, J# I

Here, &, denotes a k-th roots of unity for any positive integer k.
In particular, the exceptional divisor of W — W is P(by, ..., b,)/G’ where G’ is a cyclic group of
order m where m is an integer that divides A.

Proof. Let T; be a linear transformation such that T;e; = e; if j # i and T;w = ¢;. One can see that
r bj
Tie; = b_i(ei - Z 7€j)
J#l

and

a; a; r ajib; —ab;
Tw = e+ ——(e; — —e;) = el + !
E, J E‘ j E,
r rb;

JEI J#L J#i

Under this linear transformation, o; becomes the standard cone {ey, ..., e,)r.,. Note that

kir + Aa; Ala;b; — aib;) — kib;r
k,-T,-ei + /?.T,‘V = b—ei + Z rbi €;

! J#i

_el+z/lajb —bib; ==Y ke,

J#EL JEI

Hence, ¢; € T;N and T;N = (ey,...,e,, Tie;, Tiv)z. Now T;e; corresponds to the action 7 and T;v
corresponds to the action 7’. This means that U; = A" /{7, 7’).

The computation above shows that 75 = 4. If we glue (x; = 0) C A"/(t) together, then we get a
weight projective space P(b, ..., b,). The relation 7% = 7/ implies that (x; = 0) C U; can be viewed as
P(by, ..., b,)/G" where G’ is a cyclic group of order m for some factor m of A. O

Corollary 2.2. Let xi, ..., x,, be the local coordinates of W and let yy, ..., y, be the local coordinates of
b; b;
U;. The change of coordinates of the morphism U; — W are given by x; =y jyiT'J and x; =y,

Proof. The change of coordinates is defined by 7/, where T; is defined as in Lemma 2.1. O
Corollary 2.3. Assume that
S = (fl(xl, v Xp) = o = fk(xl, ...,Xn) = O) cW

is a complete intersection and S’ is the proper transform of S on W’. Assume that the exceptional locus
E of §’ — § is irreducible and reduced. Then

a(E, S)———Zw(fk)_l
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Proof. Assume first that k = 0. Denote ¢ : W — W. Then, on U;, we have

by hi_ b
¢*dxy A ... Ndx, = —y/ ! (1—[ v/ ]dyl A ... Ndy,,
r

J#i

hence Ky = ¢* Ky + (@ — 1)F where F = exc(W' — W).
Now the statement follows from the adjunction formula. O

Corollary 2.4. Let F = exc(W — W). Then

B (_1)n—lrn—1

F" .
bl...b,,m

Here, m is the integer in Lemma 2.1.

.....

It follows that
Lt
F'=(F|l;)" ' = ~—
(Flr) by...b,m

O

Definition 2.5. Let ¢; : U; — W be the morphism in Corollary 2.2. For any G-semi-invariant function
u € Oy, we can define the strict transform of u on U; by (¢;").(u) = ¢*(u)/ yrv(”).

In this paper, we will consider terminal threefolds which are embedded into a cyclic quotient of A* or A3

X — A?

(X,y,2,1)

1
/;(a,b,c,d) or X — A’

(X,y,2,U,t)

1
/;(a, b,c,d,e).

We say that Y — X is a weighted blow-up with weight w if Y is the proper transform of X inside the
weighted blow-up of A? )/}(a, b,c,d) or A )/}(a, b, c,d, e) with weight w.

(CARAT (X.y,2,ut

Notation 2.6. Assume that X is of the above form and let ¥ — X be a weighted blow-up. The notation
U, U,, U, U, and U, will stand for U, ..., Us in Lemma 2.1.

.....

is a regular function on A". We denote

— i i
fw = E /L‘l ..... in X Xy

ayiy+...+ani,=w(f)
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2.3. Terminal threefolds
2.3.1. Local classification

The local classification of terminal threefolds was done by Reid [5] for Gorenstein cases and Mori [6]
for non-Gorenstein cases.

Definition 2.8. A compound Du Val point P € X is a hypersurface singularity which is defined by
f(x,y,2) +tg(x,y,z,1) = 0, where f(x,y,z) is an analytic function which defines a Du Val singularity.

Theorem 2.9 ( [5, Theorem 1.1]). Let P € X be a point of threefold. Then P € X is an isolated
compound Du Val point if and only if P € X is terminal and Ky is Cartier near P.

Theorem 2.10 ( [6], cf. [7, Theorem 6.1]). Let P € X be a germ of three-dimensional terminal singularity
such that Ky has Cartier index r > 1. Then

(X,),2,1)

1
X =(f(x,y,z,u) =0) C At /;(al, ey (4)

such that f, r and a; are given by Table 1.

Table 1. Classification of terminal threefolds.

Type f(x,y,z,u) r a; condition
, _ g Cmp
cAlr X+ 8w any (@ -a,1,r) a and r are coprime
xy + 27 + g(u) ;
cAx/4 x2+z2+g(y,u) 4 (1,1,3,2) g EmMy,
cAx/2 xy + g(z, u) 2 0,1,1,1) g €mp
Ry +2+id .
2,3, 2 g €mp
c¢D/3 x>+ + 22u+ yg(z,u) + h(z, u) 3 0,2,1,1) hemb
X+ Y+ 2+ yg(z, u) + h(z, u) g
X2+ v+ yzu + g(z,u)
cD/2 X2+ yzu +y' + g(z, u) 2 (1,0,1,1) g€m4P, n>4
X2+ vy + "+ g(z,u) n>3
4
CE/2 2+ + yg(z,u) + h(z, 1) 2 (1,0,1,1) g € mp
hy #0

Assume that P € X is a three-dimensional terminal singularity. Then there exists a section H € | — Kx|
which has Du Val singularities (referred to as a general elephant). Please see [7, (6.4)] for details.

2.3.2. Classification of divisorial contractions to points

Divisorial contractions to points between terminal threefolds are well-classified by Kawamata [8],
Hayakawa [9-11], Kawakita [12—-14] and Yamamoto [15].

Theorem 2.11. Assume that Y — X is a divisorial contraction to a point between terminal threefolds.
Then there exists an embedding X — W with W = A? or AS and a weight w(x,y,z,u) =

(X,,2,1) (x,,2,U,)
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Lay, ...,as) or w(x,y,z,u,1) = 1(ay, ..., as), respectively, such that ¥ — X is a weighted blow-up with
respect to w.
The defining equation of X C W and the weight are given in Table 2 to Table 11.

For the reader’s convenience, we put these tables in Section 4. In those tables, we use the following
notation: For a non-negative integer m, the notation g, represents a function g € Oy such that w(g) = m.
The notation p,, represents a function p € Oy which is homogeneous of weight m with respect to the
weight w.

The reference of each of the cases in Table 2, Table 3, Table 5, ..., Table 7, Table 9, ..., Table 11 is
as follows:

e Case Al is[13, Theorem 1.2 (1)]. Case A2 is [15, Theorem 2.6].

e Case Ax1-Ax4 are [9] Theorems 7.4, 7.9, 8.4 and 8.8 respectively.

e Cases D6 and D7 are [13, Theorem 1.2 (i1)]. Case D8-D11 is [15] Theorem 2.1-2.4. Case D12
is [15, Theorem 2.7].

e Case D13 1s [9, Theorems 9.9, 9.14, 9.20]. Case D14 is [9, Theorem 9.25].

e Case D16 is [10, Proposition 4.4]. Case D17 is [10, Proposition 4.7, 4.12]. Case D18 is [10,
Proposition 4.9]. Case D18 is [10, Proposition 5.4]. Case D19 is [10, Propositions 5.8, 5.13, 5.22,
5.28, and 5.35]. Case D20 is [10, Propositions 5.18 and 5.25]. Case D21 is [10, Propositions 5.16
and 5.32]. Case D22 is [10, Propositions 5.9 and 5.36].

e Cases D23 and D24 is [13, Theorem 1.2(i1)] and [11, Theorem 1.1 (iii)]. Case D25-D28 is [11]
Theorem 1.1 (1), (i’), (i1*), (ii1), (i) respectively. Case D29 is [14, Theorem 2].

e Case E19-E21 is [15] Theorems 2.5, 2.9 and 2.10 respectively.

e Case E22 is [9, Theorems 10.11, 10.17, 10.22, 10.28, 10.33 and 10.41]. Case E23 is [9, Theorems
10.33 and 10.47]. Case E24 is [9, Theorems 10.54 and 10.61]. Case E25 is [9, Theorem 10.67].
Case E26 is [11, Theorem 1.2].

Divisorial contractions to ¢D points of discrepancy one (Case D1-D5 in Table 4) and divisorial
contractions to cE points of discrepancy one (Case E1-E18 in Table 8) was completely classified
by Hayakawa in his two unpublished papers “Divisorial contractions to cD points™ and “Divisorial
contractions to cE points”. We will briefly introduce how to derive this classification. For more detail,
please contact the author or Professor Takayuki Hayakawa in Kanazawa University.

Let (0 € X) be a germ of three-dimensional Gorenstein terminal singular point with type ¢D or cE.

Step 1: Construct a divisorial contraction X; — X which contracts an exceptional divisor of discrepancy
one to 0. We refer to [2, Section 4, Section 6] for the explicit construction. X; — X can be viewed
as a weighted blow-up with respect to an explicit embedding and a explicit weight.

Step 2: Find all exceptional divisors E over X such that a(E, X) = 1 and CenteryE = 0. We know
that exc(X; — X) is an exceptional divisor of discrepancy one. Assume that E # exc(X; — X).
Then an easy computation on discrepancies shows that a(E, X;) < 1. In particular, Centery, E is a
non-Gorenstein point. Since X; — X is an explicit weighted blow-up, all non-Gorenstein points
on X, can be explicitly computed, and all exceptional divisors of discrepancy less than one can be
explicitly write down. Say S is the set of exceptional divisors over X; with discrepancy less than
one. One can compute a(E, X) for E € S. If a(E, X) > 1, then we remove E form S. After that, S
is a set consisting exceptional divisors over X of discrepancy one.
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Step 3: For any exceptional divisor E € S, the valuation of E on X can be calculated. One can construct
a weighted blow-up Yz — X with respect to this valuation. If Yz do not have terminal singularities,
then we remove E form S. Now, Yy — X for all E € S, together with X; — X, are all divisorial
contractions to o with discrepancy one.

2.3.3. The depth

Definition 2.12. Let Y — X be a divisorial contraction which contracts a divisor E to a point P. We say
that Y — X is a w-morphism if a(X, E) = #, where rp is the Cartier index of Ky near P.

Definition 2.13. The depth of a terminal singularity P € X, dep(P € X), is the minimal length of
the sequence

Xp 2 Xt -2 X1 > Xp =X,

such that X, is Gorenstein and X; — X;_; is a w-morphism forall 1 <i < m.
The generalized depth of a terminal singularity P € X, gdep(P € X), is the minimal length of
the sequence

Xp > X > -2 X > X=X,

such that X, is smooth and X; — X;_; is a w-morphism for all 1 < i < n. The variety X, is called a
feasible resolution of P € X.

The Gorenstein depth of a terminal singularity P € X, depg,. (P € X), is defined by gdep(P €
X) —dep(P € X).
For a terminal threefold we can define

dep(X) = Z dep(P € X),
P

gdep(X) = ) gdep(P € X)
P

and
depgor(X) = Z depgor(P € X).
P

Remark 2.14. In the above definition, the existence of a sequence
XXy 22X 2 X=X,

such that X,, is Gorenstein follows from [10, Theorem 1.2]. The existence of a sequence
Xo > Xy =2 X1 2 Xo=X,

such that X, is smooth follows from [2, Theorem 2].

Definition 2.15. Assume that ¥ — X is a w-morphism such that gdep(Y) = gdep(X) — 1. Then we say
that Y — X is a strict w-morphism.
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Lemma 2.16. Assume that ¥ — X is a divisorial contraction which is a weighted blow-up with the

weight w(xy, ..., x,) = %(al, ..., a,) With respect to an embedding X — AZ’XI ..... ) /G where G is a cyclic

group of index r. Assume that E is an exceptional divisor over X and vg(xy, ..., x,) = %(bl, ...,b,). Then

CenteryE N U; non-trivially if and only if % < ? for all 1 < j < n. Here, Uy, ..., U, denotes the
i J

canonical affine chart of the weighted blow-up on Y.

Proof. Letyy, ..., y, be the local coordinates of U;. Then we have the following change of coordinates
formula:

4 N
xi=y , xj=y yifi# ]
One can see that , ) 5
. . a . .
veGi) = =, vE(y) = — - ——ifi# |
a; r ra;
We know that CentergY intersects U; non-trivially if and only if % _ b
ﬁz%foralljii. O

aj

> O forall j # i, or, equivalently,

ra; —

Corollary 2.17. Assume that Y — X and Y; — X are two different w-morphisms over the same point.
Let E and F be the exceptional divisors of ¥ — X and Y; — X, respectively. Then there exists u € Oy
such that vg(u) < ve(u).

Proof. Let X — Af, /G be the embedding so that Y; — X can be obtained by the weighted blow-up
with respect to the embedding. We may assume that (x, = 0) defines a Du Val section. Then

VE(Xy) = a(E, X) = a(F, X) = ve(X,).

It follows that a, = b, = 1 where (ay, ...,a,) and (by, ..., b,) are integers in Lemma 2.16. Now, since
a(F,X) = a(E, X), one has that Centery, E is a non-Gorenstein point (if Y, is generically Gorenstein
along Centery, E, then an easy computation shows that a(E, X) > a(F, X)). It follows that Centery, ENU,,
is empty since a, = 1 implies that U, is Gorenstein. Thus, by Lemma 2.16 we know that there exists j
so that % < 1. Hence, ve(u) > ve(u) if u = x;. O

2.4. Chen-Hacon factorizations

We have the following factorization of steps of three-dimensional terminal MMP by Chen and
Hacon [3].

Theorem 2.18 ( [3, Theorem 3.3]). Assume that either X --> X" is a flip over V, or X — V is a divisorial
contraction to a curve such that the exceptional locus contains a non-Gorenstein singular point. Then
there exists a diagram

Yl__>....__>Yk
X X’

\%
such that Y| — X is a w-morphism, Y; — X’ is a divisorial contraction, Y; --> ¥, is a flip or a flop, and

Y;--» Yy isaflip fori > 1. If X — V is divisorial, then Y, — X’ is a divisorial contraction to a curve
and X’ — V is a divisorial contraction to a point.
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Remark 2.19. Notation as in the above theorem. From the construction of the diagram, we can state
the following:

(1) Let Cy, be a flipping/flopping curve of Y; --» ¥,. Then Cy is a flipping curve of X --> X’. Here, we
use the notation introduced in Section 2.1, so Cy is the image of Cy, on X.

(2) Assume that the exceptional locus of X — V contains a non-Gorenstein point P which is not a cA/r
or a cAx/r point. Then ¥; — X can be chosen to be any w-morphism over P. This statement follows
from the proof of [3, Theorem 3.1].

We have the following properties of the depth [3, Propositions 2.15, 3.8 and 3.9]:
Lemma 2.20. Let X be a terminal threefold.

1. If Y — X is a divisorial contraction to a point, then dep(Y) > dep(X) — 1.
2. If Y — X is a divisorial contraction to a curve, then dep(Y) > dep(X).
3. If X --> X’ is a flip, then dep(X) > dep(X’).
2.5. The negativity lemma
We have the following negativity lemma for flips.

Lemma 2.21. Assume that X --> X’ is a (Ky + D)-flip. Then, for all exceptional divisors E, one has that
a(E,X,D) < a(E, X', Dy). The inequality is strict if CenteryE is contained in the flipping locus.

Proof. It is a special case of [16, Lemma 3.38]. O

What we really need is the following corollary of the negativity lemma.

Corollary 2.22. Assume that X --> X" is a (Kx + D)-flip and C C X is an irreducible curve which is not
a flipping curve. Then (Kx + D).C > (Kx + Dy).Cx . The inequality is strict if C intersects the flipping
locus non-trivially.

Proof. Let x<2-w--X be a common resolution such that C is not contained in the
indeterminacy locus of ¢. Then Lemma 2.21 implies that ' = ¢*(Ky + D) — ¢"*(Kx» + Dy/) is an
effective divisor and is supported on exactly those exceptional divisors whose centers on X are
contained in the flipping locus. Hence,

(KX + D)C - (er + DX/).CXr = (¢*(KX + D) - ¢/*(KX/ + DX/)).CW = FCW > 0.

The last inequality is strict if and only if Cy intersects F non-trivially, or, equivalently, C intersects the
flipping locus non-trivially. O
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3. Factorize divisorial contractions to points

Let Y — X be a divisorial contraction between Q-factorial terminal threefolds that contracts a divisor
E to a point. We construct the diagram

Zl——>...——>‘Zk

]
N

as follows: Let Z; — Y be a w-morphism and let H € | — Kx| be a Du Val section. According
to [3, Lemma 2.7 (i1)], we have a(E, X, H) = 0. We run the (Kz, + Hz, + €eEz )-MMP over X for some
€ > O such that (Z;, Hz, + €EZ,) is klt. Notice that a general curve inside E, intersects the pair negatively,
and a general curve in F intersects the pair positively where F' = exc(Z; — Y). Thus, after finitely many
(Kz, + Hz, + €Ez)-flips Z; --> ... --> Z;, the MMP ends with a divisorial contraction Z; — Y; which
contracts Ez,, and Y, — X is a divisorial contraction which contracts Fly,.

Lemma 3.1. Keeping the above notation, assume that Kz, is anti-nef over X and E, is not covered
by Kz, -trivial curves. Then Z; --> Z;,; 1s a Kz-flip or flop for all i and Z;, — Y, is a Kz -divisorial
contraction. In particular, Yy, Z,, ..., Z; are all terminal.

Proof. Assume first that k = 1. If Z; — Y] is a Kz -negative contraction, then we are done. Otherwise,
Z, — Y, is a K -trivial contraction. In this case, Ez, is covered by Ky, -trivial curves, which contradicts
our assumption.

Now assume that k > 1. We know that Z; --> Z, is a Kz, -flip or flop. Also, notice that a general curve
on E, is Kz -negative. Hence a general curve on E, is Kz -negative by Corollary 2.22. Now the relative
effective cone NE(Z,/X) is a two-dimensional cone. One of the boundaries of NE(Z,/X) corresponds
to the flipped/flopped curve of Z; --> Z, and is Kz -non-negative. Since there is a Kz,-negative curve,
we know that the other boundary of NE(Z,/X) is Kz,-negative. Therefore, if k = 2, then Z, — Y is
a Kz, -divisorial contraction, and for k > 2, Z, --» Z3 is a Kz,-flip. One can prove the statement by
repeating this argument k — 2 more times. O

We are going to find the sufficient conditions for the assumptions of Lemma 3.1. Our final results are
Lemmas 3.4 and 3.6.

Let X — A{ /G = W/G be the embedding such that ¥ — X is a weighted blow-up with respect
to the weight w and this embedding. First, we show that after replacing W by a larger affine space, if
necessary, we may assume that Z; — Y — X can be viewed as a sequence of weighted blow-ups with
respect to the embedding X — W/G.

Let V be a suitable open set which contains P = CenteryF such that Z; — Y can be viewed as a
weighted blow-up with respect to an embedding V — AZ’}{,I ..... i) /G'. For j=1,..,n,wedefine D;CV
to be the Weil divisor corresponding to y; = 0. Then D;x = ¢.D; is a Weil divisor on X. Since X is
Q-factorial, D;x corresponds to a G-semi-invariant function s; € Oy. We can consider the embedding

X = W/G = ey =57 =0)jmtm C ALy, /G = W/G.

(X1 500es

.....
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Then, ¥ — X is also a weighted blow-up with respect the weight w which is defined by w(x;) = w(x;) if
J < n, and w(x,;) = w(s;). The embedding X — W is exactly what we need.

Now, let W' — W be the first weighted blow-up. We may assume P = CenteryF is the origin of
U; c W. Letyy, ..., y, be the local coordinate system of U; that is mentioned in Corollary 2.2. We know
that E|y, = (y; = 0). Let fs, ..., f, be the defining equation of X C W/G. Then f,, ..., f, define Y|y,
where f/ = (¢|E,l-)*( f). Since Y has terminal singularities, the weighted embedding dimension of Y|y,
near P is less than 4. For 5 < j < n, we may write f = &;y; + f;(y1,...ys) for some ¢&; which does not
vanish on P. One can always assume that Hy = (y3 = 0) and so i # 3.

Let f7° = fily=y=0. Then f;°, ..., /" defines H N E near P. If f;° is irreducible as a G’-semi-invariant
function, then we let 77;. = fj’ °. Otherwise, let 77} be a G’-semi-invariant irreducible factor of fJ’ °.

Lemma 3.2. Assume that ¥ — X can be viewed as a four-dimensional weighted blow-up. Then
n, = ... = 17, = 0 defines an irreducible component of Hy N E.

Proof. Since Y — X can be viewed as a four-dimensional weighted blow-up, we know that i < 4 and
f =y + filys=y=0 for all j > 4. Hence, we have n; = f7 °. One can see that the projection

/7

(rl4 = .= 77;, = 0)|HyﬂE - P(Cl], eeey an) - ]P)(al’ [EEX) a4) > (77:1 = O)lHyﬂE
is an isomorphism. Since 17} is an irreducible function, it defines an irreducible curve. O

Notice that 77’ is a polynomial in yi, ..., y,. There exists n; € Ow such that 7, = (q’)l{,:)*(n 7). We
assume that ¥ — X is a weighted blow-up with the weight }(a], ...a,) and Z; — Y is a weighted
blow-up with the weight £(a;, ..., a}).

Lemma 3.3. LetI" = (7, = ... = i, = 0) and assume that I is an irreducible and reduced curve. Then

a2ve(ng)..ve()r> N ave(y,).. veQ)r"™

7
mai...a, a...a,

KZ] -FZI = -

Here, m is the integer in Lemma 2.1 corresponding to the weighted blow-up ¥ — X.

Proof. Since I' C E and K, + Hy, is numerically trivial over X, we only need to show that

azv CvE@IPT ave)..ve(m )
H, Ty = 3VEO)- Ve avr(n). veGR)r G.1)

’
may...ay, a...a,

We know that H, .I'z, = HI' — vp(Hy)F.I'z,. We need to show that the first term of (3.1) equals H.I' and
the second term of (3.1) equals vp(Hy)F.I'.

We have an embedding ¥ ¢ W’ C Py(ay, ...,a,). Let D; be the divisor on W’ which corresponds to
77;.. ThenI = Dy.--- .D,.E.H is a weighted complete intersection, so I'z, = Dy z,. -+ .Dyz, .Ez .Hz. To
compute H.I', we view I as a curve inside P(ay, ...,a,) which is defined by H = D, = ... = D, = 0. It
follows that )

_ @) ve()r'

ma...a,

HTI

To compute F.I'z,, one writes
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FIz = F.(y"Dy - VF(']DF)- ~ (YD, - VF(U;)F)-('/’*E —Vi(E)F).(¢"Hy — vi(Hy)F)
= (=1)""r())..vr(7,)Vr(E)vp(Hy)F".

n—1.n—1
Since Z; — Y is a w-morphism, the integer A in Section 2.2 is 1. Hence, we know that F"* = (Gl i

aj...ap
Now, vp(E) = % and ve(Hy) = a(Y,F) = £, so
avr(y)..ve(m)r"
VF(Hy)F.FZl = 4 . B
a..a,
O

Lemma 3.4. Notation and assumption as in Lemma 3.3. Assume that:

(i) For all 4 < j < n, there exists an integer ¢; so that xéj_ appears in 77; as a monomial for some
positive integer k;. Moreover, the integers 04, ..., 0, are all distinct.

(i) If j # i, 3, 4, ..., 0, then aga} > aj.
Then K7, .I'7, < 0.
Proof. Fix j > 4. From the construction and our assumption we know that that i, dg, ..., 0, are all

distinct. One can see that rve(n;) = kjas, and r’vF(n;.) < kjagj. Thus, we have a relation

rVE(nj) S ”'VF(U;-)

- ’
a(gj a 5;

One can always assume that if j > 4, j # i, then 6; = j. By interchanging the order of y, ..., y4, we
may assume that 6, = 4. Now, if i < 4, then we may assume that i = 1. If i > 4, then we may assume
that 6; = 1. We can write

2 —_
aveMa)-VE@M)" ™ 1 asrve(ns)  rve(n,)
ma,...a, ma;a; as,  as,
and A
e
avr(na)--ve()r™™ 1 1 r've(r)  r've(r)
a..a, ra, aj as

a

. rve(n;j r've(n;)
Since ma; = 1/, @ > 1 and 22 » T
2

> ——, we know that
as; aéj

az

a2ve(a)..ve()r' N ave(y,)..ve@)r"™

- ’

ma...a, a...a,

b

So KZ] -FZ1 <0. O
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Remark 3.5.
(1) From the construction we know that if j > 5, j # i, then one can choose §; = j.

(2) If Y — X can be viewed as a four-dimensional weighted blow-up, then condition (i) of Lemma 3.4 always

holds. Indeed, in this case one has i < 4, so 17} is a two-variable irreducible function, hence there
exists 04 < 4 such that ylgi € 1, for some positive integer k4. One also has 6; = j for all j > 4. Thus,
condition (i) of Lemma 3.4 holds.

(3) If for j # i, 3, 04, ..., 0, one has that a; < a;, then condition (ii) of Lemma 3.4 holds. Indeed, by
Lemma 2.1 we know that U, = A"/(r,7’) where 7t corresponds to the vector
= uil_(al, . Qi_1,—T,di+1,a,). Let v be the vector corresponding to the cyclic action near P € U,.
Then v = mv (mod Z") and ' = ma;. Since Z; — Y is a w-morphism, and since Hy is defined by
y3 =0, we know that @} = 1 and v = a3%(a’1, ....a,) (mod Z"). One can see that a3a;. =a;j (mod r).
This implies that a3a; > a; since

a; <a;<ma; = r.

Lemma 3.6. Assume that K7, is anti-nef over X and there exists u € Oy such that vg(u) < Z(UE:;? vi(u).

Then Z; --» Z;,, is a Kz-flip or flop forall 1 <i <k —1and Z; — Y, is a terminal divisorial contraction.
In particular, if there exists j # i such that a3a;. > aj, then the conclusion of this lemma holds.

Proof. We only need to show that E, is not covered by Kz -trivial curves. Then the conclusion follows
from Lemma 3.1.

Assume that Ez, is covered by Ky, -trivial curves. Since K7, is anti-nef, those Ky -trivial curves
are contained in the boundary of the relative effective cone NE(Z;/X). Hence, k = 1 and Z; — Y is
a Kz -trivial divisorial contraction. Notice that if Cy C E is a curve which does not contain P, then
K7, .Cz, = Ky.Cy < 0, hence the curve Cy, is not contracted by Z; — Y;. Thus, Z; — Y| is a divisorial
contraction to the curve Cy,. Notice that, in this case, a(E, Y;) = 0.

By computing the discrepancy, one can see that the pull-back of Fy, on Z; is Fz + ng*j(()) Ez. It
follows that for all u € Oy, one has that

a(E, X)
a(F, X)

ve(u) > ve(u).

Hence, if there exists u such that vg(u) < ZE}EV;?
Z, — Y; is a terminal divisorial contraction.
Now, by Lemma 3.7, we know that

vr(u), then E, is not covered by Kz, -trivial curves, so

a(E,X)  Tas
a(F,X) r+a3a;'

Consider u = x;. For j # i we know that vg(x;) = % and

a; ’. ! " . ’
_ G4y aa;  Ta;taa
ve(x;) = ve(yy,” ) = - + o -

a(E.X)
a(F,X)

The inequality vg(u) > vr(u) becomes

’ ’ ’ ’
a; S ras T4+ a;aq ~ 1a3(raj+ajal.)

= ’ V) ’
ror+asa; rr ror+asd;
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or, equivalently,
a(r+aza;) > 613(7'61} +a;a;).
This is equivalent to
a; > a3a}.

Hence, the condition a_;a} > a; implies that ve(u) < Z((i’;ivp(u). O

Lemma 3.7. One has that

r+ aza.
aE,X) =2, a(F,X)= ——1.
r rr
Proof. Since a(E, X, H) = 0, we know that a(E, X) = vg(H) = “7’ Then
1 a. r+asd
a(F,X)= — + 22 = 200
r rr rr

O

Remark 3.8. Note that the assumption in Lemma 3.4 depends only on the first weighted blow-up
Y — X. In other words, we can check whether the assumption holds or not by simply considering the
embedding which defines the weighted blow-up ¥ — X instead of considering the (possibly) larger
embedding which defines both ¥ — X and Z;, — Y. Likewise, to apply Lemma 3.6, we can simply look
at the embedding that defines ¥ — X, if condition a3a’; > a; already holds under this embedding.

Notation 3.9.

(1) We say that the condition (Z) holds if conditions (i) and (ii) in Lemma 3.4 hold for all possible
choices of I'. We say that the condition (E’) holds if conditions (2) and (3) in Remark 3.5 hold for
all possible choices of I'. As explained in Remark 3.5, we know that the condition (E”) implies the
condition (E).

(2) We say that the condition (2_) (resp. (£”)) holds if the condition (Z) (reps. (£”)) holds and the
inequality in Lemma 3.4 is strict for all possible choices of I'. Using the notation in Lemma 3.4, it is
equivalent to say that either there exists j # i, 3, d4, ..., 0, such that (1361; > aj, or there exists j > 4
such that

rve(n;) S r've(r)

’
a(;j a 5

€ say that the condition (®,) holds for some tunction u 1f vg(u) < —~vr(u). We say that the
(3) We say that the condition (®,) holds f function u if ve(u) < SERvr(u). We say that th

condition (®;) holds for some index j if a;a’; > a;. In either case, Lemma 3.6 can be applied.

Notation 3.10. We say that a divisorial contraction ¥ — X is linked to another divisorial contraction
Y, — X if the diagram

ZLI——>...——>Z[
N
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exists, where Z; — Y is a strict w-morphism over a non-Gorenstein point, Z; — Y; is a divisorial
contraction, and Z; --> Z;;; is a flip or a flop for all 1 <i < k — 1. We use the notation Y ? Y ifY - X

is linked to Y; — X.
Furthermore, if all Z; --> Z;,, are all flips, or k = 1, then we say that Y is negatively linked to Y;, and

use the notation Y :;> Y.

Remark 3.11. At this point, it is not clear why Z; — Y should be a divisorial contraction to a
non-Gorenstein point. In fact, from the classification of divisorial contractions between terminal
threefolds (cf. Tables in Section 4), one can see that if there are two different divisorial contractions
Y - X and Y| — X, then Y or Y; always contain a non-Gorenstein point. It is natural to construct the
diagram starting with the most singular point, which is always a non-Gorenstein point.

Remark 3.12.

(1) If (£) or (") holds and (®,) or (®;) holds for some function « or index j, then by Lemmas 3.4 and 3.6
one has that Y :X> Y.

(2) Assume that (_) or (£”) holds and (®,) or (®;) holds for some function u or index j. Then one has
that Y :;> Y.

Lemma 3.13. Assume that
X = (x1(x; + p(x2, .. X)) + g(X2, ..., Xg) = 0) C AY/G,

such that

(1) ve(g) = L +vp(p) = 24 -

2)i=1,a+as =a,and az = 1.
ThenY = Y 1.
X
Proof. We know that a; > a; for j =2, ..., 4, so (£’) holds. Consider the embedding

X = (15 + g(X2, 0oy X4) = X5 — X1 — p(X2, ...y Xg) = 0) C A? /G-

(X150e0s

Then ¥ — X can be viewed as a weighted blow-up with the weight %(al, ...,as) with respect to this
embedding, where as = rvg(p). The origin of U, is a cyclic quotient point of type u‘—l(—r, as, ...,as). The
only w-morphism is the weighted blow-up that corresponds to the weight w(y,, ...y4) = %(az, cees Ag).
One can see that a5 = rvg(g) > rve(p) = as, hence (Os) holds. Moreover, one can see that 5 =
¥s = p(¥2,0,¥4), 80 r've(n5) = rve(ns) = rve(p(xz, 0, x4)), hence

rve(ns) S r've(ns)
as ay

Thus, Y % Y. |
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Lemma 3.14. Assume that Y — X and Y; — X are two divisorial contractions such that Y ? Y. LetE

and F be the exceptional divisors of ¥ — X and Y; — X, respectively. Assume that there exists u € Oy
such that vp(u) = % and vr(u’) > 0 where r is the Cartier index of CenteryE and ' is the strict transform
of uonY. Then a(F,X) < a(E,X) if a(E,X) > 1.

Proof. Notice that we have
ve(u) = vp(it) + ve(u)ve(E).

Since ve(u) > % and vp(it) > 0, we know that vg(E) < 1. Thus

1 1 —a(E, X
"ol g+ LAED

1 1 -
a(F,X) = — + a(E,X)vr(E) < — + a(E, X)—
r r r
where 7’ is the Cartier index of Centery F. Hence, a(F,X) < a(E, X) if a(E, X) > 1. O

4. Constructing links

The aim of this section is to prove the following proposition:

Proposition 4.1. Let X be a terminal threefold and ¥ — X, Y — X be two different divisorial
contractions to points over X. Then there exists Yy, ..., ¥, Y7, ..., Y}, such that

Y=Y =hHh=.=29%=Y .Y =Y.
X X X X X

Proof. We need a case-by-case discussion according to the type of the singularity on X. Please see
Propositions 4.2, 4.3, 4.5-4.10 and 4.15-4.18. ]

We keep the notation in Section 3.

4.1. Divisorial contractions to cA/r points

In this subsection, we assume that X has cA/r singularities. Divisorial contractions over X are listed
in Table 2.

Table 2. Divisorial contractions to cA/r points.

. . t
No.  defining equations (1','7%) ~PC condition
weight a(X, E)
3B, =B 1, A
Al Xy + 7*+ 8>ka(2Z, ) (rlgg clBa r)r) Ca//rr b=aB (mod r),b + c =rka
| ;- cA
A2 X =y + P xu? + go6(x, y, 2, 1) (4(32)1) 3 2 xz & g(x,y,z,u)

Proposition 4.2.

(1) If Y — X is of type Al witha > 1, then Y ?} Y, for some Y; — X which is of type Al with the
discrepancy less than a.
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(2) If Y - Xisof type Al witha =1and b > r,then Y = Y, where Y is an Al type weighted blow-up

with the weight }(b —r,c+r1,r). One also has Y; ? Y if we begin with ¥; — X and interchange

the role of x and y. Moreover, Y 7}%} Yyifandonlyifn, =y

(3) If Y — X is of type A2, then Y ?} Y, where Y7 — X is a divisorial contraction of type Al.

Proof. Assume first that Y — X is of type Al. We are going to prove (1) and (2). If both b and ¢ are
less than r, then a = k = 1. In this case, there is exactly one divisorial contraction of type Al, so there is
nothing to prove. Thus, we may assume that one of b or ¢, say b > r.

The origin of the chart U, C Y is a cyclic quotient point. On this chart, one can choose
1y .oy y4) = (x,u,z,y) with i = 1 and d4 = 4. One can see that (£”) holds. Now the two action in
Lemma 2.1 is given by

T:%(—r,c,a,r), T = (ﬁ_ﬁ(b+c)b 'Bb -pB).

Since U, is terminal, there exists a vector 7/ = %(b —0,€,1,8) such that 7 = ar” (mod Z*) and
7/ = X't (mod Z*) for some integer A’. There is exactly one w-morphism over the origin of U, which
extracts the exceptional divisor F' so that vy corresponds to the vector 7. One can also see that

€ rk
— = = > —
b = vr(y) = vr(g) b
where g’ is the strict transform of g on U,, since if z77u? € g’, then ap + g > ak and
1 rk k
V(U = S(rp 4 54) = —(rap + dag) = o = =

for éa > r because éa = r(mod b) and b > r. Thus,
as = ¢ < rka < ae = axa,,

hence (0,) holds, and there exists Y; — X such that Y ? Y.
We need to check whether (Z”) holds or not. We have that f;° = 17}, = y4 + g’°. One always has that

r've(n,) ﬁ

’
a

=1.
€
Now, g’° = 0 if and only if

rve(na) _ 75

L =1,
ay c
and oa = r if and only if

asay =ad =r = a,.

Thus, (E”) holds if and only if g’° # 0 or a do not divide r.
One can compute the discrepancy of Y| — X using Lemma 3.7. We know that a’ = b -6 and a3 = a, so

tad -
a(F.X) = r 61,361, _r 6ab+ ba < a
rr r r
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Ifa=1,thenr =6, soa(F,X) =a(E,X) = % One can verify that Y; — X is the weighted blow-up
with the weight %(b —r,c+r1,r). Inthis case, Y ?} Y, if and only if g’° # 0. Hence, Y 7}% Y; if and
only if 4 = y. This proves (2).

Now assume that a > 1. We already know that 6a > r. If da > r, then a(F, X) < a(E,X) and Y % Y,
so (1) holds. Hence, one only needs to show that éa # r. If 6a = r, then

b=aB+ A'r=aB+ A0)

where A’ = b_Taﬁ. One can see that b — 8 = (a — 1)B + A’ad. On the other hand, since 7’ = A’t”” (mod Z"),
we know that b — 8 = 2’6 (mod b). Hence, b divides

b—B-25=(a-DB+J).

This is impossible since (a — 1)(8 + A’9) is a positive integer and is less than b.

Finally, assume that ¥ — X of type A2. In this case, one needs to look at the chart U, C Y, and we
choose (yy, ..., y4) = (x,2,y,u) withi = 1 and 6, = 4. One can see that (") holds. The origin of the chart
U, is a cAx/4 point of the form

1
=y +2+ut+g(x,y,z,u)=0) C A} /7(1,1,2,3).

(xy,2,u

From [9, Theorem 7.9], we know that there are exactly two w-morphisms over this point which are
weighted blow-ups with the weights w.(x+y, xFy, z,u) = }l(S, 1,2, 3). For both these two w-morphisms,
one has that a; = 2, a3 = 3 and @), = 2, s0 (®,) holds and (Z_) holds since a3a) > a,. Thus, there exists

Y, — XsothatY % Y. One can compute that the discrepancy of Y1 — X is one, so Y1 — X is of type
Al. This proves (3). O

4.2. Divisorial contractions to cAx/r points

In this subsection, we assume that X has cAx/r singularities with r = 2 or 4. Divisorial contractions
over X are listed in Table 3.

Proposition 4.3. (1) Assume that Y — X is of type Ax1 or Ax3. Then ¥ — X is the only divisorial
contraction over X.

(2) Assume that Y — X is of type Ax2 or Ax4. Then there are exactly two divisorial contractions over
X. Let Y; — X be another divisorial contraction. Then Y; — X has the same type of ¥ — X, and

one has that Y = Y; =Y.
X X

Proof. The number of divisorial contractions follows from [9, Section 7,8]. So we can assume that
Y — X is of type Ax2 or Ax4, and Lemma 3.13 implies that Y :)} Y. O
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Table 3. Divisorial contractions to cAx/r points

(r;a;) type

No. defining equations - condition
weight a(X, E)
4;1,3,1,2) cAx/4 (b,c) = 2k + 1,2k +3)
Ax1 24y + gona (2, ( ’ ’
X XAy + gz ) Lb,c,1,2) 1/4 or 2k +3,2k + 1)
22+ + (Ax + py)pa (2 u 4:1,3,1,2 Ax/a Botim=
ae y ( (u) HY)P 2 (2, 1) (1(’b’c : ,2)) 6174{ Qk+5.2+3,10
2k+3 i
§224212 a2 6 5 or 2k +3,2k +5,0,1)
2;0,1,1,1) cAx/2 (b,0) = (k,k+1)
Ax3 2 +y% + gai(z,
R A Iboe, 1,1) 1/2 or (k + 1,K)
X2+ 32+ (Ax + uy)pe(z, u) 2;0,1,1, 1) cAx/2 .. d,p) =
Ax4 2 I (k+2,k+1,1,0)
+8x14+1(2, 1) 7, ¢, 1,1) 1/2

or (k+ 1,k+2,0,1)

4.3. Divisorial contractions to cD points

In this subsection, we assume that X has ¢D singularities. At first, we consider w-morphisms over X,
which are listed in Table 4. Notice that for types D1, D2 or D5 in Table 4 there is at most one divisorial
contraction over X which is of the given type. This is because the equations of type D1, D2 and D5
come from the normal form of c¢D-type singularities, which are unique, and the blowing-up weights are
determined by the defining equations.

Lemma 4.4. Assume that there exists two different divisorial contractions with discrepancy one over X.
Then, one of the following holds:

(1) One of the divisorial contractions is of type D1.

(2) The two morphisms are of type D2 and DS, respectively.
(3) Both of the divisorial contractions are of type D3.

(4) Both of the divisorial contractions are of type D4.

Proof. Assume that Y — X and Y; — X are the two given divisorial contractions. It is enough to prove
the following statements:

(1) If Y — X is of type D4, then Y; — X is of type D1 or D4.
(i) If Y — X is of type D2, then Y} — X is of type D1 or D5.
(iii) If Y — X is of type D5, then Y} — X is not of type D3.

Let E and F be the exceptional divisors of ¥ — X and Y; — X, respectively. Then a(F,Y) < 1, since
otherwise a(F, X) > 1. Thus, P = CentergY is a non-Gorenstein point.

First, assume that Y — X is of type D4. In this case, P may be the origin of U, or the origin of
U,, and they are both cyclic quotient points. Exceptional divisors over P with discrepancy less than
one are described in [4, Proposition 3.1]. The origin of U, is a ﬁ(b, 1,1) point. If P is this point,
then, since z = 0 defines a Du Val section, we have that vp(z) = a(F,X) = 1. One can verify that
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vr(u) = vp(z) = 1 and vp(x) = ve(y) = b. Now, vp(x) = b only when xp,(z, u) € g(x,z,u) for some
homogeneous polynomial p(z, u) of degree b. One can check that ve(x + p(z,u)) = b + 1. In this case,
Y; — X is also of type D4 after a change of coordinates x — x — p(z, u). If P is the origin of U,, then it
isa %(1, —1, 1) point. One can verify that ve(u) > 1. This implies that Y, — X is of type DI.

Now, assume ¥ — X is of type D2. Then P is the origin of U, C Y, which is a cA/b point.
Exceptional divisors of discrepancy less than one over P are described in [4, Proposition 3.4]. One can
verify that if 1 # 0 and k = b, then vg(u) = 1. In this case, ¥; — X is of type D5. Otherwise, vg(u) = 2,
and so Y} — X is of type DI.

Finally, assume that ¥ — X is of type D5. One can see that Y; — X cannot have type D3 since
7 € p(z, u). This finishes the proof. O

Table 4. Divisorial contractions to c¢D points with discrepancy one.

No. defining equations weight pr ; condition

DI 2+ y2u+ 7t + gui(zu) (b,b—1,1,2) Cf b= minfk — 1, 4]}
D2 X%+ Y u + Ayz* + gooi(z, 1) (b,b,1,1) Cf) b = min{k, [}

D3 {x2 +;2t:;2yb Z(I;JngZ;”ft(Z’ “) (b+1,b,1,1,2b+ 1) ch k>b+2

D4 22+ + yhor(z Wt gomei (v, z 1) (b+1,b,1,1) Cf k>b+1

D5 {xi:f;:éf;(i ?) (b.b-1,1,1,b+ 1) Cf) 2’ € p(z, u)

Proposition 4.5. Assume that there exist two different divisorial contractions with discrepancy one over
X,sayY - Xand Y, — X.

(1) If Y - X and Y; — X are both of type D4, then Y % Y, :)} Y.

(2) If Y — Xisof type D3 and Y| — X is of type DI, then Y % Y,. If Y, — X is of type D3, then there

exists another divisorial contraction ¥, — X which is of type D1 so that ¥ ?} Y, <;= Y.
(3) If Y - X isof type D2 and Y; — X is of type D5, then Y %{» Y;.

(4) If Y - Xisof type D1 and Y; — X is not of type D3, then Y :; Y.

Proof. Assume first that Y — X and Y; — X are both of type D4. Notice that, in this case, xp,(z, u) €
g(x,z,u). Thus, Y ?} Y, by Lemma 3.13.
Now assume that ¥ — X is of type D3. Consider the chart U, C Y which is defined by
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b+k—=2b-2

(% + u + Ayt +8(u, )=y —px,zu)+t=0)C

1
5
A(x,y,z,u,z)/m(b +1,b,1,1,-1).

Notice that, using the notation in Section 3, we know that

f;{o = ]7:'_ = xZ +u + g,(O, u, 0), f‘slo = y2 + p(X, 0, I/l).

ns can be y + pu’ if p(x,0,u) = —pu? for some u € C, and otherwise 7 = fI°. One can see that
1, = 15 = 0 defines an irreducible and reduced curve. There is only one w-morphism over the origin
of U, which is defined by weighted blowing up the weight w(x, y, z,u, t) = 2;,1T(b +1,b,1,2b +2,2b).
Now, in this case we choose (yy, ...,ys) = (x,y,z,u,t) withi = 5, 84 = 4, 65 = 2. One can see that (£)
holds and (©,) holds. Also, one has that “£%2 = 2p + 2 while “5" = 1. Thus, (E-) holds and so there

’
a

exists ¥» — X such that Y =;> Y,. One can compute that ¥, — X is of type DI1. If Y} — X is of type D1,

then Y, = Y, since there is at most one divisorial contraction with type D1. This proves statement (2).

Now assume that ¥ — X is of type D2 and Y; — X is of type D5. In this case, we consider the
embedding corresponding to Y; — X. Under this embedding, ¥ — X is given by the weighted blow-up
with the weight (b, b, 1, 1, b) and the chart U, C Y is given by

(X y,2,u,t)

1
U= -t+80,zu)=yu+7"+t=0)C A /E(O,—l, 1,1,0).

We take (y1, ..., ys) = (¥, u, 2, x, 1) with 6, = 4 and 65 = 5. Then (E) holds. The origin of U, is a cA/b point
and the weight w(yy, ..., ys5) = %(b —1,1,1,b,2b) defines a w-morphism over U,. One can see that (®s)
holds. Moreover, since a; = 2b > b = as, we know that (Z_) holds. Thus, Y ?} Y;.

Finally, assume that ¥ — X is of type D1 and Y; — X is not of type D3. Let b and b, be the integers in
Table 4 corresponding to Y — X and Y; — X, respectively. First, we claim that b < b;. Indeed, if Y| — X

is of type D5, then 7' € h(z, u), which implies that b; > b + 1. If Y; — X is of type D2 or D4, then the
inequality b < b; follows from Corollary 2.17. Now, the origin of the chart U, C Y is defined by

O+ + 2 u " 1 gz u) = 0) C A?x’y’z’u)/%(b,b -1,1,1),
which is a cAx/2 point. We can take (yi,...,y4) = (4,y,z,x) with i = 1 and 6, = 4. w-morphisms
over this point are fully described in [9, Section 8]. Since b < b, we know that 2k —b — 1 > b and
the multiplicity of g’(z, u) is greater than or equal to 2b. Hence, if F is the exceptional divisor of a
w-morphism over Y, then
ve(y) = b>b—1=vg(y).

Thus, (E_) and (®,) holds and one has Y :;> Y;. O

Now we study divisorial contractions of discrepancy greater than one. All such divisorial contractions
are listed in Table 5.
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Table 5. Divisorial contractions to ¢D points with discrepancies greater than one.

type

No.  defining equations weight condition
a(X, E)
2. \2 k cD
D6 X"+ yu+z+ goopri (X, y, 2, 1) (b+1,b,a,1) p ak =2b+ 1
2
D7 T (i) b+1Lbalb+2) —P  ak=b+1
yu+2z + ppei(zu) +t a
b+1
. ZeN,1=1
X2+ ut + A7 + ,Z, U cD xS ’
D8 { N 82p+10,2, 1) (2 2L 4,1, b) . p=0,or = €N,
YV AHZE A+ ppoa(X,zu) + o u=1,1=0.
D9 .X,'2 +ut + Z% + gzb+1(y,Z, I/t) (w b-1 2.1 b) cD
Y+ ppi (X, z,u) + 1 277250 2
D
DI0 2 +y2u+2" + gooy(y.2. 1) (b.b,2,1) =
2, .2 3 cD, 3
D11 x*+y“u+yps(z, w+u’ + gs6(z,u)  (3,3,1,2) 3 2 € p(z,u)
2., .2 3,2 cDy
DI2  X™+you+ 2 +yu” + &6(y, 2, u) (3.4,2,1) 3

Proposition 4.6. Assume that ¥ — X is a divisorial contraction with discrepancy a > 1. Then there
exists a divisorial contraction Y; — X such that Y :X> Y, and a(F, X) < a where F = exc(Y; — X).

Proof. First, notice that (®,) holds in cases D6-D10 or D12, and (®,) holds in case D11. This is because
ve(u) or vg(z) = 1 in those cases and Z(UEF;(; =a>1.

Now we list all cases in Table 5, write down the chart on Y we are looking at, and write down the
variables yy, ..., y,. One can easily see that (£) holds in all cases.

(1) Assume that Y — X is of type D6. Consider the chart U, C Y and take (yy, ..., y4) = (x, Y, z, u) with
04 = 4.

(2) Assume that Y — X is of type D7. Consider the chart U, C Y and take (yy, ..., y5) = (y, 4, 2, X, t),
04 =4and 65 =1 or 2.

(3) Assume that ¥ — X is of type D8 or D9. We consider the chart U, C Y and take (yy, ..., y5) =
(x,y,z,u,t) with 64, = 4 and 95 = 2.

(4) Assume that ¥ — X is of type D10. We consider the chart U, C Y and take (y, ..., y4) = (y, #, 2, X)
with 64 = 4.

(5) Assume that ¥ — X is of type D11. We consider the chart U, C Y and (yy, ...,y4) = (y, 2, u + Ay, x)
for some A € C with 6, = 4.

(6) Assume that Y — X is of type D12. We consider the chart U, C Y and (yy, ...,y4) = (y,2, x + Ay, u)
for some A € C with 64, = 4.

Now we know that there exists ¥; — X so that ¥ = Y,. Then Y; — X is of one of types in Table 4
or Table 5. One can see that vp(z) = 1 if Y; — X is of types D1-D5, D7-D9 or D11 and vg(u) = 1 if
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Y, — X is of type D6, D10 or D12. Since CenteryF is the origin of the chart U,, U, or U,, one can
apply Lemma 3.14 to say that a(F, X) < a. This finishes the proof. O

4.4. Divisorial contractions to cD/r points with r > 1

In this subsection, we assume that X has ¢D/r singularities with r = 2 or 3. We first study w-
morphisms over X.

Table 6. Divisorial contractions to ¢D/r points with discrepancy one.

(r; a;) type

No. defining equations . condition
weight a(X, E)
3;0,2,1,1) cD/3  k=2andzu’orz’ e g, or
D1 243+ g0 (30,2, L1)
(3;0’2’ 17 1) CD/3
D14 x2+y3+Z3+g24(y,Z,u) T 15k A4 1Y
166,54, 1) 1//3
(2;1,1,1,0) cD/2
D15 X% + yzu + gs2(y, 2, u) T 11
I3,1,1,2) 1/2
2;1,1,1,0) cD/2 (3,1,2)
D16  x* + yzu + g-3(y, 2, u) — (b,c,d) =
%(3,b,c,d) 1/2 (1,1,4)
D17 x2+yt+g23(Z9u) (2a 17 1’ 170, 1) CD/2
w+y +t %(3, 1,1,2,5) 1/2
2;1,1,1,0) cD/2 .
D18 X% +y?u + Ay + goi(z, u) b = minf{k - 2,[$1- 1}
%(b,b—Z, 1,4) 1/2 2
(2;1,1,1,0) cD/2 )
D19 x% + y?u + Ayz* + g=i(z, u) — ——"= b =min{k, [}
2(b,b,1,2) 1/2
D20 X2+ ut + Wy + gopin(z, u) (2;1,1,1,0,0) cD/2 £ bad
Y+ po(x,z,u) + 1 Yb+2.b6,1,220+2)  1/2 =
(2;1,1,1,0) cD/2
D21 x2 + yzu + thk(Z’ u)+g2b 1(x7 2, I/t) k = b+2
" %(b+2,b,1,2) 1/2
D22 X2+ yt + goop(z, 1) 2;1,1,1,0,1) cD/2
yu+z2' +t Lb,b-2,1,2,b +2) 1/2

Proposition 4.7. Assume that X has cD/3 singularities.

(1) If Y — X is of type D14 or if Y — X is of type D13 and both zu? and z%u ¢ g(y, z, u), then there is
only one w-morphism over X.

(2) If Y — X is of type D13 and zu® or z>u € g(y, z, u), then there are two or three w-morphisms over
X. Say Y, = X, ..., Yy — X are other w-morphisms with k = 1 or 2. Then Y % Y; %(:» Y for all
1<i<k

Proof. The statement about the number of w-morphisms follows from [9, Section 9]. Now we may
assume that ¥ — X is of type D13 and zu? or z°u € g(y, z, u). The chart U, C Y is defined by

1
(*+y +g'(y,z,u) =0) C A} /732,11

(x,y,2,1)
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with u? or zu € g'(y,z, u). We can take (yi, ..., y4) = (2, x, u + Az, y) for some A € C with 6, = 4. Now
the w-morphism over U, is a weighted blow-up with the weight w(yy, ...y4) = }1(3, 5,1,2). One can see
that (®,) and (£”) hold. Hence, we can get a divisorial contraction ¥Y; — X such that Y ?} Y;. One can
compute that ¥; — X is also a w-morphism.

If there are three w-morphisms over X, then the defining equation of X is of the form x> + y* + zu(z + u)

as in [9, Section 9.A], so g’(v, z, u) = u(z + u). One can make a change of coordinates u — u — z and again
consider the weighted blow-up with the same weight ‘—11(3, 2,1,5). In this way, we can get a divisorial

contraction Y, — X which is different to Y;, and we also have that Y %{» Y. This finishes the proof. O

Proposition 4.8. Assume that X has ¢D/2 singularities and ¥ — X is of type D15, D16 or D17.
(1) If Y — X is of type D15, then there is only one w-morphism over X.

(2) If Y — X is of type D17, then there exists exactly two w-morphisms over X. The other one, Y| — X,
is of type D16, and one has that Y = Y.

(3) If Y — X is of type D16 and there are no w-morphisms over X with type D17, then there are exactly
three w-morphisms over X. They are all of type D16 and are negatively linked to each other.

Proof. The statement about the number of w-morphisms follows from [10, Section 4]. Assume that
Y — X is of type D17. Consider the chart U, C Y with (yy,...,ys) = (y,u,y + z, x, ) with 64 = 4 and
05 = 1. One can see that (£) holds. Now the origin of U, is a cyclic quotient point. Let F be the
exceptional divisor of the w-morphism over U,. Then one has that vg(yy, ...ys) = %(6, 2,1,3,3). One can
see that (®) holds.

Assume that Y — X is of type D16 and there are no w-morphisms of type D17 over X. By [10,
Section 4], we know that neither y* nor z* € g(y, z, u). Assume first that (b, c,d) = (1, 1,4). Consider
the chart U, C Y which has a cAx/4 singular point at the origin. We choose (yy, ..., y4) = (v, 4,y + 2z, X)
with 64 = 4. One can see that (£”) holds. Let w be the weight on U, so that w(y, ..., y4) = ‘—1‘(5, 2,1,3).
Then the weighted blow-up with weight w gives a w-morphism. It follows that (®,) holds and also

(£7) holds since @} = 5 > 3 = a,. Hence, there exists a w-morphism ¥; — X so that Y :)_(> Y. If we

interchange the roles of y and z, we can get another w-morphism Y, — X with Y % Y.
Now assume that (b, c,d) = (3, 1,2). Consider the chart U, C Y which is defined by

1
(X +zu+g (v, z,u) =0) c A /3(0, 1,1,2).

(X,y,2,1)

Taking (yy, ..., y4) = (¥, u,y + Z, x), then (£’) holds. Let w be the weight w(y, ..., y4) = %(1, 5,1,3). Then
the weighted blow-up with the weight w gives a w-morphism over U, and (®,) and (Z”) holds. If we
take w to be another weight w(x, y, z, u) = %(3, 1,4,2), then we get another w-morphism over U, and (©®,)
holds. Thus, we can get two different w-morphisms over X and Y is negatively linked to both of them. O

Proposition 4.9. Assume that X has ¢D/2 singularities, ¥ — X is of type D18-D22, and assume that
there are two w-morphisms ¥ — X and Y; — X.

(1) Assume that Y — X is of type D18 and Y; — X is not of type D20. Then Y :;> Y.
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(2) Assume that both Y — X and Y; — X are not of type D18. Then, one of the following holds:

(2-1) Y —» X isof type D19 and Y, — X is of type D22. One has that Y =;> Y.

(2-2) Both Y — X and Y; — X are of type D21 and Y :;> Y, %(:» Y.

(2-3) Both Y — X and Y; — X are of type D20 and there exists another w-morphism ¥, — X
which is of type D18 so that Y =;> Y, % Y.

Proof. The computation is similar to the proof of Proposition 4.5 after replacing the types D1-D35 by
D18-D22, so we will omit the proof. Notice that an analog result of Lemma 4.4 can be proved by a
similar computation, or can be directly followed by [10, Section 5]. O

Now we consider non-w-morphisms over X. Notice that there is no divisorial contraction with
discrepancy greater than % over ¢D/3 points. Divisorial contractions of discrepancy greater than % over
¢D/2 points are listed in Table 7.

Table 7. Divisorial contractions to ¢D/r points with large disprepancies.

(r;ai) type

No. defining equations - condition
weight a(X, E)
D23 x4+ yiu+ 7"+ 2;1,1,1,0) cD/2 ma=2b+2,
gspi1(X,y,2,u) %(b +2,b,a,2) al2 a and b are odd
D4 X2+ yt + gopia(z, 1) 2;1,1,1,0, 1) cD/2 ma=b+2
yu+2"+ pyy(zu) +t 5(b+2,b,a,2,b+4) al2 a = b(mod 2)
2,2 4b (2;1,1,1,0) cD/2
D25 X"+ yu+27+ga(y, 2z, u) 25.25.1.1) I
2 4. b o (2;1,1,1,0) _cD/2 b,c >4
D26 x +ymu+y'+7"+u 2.1.2.1) I bis even
D27 x> +ut +y*t+ 2 2;1,1,1,0,0) cD/2
yZ+ i+t 2.1,1,1,3) 1
2t + gy 2, ) (2:1,1,1,0,0) cpjp  Bitherbis odd.or
D28 24 pop(x,z,u) + 1 b+ 1,6,1,1,2b+ 1) 1 bis even and
y p2b x&Z»” s Uy Ly Ly be_l or ZZh c p
X2+ ut + gxop0(y, 2, ) (2;1,1,1,0,0) cD/2 bl
D29 { Y+ pa(,zou) + 1 b+1,0,2,1,2b+ 1) 2 ¥ oz Ep

Proposition 4.10. Assume that r = 2 and Y — X is a divisorial contraction with the discrepancy

¢ > 1. Then there exists a divisorial contraction Y; — X such that Y ? Yy, and a(F, X) < £ where

2
F =exc(Y, - X).

a
2

Proof. First, assume that ¥ — X is of type D23. Consider the chart U, C Y which is defined by

1
x+yu+7"+gxyzu)=0)cC A?x’y’z,u)/m(—l b,a,?2).
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We take (yy, ..., y4) = (x,¥, 2, u) with 84 = 2 or 4. One can see that (£") holds. Since a4, = 2 and a > 3,
we know that (®,) holds. Thus, there exists ¥; — X such that Y => Y,. The origin of U, is a cyclic

quotient point. Let F be the exceptional divisor of the w-morphism over this point. Then vp(x) < 5. It

follows that

1 2 +ma a
aF.X)= s + 5ur0 S 3 = 1< 5.

Assume that Y — X is of type D24. Consider the chart U, C Y which is defined by

1
(P +y+8@un)=yu+7"+peu)+1=0)C AL,/ B4 Clreen €5)

where (cy,...,¢5) = (b + 2,b,a,2,-2) if a, b are odd, and (cy,...,c5) = (b +3,b+2,5,1,-1) if q,
b are even. We take (yi,...,ys5) = (y,u,z,x,t) with 84 = 4 and 65 = 1 or 2. Then (E2) holds. Now
the origin of U, is a cyclic quotient point. Let F be the exceptional divisor over this point. Then
VE(V1y ees V5) = ﬁ(a’l, ...,as) with @), + aj, = b + 4. It follows that a(a) + a}) > b + 4 = a, + a4, hence
(®;) holds for j = 2 or 4. Thus, there exists ¥; — X so that Y :X> Y;. One has that

2+ma 1
2b+8 2'

1
a(F X) b 4 2VF( )_

Hence, Y; — X is a w-morphism.
Assume that Y — X is of type D25. The chart U, C Y is given by

P +yu+z2+ g0, z,u) = O)CA(”M)/ (0 2b—-1,1,2b + 1).

We take (yi,...,ys) = (y,u,z,x) with 64 = 4. One can see that (Z') holds. The origin of U, is a
cA/4b point and there is only one w-morphism over this point. Let F be the exceptional divisor of the
w-morphism. Then vp(yy, ..., y4) = 41—b(2b - 1,2b+ 1, 1,4b). Hence, (0;) holds. One can also compute
that a(F, X) = %, hence there exists a w-morphism ¥; — X such that Y ? Y;.

Assume that Y — X is of type D26. The chart U, C Y is a cA/4 point given by
O +yu+y + 72 +uz ™ =0) ¢ Amzu)/ 0,1,1,3).

We take (yi, ..., y4) = (v, u,y + z, x) with 6, = 4. One can see that (") holds. Now let w be the weight
such that w(yy, ..., y4) = i(l, 3,1,4)it b =4 and w(y, ..., y4) = i(1,7, 1,4)if b > 6. Hence, (®,) holds,
and there exists Y; — X such that Y :X> Y. One can compute that a(F, X) = %

Assume that Y — X is of type D27. Consider the chart U, C Y which is defined by
P ru+y+ =yz+ut+1=0) CA(xyzut)/ (5,1,1,4,2).
We take (yy,...,y5) = (u,y,y + z, x,t) with 6, = 4 and 65 = 1. In this case, (£) holds. Now the origin
of U, is a cyclic quotient point. Let F' be the exceptional divisor over this point which corresponds to

a w-morphism. Then vg(yy,...,y5) = %(5, 1,1,4,2). One can see that (®;) holds. Thus, there exists
Y, — X which extracts F so that Y :X> Y;. One can compute that a(F, X) = %
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Finally, assume that Y — X is of type D28 or D29. The chart U, C Y is defined by

1
C+u+gOzud) =y +px,zu)+t=0)CA, . /J——

(x’y’z,u,t) 4b + 2(1’ _l’a - 2b - 1’ 29 _2)5

where a = 2 in case D28 and @ = 4 in case D29. We take (yi,...,ys5) = (x,y,z,u,t) with 64 = 4
and 65 = 2. Then (E) holds. The origin of U, is a cyclic quotient point. Let F be the exceptional
divisor corresponding to the w-morphism over this point. Then vg(yy,...,ys5) = ﬁ(a’l, ..., as) with
ay+a,=4b+2,a,(2b+1—-a) =1 (mod 4b + 2) and a} = 1. From the defining equation one can see
that a; > 1, hence (®4) holds. Thus, there exists a divisorial contraction ¥; — X which extracts F so
that Y ? Y1. We only need to show that a(F, X) < §.

Assume that ¥ — X is of type D28. In this case, ) is the integer such that a}(2b — 1) = 1 (mod 4b + 2).
If b is odd, then a’, = b since

b-1
b(2b—1):2b2—b:(4b+2)T+1.

One can see that a; < 2b. If b is even, then @, = 3b + 1 since
2 3
BGb+1DH2b-1)=6b"-b—-1 = (4b+2)(§b— 1)+ 1.

Hence, a} = b+ 1. Now, since xz°~! or 2% € p(x, z, u), we also have that a; < 2b. In either case we have

1 a,  2b+1 1 a

F.X) = + < = .
aEX) = S Y s S22 2

Finally, assume that ¥ — X is of type D29. We want to show that a, < 4b + 2. Then

1 a 1 8+2 _ a

a(F, X) =

+2 < + <z=
4b+2  4b+2 4b+2 4b+2 2

and we can finish the proof. If 2 € p(x, z, u), then ag < b. If @}, <2b + 1, then a; < 4b. Assume that
2" ¢ p(x,z,u)and a}, > 2b + 1. Then a} < 2b + 1 and xz'T € p(x,zu). Hence,

b-1
a;s2b+1+T<4b+2.
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4.5. Divisorial contractions to cE points

In this subsection, we assume that X has cE singularities. First, we study w-morphisms over cE
points. All w-morphisms over cE type points are listed in Tables 8 and 9.

Table 8. Divisorial contractions to cE points with discrepancy one.

No. defining equations weight Z}j condition
El 2+ +gu(.2.u) 2,2,1,1) 0)126 80010 =0
E2 X+ xpa(z,u) + ¥ + g5y, 2, 1) (3.2,1.1) Cbiw

E3 X +) +g6(y.2.0) (3.2,2,1) ClE

E4 X2+ Y+ pa(z, u) + g8(y, 2, u) (4.3,2,1) ClE

ES X2+ xps(y, z,u) + ¥ + gs0(v, 2, U) (5,3,2,1) CIE

E6 X+ Y+ Y Pz, u) + g=10(, 2, 1) 5.4.2,1) CE17’8

E7 X+ Y+ gonn(y, 2, u) (6,4,3,1) ClE

ES8 X+ + ¥ pa(zu) + 82140, 2, 1) (7,5,3,1) CE;ZS

E9 X2+ xp7(y, z, u) +y3 + &>15(y, 2, u) (8,5,3,1) CE17’8

EI0 X4y + 8150,z u) ©,6,4,1) CE17’8

Ell X+’ +ype(z,u) + g0(vz,0)  (10,7,4,1) Cfs

E12 x4y +gunu(y.2.1) (12.8,5.1) C]fg

E13  x2+y + ga30(y. 2 1) (15,10,6,1) Cfg
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Table 9. Divisorial contractions to cE points with discrepancy one, continued.

type

No. defining equations weight h condition
a(X,E
2 3 E
El4 {x - ; 4 (;tj:%"’iyt Zu) 3,2.1,1,5) < ST p(x,y,zu) is irreducible
E
EIS @+am@u+y +es@rnzn @210 —°
2 3 t b b b E . . .
El16 {x Ty +qf(2y(’zz,u;)1‘g;26(y %) 3,2,1,1,4) Cl7 q(y, z, u) is irreducible
E
E17 2 +y +y2 + g6z, 10) (3,3.1,1) C17 Yureg
X2+ yt + 851000, 2, 1) cEqg ) . :
EI8 { Y+ pe(y.zotl) + 1 (5,3,2,1,7) 1 y* + p(y, z, u) is irreducible

We assume that there exist two different w-morphisms over X, say ¥ — X and ¥; — X. Let
F = exc(Y; — X). Let P = CenteryF. One always has that a(F, Y) < 1, so P is a non-Gorenstein point.

Lemma 4.11. Assume that both Y — X and Y; — X are of type E1-E13. Then Y — X is not of type
E1 or E6.

Proof. Assume that Y — X is of type E1. Then the only non-Gorenstein point on Y is the origin of

Uy= @2 +y2+ g2 u)=0)C Al /%(o, 1,1,1).
This is a cAx/2 point. The exceptional divisor G of discrepancy less than one over this point is given by
the weighted blow-up with the weight w(x’,y’, 7", u’) = %(2, 3,1, 1). One can compute that a(G, X) = 2,
hence there is only one w-morphism over X. Thus, Y — X is not of type EI.

Assume that Y — X is of type E6. If X has cEg singularities, then there is only one non-Gorenstein
point on Y, namely the origin of U,. If X has cE; singularities, then the origin of U, is also a non-
Gorenstein point. Assume first that P is the origin of U,. Then P is a cyclic quotient point of index
two and there is only one exceptional divisor over P with discrepancy less than one. Hence, F' should
correspond to this exceptional divisor. One can compute that vp(x,y,z,u) = (3,3,1,1),s0Y; = X
should be of type E17. Nevertheless, in this case one can see that ve(0) < vg(o) for all o € Ox. This
contradicts Corollary 2.17. Hence, P can not be the origin of U,.

We want to show that P is also not the origin of U,. The chart U, is defined by

’ ’ ’ ’ 7 ’ ’ ’ ’ 1
(45O 4 pE ) + 80 ) = 0) C Al /7 (13,21,

The origin of U, is a cAx/4 point. Since (u = 0) defines a Du Val section, we know that vp(u) =
vre(Y') + ve(u') = 1. Hence, both vp(y’) and vp(u”) < 1. This means that ve(y) < 3. Assume that Y — X
and Y; — X correspond to the same embedding X — A*. Then, since v#(y) < 3, we know that ¥; — X
is of type E1-E5. However, in those cases one always has that vr(0) < vg(o) for all o € Ox. This
contradicts Corollary 2.17. Thus, Y; — X corresponds to a different embedding.
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Let Z — Y be a w-morphism over the origin of U,. From the classification we know that Z — Y is a
weighted blow-up with the weight w(x’,y’, 7', u") = %(5, k,2,1) for k = 3 or 7. One can compute that
non-Gorenstein points on Z over U, are cyclic quotient points. Let Z — Z be an economic resolution
over those cyclic quotient points. Then F appears on Z since a(F,Y) < 1. Moreover, Z — X can be

viewed as a sequence of weighted blow-ups with respect to the embedding X — A?x . We write
YaZolh)

.....

Y; — X. One can always assume that xj, = x4 = u since vg(u) = 1. We write x;. = x; + g;. Since
Y — X and ¥, — X correspond to different embeddings, there exists j < 4 such that g; # 0 and
vr(x}) > vp(x;) = vr(q). Since Z — X can be viewed as a sequence of weighted blow-ups with respect
to the embedding X — A?x,y,z,u)’
that vF(x;.) = vp(h). Hence, there is exactly one j such that g ; # 0, and the defining equation of X is of
the form £(x; + g;) + h. One can see that either x; = z, or x; = y and g; = p.

Now, if x; = z, then x| = x; = x and x}, = x, = y. One can see that vp(x}) = vp(y) < 3. So, ¥} - X
is of type E1-ES. In those cases, vF(x;.) < 2,50 vp(x;) = ve(g;) = 1 and vF(x;.) =2. Hence, Y, - X
is of type E3-ES5 and v¢(y) = vp(x}) > 2. Also, since vr(q;) = 1, g; = Au for some A € C. Therefore
vir(2) = vF(x;. —¢g;) = 1. But, then

we know that the defining equation of Z is of the form x; + ¢; + h such

@ 1 vrG)
ve(2) 27 ve(y)
By Lemma 2.16, Centery F can not be the origin of U,. This leads to a contradiction.

Finally, we assume that x; = y and ¢; = p. Notice that p = Azu + u?, hence vp(p) > 2. If
vr(z) = vp(x}) = 1, then ¥} — X is of type E1 or E2, and so vF(x;.) = 2. However, we know that
vr(p) > 2. This contradicts the assumption that vr(x}) > vr(q;) = vr(p). Hence, vr(z) > 2 and so
vr(p) = 3. Since

ve(y) = ve(xj) = vr(g;) = vi(p) 2 3

and vr(y) < 3 by the previous discussion, we know that vg(y) = 3. Recall that we write

’ 7’ ’ ’ ’ !’ ’ ’ ’ 1
U= +y +pE u))+ g, 7 u)=0) C Al ,)/1(1,3,2,1)-

X,y u

Since ve(y) = 3, vie(E) = ve()y') = %. This means that a(F,Y) = }w so F corresponds to a w-morphism
over U,. Nevertheless, as we mentioned before, w-morphisms over U, can be obtained by a weighted
blow-up with respect to the above embedding, hence ¥; — X and Y — X correspond to the same
four-dimensional embedding, leading to a contradiction. m|

Lemma 4.12. Assume that both Y — X and Y; — X are of type E1-E13. If P is the origin of U, C Y,
then Y — X is of type E2, E5 or E9, and Y; — X has the same type. One has that Y ?} Y, % Y.

Proof. This assumption implies that the origin of U, is contained in Y, so ¥ — X is of type E2, E5 or E9
and P is a cyclic quotient point. If ¥ — X is a weight blow-up with the weight (b, ¢, d, 1), then b = ¢ +d and

1
U= +p,u)+g(X,y,7,u")=0)C A? /E(—l,c, d,1).

(X, ,2 ')

Since a(F, Y) < 1, F is the valuation described by [4, Proposition 3.1]. Hence, vp(y', 7', u’) = %(c’, d,a)
with ¢’ + d’ = band % = a(F,Y). Since a(F,X) = a(F,Y) + vp(x’) = 1, we know that vp(x') = 1 - £.
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One can compute that

NN 'd—d'

, 1).

Since ¢’ < b and d’c = ¢’(mod b), we know that ‘“T_‘ > 0, so vp(y) < ¢ = ve(y). Likewise, we know
that vr(2) < d = ve(z). One also has that vp(x) < ve(x) and ve(u) = vg(u).

On the other hand, Corollary 2.17 says that there exists o € Ox such that vi(o) > vg(0). This can
only happen when

ve(x") = ve(p(@,u') < ve(x’ + p(Z',u")) = vp(g' (X', ', 7', u))

and in this case one can choose oo = x + p(z,u) € Ox. Now, Y| — X can be obtained by a weighted
blow-up with respect to the embedding

4
(0y.2,u)

X (0? —oplzu)+y +g(y.zu)=0) C A

and with the weight wy (o, y, z, u) = (b, cy,d;, 1) where ¢y = ¢ — (“,Cb—_cl) andd; =d- #. Since ¢; < c,
dy <dand b; = vp(v) > ve(v), by Lemma 2.16 we know that Centery, E is the origin of U, .

Now, if we interchange Y and Y, then the above argument yields that ¢ < ¢; and d < d;. Hence,

c=ciandd =dyandso Y — X and Y; — X are of the same type. One has thata’ = 1 and ¢’ = ¢,

d’ = d. Thus, F is the exceptional divisor of the w-morphism over P. Now we know that Y % Y, by

Lemma 3.13 and also Y; :)} Y by the symmetry. O

Lemma 4.13. Assume that both Y — X and ¥; — X are of type E1-E13. Then P is not the origin of
Uu,cyY.

Proof. By Lemma 4.11, we know that Y — X is not of type E1 or E6, hence ¥ — X is of type E4, E8 or
E11 and the origin of U, is a cyclic quotient point. We assume that ¥ — X is a weighted blow-up with
the weight (b, ¢, d, 1). Following the same computation as in the proof of Lemma 4.12, we may write
Y, — X as a weighted blow-up with respect to the embedding

4
(x,00,2,u)

X — (x2 + (o — p(z, u))20' + g(o,z,u) =0) C A

and with the weight (by, ¢1,d;, 1), such that Centery, E is the origin of U, C Y;. Nevertheless, in this
case one always has that b; < b since b > ¢. The symmetry between Y and Y, yields that b > b; > b,
which is impossible. O

.....

embedding that corresponds to ¥ — X in Table 8. Then P is the origin of U; for some i < 4.

Proof. Assume that P is not the origin of U; for all i < 4. Then Y has a non-Gorenstein point on
U;nU;forsomei # j. In this case, Y — X is of type E7 or E10-E13. For simplicity we assume
thati =1and j = 2. If Y — X is a weighted blow-up with the weight (a, ..., a4), then we have the
following observation:

(1) a; = dk; and a, = dk, for some integers ki, k, and d. We may assume that k, = 2 and k; is odd.
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2) x’fz and xgl appear in f where f is the defining equation of X. Moreover vE(xll‘z) = vE(x];l) = ve(f).

(3) Pisacyclic quotient point of index d. On Uy, the local coordinate system is given by (x{, x}, x}),
where x; is the strict transform of x; on Uj.

Since F is a valuation of discrepancy less than 1 over P, we know that vg(x{, X3, x}) = é(a'l, aj, ay) with
a; <dforl=1,3,and 4. One can compute that

’ ’ 1 ’ ’ 1 ’ ’
VE(X1, ..oy X4) = (k1ay, koaj, 21(03 + aza)), 3(04 + asa))),
and Y; — X can be obtained by the weighted blow-up with respect to the same embedding X — A?xl ''''' )
and with the weight vy. Nevertheless, one can easily see that vi(x;) < vg(x;) forall 1 <[ < 4. This
contradicts Corollary 2.17. O

Proposition 4.15. Assume that both Y — X and Y; — X are both of type E1-E13. Then Y — X is of
type E2, ES or E9, and Y; — X has the same type. One has that Y % Y, % Y.

Proof. Let
X <= (f(x,y,z,u) = 0) C A/

(,y,2,1)
be the embedding corresponding to Y — X, and
X = (fi(x1,y1,21,u1) = 0) C A?

(X1,Y1,21,11)

be the embedding corresponding to ¥; — X. If CenteryF is the origin of U, C Y or Centery, E is the
origin of U,, C Y, then the statement follows from Lemma 4.12. We do not consider these cases here.
Then, Lemmas 4.13 and 4.14 imply that Centery F' = U, C Y and Centery, E = U,, C Y.

We may assume that vg(f) < ve(fi). Since vg(u) = vp(u;) = 1, one can always assume that u = u;
and (# = 0) defines a Du Val section. Lemma 2.16 implies that vg(z) > ve(z;) and ve(z) < vp(z;), hence
Z # z;. We may write z; = z+ h. If vg(h) > vg(z), then we may replace z by z + i, which will lead to
a contradiction. Hence, vg(h) < ve(z). Thus, h = Au* for some k < vg(z). Since (u = 0) defines a Du
Val section, we know that z*, yz* or z° € f. It follows that u*, yu** or u>* appear in either f or f;. This
means that vg(f) < 4k, veg(y) + 3k or 5k for some k < vg(z). One can easily check that for all the cases
in Table 8 this inequality never holds. Thus, we get a contradiction. O

Proposition 4.16. Assume that Y — X is of type E14—E18. Then there exists ¥; — X which is of type
E3 or E6 such that Y ? Y:. Moreover, if Y — X is of type E15 or E17, then Y :;> Y.

Proof. Assume that Y — X is of type E14. Consider the chart

1
U =2+y° +2+80,7.0, 1) = p(x,y, 2, u) +1 = 0) C A /5(.2.1,1.4).

'y 2wy

We choose (v, ...,y5) = (X', ¥, u’,7,t") with 64 = 1 and 65 = 2 or 4, or 64 = 2 and 65 = 1 or 4. Then (E)
holds. Now, let F be the exceptional divisor that corresponds to the w-morphism over the origin of U,.
Then

1
VF(yla -~-,)75) = §(3a 2’ 17 6a 4)
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One can see that (®,) holds. Thus, there exists a divisorial contraction Y; — X so that Y ? Y; which

extracts F. One can compute that vg(x,y,z,u) = (3,2,2,1), so Y; — X is of type E3.
Assume that Y — X is of type E15. Consider the chart

X"y 7 u

1
Ue= (2 +pE,u)+y° + g (.Y, 2,u') =0) C Al,, 0/ 732 L D).

We choose (v, ...,y4) = (X', 2/, u’,y") with 64 = 4. Then (Z’) holds. Now the origin of U, is a cAx/4
point. After a suitable change of coordinates, we may assume that u’> ¢ p(z’, u’). Then the w-morphism
over this point can be given by a weighted blow-up with the weight vp(yy, ..., y4) = }L(3, 5,1,2). One can
see that (®,) and (E”) hold. Hence, there exists a divisorial contraction ¥; — X such that Y =;(> Y:. One

also has vp(x,y,z,u) = (3,2,2,1), s0 Y1 — X is of type E3.
Assume that Y — X is of type E16. Consider the chart

1
U = (P43 4 p ) + g 2ol o 1) = qO Zow) + 1 = 0) C A2 /73.2,1,1.3),

2wy

We choose (yy,...,ys5) = (', 7', u’, x',t") with 64 = 4 and 65 = 1 or 2. Then (Z) holds. Now the origin
of U, is a cAx/4 point. After a suitable change of coordinates, we may assume that w? ¢ p(@,uw).
Then the weight ve(yy, ..., ys) = %(2, 5,1, 3,3) defines a w-morphism over U,. One can see that (©,)
holds. Hence, there exists a divisorial contraction Y; — X such that Y =X> Y;. One can compute that

ve(x,y,z,u) = (3,2,2,1), so again Y, — X is of type E3.
Assume that Y — X is of type E17. Consider the chart

X'y 2u')

1
U= +y +2° +g(/,7,u') =0) c A} /g(o, 2,1, 1).

We can choose (yi,...,ys) = (', 7', u’, x’) with 6, = 4. Then (Z’) holds. The origin of U, is a cD/3
point. Notice that y*u’* € g’(y/,Z’,u’), so the w-morphism over U, is given by the weighted blow-
up with the weight ve(yy,...,y4) = %(2,4, 1,3). One can see that (®,) and (£”) hold. One has that

vre(x,y,z,u) = (3,2,1, 1), so there exists Y; — X which is of type E3 such that Y :;> Y;.
Finally, assume that ¥ — X is of type E18. Consider the chart

1
U= +y +g0, 2.0, 0) =y +p0,2,u) +1=0) CA] /5(5.3,2,1,6).

"y 2wt

We choose (yy, ...,ys) = (', 7', u’, x’,t") with 64 = 4 and 65 = 1. Then (Z) holds. The origin of U, is a
cyclic quotient point. Let F be the exceptional divisor corresponding to the w-morphism over this
point. Then

1
ve(Y1, .y ¥s5) = 5(10, 2,1,5,6)

(notice that the irreducibility of y> + p(y, z, u) implies that p(0, z, u) # 0, s0 Vp(t) = S). One can see
that (®;) holds. Thus, there exists a divisorial contraction Y; — X which extracts F so that Y =X> Y.

One can compute that ve(x,y,z,u) = (5,4,2,1), and so Y; — X is of type E6. m]

Now we study divisorial contractions over cE points with discrepancy greater than one. Those
divisorial contractions are given in Table 10.
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Table 10. Divisorial contractions to cE points with large disprepancies.

type

No.  defining equations weight condition
a(X,E)
cE
E19 %+ (v + pa(z.w))’+y’ + g26zu) - (3,3,2,1) S zepu
x2+yt+g210(y5z’u) CE7
E20 { v? + pe(z,u) + t (5,3,2,2,7) ged(ps, g10) = 1
E
E21 2 +y +u’ + gz, u) (7,5,3,2) % 28, 25 or 24 € g(z 1)

Proposition 4.17. Assume that Y — X is a divisorial contraction with discrepancy a > 1. Then there
exists a w-morphism Y; — X such that Y :X> Y.

Proof. Assume first that Y — X is of type E19. The chart U, C Y is defined by

(X,y,2,1)

1
(O +(+puw) + i + g (y,z,u) =0) C A /3(0.1,1,2).

One can choose (yi, ...,ys) = (x,y + p,z,u) with 64 = 1. Then (£") holds. The origin of U, is a cD/3
point. The w-morphism over this point is given by the weighted blow-up with the weight

W(yl’ ~-~,)’4) = (3’ 49 la 2) or (6,4’ 1,5)

One can see that (®,4) holds. Thus, there exists ¥Y; — X such that Y = Y. A direct computation shows

that Y; — X is a w-morphism.
Assume that Y — X is of type E20. The chart U, C Y is defined by

(6,,2,U,t)

1
P +y+80zut) =y +pzu) +t=0)C A /5(5, 3,2,2,6).

We take (yy, ..., y5) = (v, 2, U, x, ) with 64 = 4 and 65 = 1. Then (E) holds. The w-morphism over the
origin of U, is given by weighted blowing-up the weight w(y, ..., ys) = %(5, 1,1,6,3). One can see
that (®;) holds. Hence, there exists a divisorial contraction Y; — X such that Y ? Y;. One can compute

that ¥; — X is a w-morphism.
Finally assume that Y — X is of type E21. The chart U, C Y is defined by

1
P +y+u' +g,z,u)=0) cA? /5(2,4, 3,2).

(X,,2,1)

One can choose (yi, ...,y4) = (¥,2,u,x). Then (') holds. The w-morphism over U, is given by the
weighted blow-up with the weight w(yy, ..., y4) = é(2,4, 1,1). One can see that (®,) holds. Thus,
there exists a divisorial contraction Y; — X such that Y :X> Y;. One can compute that ¥; — X isa

w-morphism. O

4.6. Divisorial contractions to cE[2 points

Finally, we need to study divisorial contractions over cE/2 points. All such divisorial contractions
are listed in Table 11.
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Table 11. Divisorial contractions to cE/2 points.

No. defining equations VE:;Z;L Zf;
2;1,0,1,1 E/2
E22 4y + g,z u) (%(,3,,20,’3,’1)) cl //2
E23 X+ + ges(,z,u) (%2 (’51,’42’31,’11)) CIE//22
E24 x4 xps (1) + 3 + 82600, 2,14) (52 (71 ,’4?,’31,’11)) 61E//22
E25 X+ Y+ g20(y. 2, 1) (%2 (;91,’60,’51,’11)) 65//22
E26 4yttt + ges(v, 2 u) %4130211)1 ) CEl/z

Proposition 4.18. Let Y — X be a divisorial contraction.
(1) Assume that there are two w-morphisms over X. Then:

(1-1) If Y — X is of type E22 and there exists another w-morphism Y; — X, then ¥; — X is of
type E22 or E23 and Y = Y.

(1-2) If Y — X is of type E23, then there are exactly two w-morphisms. The other one, ¥; — X, is
of type E22. Interchanging Y and Y;, we are back to Case (1-1).

(1-3) If Y — X is of type E24, then there are exactly two w-morphisms. They are both of type E24
and are negatively linked to each other.

(1-4) Y — X is not of type E25.

(2) Assume that Y — X is of type E26. Then there is a w-morphism Y; — X which is of type E22 such
that Y =;> Y.

Proof. The statement about the number of w-morphisms follows from [9, Section 10]. First, assume
that there exists two w-morphisms over X and Y — X is of type E22. Let F = exc(Y; — X). The only
non-Gorenstein point on Y is the origin of U,, which is a ¢D/3 point defined by

',y 2 u')

1
X +y 4+ g, 7, u)=0) c A /g(o, 2,1,1).

One can see that

1 1
3= a(F,X) =a(F,Y) + EVF(Z/),

hence a(F,Y) = vp(Z') = % Thus, F corresponds to a w-morphism over U,. From Table 6 we know that
4 ’ ’ ’ ’ 1
ve(X, Yy, 2w+ A7) = g(b,c, 1,4)
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for some A € C, where (b, c) = (3,2) or (6,5). Now one can choose (y, ..., y4) = (', u’ + A, u' + &7/, X')
with 64 = 4, where £ € C is a number so that u + £z defines a Du Val section on X and & # A. Thus, (£)
and (®,) hold and Y :X> Y.

Now assume that ¥ — X is of type E24. The chart U, C Y is defined by

’ ror ’ Y A ) 1
()C +P(y s <, U ) +y3 +8 (X Y .Z,U ) = O) = A?x’,y',z’,u’)/§(5’4’3’ 1)

The origin is a cyclic quotient point and there is only one w-morphism over this point. Let F' be the
exceptional divisor corresponding to this w-morphism. By Lemma 3.13 we know that there exists a

divisorial contraction Y; — X which extracts F such that Y ?} Y. One can compute that a(F, X) = %

Hence, Y; — X is also a w-morphism.
Finally, assume that ¥ — X is of type E26. Consider the chart U, C Y which is defined by

X"y u

1
(x/Z +y/ +Z/4 +u/8 +g'(y',Z',M/) — 0) C A4 ’)/6(1’2’5’1)

One can take (yi,...,y4) = (', 7', u’, x") with 6, = 4. One can see that (£’) holds. Now, let F' be
the exceptional divisor corresponding to the w-morphism over U,. Then vg(yy, ..., y4) = é(2, 5,1,1).
Hence, (®,) and (£”) hold. Thus, there exists a divisorial contraction ¥; — X which extracts F so that

Y =;> Y. One can compute that ve(x,y, z, u) = %(3, 2,3,1),s0Y; — X is of type E22. m]

5. Estimating depths
We want to understand the change of singularities after running the minimal model program. The
final result is the following proposition.
Proposition 5.1.
(1) Assume that ¥ — X is a divisorial contraction between terminal and Q-factorial threefolds.

(1-1) If Y — X is a divisorial contraction to a point, then
gdep(X) < gdep(Y) + 1 and dep(X) < dep(Y) + 1.
If Y — X is a divisorial contraction to a curve, then
gdep(X) < gdep(Y) and dep(X) < dep(Y).

(1-2) depgo(X) = depg,,(Y) and the inequality is strict if the non-isomorphic locus on X contains
a Gorenstein singular point.

(2) Assume that X --> X’ is a flip between terminal and Q-factorial threefolds.

(2-1)
gdep(X) > gdep(X") and dep(X) > dep(X’).

(2-2) depgor(X) < depg,(X') and the inequality is strict if the non-isomorphic locus on X’ contains
a Gorenstein singular point.
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Corollary 5.2. Assume that
Xo > Xq - ... > X

is a process of the minimal model program. Then:

(1) p(Xo/Xy) > gdep(Xy) — gdep(Xy) and the equality holds if and only if X; --> X, is a strict w-
morphism for all i.

(2) depGor(Xk) 2> d€pG0r(XO)-

In particular, if X is a terminal Q-factorial threefold and W — X is a resolution of singularities, then
p(W/X) > gdep(X) and the equality holds if and only if W is a feasible resolution of X.

Proof. Statement (2) easily follows from the inequalities in Proposition 5.1. Assume that the sequence
contains m flips, then p(Xy/X;) = k — m. On the other hand, we know that

gdep(X) =1 if Xi - Xiyy is a flip

1) <
gdep(Xiv1) < { gdep(X;) + 1 otherwise

It follows that gdep(X;) < gdep(Xy) +k—2m, hence gdep(X;) — gdep(Xy) < p(Xo/Xy). Now gdep(X;)—
gdep(Xy) = p(Xo/X;) if and only if m = 0 and gdep(X;,1) = gdep(X;) + 1 for all i, which is equivalent
to X; --» X;; being a strict w-morphism for all i.

Now assume that X is a terminal Q-factorial threefold and W — X is a resolution of singularities.
We can run Ky-MMP over X and the minimal model is X itself. Since gdep(W) = 0, one has that
p(W/X) > gdep(X) and the equality holds if and only if W is a feasible resolution of X. O

The inequalities for the depth part are exactly Lemma 2.20. We only need to prove the inequalities
for the generalized depth and the Gorenstein depth.

Convention 5.3. Let S be a set consisting of birational maps between Q-factorial terminal threefolds.
We say that (*)s holds if, for all Z --> V inside S, one has that:

(1) If Z — V is a divisorial contraction to a point, then

depGo (V) 2 depo(Z) = depgo, (V) — (dep(Z) — dep(V) + 1).
(2) If Z — V is a divisorial contraction to a smooth curve, then
depcor(V) 2 depgo(Z) 2 depgo, (V) — (dep(Z) — dep(V)).
(3) If Z --» V is a flip, then
depcor(V) 2 depgor(Z) 2 depgor(V) — (dep(Z) — dep(V) — 1).

(4) If Z --> V is a flop, then depg,, (V) = depgor(Z).

Moreover, if there exists a Gorenstein singular point P € V such that P is not contained in the isomorphic
locus of Z --» V, then depg,,(V) > dep,(Z) unless V --> Z is a flop.

We say that (*)g) holds if statement (1) is true, but statements (2) and (3) are unknown.

If V --» Z is a flip or a divisorial contraction, we denote the condition (*)y.,, = (*)s where S is the
set containing only one element V --> Z.
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It is easy to see that if ¥ — X is a divisorial contraction, then (*¢)y_y holds if and only if the
inequalities in Proposition 5.1 (1) hold. Likewise, if X --> X’ is a flip, then (*¢)x..,x» holds if and only if
the inequalities in Proposition 5.1 (2) hold.

Remark 5.4. If Z --> V is a flop, then the singularities on Z and V are the same by [17, Theorem 2.4].
Hence, statement (4) is always true.

Convention 5.5. Given n € Z(, we denote

S, = { 617V ¢ is a flip, a flop or a divisorial contraction between }

between Q-factorial terminal threefolds, gdep(Z) < n

Lemma 5.6. Assume that Y — X and Y; — X are two divisorial contractions between terminal
threefolds, such that Y ? Y. If (%)g holds, then gdep(Y,) < gdep(Y). Moreover, gdep(Y;) =

gdep(Y) if and only if Y, = Y.

gdep(Y)—-1

Proof. We have a diagram
Zl——>...——>‘Zk

]
N

such that Z; — Y is a strict w-morphism and Z; --> Z;,; isa flipor a flop forall 1 <i < k- 1. Since
gdep(Z,) = gdep(Y) — 1 and (*)s,, ., _, holds, we know that gdep(Z,) < gdep(Y) — 1. Repeating this
argument k — 2 times, one can say that gdep(Z;) < gdep(Y) — 1. Again, since (*)g holds, we
know that gdep(Y,) < gdep(Z;) + 1 = gdep(Y).

Now, gdep(Y,) = gdep(Y) if and only if all the inequalities above are equalities. This is equivalent
to Z;y — Y being a strict w-morphism and Z; --> Z;,; beingaflop foralli =1, ..., k—1,ork =1. In
other words, we also have Y] ? Y. O

edep(Y)-1

Corollary 5.7. Assume that Y — X is a strict w-morphism over P € X and Y; — X is another divisorial
contraction over P. If (*)s,,,,,, holds, then there exist divisorial contractions ¥; — X, ..., ¥; — X such that

Yi=>=.=2Y,=Y
X X X

Proof. By Proposition 4.1, we know that there exists Yi, ..., ¥, Y], ..., ¥}, such that

Yi=.=2Y=Yc.&Y &)
X X X X X

One can apply Lemma 5.6 to the sequence Y = Y] == Y, and conclude that gdep(Y/) < gdep(Y)

for all i. Since Y] — X € Sggepr) foralli =1, ..., I’, one has gdep(Y!) > gdep(X) — 1 = gdep(Y). Thus,
gdep(Y!) = gdep(Y) and Lemma 5.6 says that one has

V,=.=2Y =Y
X X X

Now wecantake k=[+/ —1andletY, =Y, . forl<i<k. O

U'—i+l
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Corollary 5.8. Assume that (*)g_, holds. Assume that P € X is a cA/r point or a cAx/r point such
that gdep(X) = n. Then every w-morphism over P is a strict w-morphism. In particular, one can always
assume that the morphism ¥; — X in Theorem 2.18 is a strict w-morphism.

Proof. Propositions 4.2 and 4.3 say that if ¥ — X and Y; — X are two different w-morphisms over P,
then there exists Y, — X, ..., Y, — X such that

YyeY,e...eY, =Y
X X X

We can assume that Y — X is a strict w-morphism, so gdep(Y) = n — 1. Lemma 5.6 implies that Y, is
also a strict w-morphism. Hence, every w-morphism over P is a strict w-morphism.

Now assume that X is in the diagram in Theorem 2.18 and P is a non-Gorenstein point in the
exceptional set of X — W. If Pis acA/r or a cAx/r point, then we already know that every w-morphism
over P is a strict w-morphism. Otherwise, by Remark 2.19 (2) we know that any w-morphism Y; — X
over P induces a diagram in Theorem 2.18. Hence, we can choose Y| — X to be a strict w-morphism. O

Convention 5.9. Let DV be the set of symbols
DV ={A;,Dj, Ei}ien, jen., k=6,78-
One can define an ordering on DV by
Ai <Ay <Dj<Dj <E <Epforalli<i,j<j,k<Kk.
Given O € DV, define

T = X is a terminal
® 7| Q-factorial threefold

GE(P € X) <Oforall
non-Gorenstein point P € X |’

Ton ={X € Tolgdep(X) < n}

and

Here, GE(P € X) denotes the type of the general elephant near P. That is, the type of a general Du Val
section H € | — Kx| near an analytic neighborhood of P € X.

Convention 5.10. Let 7 be a set of terminal threefolds. We say that the condition (IT)+ holds if

for all X € 7 and for all strict w-morphisms ¥ — X over non-Gorenstein points of X, one has that
dep(Y) =dep(X) — 1.

Remark 5.11.

(1) Assume that Y — X is a w-morphism over a non-Gorenstein point P. Then the general elephant of
Y over X is better than the general elephant of X near P. This is because if H € | — Kx| near P, then
Hy €| - Ky| and Hy — H is a partial resolution by [3, Lemma 2.7].
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(2) One has that (H)TA1 always holds since if GE(P € X) = A, for some non-Gorenstein point P, then P
is a cyclic quotient point of index two (cf. [7, (6.4)]). In this case, there is only one w-morphism
Y — X over P and Y is smooth over X. Hence,

gdep(P € X)=dep(Pe X) =1

and gdep(Y) = dep(Y) = 0 over X. Thus, ¥ — X is a strict w-morphism and also dep(Y) =
dep(X) — 1.

Lemma 5.12. Assume that ¥ — X is a strict w-morphism over a non-Gorenstein point P. If (*)s,,,,,
holds and (IT)¢, holds for all 0 < GE(P € X), then dep(Y) = dep(X) — 1.

Proof. By the definition we know that dep(Y) > dep(X) — 1. Assume that dep(Y) > dep(X) — 1. Then
there exists ¥, — X such that dep(Y;) = dep(X) — 1 < dep(Y). Corollary 5.7 says that there exist
divisorial contractions Y, — X, ..., Y, — X such that Y, ? Y, ? ? Y, ? Y. From Remark 5.11 (1)

we know that Y; € 7 for some 0O < GE(P € X) for all i, hence, if

Ziy— == .m = =2y,

| |
N

is the induced diagram of Y; :X> Yii1, thendep(Z; ) = dep(Y;) — 1. By Lemma 2.20 we know that
dep(Yiv1) < dep(Ziy,) + 1 <dep(Z;1) + 1 = dep(Y))
for all i. Hence, dep(Y,) < dep(Y). This leads to a contradiction as we assume that dep(Y) > dep(Y,). O

Lemma 5.13. Fix an integer n and assume that (*¢)gs | holds. Then (II), holds.

Proof. We need to show that for all X € 7, and for all strict w-morphism ¥ — X over a non-
Gorenstein point, one has that dep(Y) = dep(X) — 1. By Remark 5.11 (2) we know that (H)rrAl holds,
hence (Il)7,, , and (IT)7;, , hold for all m € N by Lemma 5.12 and by induction on m. Then, one can
prove that (I);, , and (ID)7,,_, hold by again applying Lemma 5.12 and by induction on m. Statements
(H)TE7 » and (H)(,wE8 . can be proved in the same way. O

Lemma 5.14. Fix an integer n and assume that (*)gs_, holds. Assume that we have a diagram

Yi—==- ===V,

]
N,

such that gdep(X) = n, Y1 — X is a strict w-morphism, Y; --» Y;,;isafliporaflopfori=1, ..., k-1,
and Y, — X’ is a divisorial contraction. Then,
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(1) depgor(X) = depgo (Y1) < depgo(X') and gdep(X') < gdep(X).
(2) (*®)y,.,y,, holdsfori=1, ..., k—1.
(3) (**)y,—x holds.

Moreover, if the non-isomorphic locus of X --» X’ on X’ contains a Gorenstein singular point, then
depGor(X) < depG()r(X,)-

Proof. Since (*)g, , holds, we know that (IT)s, holds by Lemma 5.13. Hence, depg,(Y1) = depgo-(X).
We know that gdep(Y) = n — 1. Since (*)g, , holds, one can prove that gdep(Y;) < gdep(Y,) <n -1
for all i and hence (*)y..,y,,, and (*¢)y,_,x- hold. Thus,

gdep(X’) < gdep(Yy) — 1 < gdep(Y)) — 1 < gdep(X)
and
depGor(X) = depGor(Yl) <..=< depGor(Yk) < depGor(X’)-

Now, if the non-isomorphic locus of X --> X’ on X’ contains a Gorenstein singular point, then either the
non-isomorphic locus of Y; --> Y;;; on Y;;; contains a Gorenstein singular point or the non-isomorphic
locus of ¥; — X’ on X’ contains a Gorenstein singular point. Hence, at least one of the above inequalities
is strict. Thus, one has depg,,(X) < depg,(X'). O

Lemma 5.15. Assume that (*)s,_, holds. Then (%)’ holds.

Proof. Let Y — X be a divisorial contraction to a point which belongs to S,. We know that
gdep(Y) = n. Assume first that Y — X is a strict w-morphism over a point P € X. Notice that
dep(Y) > dep(X) — 1 by Lemma 2.20. If P is a non-Gorenstein point, then depg,,(Y) = depg,-(X)
by Lemma 5.13, hence (*)y_x holds. If P is a Gorenstein point, then

depgor(X) = gdep(X) — dep(X) = gdep(Y) + 1 — dep(X) = depg,(Y) + dep(Y) — dep(X) + 1.
Moreover, since dep(P € X) = 0, dep(Y) — dep(X) > 0, hence
depGor(X) > depGor(Y) = depGor(X) - (dep(Y) - deP(X) + 1)

Thus, (*¢)y_x holds.
In general, by Corollary 5.7 there exist Y; — X, ..., ¥y — X such that Y; — X is a strict w-morphism
and one has Y ? Y, ? :X> Y. By induction on k we may assume that (*)y,_,x holds for all i (notice

that gdep(Y;) < gdep(Y) = n for all i by Lemma 5.6). Now we have a diagram

Zi——>..——=17;

]
N

By Lemma 5.14 we know that depg,,(Y) < depg,(Y1) and (*¢)z._.,
holds, we know that depg,.(X) > depgo-(Y1) = depg,-(Y) and

(*)zy, hold. Since (*)y,x

i+1?
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depcor(Y) + (dep(Y) — dep(X) + 1) = depgo(Z1) + (dep(Zy) — dep(X) +2)
> gdep(Z,) —dep(X) +2
> gdep(Z;) —dep(X) + 2
> gdep(Y)) —dep(X) + 1
> depgo, (Y1) + (dep(Yy) — dep(X) + 1)
> depgor(X).

Moreover, if Y — X is a divisorial contraction to a Gorenstein point, then ¥; — X is also a divisorial
contraction to a Gorenstein point. Hence, depg, (Y1) < depc,-(X) and we also have depg, (Y) <
depGor(X)~ o

Proof of Proposition 5.1. We need to say that (*¢)s holds for all n» and we will prove this by induction
on n. If n = 0, then Sy consists only smooth blow-downs and smooth flops. One can see that (*)g,
holds. In general, assume that (*)g,_, holds. By Lemma 5.15 we know that (*)fslj holds. Hence, it
is enough to show that, given a flip X --> X’ or a divisorial contraction to a curve X — V such that
gdep(X) = n, (¥)x_x or (¥)x_y holds.

If X — V is a smooth blow-down, then depg,,(X) = depg,(V), and so there is nothing to prove. In
general, we have a diagram as in Theorem 2.18:

Yl__>...__>.Yk

T
N,

By Lemma 5.14 we know that depg,-(X) < depg,(X’) and (*)y,...y,

i+1°?

(**)y,x hold. One has that

depcor(X) + (dep(X) — dep(X')) = gdep(X) — dep(X')
= gdep(Yy) —dep(X') + 1
> gdep(Yy) —dep(X') + 1
> gdep(X') — dep(X') = depgo(X').
Moreover, if X --> X’ is a flip, then either one of ¥; --> Y}, is a flip or ¥}, — X’ is a divisorial contraction
to a curve by [3, Remark 3.4]. This implies that either gdep(Y,) > gdep(Y;) or gdep(Y)) > gdep(X’). If

X — Vis a divisorial contraction to a curve, then Y, — X’ is a divisorial contraction to a curve, hence
one always has that gdep(Y;) > gdep(X’). In conclusion, we have

depor(X) = depgo(X') — (dep(X) — dep(X') — 1).

If X --» X’ is a flip, then one can see that (*)x_,x» holds. Now assume that X — V is a divisorial
contraction to a curve. Then X’ — V is a divisorial contraction to a point. We know that (*)y._,y holds since
(*)g) holds and gdep(X’) < n by Lemma 5.14. One can see that depg,(X) < depg,-(X') < depg,(V) and
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depcor(X) > depgo(X') — (dep(X) — dep(X') — 1)
> depgo (V) — (dep(X’) — dep(V) + 1) — (dep(X) — dep(X’) — 1)
= depgo(V) — (dep(X) — dep(V)).

Thus, (*)x_y holds. O
6. Comparing different feasible resolutions

In this section, we describe the difference between two different feasible resolutions of a terminal
Q-factorial threefold. The final result is the diagrams in Theorem 1.1.

6.1. General discussion

Lemma 6.1. Assume that X is a terminal threefold and ¥ — X, Y; — X are two different strict
w-morphisms over P € X such that Y = Y;. Let

Z[——>...——>Zf
N,

be the corresponding diagram. Then one of the following holds:
(DY=>Y, = Yandk=1.

X X
(2) k=2 and Z, --» Z, is a smooth flop.

(3) k=2,Z, --» Z, is a singular flop, P € X is of type cA/r and both Y — X and Y; — X are of type Al
in Table 2.

Proof. Since Y — X and Y; — X are both strict w-morphisms, we know that gdep(Y) = gdep(Y;).
Hence, Z; --» Z;;1 can not be a flip. Thus, if ¥ :;> Y;, thenk = 1.

Now assume that Y 7}%} Y. According to the result in Section 4, one has that:

(1) If P is of type cA/r, then by Proposition 4.2 we know that Y — X and Y; — X are both of type
Al. Since Y 7;% Y;, we know that f; = n4 =y is irreducible. Hence, there is only one K7 -trivial
curve on Z; and so k = 2.

(i1) P is not of type cAx/r since one always has that Y :;> Y, if Y - X and Y, — X are two different
w-morphisms over P by Proposition 4.3.

(iii) P is not of type c¢D by Proposition 4.5.
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(iv) P isnot of type ¢D/3 by Proposition 4.7.

(v) If Pis of type cD/2, then by Propositions 4.8 and 4.9 we know that Y — X is of type D17 in Table 6.
We know that Z; — Y is a w-morphism over the origin of

1
U=*+y +g@ . t)=7u +y>+7 =0)C A> /3G:1,1,2,3)

(CARURRTN G

and we take (yy,...,y5) = (', u',y + 7/, x’, ). One can see that there are two curves contained in
y3 =ys =0,namely '} = (x*+g'(0,u/,0) =y =y +7 =u' =0)and I, = (x> +g'(—=y, —y'%,0) =
W +y? =y +7 =t =0). We know that (®;) holds. When computing the intersection number
for I'; one can take 64 = 4 and 65 = 2, hence (Z_) holds in this case. This implies that the proper
transform I, 7, of I'; on Z; is a Ky, -trivial curve and is not contained in exc(Z, — Y). Thus,
Z; --> Z;y s a flip along I', . for some i, and hence gdep(Y,) < gdep(Y). This is a contradiction.
Thus, this case will not happen.

(vi) If P is of type cE, then by Proposition 4.15 and Proposition 4.16 we know that ¥ — X is of type
E14, E16, or E18 in Table 9. In those cases, Y — X are five-dimensional weighted blow-ups. Let
I' € Y be a curve contained in exc(Y — X) such that the proper transform I', of ' on Z; 1s a
possibly K7, -trivial curve. From the proof of Proposition 4.16, one can see that:

(vi-i) Y — X is of type E14. In this case, Z; — Y is a w-morphism over the origin of
U=2+y’ +2 +8 0.2, 1) = p(x,y. 2 u) + 1 = 0)

c Ad

'y 2wt

1
-3,2,1,1,4).
/3¢ )

We choose (yy,...,y5) = (X',y,u’,7',t') with 64, = 1 and 65 = 2 or 4, or 6, = 2 and
05 = 1 or 4. We also know that (®,4) holds. If both 6, and 65 # 4, then (E_) holds,
which implies that Y % Y,. This contradicts our assumption. Hence, 65 = 4. Now,

F=W*+y*=7=u =1 =0).

(vi-ii) Y — X is of type E16. In this case Z; — Y is a w-morphism over the origin of
Ut — (x/2 +yr3 + p(Z/’u/) + g/(y/’zl, I/t,,l,) — q(y/’z/’u/) +7 = 0)

c A

xyz2 .t

1
-(3,2,1,1,3).
)/4(3’ s Lo ’3)

As in the proof of Proposition 4.16, we choose (yy, ..., ys) = (', Z’,u’, X', t") with 6, = 4 and
05 = 1 or 2. We know that (®,) holds. Hence, if 65 = 1, then (2_) holds, and so Y ?} Y;.
This leads to a contradiction. Thus, §s =2 andonehasT = (x* +y =7 =u' =1 = 0).

(vi—ii1) Y — X is of type E18. In this case, Z; — Y is a w-morphism over the origin of
Ut — (x/2 + y/ + g/(y/’zl, l/l/, t/) — y/Z + p(y/’z/’ u/) +1= O)

c A

.yt

1
=(5,3,2,1,6).
/7 )
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We choose (vy, ...,ys5) = (', 2/, u’, X', ') with 64 = 4 and 65 = 1. We know that (®;) holds.
If z° € p, then we can choose 5 = 2. Then, since (®;) holds, we know that (Z_) holds,

and so Y :;> Y,. This contradicts our assumption. Hence, z’° ¢ p. In this case, u divides p

and X has cEg singularities, so 7’ e g’. One can see that ' = x?+7° = y=u =t =0).

Now the origin of U, is a cyclic quotient point and the w-morphism over this point is a weighted
blow-up with weights ve(x',y, 2, u/,t') = 1(3,2,6,1,4), 1(3,2,5,1,3) and 1(5,10,2,1,6),
respectively. An easy computation shows that I'z, does not pass through any singular point of Z;,
hence Z; --» Z, is a smooth flop. Since there is only one K, -trivial curve, we know that k = 2.

(vii) If P is of type cE/2, then by Proposition 4.18 we know that ¥ — X is of type E22 or E23 in
Table 11. Moreover, if Y — X is of type E23, then Y; — X is of type E22. Thus, interchanging
Y and Y, if necessary, we can always assume that ¥ — X is of type E22. As in the proof of

Proposition 4.18, we know that Z; — Y is a w-morphism over the origin of U, C Y, which is a
c¢D/3 point defined by

1
(X +y? +g' (. 7)) = 0) c A /30.2.1,1).

(X, ,2 ')

The only possible K, -trivial curve Iy, is the lifting of the curve T’ = (x> +y> = 7 = ' = 0) on
Z,. Moreover, Z; — Y is defined by a weighted blow-up with the weight

1
ve(X', ¥, 7 u + A7) = §(b’ c, 1,4)

for some A € C, where (b, c) = (3,2) or (6,5). If (b, c) = (6,5), then one can see that (=_) holds by
considering the function y, hence Y :)} Y1, which contradicts our assumption. Hence, (b, ¢) = (3, 2).

In this case, an easy computation shows that I'z, does not pass through any singular point of Z;, so
Z, --» Z, is a smooth flop. Since there is only one K -trivial curve, we know that k = 2.

We need to construct a factorization of the flop in Lemma 6.1 (3). Assume that

1
X =(y+ flzw)=0) C AL, /;(ﬁ, -5,1,0)

is a cA/r singularity with f(z, u) = 7%+ g(z,u) and Y — X, ¥, — X are two different strict w-morphisms
with the factorization

I
N

such that Z, --> Z, is a flop.
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Remark 6.2. One always has that k > 1 since, if k = 1, then there is only one w-morphism over X by
classification Table 2.

Lemma 6.3. Z, --> Z, is a flop over
1
V= (5 +fi i) =0) € Alsen/~B,5,1,0),

where fi = f(zur, u)/u*. Moreover, Z; = Bl;V and Z, = BlsaV.

Proof. We may assume that Y — X is a weighted blow-up with the weight w(x, y, z, u) = }(b, ¢, 1,r)
with b > r. The chart U, C Y is defined by

(X1,y1,21,11)

1
(i1 + fizi, u) = 0) € A [ (b.c.1.7)

and the chart U, C Y is defined by

1
(2 + falx2, 20, u2) = 0) C A?XZ,},,ZMZ)/E(I? —-rc 1)

for some f,. As in the proof of Proposition 4.2, we know that Z; — Y is a weighted blow-up over the
origin of U, with the weight w’'(x,, y2, 20, U2) = %(b —r,rk,1,r). The flopping curve I' of Z; — Z, is the
strict transform of the curve I'y C Y such thatI'y|y, = (yi =21 =u; = 0) and I'y|y, = (x2 = y2 = 20 = 0).
One can see that I intersects exc(Z, — Y) at the origin of U, C Z,, which is defined by

1
O + (2 u)=0) C Al )/ =(b,0,1,-b).

"y 7 u

It is easy to see that I' is contained in U], U U,,, and on U], we know that I' is defined by (x" = z’ = 0).
We have the following change of coordinates formula:

b c 1
X=xu, y=yu, z=ziu;, u=u, and

b c 1
X=Xy, Y=WXy, IZ=22X,, U=UX.

Also,

One can see that
=t L S — y/x/%u/§+l, 7= Z/x/%u/% and u = x'u'.
It follows that
-1
wm=xu, z1=7, yj=yuandx =u"".

If we choose an isomorphism
’ ! ! / ’ ’ 1
Uu = (yl + u f (x ’Z 7” ) = O) C A?x’,yhz’,u’)/;(b» _ba 19 _b),
then U, U U], = Bl ,,,V, where
1
V=y+ufitzi,u) =0) C A?xf,yl,zl’ul)/—(b, -b,1,0)
r

by noticing that
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fO ) = AT Ll
= f(szz%, szz)/xlﬁu'%
= f(z'x’%u’%,x'u’)/x’ku’k
= f(Zluf, ur)/u*
= fi(z1,up).

Now we can choose (X, y,Z, it) = (X', y1, 21, Uy).

Finally, we know that ¥, — X is a weighted blow-up with the weight }(b —-rc+rl,r)and Z, — Y,
is a w-morphism over the origin of U, C Y;. Hence, the local picture of Z, — V can be obtained by a
similar computation, but interchanging the role of x and y. One then has that Z, = Bl V. m|

6.2. Explicit factorization of flops

In this subsection, we assume that

1
V=(y+ufz,u) =0)C AL, /;(/3, -5,1,0)

with f(z,u) = 2% + g(z, u) for some k > 1. Let Z; = Bl,,V and Z, = Bl,,,V such thatZ, --» Z, is a
Q-factorial terminal flop. Let w be the weight w(z, u) = }(1, r) and m = w(f(z,u)). Then m < k. Let
U, C Z, be the chart

1
O+ urfilz,un) = 0) C AL /=B, =B, 1,-B)
r
and U, , C Z, be the chart

1
(1 + @) = 0) € A, /- (B.~B.1,0)

with the relations u = u;x, x = xju and f; = f(z, xu;). Similarly, let U,, C Z, be the chart

1
(X + 10 fo(z,u2) = 0) C A )/~ (B, =B 1)

and U,, C Z, be the chart

(xy2 + fzu) =0) C AL, /%(ﬁ, —B,1,0)
with the relations u = u,y, y = you and f» = f(z, yuy).
Lemma 6.4. Let ¢ : V' — V be a strict w-morphism. Then:
(1) The chart U, c V' is Q-factorial.

(2) If m = k then U, C V' is smooth. Otherwise, U, contains exactly one non-Q-factorial cA point
which is defined by xy + uf”’(z, u) = 0 where f”' = f(z%, zu)/Z". One then has that w(f”") < m.

(3) All other singular points on V' are cyclic quotient points.

Proof. From Table 2, we know that V' — V is a weighted blow-up with the weight %(b, c, 1,r) with
b + ¢ = r(m + 1). Statement (3) follows from direct computations. One can compute that
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4 4 1
U, = (xy+ f'(z,u) =0) C AL, /;(,8, —-5,1,0)

with f" = f (zu%, u)/u™. By [18, 2.2.7] we know that U, is Q-factorial if and only if f” is irreducible
as a Z/rZ-invariant function. If U}, is not Q-factorial, then f’ = f] fJ for some non-unit Z/rZ-invariant
functions f| and f;. Write

fi= Z &7 and fy = Z i,

(iJ)eZ, (iJ)eZ2,
Let
m; =—-min{j—1i}, m, =—-—min{j—i}.
1 g—‘,-,,-;to{J } 2 {i,_/#){] }

Notice that if f* = Y ; 02"/, then j+m —i> 0if o ; # 0 because [ = f(zu%, u)/u™. Hence, we
have the relation m; + my, < m. Now let

fi= Zgijzi’uj‘i+ml and f, = Z G,

@) ()

Then f; and f, can be viewed as Z/rZ-invariant functions on V such that ¢*f; = u™ f/ fori = 1, 2.
This means that f = ™™™ f f, is not irreducible. Nevertheless, the chart U,, C Z; is defined by
x1y + f(z,u) = 0 and has Q-factorial singularities. This leads to a contradiction. Thus, U}, is Q-factorial.

The chart U’ is defined by xy + uf”(z,u) = 0. When m = k, we know that f” is a unit along

u = 0, hence U’ is smooth. If m < k, then f”(z,u) is a non-unit. In this case, the origin of U’ is a
non-Q-factorial cA singularity. O

From the construction in [19], for any strict w-morphism V' — V we have the following diagram

A V) -->7,

N

where V!’ — V' is a Q-factorization and V! --» Z! is a composition of flips for i = 1, 2. By Lemma 6.4,
we know that if m = k, then V{" = V' = V. Otherwise, V{" --» V) is a flop over the singularity
xy +uf”(z,u) = 0.

First we discuss the factorization of V" --» Z|. If m = k, then V" = V" is covered by four affine charts
U, Uy, U; and U,,. The origin of U’ and Uj are cyclic quotient points and all other singular points are
contained in U,,. When m < k, the chart U has a non-Q-factorial point and there are two charts U}, and
U7, over this point. We fix the following notation for the latter discussion.
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© OV =Ui= O + il G2l = O C ALy o3 = e L)

1 orrs VYA el 7 1 VYA el i

with x = x|~ ,y vy ,Z—zlxlr u=u xl and f/" = f(z 1xlr uxy)/x{".
o Uy= U’_(x”+u” ”(yz,zz,uz)_O)cA ,,Z,,u,,)/ (b,c — rlr)

/7 l/ 7 N 1,7 VYN 17,07

with x = x)yy 7, y =y BESAANE ”zyz and f;’ = f(z 2y2' uyyy)/ys".
o Uj=U,= (x’3’y’3’ + 5@, uf) = 0) C1 A(x,, S ,,)/}(b, c, 1,7
with x = xg’ug’ ,y = yg’ug’ yz=zyuyr, u=uj and f;’ = f(z’3’u’3’r ul)/uy™.
If m = k, define U i, = U.. In this case this chart is smooth. When m < k we define

o Uy=U) =0 +u] "(x4,z4, )_O)cA,, .

(CYR A
with x = xz’(zj( ,y = yj"z;’ ,Z= z4 U= x:(uf(z;' and f;’ f(z , X ug’zg’)/z”’".
° U;’ =U7, = (xg’y’s’ + fI(Z4,ul) = 0) C A(x,,),, vl
with x = x;’ug’zg’ ,y = y’s’z;’ 7=z G , U= ug’z’s’ and fJ’ f(z5 roulzd)zd".

On the other hand, we will see later that it is enough to assume that Z] — Z; is a divisorial
contraction over the origin of Uy, C Z;. This means that Z] is covered by ﬁve affine charts U, ,, U i o
U i) U] . and U], where the latter four charts correspond to the weighted blow-up Z — Z;. Notice that
exc(Z] — Z;) and exc(V’ — V) are the same divisor since V{" and Z| are isomorphic in codimension
one. One can see that Z] — Z, is a weighted blow-up with the weight w'(x,y,z,u) = %(b -rcl,r).
Again, we use the following notation:

x5,y

uy)

o 0= Up= 01+ 02 = 00 € Ay /750 =26 1)
with x = x1 ‘ul, y= ylxl L2 =2 xX)7 ; ,u=ux;and f| = f(z’lx’l%,u’lx’l)/x’lm.
e Ué_ (x2+f2(y2azz,u2)—O)CA(X/},/ Z’ u’)/c(b 7‘ —l” 1 }’)

with x = xzyzru2, y= y2 ,Z= zzyzl, u=uyy, and f; = f(zzyz' LUV V5"
° U; =Uj, = ()c3y3 + f3(z3,u3) = O) C A(x, ¥, u,)/ (b-rc,1,r)

with x = x§u3 , V= y3u3 ,Z= z3u3 LU= U andf3’ = f(zgug%,ug)/ugm.
o U,=U.= 0, +ufi(z,uy) =0) c Al 2, M,)/ B, =B, 1,=B)

with x = x], y Vi, 2= 2y u = uyx, and f; = f(z), uyx,).
o U,=Uj. = 5y5+f5(zs,u5) =0) CA it

] Ilr !’ -/ /7 m
with x = x5z5 W,y =iz =2, u=uigs and f = (27, ULz /"

Lemma 6.5. Assume that Z{ — Z, is a divisorial contraction over the origin of U, ,. Then:

(1) gdep(Z}) = gdep(V}) - 1.

(2) All the singular points on the non-isomorphic loci of V" --> Z] on both V| and Z; are cyclic quotient
points.

(3) The flip V" --» Z] is of type IA in the convention of [20, Theorem 2.2].

Proof. 1t is easy to see that U] = U/ fori = 2,3 and i = 5 if m < k. Since U} is smooth, the only
singular point contained in the non-isomorphic locus of V" --> Z; on V|’ is the origin of U/’. This point
is a cyclic quotient point of index b, so it has generalized depth b — 1.

On the other hand, singular points on the non-isomorphic locus of V" — Z! on Z; are origins of U/
and U). They are cyclic quotient points of indices b — r and r, respectively. One can then see that

gdep(V{)—gdep(Z))=b—-1—-(b-r—-1+r—-1)=1.
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Now we know that that the flipping curve contains only one singular point which is a cyclic quotient
point. Also, the general elephant of the flip is of A-type since it comes from the factorization of a flop
over a cA/r point. Thus, the flip is of type IA by the classification from [20, Theorem 2.2]. O

’

T T . .
Lemma 6.6. Assume that = ™~ v _— isaflip of type IA. Assume that

Sl——>...——>Sk
r------ =T

is the factorization in Theorem 2.18. Then:
(1) If S --» §, 1s a flop, then it is a Gorenstein flop.
(2) If S¢ --» Spisaflip,or S, --» S, isaflopand S, --» §; is a flip, then the flip is of type IA.

Proof. Let C C T be the flipping curve. Since T --> T’ is a type 1A flip, there is exactly one non-
Gorenstein point which is contained in C, and this point is a cA/r point. From the construction, we
know that §; — T is a w-morphism over this cA/r point. Also, there exists a Du Val section H € | — K|
such that C ¢ H. We know that Hg, € | — Ky | by [3, Lemma 2.7 (2)]. Hence, all non-Gorenstein point
of §; is contained in Hy,. Now assume that Cs, contains a non-Gorenstein point. Then Hg, intersects
Cs, non-trivially. Since Cs, ¢ Hg,, we know that Hg,.Cs, > 0, hence Cy, is a Ky -negative curve and
so S --» Sy is aflip. Thus, if S --> S, is a flop, then it is a Gorenstein flop.

If S; --» S, is a flip, then Cg, passes through a non-Gorenstein point since 0 > Kg,.Cs, > -1
by [21, Theorem 0]. Since C C T passes through exactly one non-Gorenstein point, Cs, passes through
exactly one non-Gorenstein point and this point is contained in E = exc(S|; — T). Since S| — T is
a w-morphism over a cA/r point, an easy computation shows that E contains only cA/r singularities.
Also, we know that Hg, is a Du Val section which does not contain Cg,. Thus, §; --» S, is also a flip of
type IA by the classification [20, Theorem 2.2].

Now assume that S --> S, is a flop and S, --> S35 is a flip. Then the flipping curve I' of §, --» S5 is
contained in Ey, since all Ks,-negative curves over V are contained in Es,. Since §; --» S is a flop, we
know that Eg, contains only cA/r singularities [17, Theorem 2.4] and Hy, € | — Ky,| is also a Du Val
section. If I" ¢ Hg,, then S, --> S5 is a flip of type IA by the classification from [20, Theorem 2.2].

Thus, we only need to prove that I' ¢ Hg,. Assume that I' ¢ Hg, N Eg,. Then, since Hy, does
not intersect Cs, (otherwise Cgs, is a Ky,-negative curve and then S; --> S, is not a flop), we know
that I' does not intersect the flopping curve Cy C S,. Let B C Ejs, be a curve which intersects Cy,
non-trivially. Then I's;, = ABg, for some A € Q since the both curves are contracted by §; — 7.
Hence, for all divisors D C S, such that D.ng = 0, we know that D.I' = AD.B. On the other hand,
Sy - Sy is a K, + E-anti-flip since Cg, is not contained in E. By Corollary 2.22 we know that
(Ks, + Es,).Bs, > (Ks, + E).Bg,, hence Es,.Bs, > E.Bg,. Now we know that p(S,/V) = 2 and B is not
numerically equivalent to a multiple of C§_, hence we may write I' = AB + uCg for some u € Q. Since

ESz'F = ESI-FSl = /}.E.le < AESz'BSz

and E Sz.ng < 0, we know that u > 0. Hence, I is not contained in the boundary of the relative effective
cone NE(S,/V). Thus, I" cannot be the flipping curve of S, --> S3. This leads to a contradiction. O
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Lemma 6.7. Assume that 7 --> T’ is a three-dimensional terminal Q-factorial flip which satisfies
conditions (1)—(3) of Lemma 6.5. Then, the factorization in Theorem 2.18 for 7" --> T’ is one of the
following diagrams:

(1)
Si--=8,
|
T——>T

where S| --» §, is a flip which also satisfies conditions (1)—(3) of Lemma 6.5 and S, — 7" is a
strict w-morphism.

2)

where S| --» §, is a smooth flop and S, --> §3 is a flip which also satisfies conditions (1)—(3) of
Lemma 6.5 and §3 — 7" is a strict w-morphism.

(3)
Si--=S,
|
T-—=T

where S| --» §, is a smooth flop and S, = Bl~ T’ where C’ is a smooth curve contained in the
smooth locus of T”.

Proof. We have the factorization

Sl——>...——>Sk
T—————- ~T’

such that S| --> S, isafliporaflopand S; --> §;;; is aflip forall 2 <i < k — 1. One has that
gdep(Sy) < gdep(S ) = gdep(T) — 1 = gdep(T") < gdep(Sy) + 1.

If gdep(S ;) = gdep(S1),thenk =2 and S --» S, is a flop. By [3, Remark 3.4] we know that S, — 7’
is a divisorial contraction to a curve. Since singular points on the non-isomorphic locus of 7' --> T’ are
all cyclic quotient points and there is no divisorial contraction to a curve which passes through a cyclic
quotient point [8, Theorem 5], we know that S, — 7" is a divisorial contraction to a curve C’ contained
in the smooth locus. Now, we also have that gdep(S,) = gdep(T’), hence S, is smooth over 7’ and so
C’ is also a smooth curve.

Now assume that gdep(S ) < gdep(S1). Then gdep(S\) = gdep(S,) — 1 = gdep(T’) — 1, hence either
k=2ork=3and S, --» S, is a flop. Also, Sy — T’ is a w-morphism. Since singular points on the
non-isomorphic locus of T --> T are all cyclic quotient points, singular points on the exceptional divisor
of S, — T’ are all cyclic quotient points. Since flops do not change singularities [17, Theorem 2.4], we
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know that the singular points on the non-isomorphic locus of §; --» §;,; are all cyclic quotient points for
i=1,.,k-1.1fS; --» S, is a flop, then by Lemma 6.6 we know that it is a Gorenstein flop. Since
cyclic quotient points are not Gorenstein, we know that the flop is in fact a smooth flop. Now assume
that §; --> S;;; 1s a flip for i = 1 or 2. Then again, by Lemma 6.6 we know that it is a flip of type IA.
Hence, conditions (1)—(3) of Lemma 6.5 are satisfied for this flip. |

Corollary 6.8. Assume that 7 --> 7" is a three-dimensional terminal Q-factorial flip which satisfies
conditions (1)—(3) of Lemma 6.5. Then we have a factorization

T--=T
T
T--=T

where T — T and T’ — T are feasible resolutions, 7’ = Bl T’ where C’ c T’ is a smooth curve, and
T --» T’ is a sequence of smooth flops.

y—
Proof. For convenience we denote the diagram | T+ by (A)r7.
'
T-->T

We know that the factorization of T --> T’ is of the form (1)—(3) in Lemma 6.7. Notice that, since
the only singular points on the non-isomorphic locus of 7" --> T are cyclic quotient points, the feasible
resolutions 7 and 7" are uniquely determined. Hence, T is also a feasible resolution of §,. If the
factorization of 7" --> T” is of type (3) in Lemma 6.7, then the non-isomorphic locus of S| --> 7’ contains
no singular points. This means that S, — 7’ induces a smooth blow-up 7" — 7" on 7/, and S| --> S,
induces a smooth flop T --> T'. Thus, (A)r.,7 exists.

Now, if the factorization of T --> T is of type (1), then 7" is a feasible resolution of S,. Since
gdep(S ) = gdep(T) — 1, we may utilize induction on gdep(T) and assume that (A)g,..,s, exists, and
then (A)r.,r» can be induced by (A)g,..,s,. If the factorization of T --> T” is of type (2), then again by
induction we may assume that

S~2— - >S_3
(A)s,ss5 = Ss
Sz— - >S3

exists. Since S3 — T is a strict w-morphism, we know that S5 =T". Also, since S --> S5 is a smooth
flop, it induces a smooth flop T = §| --» S,. If welet 7" = S5 and let 7 --> 7’ be the composition
T --5 §, --> T’, then we get the diagram (A)7...7-. o
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Definition 6.9. Let W, --> W, be a birational map between smooth threefolds. We say that W --> W,
is of type € if it is a composition of smooth flops. We say that W; --> W, is of type Q, if there exists
the diagram

Wi<--Wi--=W,-->W,

| |

Wi W,
such that:

() W; = Bl W; for some smooth curve C; ¢ W, fori =1, 2.
(2) W’; --> W; is a composition of smooth flops fori = 1, 2.
(3) W; --> W; has the factorization
Wi=Wi, > W, ..>W, =W,
such that Wi ; --» W/ | is a birational map of type Q,,, for some m; < n.

Example 6.10. In the following diagrams, dashmaps stand for smooth flops and all other maps are
blowing-down smooth curves.

(D
Wl ————— > V_Vz
} -
W W,
2)
Wi--—--- =W
i | l i
W1 ————— > Wll Wé <= = - - W2
l l
W] W2
3)
W= ——Wy Wy ——~W,
] | ~ l ]
Wi——=W W W< ——W,.
l |
W1 WZ

In diagram (1), W --> W, is of type ;. In both diagram (2) and (3), W; --> W, is of type Q5.

Definition 6.11. Let W --> W’ be a birational map between smooth threefolds. We say that W --> W’
has an Q-type factorization if there exists birational maps between smooth threefolds

W= W] --> W2 R 4 Wk = W,

such that W; --> Wy, is of type Q,, for some n; € Z,.
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Proposition 6.12. Assume that X is a Q-factorial terminal threefold and W — X, W' — X are two
different feasible resolutions. Then the birational map W --> W’ has an Q-type factorization.

Proof. First, notice that if gdep(X) = 1, then X has either a cyclic quotient point of index 2, or a cA;
point defined by xy + z> + u" for n = 2 or 3 by [22, Corollary 3.4]. In those cases, there is exactly one
feasible resolution (which is obtained by blowing-up the singular point). Hence, one may assume that
gdep(X) > 1. Let Y — X (resp. Y’ — X) be the strict w-morphism which is the first factor of W — X
(resp. W — X). If Y = Y’, then W and W’ are two different feasible resolutions of Y. In this case, the
statement can be proved by induction on gdep(X). Thus, we may assume that ¥ # Y’.

Since both Y and Y’ are strict w-morphisms, by Corollary 5.7 there exists a sequence of strict
w-morphisms ¥ =Y - X, Y, - X, ..., Vi, =Y — X such that ¥; :X> Yiiifori=1, .., k- 1. For
each2 <i<k-1,let W; = Y, be a feasible resolution. Then W; is also a feasible resolution of X and
it is enough to prove that our statement holds for W; and W,,, for alli = 1, ..., k — 1. Thus, we may
assume that Y = Y.

We have the diagram

le——>...——>2[
N

Lemma 6.1 says that there are three possibilities. If k = 1, then W and W’ are two different feasible
resolutions of Z;. Since gdep(Z,) = gdep(X) — 2, again by induction on gdep(X) we know that W --> W’
has an Q-type factorization. Assume that k = 2 and Z; --» Z, is a smooth flop. Then it induces a smooth
flop Z, --> Z, where Z; — Z; is a feasible resolution of Z; for i = 1, 2. Also, we know that W and Z; are two
feasible resolutions of ¥, and W’ and Z, are two feasible resolutions of Y”. Again, by induction on gdep(X),
we know that both W --> Z; and Z, --» W’ have Q-type factorizations, hence W --> W’ does as well.

Finally, assume that we are in the case of Lemma 6.1 (3), namely that X has a cA/r singularity and
Z, --» Z, is a singular flop. By Lemma 6.3 we know that Z, --> Z, is a flop over

1
V=(y+uf(zu)=0)C AL, ., /;(ﬁ, —5,1,0).

We have the factorization of the flop Z, --» Z,

Zi<—-vy V-2
ZI\V,/ZZ'
\%

We use the notation at the beginning of this subsection. Assume that m > 1. Then we can choose
V' — V to be the weighted blow-up with the weight w'(x,y, z, u) = %(ﬁ + r,mr — 3, 1,r). In this case,
Z! — Z; is a divisorial contraction over the origin of U, for i = 1, 2 since both w’(x;) and w’(y,) > 0.

Electronic Research Archive Volume 32, Issue 5, 3635-3699.



3691

Whenm =1, let V' — V be the weighted blow-up with the weight w'(x, y, z, u) = %(r +B,r—5,1,r).
Then, Z| — Z, is a divisorial contraction over the origin of U, ,, but ZJ — Z, is a divisorial contraction
over the origin of U,,. Since m = 1 and k > 1 by Remark 6.2, we know that f(z,u) = Au + z’* for
some unit A. If we let it = Au + z'*, then we can write the defining equation of V as xy + it f(z, it) where
f = Y@ —2z%). One has that Z, = Bl V, and under this notation one also has that Z, — Z, is a
divisorial contraction over the origin of U, ;. In conclusion, Corollary 6.8 holds for both V{" --> Z and
VY - 7).

Let Z: — Z! be a feasible resolution. If Vi’ = V', then one can see that Z~; --> ZZ is of type Q.
Assume that V|’ --» V' is a flop. Notice that Z! — Z; is a w-morphism since a(E, Z;) = a(E, V) where
E =exc(Z] — Z;) = exc(V' — V). One has that

gdep(V!") = gdep(Z)) + 1 = gdep(Z;)

where the second equality follows from Corollary 5.8. Now we know that V{" --> V' is a flop over V’
with gdep(V’) < gdep(V). By induction on gdep(V), we may assume that V/’ --> V7" has an Q-type
factorization where V:.” — V" is a feasible resolution corresponding to the diagram in Corollary 6.8.
One can see that ZNé -=> Z} can be connected by a diagram of the form €, for some n € N. Finally, we
know that W and Z~i (resp. W’ and Z}) are feasible resolutions of Y (resp. Y’). Again, by induction on
gdep(X), we may assume that W --» Z~i and W’ --» ZZ have Q-type factorizations. Hence, W --> W’ has
an Q-type factorization. m|

Remark 6.13. Assume that X = (xy + z” + u* = 0) C A*is a cA singularity. Then there exists feasible
resolutions W and W’ such that the birational map W --> W’ is connected by €, for n = [Z-1.

7. Minimal resolutions of threefolds

In this section, we prove our main theorems. First, we recall some definitions which are defined in
the introduction section.

Definition 7.1. Let X be a projective variety. We say that a resolution of singularities W — X is a
P-minimal resolution if for any smooth model W — X one has that p(W) < p(W’).

Definition 7.2. Let W --> W’ be a birational map between smooth varieties. We say that this birational
map is a P-desingularization of a flop if there exists a flop X --»> X’ such that W — X and W — X’ are
P-minimal resolutions.

Proposition 7.3. Assume that X is a threefold. Then, W — X is a P-minimal resolution if and only
if W is a feasible resolution of a terminalization of X. In particular, if X is a terminal and Q-factorial
threefold, then P-minimal resolutions of X coincide with feasible resolutions.

Proof. Let W — X be a resolution of singularities and let W --> Xy, be the Ky -MMP over X. Then Xy is
a terminalization of X. We know that p(W/Xy) > gdep(Xy) by Corollary 5.2. Assume first that W — X
is P-minimal. Let W; — Xy be a feasible resolution of Xy, then p(W;/X) = gdep(Xw) < p(W/Xw).
Since W is also a smooth resolution of X, the inequality is an equality. Therefore, p(W/Xy) = gdep(Xw),
which implies that W --> Xy, is a sequence of strict w-morphisms by Corollary 5.2, or, equivalently,
W — Xy is a feasible resolution.
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Conversely, assume that W — X is not P-minimal, but it is a feasible resolution of some Xy which is
a terminalization of X. There exists a P-minimal resolution W — X such that p(W/X) > p(W’/X). From
the above argument, there exists a terminalization Xy~ of X such that W' — Xy is a feasible resolution.
Hence, p(W’/X) = gdep(X’). However, since terminalizations are connected by flops [23, Theorem 1]
and flops do not change singularities by [17, Theorem 2.4], we know that gdep(Xy) = gdep(Xy). This
means that o(W/Xy) > gdep(X), so W can not be a feasible resolution of Xy,. This is a contradiction. O

Proof of Theorem 1.1. Let X be a threefold and W — X, W' — X be two P-minimal resolutions. By
Proposition 7.3, we know that W (resp. W’) is a feasible resolution of a terminalization Xy, — X (resp.
Xy — X). If Xy # X, then Xy and Xy~ are connected by flops [23, Theorem 1], hence W --> W’ is
connected by P-desingularizations of terminal Q-factorial flops.

Now assume that Xy = Xy». Then W and W’ are two different feasible resolutions of Xy,. The
first two paragraphs in the proof of Proposition 6.12 and Lemma 6.7 imply that W --> W’ can be also
connected by P-desingularizations of terminal Q-factorial flops. Moreover, Proposition 6.12 says that
those P-desingularizations of flops can be factorized into compositions of diagrams of the form €Q;. This
finishes the proof. O

Remark 7.4. Assume that X is a terminal Q-factorial threefold and W — X, W’ — X are two different
P-minimal resolutions. We know that W and W’ can be connected by P-desingularizations of flops. Let
W; --> W;,1 be a P-desingularization of a flop X; --> X;,; which appears in the factorization of W --» W’.
Then, from the construction we know that gdep(X;) < gdep(X).

Now we compare an arbitrary resolution of singularities to a P-minimal resolution.

Definition 7.5. Let W --> X be a birational map where W is a smooth threefold and X is a terminal
threefold. We say that the birational map has a bfw-factorization if W --> X can be factorized into a
composition of smooth blow-downs, P-desingularizations of flops, and strict w-morphisms.

Remark 7.6. If X, — X is a strict w-morphism and X; --» X is a smooth blow-down or a
P-desingularization of a flop, then on X; the indeterminacy locus of X; --» X is disjoint to the
indeterminacy locus of X; --» X, since the former one lies on the smooth locus of X; and the latter one
is a singular point. Hence, there exists X, --» X| — X where X, --» X] is a smooth blow-down or a
P-desingularization of a flop, and X| — X is a strict w-morphism. In other words, W --> X has a
bfw-factorization if and only if there exists a birational map W --» X which is a composition of smooth
blow-downs and P-desingularization of flops, where X is a feasible resolution of X.

Proposition 7.7. Assume that a birational map W --» X has a bfw-factorization where W is a smooth
threefold and X is a terminal threefold.

(1) If X --» X’ is a flop, then there is a birational map W --> X’ which has a bfw-factorization.

(2) If Y — X is a strict w-morphism, then there exists a birational map W --> Y which also has a
bfw-factorization.

(3) If X --» X’ is a flip or a divisorial contraction, then the induced birational map W --» X’ has a
bfw-factorization.
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Proof. Assume first that X --» X’ is a flop. By Remark 7.6 we know that there exists a bfw-map W --> X,
where X is a feasible resolution of X. Let X’ — X’ be a feasible resolution of X’. Then X’ — X’ is a
composition of strict w-morphisms and the induced birational map X --> X’ is a P-desingularization of
the flop X --» X’. It follows that the composition

W->X->X -X

is a bfw-map. This proves (1).

We will prove (2) and (3) by induction on gdep(X). If gdep(X) = 0, then X is smooth. In this case,
there is no strict w-morphism ¥ — X or flip X --»> X’. Assume that X — X’ is a divisorial contraction. If
X’ is smooth, then it is a smooth blow-down by [22, Theorem 3.3, Corollary 3.4], and if X’ is singular,
then X — X’ should be a strict w-morphism since in this case X’ is terminal Q-factorial and X is a
P-minimal resolution of X’. Now we may assume that gdep(X) > 0 and statements (2) and (3) hold for
threefolds with generalized depth less then gdep(X).

Let

W=X,->Xi1->... >X;->Xg=X

be a sequence of birational maps so that X;,; --> X; is a smooth blow-down, a P-desingularization of a
flop, or a strict w-morphism for all 1 <i <k — 1. By Remark 7.6 we can assume that X; — X is a strict
w-morphism. Now, given a strict w-morphism ¥ — X, if ¥ = X, then there is nothing to prove. Otherwise,
by Corollary 5.7 there exists a sequence of strict w-morphisms Y, — X, ..., ¥,,_; — X such that

X —_ Y = Y = oo = Y 1 = Y —_ Y.

Ziy——=..— = =2y,

| l
I\X/

such that Z; ; --> Z;, 1s a composition of flops, Z;; — Y, is a strict w-morphism, and

gdep(Z;y,) = gdep(Z; ) < gdep(Y;) < gdep(X).

By the induction hypothesis, we know that if there exists a bfw-map W --» Y;, then there exists a
bfw-map W --» Y;;1. Now one can prove statement (2) by induction on m.
Assume that X --> X’ is a flip. Then we have a factorization

Yl——>...——>Yk
X X’

as in Theorem 2.18. Since ¥Y; — X is a strict w-morphism by Corollary 5.8, there exists a bfw-map
W --> Y;. Since
gdep(Yy) < ... < gdep(Yy) < gdep(X),
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the induction hypothesis implies that there exists a bfw-map W --» X",
Finally, assume that X — X’ is a divisorial contraction. If it is a smooth blow-down or a strict
w-morphism, then there is nothing to prove. Otherwise, there exists a diagram

Yi-—->...—-=-=Y;

X \ / Z
X/
such that Y1 — X is a strict w-morphism and Y; --» ¥,y is a flip or a flop for all 1 < i < k— 1. One has that

gdep(Yy) < ... < gdep(Y) < gdep(X),

hence there exists a bfw-map W --> Z. If X — X’ is a divisorial contraction to a curve, then ¥, — Zis a
divisorial contraction to a curve as in Theorem 2.18. In this case, we also have gdep(Z) < gdep(Y;) <
gdep(X), so there exists a bfw-map W --> X’. If X — X’ is a divisorial contraction to a point, then the
discrepancy of Z — X’ is less than the discrepancy of X — X’ unless X — X’ is a w-morphism. Also,
when X — X’ is a w-morphism, we know that gdep(Z) < gdep(X) by Lemma 5.6. Thus, we can prove
statement (3) by induction on the generalized depth and the discrepancy of X over X'. O

One can easily see the following corollary:

Corollary 7.8. Assume that W is a smooth threefold and W --» X is a birational map which is a
composition of steps of MMP. Then, this birational map can be factorized into a composition of smooth
blow-downs, P-desingularizations of flops, and strict w-morphisms.

Proof of Theorem 1.2. By Corollary 7.8 and Remark 7.6 we know that there exists a feasible resolution
Xw — Xy such that W --> Xy, is a composition of smooth blow-downs and P-desingularizations of flops,
where Xy, is a minimal model of W over X. By Proposition 7.3 we know that Xy, is also a P-minimal
resolution of X, hence the birational map Xy, --> X is connected by P-desingularizations of flops. Thus, the
composition W --> Xy --> X is connected by smooth blow-downs and P-desingularizations of flops. O

Proof of Corollary 1.3. Let
W= Xk RRE AN 4 Xl - X() = X

be a sequence of smooth blow-downs and P-desingularization of flops as in Theorem 1.2. We only need
to show that if X;,; --» X; is a P-desingularization of a flop X;;; - X, then b;(X;,1) = b;(X,) for all
j=0,..,6.

By [24, Lemma 2.12] we know that b;(X;,;) = b;(X;) for all j. Since X; and X;,; have the same
analytic singularities [17, Theorem 2.4], there exists a feasible resolution f(l’ .1 — X such that
b j(Xi) =b j(f(lf ;) for all j. Now, f(: ., and X;.1 are two different P-minimal resolutions of X;,, so they
can be connected by P-desingularizations of flops with smaller generalized depth by Remark 7.4. By
induction on the generalized depth, one can see that b{(X/,,) = b;j(Xi+1). Hence, b;(Xi11) = b;(X;) for all
j=0,..,6. m]
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8. Further discussion

This section is dedicated to exploring minimal resolutions for singularities in higher dimensions and
the potential applications of our main theorems.

8.1. Higher-dimensional minimal resolutions

In three dimensions, P-minimal resolutions appear to be a viable generalization of minimal
resolutions for surfaces. However, in higher dimensions, P-minimal resolutions are not good enough.
For example, let X --> X’ be a smooth flip (eg. a standard flip [1, Section 11.3]). Then, X and X’ are
both P-minimal resolutions of the underlying space, but X’ is better than X. It is reasonable to assume
that X’ is a minimal resolution, while X is not. Inspired by Corollary 1.3, we define a new kind of
minimal resolution:

Definition 8.1. Let X be a projective variety over complex numbers. We say that a resolution of
singularities W — X is a B-minimal resolution if for any smooth model W — X one has that
bi(W) < b;(W)forall 0 <i<2dimX.

As stated in Corollary 1.3, B-minimal resolutions coincide with P-minimal resolutions in dimension
three. Our main theorems say that B-minimal resolutions of threefolds satisfy certain nice properties. It is
logical to anticipate that B-minimal resolutions of higher-dimensional varieties share similar properties.

Conjecture. For any projective variety X over the complex numbers, one has that:
(1) B-minimal resolutions of X exist.
(2) Two different B-minimal resolutions are connected by desingularizations of Q-factorial terminal flops.

(3) If X — X is a B-minimal resolution and W — X is an arbitrary resolution of singularities, then
W --> X can be connected by smooth blow-downs, smooth flips, and desingularizations of Q-factorial
terminal flops.

8.2. The strong factorization theorem

Let
X; = { smooth threefolds }/ ~,

where W, ~ W, if W, --> W, is connected by P-desingularizations of Q-factorial terminal flops. For
m, 1, € X3 we say that n; > n, if there exist W; and W, so that n; = [W;] and W; — W, is a smooth
blow-down. Then, Theorems 1.1 and 1.2 imply the following.

Corollary 8.2. Given a threefold X, let
Xsx = { [W] € X3 | There exists a birational morphism W — X}.

Then X3 x has a unique minimal element.

In other words, if we consider the resolution of singularities inside X3, then there is a unique minimal
resolution, which behaves similarly to the minimal resolution of a surface.
As a consequence, inside the space X3 the following strong factorization theorem holds.
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Theorem 8.3 (Strong factorization theorem for X3). Assume that W, and W, are smooth threefolds
which are birational to each other. Then there exists a smooth threefold W such that inside X5 one has
[W] > [W,] fori=1,2.

Proof. Let W, «— W — W, be a common resolution. Then [W] € X 3w, for i = 1, 2. Since the minimal

element of X3y, is [W/] itself, one has that [W] > [W;] fori =1, 2. O

8.3. Essential valuations

One can characterize a surface singularity by the information of exceptional curves on the minimal
resolution. One may ask, does a similar phenomenon happen for higher-dimensional singularities?
Since for higher-dimensional singularities there is no unique minimal resolution, what we really want to
study is the following object.

Definition 8.4. Let X be a projective threefold over the complex numbers. We say that a divisorial
valuation vz over X is an almost essential valuation if for any P-minimal resolution X — X one has that
CenteryE is an irreducible component of the exceptional locus of X — X.

This name comes from the “essential valuation” in the theories of arc spaces.

Definition 8.5. Let X be a variety. We say that a divisorial valuation v¢ over X is an essential valuation
if for any resolution of singularities W — X one has that Centery E is an irreducible component of the
exceptional locus of W — X.

From the definition, one can see that essential valuations are almost essential, but an almost essential
valuation may not be essential.

Example 8.6. Let X = (xy+ 2> +u***') ¢ A* for some n > 2. There is exactly one w-morphism X; — X
over the singular point, which is obtained by blowing-up the origin. There is only one singular point on
X,, which is defined by xy + z> + ©>®~Y*!. Blowing-up the singular point n — 1 more times, we get a
resolution of singularities X — X. From the construction we know that X is a unique feasible resolution
of X. Since X is terminal and Q-factorial, X is the unique P-minimal resolution of X. Hence, almost
essential valuations of X are those divisorial valuations which appear on X. One can compute that
exc(X —» X) = E; U ... UE, such that Ve, (x,y,z,u) = (i,1,i, 1). On the other hand, by [25, Lemma 15]
we know that essential valuations of X are vg, and vg,. Hence, vg,, ..., vg, are almost essential valuations
which are not essential.

Notice that the set of essential valuations does not really characterize the singularity since it is
independent of n. The set of almost essential valuations carries more information of the singularity.

8.4. Derived categories

Let X be a smooth variety. The bounded derived category of coherent sheaves of X, denoted by
D’(X), is an interesting subject of investigation. One possible method to study D?(X) is to construct a
semi-orthogonal decomposition of D?(X) (refer to [26] for more information). Orlov [27] proved that a
smooth blow-down yields a semi-orthogonal decomposition. In particular, if X is a smooth surface, then
the Kx-MMP is a series of smooth blow-downs, thereby resulting in a semi-orthogonal decomposition
of D*(X).
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Now assume that X is a smooth threefold and let
X=Xy->X|-»>..->X,

be the process of Ky-minimal model program. According to Corollary 7.8 and Remark 7.6, X; --» X;,;
can be factored into a composition of smooth blow-downs and P-desingularizations of flops, where
X; — X; is a P-minimal resolution of X;. If every P-desingularizations of flops that appears in the
factorization is a smooth flop, then the sequence induces a semi-orthogonal decomposition of D”(X)
since smooth flops are derived equivalent [28].

Example 8.7. Let X; --» X; be the flip which is a quotient of an Atiyah flop by an Z/2Z-action [16,
Example 2.7]. Then X; is smooth and X; has a %(1, 1, 1) singular point. Let X — X, be the smooth
resolution obtained by blowing-up the singular point. Then X — X; --» X; is a sequence of MMP.

The factorization of the flip is exactly diagram (3) in Lemma 6.7, namely the diagram

X-->X
X --~X,

where X --» X’ is a smooth flop and X’ — X, is a blow-down of a smooth curve. We know that
there exists an equivalence of category ® : D’(X’) — D’(X) and a semi-orthogonal decomposition
D(X’) = (D_;, D*(X5)). Hence, D*(X) = (®(D_,), ®(D”(X>))) is a semi-orthogonal decomposition.

In general, a P-desingularization of a flop X; --» X;,; may not be derived equivalent since X; and
X;.1 may not be isomorphic in codimension one. Nevertheless, due to the symmetry between X; and
X;.1, one might expect that a semi-orthogonal decomposition on D?(X;) will result in a semi-orthogonal
decomposition on D?(Xj,,). It still hopeful that our approach will be effective for all smooth threefolds.
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