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Abstract: In this paper, we use elementary linear algebra methods to explore possible Hopf algebra
structures within the generalized quaternion algebra. The sufficient and necessary conditions that make
the generalized quaternion algebra a Hopf algebra are given. It is proven that not all of the generalized
quaternion algebras have Hopf algebraic structures. When the generalized quaternion algebras have
Hopf algebraic structures, we describe all the Hopf algebra structures. Finally, we shall prove that all
the Hopf algebra structures on the generalized quaternion algebras are isomorphic to Sweedler Hopf
algebra, which is consistent with the classification of 4-dimensional Hopf algebras.
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1. Introduction

Representing the natural extension of complex numbers, the quaternion is an effective way of under-
standing many aspects of physics and kinematics. Nowadays, the quaternion is used especially in the
areas of computer vision, computer graphics, animation, and to solve optimization problems involving
the estimation of rigid body transformations as well. Brand proved De Moivre’s theorem and used it
to find the n-th roots of a quaternion [1]. These formulas are also investigated in the cases of dual and
split quaternions [2,3]. Generally, a brief introduction to the generalized quaternions is provided in [4],
and some algebraic properties of the generalized quaternion have been studied in [5]. Recently, great
progress has been made in [6–8].

A Hopf algebra is a bialgebra with an endomorphism satisfying a condition that can be expressed
using the algebra and coalgebra structures. The first example of such a structure was observed in
algebraic topology by Hopf in 1941. Starting in the late 1960s, Hopf algebras became a subject of
study from a strictly algebraic point of view. Perhaps one of the most striking aspects of Hopf algebras
is their extraordinary ubiquity in virtually all fields of mathematics: from number theory to algebraic
geometry, Lie theory, Galois theory, separable field extension, representation, quantum mechanics, and
the list may go on. Refer to [9] and [10] for more knowledge about Hopf algebras.
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For the generalized quaternion algebra, its algebraic structure is influenced by two parametric vari-
ables. A natural question occurs to us: “what is the Hopf algebra structure on generalized quaternion
algebra”. The intuition tells us that the changes in two parametric variables may influence the Hopf
algebra structures in generalized quaternion algebra. Such influences have aroused our interest. The
purpose of this paper is to discuss the Hopf algebra structures in generalized quaternion algebra in
order to understand more information on generalized quaternion algebra.

The paper is organized as follows: In Section 2, we recall some basic definitions and results for
generalized quaternion algebra and Hopf algebras. The conditions that make the generalized quaternion
algebra a Hopf algebra are given in Section 3. In Section 4, we discuss what kinds of generalized
quaternion algebras have Hopf algebra structures. When the generalized quaternion algebras have
Hopf algebra structures, we describe all the Hopf algebra structures on them. It is proved that all
the Hopf algebra structures on the generalized quaternion algebras are isomorphic to Sweedler Hopf
algebra.

2. Preliminaries

Throughout the paper, C denotes the complex number field, C∗ = C − {0}. All algebras and coalge-
bras are over C and linear means C-linear. Unadorned tensor products ⊗ are supposed to be over C. id
and ◦ mean the identity map and the compound operation of maps. Given a matrix M, MT means the
transpose of M, and

M(n) =


M 0

0 M



n times ,

for example, M(1) = M,M(2) =
(

M 0
0 M

)
.

2.1. Coalgebras

A coalgebra (with counit) is a vector space C together with two linear maps, comultiplication ∆ :
C → C ⊗C and counit ε : C → C, such that the following conditions hold:

(∆ ⊗ id) ◦ ∆ = (id ⊗ ∆) ◦ ∆, (2.1)

(id ⊗ ε) ◦ ∆ = id = (ε ⊗ id) ◦ ∆. (2.2)

For a coalgebra (C,∆, ε), we use Sweedler-Heynemann notation with the summation sign sup-
pressed for the comultiplication map ∆, namely

∆(c) = c1 ⊗ c2,

for all c ∈ C.
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2.2. Hopf algebras

A space H is a bialgebra, if (H,m, 1H) is an algebra, (H,∆, ε) is a coalgebra, such that the following
conditions hold:

(1) ∆ is an algebraic morphism,
(2) ε is an algebraic morphism.
Let (H,m, 1H,∆, ε) be a bialgebra. Then H is a Hopf algebra, if there exists an element S : H → H

(called an antipode) such that the following conditions hold:

S (h1)h2 = ε(h)1H = h1S (h2). (2.3)

Let (H,m, 1H,∆, ε, S ) and (H′,m′, 1H′ ,∆
′, ε′, S ′) be two Hopf algebras. A linear map σ : H → H′

is called a bialgebra homomorphism, if the following conditions hold:

σ ◦ m = m′ ◦ (σ ⊗ σ), σ(1H) = 1H′ ,∆
′ ◦ σ = (σ ⊗ σ) ◦ ∆, ε′ ◦ σ = ε.

If σ is a bialgebra homomorphism satisfying S ′ ◦ σ = σ ◦ S , then σ is called a Hopf algebra homo-
morphism. As far as we know, a bialgebra homomorphism is also a Hopf homomorphism. If σ is a
bijection, then we call σ a Hopf algebra isomorphism from H to H′. We call H isomorphic to H′ if
there exists a Hopf algebra isomorphism between H and H′.

2.3. Sweedler Hopf algebra

Sweedler Hopf algebra H4 is generated by two elements g and ν, which satisfy

g2 = 1, ν2 = 0, gν + νg = 0.

The comultiplication, the antipode, and the counit of H4 are given by

∆(g) = g ⊗ g,∆(ν) = g ⊗ ν + ν ⊗ 1, ε(g) = 1, ε(ν) = 0, S (g) = g, S (ν) = −gν.

Notice that the dimension of H4 is four, and 1, g, ν, gν form a basis for H4.

2.4. Generalized quaternion algebras

A generalized quaternion q is an expression of the form

q = a0E0 + a1E1 + a2E2 + a3E3,

where a0, a1, a2, a3 are complex numbers and E0, E1, E2, E3 satisfy the following equalities:

E2
1 = −αE0, E2

2 = −βE0, E2
3 = −αβE0, E1E2 = E3 = −E2E1,

E2E3 = βE1 = −E3E2, E3E1 = αE2 = −E1E3, E0Ei = EiE0 = Ei,

where α, β ∈ C, i = 0, 1, 2, 3. The set of all generalized quaternions is denoted by Hαβ [11]. The
addition and multiplication of Hαβ are given as follows:

(a0E0 + a1E1 + a2E2 + a3E3) + (b0E0 + b1E1 + b2E2 + b3E3)
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= (a0 + b0)E0 + (a1 + b1)E1 + (a2 + b2)E2 + (a3 + b3)E3,

(a0E0 + a1E1 + a2E2 + a3E3)(b0E0 + b1E1 + b2E2 + b3E3)
= (a0b0 − αa1b1 − βa2b2 − αβa3b3)E0 + (a1b0 + a0b1 − βa3b2 + βa2b3)E1

+(a2b0 + αa3b1 + a0b2 − αa1b3)E2 + (a3b0 − a2b1 + a1b2 + a0b3)E3.

It is easily checked that Hαβ, with the above addition and multiplication, is an associative algebra. We
call Hαβ an algebra of generalized quaternions (or generalized quaternion algebra). Special cases are
considered as follows:

• If α = β = 1, then Hαβ is the algebra of real quaternions.
• If α = 1, β = −1, then Hαβ is the algebra of split quaternions.
• If α = 1, β = 0, then Hαβ is the algebra of semi-quaternions.
• If α = −1, β = 0, then Hαβ is the algebra of split semi-quaternions,denoted by Hss.
• If α = 0, β = 0, then Hαβ is the algebra of 1

4 -quaternions [12].

3. Hopf algebra structures on Hαβ

In this section, we shall discuss the conditions that make Hαβ be a Hopf algebra. Let

e1 =


1
0
0
0

 , e2 =


0
1
0
0

 , e3 =


0
0
1
0

 , e4 =


0
0
0
1


be the standard basis of C4.

For the sake of convenience, we adopt Ei j = Ei ⊗ E j, i, j = 0, 1, 2, 3 and

E0,1,2,3 = (E00, E10, E20, E30, E01, E11, E21, E31, E02, E12, E22, E32, E03, E13, E23, E33).

Define a map

∆ : Hαβ → Hαβ ⊗ Hαβ

as follows:

∆(E0) = E0,1,2,3X0, ∆(E1) = E0,1,2,3X1,

∆(E2) = E0,1,2,3X2, ∆(E3) = E0,1,2,3X3,
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where

X0 =



a00

a10

a20

a30

a01

a11

a21

a31

a02

a12

a22

a32

a03

a13

a23

a33



=


γ0

γ1

γ2

γ3

 , γi =


a0i

a1i

a2i

a3i

 , A = (γ0, γ1, γ2, γ3), X1 =



b00

b10

b20

b30

b01

b11

b21

b31

b02

b12

b22

b32

b03

b13

b23

b33



=


η0

η1

η2

η3

 , ηi =


b0i

b1i

b2i

b3i

 , B = (η0, η1, η2, η3),

X2 =



c00

c10

c20

c30

c01

c11

c21

c31

c02

c12

c22

c32

c03

c13

c23

c33



=


ζ0
ζ1
ζ2
ζ3

 , ζi =


c0i

c1i

c2i

c3i

 ,C = (ζ0, ζ1, ζ2, ζ3), X3 =



d00

d10

d20

d30

d01

d11

d21

d31

d02

d12

d22

d32

d03

d13

d23

d33



=


ξ0
ξ1
ξ2
ξ3

 , ξi =


d0i

d1i

d2i

d3i

 ,D = (ξ0, ξ1, ξ2, ξ3).

Let X = (X0, X1, X2, X3), which is useful in the following discussions. Notice that ∆(E0) = E0 ⊗ E0

if and only if X0 = (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)T . In the definition of Hopf algebra, ∆ is an
algebra homomorphism, so it should preserve the unit element. From now on, we will assume that

∆(E0) = E0 ⊗ E0. So A =


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

.
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Lemma 3.1. ∆ satisfies the condition (2.1) if and only if the following equalities hold:

XB = B(4)(e1(4), e2(4), e3(4), e4(4))


A
B
C
D

 , (3.1)

XC = C(4)(e1(4), e2(4), e3(4), e4(4))


A
B
C
D

 , (3.2)

XD = D(4)(e1(4), e2(4), e3(4), e4(4))


A
B
C
D

 . (3.3)

Proof. For E1, since

(∆ ⊗ id) ◦ ∆(E1)

= (∆ ⊗ id)(
3∑

j=0

b0 jE0 j +

3∑
j=0

b1 jE1 j +

3∑
j=0

b2 jE2 j +

3∑
j=0

b3 jE3 j)

=

3∑
j=0

3∑
k,l=0

b0 jaklEk ⊗ El ⊗ E j +

3∑
j=0

3∑
k,l=0

b1 jbklEk ⊗ El ⊗ E j

+

3∑
j=0

3∑
k,l=0

b2 jcklEk ⊗ El ⊗ E j +

3∑
j=0

3∑
k,l=0

b3 jdklEk ⊗ El ⊗ E j

=

3∑
k,l=0

b00aklEk ⊗ El ⊗ E0 +

3∑
k,l=0

b10bklEk ⊗ El ⊗ E0

+

3∑
k,l=0

b20cklEk ⊗ El ⊗ E0 +

3∑
k,l=0

b30dklEk ⊗ El ⊗ E0

+

3∑
k,l=0

b01aklEk ⊗ El ⊗ E1 +

3∑
k,l=0

b11bklEk ⊗ El ⊗ E1

+

3∑
k,l=0

b21cklEk ⊗ El ⊗ E1 +

3∑
k,l=0

b31dklEk ⊗ El ⊗ E1

+

3∑
k,l=0

b02aklEk ⊗ El ⊗ E2 +

3∑
k,l=0

b12bklEk ⊗ El ⊗ E2

+

3∑
k,l=0

b22cklEk ⊗ El ⊗ E2 +

3∑
k,l=0

b32dklEk ⊗ El ⊗ E2
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+

3∑
k,l=0

b03aklEk ⊗ El ⊗ E3 +

3∑
k,l=0

b13bklEk ⊗ El ⊗ E3

+

3∑
k,l=0

b23cklEk ⊗ El ⊗ E3 +

3∑
k,l=0

b33dklEk ⊗ El ⊗ E3

=

3∑
k,l=0

(b00akl + b10bkl + b20ckl + b30dkl)Ek ⊗ El ⊗ E0

+

3∑
k,l=0

(b01akl + b11bkl + b21ckl + b31dkl)Ek ⊗ El ⊗ E1

+

3∑
k,l=0

(b02akl + b12bkl + b22ckl + b32dkl)Ek ⊗ El ⊗ E2

+

3∑
k,l=0

(b03akl + b13bkl + b23ckl + b33dkl)Ek ⊗ El ⊗ E3

and

(id ⊗ ∆) ◦ ∆(E1)

= (id ⊗ ∆)(
3∑

j=0

b j0E j0 +

3∑
j=0

b j1E j1 +

3∑
j=0

b j2E j2 +

3∑
j=0

b j3E j3)

=

3∑
j=0

3∑
k,l=0

b j0aklE j ⊗ Ek ⊗ El +

3∑
j=0

3∑
k,l=0

b j1bklE j ⊗ Ek ⊗ El

+

3∑
j=0

3∑
k,l=0

b j2cklE j ⊗ Ek ⊗ El +

3∑
j=0

3∑
k,l=0

b j3dklE j ⊗ Ek ⊗ El

=

3∑
j=0

3∑
k=0

b j0ak0E j ⊗ Ek ⊗ E0 +

3∑
j=0

3∑
k=0

b j1bk0E j ⊗ Ek ⊗ E0

+

3∑
j=0

3∑
k=0

b j2ck0E j ⊗ Ek ⊗ E0 +

3∑
j=0

3∑
k=0

b j3dk0E j ⊗ Ek ⊗ E0

+

3∑
j=0

3∑
k=0

b j0ak1E j ⊗ Ek ⊗ E1 +

3∑
j=0

3∑
k=0

b j1bk1E j ⊗ Ek ⊗ E1

+

3∑
j=0

3∑
k=0

b j2ck1E j ⊗ Ek ⊗ E1 +

3∑
j=0

3∑
k=0

b j3dk1E j ⊗ Ek ⊗ E1

+

3∑
j=0

3∑
k=0

b j0ak2E j ⊗ Ek ⊗ E2 +

3∑
j=0

3∑
k=0

b j1bk2E j ⊗ Ek ⊗ E2
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+

3∑
j=0

3∑
k=0

b j2ck2E j ⊗ Ek ⊗ E2 +

3∑
j=0

3∑
k=0

b j3dk2E j ⊗ Ek ⊗ E2

+

3∑
j=0

3∑
k=0

b j0ak3E j ⊗ Ek ⊗ E3 +

3∑
j=0

3∑
k=0

b j1bk3E j ⊗ Ek ⊗ E3

+

3∑
j=0

3∑
k=0

b j2ck3E j ⊗ Ek ⊗ E3 +

3∑
j=0

3∑
k=0

b j3dk3E j ⊗ Ek ⊗ E3

=

3∑
j=0

3∑
k=0

(b j0ak0 + b j1bk0 + b j2ck0 + b j3dk0)E j ⊗ Ek ⊗ E0

+

3∑
j=0

3∑
k=0

(b j0ak1 + b j1bk1 + b j2ck1 + b j3dk1)E j ⊗ Ek ⊗ E1

+

3∑
j=0

3∑
k=0

(b j0ak2 + b j1bk2 + b j2ck2 + b j3dk2)E j ⊗ Ek ⊗ E2

+

3∑
j=0

3∑
k=0

(b j0ak3 + b j1bk3 + b j2ck3 + b j3dk3)E j ⊗ Ek ⊗ E3,

it follows that, for all k, l = 0, 1, 2, 3,

b00akl + b10bkl + b20ckl + b30dkl = bk0al0 + bk1bl0 + bk2cl0 + bk3dl0,

b01akl + b11bkl + b21ckl + b31dkl = bk0al1 + bk1bl1 + bk2cl1 + bk3dl1,

b02akl + b12bkl + b22ckl + b32dkl = bk0al2 + bk1bl2 + bk2cl2 + bk3dl2,

b03akl + b13bkl + b23ckl + b33dkl = bk0al3 + bk1bl3 + bk2cl3 + bk3dl3,

which is equivalent to (3.1). For E2, E3, as what we do for E1, it follows that the other equations hold.
□

Next, we define a map ε : Hαβ → C, ε(E0) = 1, ε(Ei) = xi, i = 1, 2, 3. Set x =


1
x1

x2

x3

.
Lemma 3.2. ε : Hαβ → C satisfies the condition (2.2) if and only if the following equalities hold:

(A, B,C,D)x(4) = E = (AT , BT ,CT ,DT )x(4) (3.4)

Proof. Straightforward. □
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Next, we discuss the conditions which make ∆ and ε be algebra homomorphisms. Set

U0 =


1 0 0 0
0 −α 0 0
0 0 −β 0
0 0 0 −αβ

 ,U1 =


0 1 0 0
1 0 0 0
0 0 0 β

0 0 −β 0

 ,

U2 =


0 0 1 0
0 0 0 −α

1 0 0 0
0 α 0 0

 ,U3 =


0 0 0 1
0 0 1 0
0 −1 0 0
1 0 0 0

 .
Firstly, we compute

E0,1,2,3
T E0,1,2,3

=


U0 0 0 0
0 (−α)U0 0 0
0 0 (−β)U0 0
0 0 0 (−αβ)U0

 E00

+


U1 0 0 0
0 (−α)U1 0 0
0 0 (−β)U1 0
0 0 0 (−αβ)U1

 E10 +


U2 0 0 0
0 (−α)U2 0 0
0 0 (−β)U2 0
0 0 0 (−αβ)U2

 E20

+


U3 0 0 0
0 (−α)U3 0 0
0 0 (−β)U3 0
0 0 0 (−αβ)U3

 E30 +


0 U0 0 0
U0 0 0 0
0 0 0 βU0

0 0 (−β)U0 0

 E01

+


0 U1 0 0
U1 0 0 0
0 0 0 βU1

0 0 (−β)U1 0

 E11 +


0 U2 0 0
U2 0 0 0
0 0 0 βU2

0 0 (−β)U2 0

 E21

+


0 U3 0 0
U3 0 0 0
0 0 0 βU3

0 0 (−β)U3 0

 E31 +


0 0 U0 0
0 0 0 (−α)U0

U0 0 0 0
0 αU0 0 0

 E02

+


0 0 U1 0
0 0 0 (−α)U1

U1 0 0 0
0 αU1 0 0

 E12 +


0 0 U2 0
0 0 0 (−α)U2

U2 0 0 0
0 αU2 0 0

 E22

+


0 0 U3 0
0 0 0 (−α)U3

U3 0 0 0
0 αU3 0 0

 E32 +


0 0 0 U0

0 0 U0 0
0 −U0 0 0
U0 0 0 0

 E03
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+


0 0 0 U1

0 0 U1 0
0 −U1 0 0
U1 0 0 0

 E13 +


0 0 0 U2

0 0 U2 0
0 −U2 0 0
U2 0 0 0

 E23

+


0 0 0 U3

0 0 U3 0
0 −U3 0 0
U3 0 0 0

 E33.

Let Ni j be the coefficient matrices of Ei j, i, j = 0, 1, 2, 3. We can construct the following matrix

W = (N00,N10,N20,N30,N01,N11,N21,N31,N02,N12,N22,N32,N03,N13,N23,N33).

Notice that W is a 16 × 256 matrix.

Lemma 3.3. With W defined above, ∆ is an algebra homomorphism if and only if the following equal-
ities hold:

XT WX(16)V = L1X(4)T , (3.5)

where
V = (e1(16), e2(16), e3(16), e4(16)),

L1 =


1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 1 0 0 −α 0 0 0 0 0 0 1 0 0 −α 0
0 0 1 0 0 0 0 −1 −β 0 0 0 0 β 0 0
0 0 0 1 0 0 α 0 0 −β 0 0 −αβ 0 0 0

 .
Proof. For all i, j = 0, 1, 2, 3, since

∆(Ei)∆(E j)
= XT

i E0,1,2,3
T E0,1,2,3X j

= XT
i N00X jE00 + XT

i N10X jE10 + · · · + XT
i N33X j

= E0,1,2,3Xj(16)T WT Xi.

Now, we compute ∆(EiE j), for i, j = 0, 1, 2, 3. When j = 1, we have

∆(E0E1) = E0,1,2,3X1,∆(E1E1) = E0,1,2,3(−αX0),

∆(E2E1) = E0,1,2,3(−X3),∆(E3E1) = E0,1,2,3(αX2).

Moreover,

∆(E0E1, E1E1, E2E1, E3E1) = E0,1,2,3(X0, X1, X2, X3)


0 1 0 0
−α 0 0 0
0 0 0 −1
0 0 α 0


T

.
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Similar to what we do for j = 1, we can discuss the cases j = 0, 2, 3, and get the following equalities:

∆(E0E0, E1E0, E2E0, E3E0) = E0,1,2,3(X0, X1, X2, X3)


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


T

,

∆(E0E2, E1E2, E2E2, E3E2) = E0,1,2,3(X0, X1, X2, X3)


0 0 1 0
0 0 0 1
−β 0 0 0
0 −β 0 0


T

,

∆(E0E1, E1E1, E2E1, E3E1) = E0,1,2,3(X0, X1, X2, X3)


0 0 0 1
0 0 −α 0
0 β 0 0
−αβ 0 0 0


T

.

Since

∆(E0E1, E1E1, E2E1, E3E1) = (∆(E0)∆(E1),∆(E1)∆(E1),∆(E2)∆(E1),∆(E3)∆(E1))
= E0,1,2,3X1(16)T WT X,

it follows that

X1(16)T WT X = X


0 1 0 0
−α 0 0 0
0 0 0 −1
0 0 α 0


T

.

Similarly, we have

X0(16)T WT X = XE, X2(16)T WT X = X


0 0 1 0
0 0 0 1
−β 0 0 0
0 −β 0 0


T

,

X3(16)T WT X = X


0 0 0 1
0 0 −α 0
0 β 0 0
−αβ 0 0 0


T

.

Using the equalities above, we can get the Eq (3.5).
□

Lemma 3.4. ε is an algebra homomorphism if and only if the following equality holds:

xxT = L1x(4). (3.6)
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Proof. Straightforward. □

Let S : Hαβ → Hαβ be a transformation,

K =


k11 k12 k13 k14

k21 k22 k23 k24

k31 k32 k33 k34

k41 k42 k43 k44

 = (ω1, ω2, ω3, ω4)

the matrix of S with respect to the basis E0, E1, E2, E3. Thus we have

S (E0, E1, E2, E3) = (E0, E1, E2, E3)K.

If S is an antipode, then S (E0) = E0, which yields k11 = 1, k21 = k31 = k41 = 0.
Next, we shall discuss when S is an antipode. Firstly, we prove a useful result: for

µ =


a1

a2

a3

a4

 , ν =


b1

b2

b3

b4

 ∈ C4,

we have

µT


E0

E1

E2

E3

 (E0, E1, E2, E3)ν = µTU


ν

ν

ν

ν




E0

E1

E2

E3

 , (3.7)

where
U = (U0,U1,U2,U3).

In fact,

µT


E0

E1

E2

E3

 (E0, E1, E2, E3)ν

= µT


E0 E1 E2 E3

E0 −αE0 E3 −αE2

E2 −E3 −βE0 βE1

E3 αE2 −βE1 −αβE0

 ν

= µT


1 0 0 0
0 −α 0 0
0 0 −β 0
0 0 0 −αβ

 νE0 + µ
T


0 1 0 0
1 0 0 0
0 0 0 β

0 0 −β 0

 νE1

+µT


0 0 1 0
0 0 0 −α

1 0 0 0
0 α 0 0

 νE2 + µ
T


0 0 0 1
0 0 1 0
0 −1 0 0
1 0 0 0

 νE3
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= µTU


ν

ν

ν

ν




E0

E1

E2

E3

 .
Lemma 3.5. S satisfies the condition (2.3) if and only if the following equalities hold:

ω1(4)
ω2(4)
ω3(4)
ω4(4)


T

U(4)T X =


1 x1 x2 x3

0 0 0 0
0 0 0 0
0 0 0 0

 , (3.8)

LT
2 K(4)X =


1 x1 x2 x3

0 0 0 0
0 0 0 0
0 0 0 0

 , (3.9)

where

L2 =



1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 1 0 0
−α 0 0 0
0 0 0 −1
0 0 α 0
0 0 1 0
0 0 0 1
−β 0 0 0
0 −β 0 0
0 0 0 1
0 0 −α 0
0 β 0 0
−αβ 0 0 0


Proof. For E1, on one hand, we have

x1E0 = ε(E1)E0 = m(id ⊗ S )∆(E1)
= (E0S (E0), E1S (E0), E2S (E0), E3S (E0), E0S (E1), E1S (E1), E2S (E1), E3S (E1),

E0S (E2), E1S (E2), E2S (E2), E3S (E2), E0S (E3), E1S (E3), E2S (E3), E3S (E3))


η1

η2

η3

η4


= (E0S (E0), E1S (E0), E2S (E0), E3S (E0))η1 + (E0S (E1), E1S (E1), E2S (E1), E3S (E1))η2

+(E0S (E2), E1S (E2), E2S (E2), E3S (E2))η3 + (E0S (E3), E1S (E3), E2S (E3), E3S (E3))η4

Electronic Research Archive Volume 32, Issue 5, 3334–3362.



3347

= ηT
1


E0

E1

E2

E3

 S (E0) + ηT
2


E0

E1

E2

E3

 S (E1) + ηT
3


E0

E1

E2

E3

 S (E2) + ηT
4


E0

E1

E2

E3

 S (E3)

= ηT
1


E0

E1

E2

E3

 (E0, E1, E2, E3)ω1 + η
T
2


E0

E1

E2

E3

 (E0, E1, E2, E3)ω2

+ηT
3


E0

E1

E2

E3

 (E0, E1, E2, E3)ω3 + η
T
4


E0

E1

E2

E3

 (E0, E1, E2, E3)ω4

= ηT
1


E0

E1

E2

E3

 S (E0) + ηT
2


E0

E1

E2

E3

 S (E1) + ηT
3


E0

E1

E2

E3

 S (E2) + ηT
4


E0

E1

E2

E3

 S (E3)

= ηT
1U


ω1

ω1

ω1

ω1




E0

E1

E2

E3

 + ηT
2U


ω2

ω2

ω2

ω2




E0

E1

E2

E3


+ηT

3U


ω3

ω3

ω3

ω3




E0

E1

E2

E3

 + ηT
4U


ω4

ω4

ω4

ω4




E0

E1

E2

E3

 ,
which follows that

ηT
1Uω1(4) + ηT

2Uω2(4) + ηT
3Uω3(4) + ηT

4Uω4(4) = (x1, 0, 0, 0),

For E0,E2 and E3, as we do for E1, it follows that

γT
1Uω1(4) + γT

2Uω2(4) + γT
3Uω3(4) + γT

4Uω4(4) = (1, 0, 0, 0).

ζT
1 Uω1(4) + ζT

2 Uω2(4) + ζT
3 Uω3(4) + ζT

4 Uω4(4) = (x2, 0, 0, 0),

ξT
1Uω1(4) + ξT

2Uω2(4) + ξT
3Uω3(4) + ξT

4Uω4(4) = (x3, 0, 0, 0).

Thus, we have 
ω1(4)
ω2(4)
ω3(4)
ω4(4)


T

U(4)T X =


1 x1 x2 x3

0 0 0 0
0 0 0 0
0 0 0 0

 .
Using the two equations above, we can get the desired equation (3.8). On the other hand,

x1E0 = ε(E1)E0 = m(S ⊗ id)∆(E1)
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= (S (E0)E0, S (E1)E0, S (E2)E0, S (E3)E0, S (E0)E1, S (E1)E1, S (E2)E1, S (E3)E1,

S (E0)E2, S (E1)E2, S (E2)E2, S (E3)E2, S (E0)E3, S (E1)E3, S (E2)E3, S (E3)E3)


η1

η2

η3

η4


= ηT

1


S (E0)
S (E1)
S (E2)
S (E3)

 E0 + η
T
2


S (E0)
S (E1)
S (E2)
S (E3)

 E1 + η
T
3


S (E0)
S (E1)
S (E2)
S (E3)

 E2 + η
T
4


S (E0)
S (E1)
S (E2)
S (E3)

 E3

= ηT
1 S (


E0

E1

E2

E3

)E0 + η
T
2 S (


E0

E1

E2

E3

)E1 + η
T
3 S (


E0

E1

E2

E3

)E2 + η
T
4 S (


E0

E1

E2

E3

)E3

= ηT
1 KT E0


E0

E1

E2

E3

 + ηT
2 KT


0 1 0 0
−α 0 0 0
0 0 0 −1
0 0 α 0




E0

E1

E2

E3


+ηT

3 KT


0 0 1 0
0 0 0 1
−β 0 0 0
0 −β 0 0




E0

E1

E2

E3

 + ηT
4 KT


0 0 0 1
0 0 −α 0
0 β 0 0
−αβ 0 0 0




E0

E1

E2

E3

 ,
which yield 

η1

η2

η3

η4


T

K(4)T L2 = (x1, 0, 0, 0).

For E0, E2 and E3, as we do for E1, it follows that
γ1

γ2

γ3

γ4


T

K(4)T L2 = (1, 0, 0, 0),


ζ1
ζ2
ζ3
ζ4


T

K(4)T L2 = (x2, 0, 0, 0),


ξ1
ξ2
ξ3
ξ4


T

K(4)T L2 = (x3, 0, 0, 0).

Thus, we have the desired equation (3.9).
□

From the lemmas above, we can get the main result in this section.
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Theorem 3.6. With ∆, ε, S defined above. Then Hαβ is a Hopf algebra if and only if there exist the
matrices B,C,D,K and x1, x2, x3 ∈ C satisfying the conditions (3.1), (3.2), (3.3), (3.4), (3.6), (3.7),
(3.9).

4. Description of Hopf algebra structures in generalized quaternion algebra

In this section, we shall discuss the value of α, β and whether there exist Hopf algebra structures on
Hαβ. Using (3.6), we have

α + x2
1 = 0, x1x2 − x3 = 0, αx2 + x1x3 = 0, x1x2 + x3 = 0, β + x2

2 = 0,

x2x3 − βx1 = 0, x1x3 − αx2 = 0, βx1 + x2x3 = 0, αβ + x2
3 = 0.

Thus, it follows that x3 = 0 and αβ = 0. If α = 0 and β = 0, then x1 = x2 = x3 = 0. Using (3.4), we
have

b22x1 + b32x2 + b42x3 + b12 = 1, b12x1 + b13x2 + b14x3 + b11 = 0, b22x1 + b23x2 + b24x3 + b21 = 1.

Thus, it follows that b12 = 1, b11 = 0, b21 = 1. Using (3.1), we get b12b21 + b11b22 = 0, which is in
contradiction with b12b21 + b11b22 = 1. Thus, there are no Hopf algebra structures on 1

4 -quaternion
algebra. From αβ = 0, it follows that at least one of α, β is a zero.

By Theorem 3.6, we have the following result:

Theorem 4.1. If α = 0, β = 0 or αβ , 0, then there are no Hopf algebra structures in the generalized
quaternion algebra.

By computing and analyzing with the help of the scientific computing software–Mathematica, we
have the following result:

Theorem 4.2. If α , 0, β = 0, then there exists a bijection between all Hopf algebra structures on Hαβ
and the (B,C,D,K, x1, x2, x3) consists of

(I)

B =


0 0 0 0
0 − i

√
α

0 0
0 0 0 0
0 0 0 0

 ,C =


0 0 a i
√

(a−1)a
√
α

0 0 i(a−1)
√
α
−
√

(a−1)a
α

1 − a − ia
√
α

0 0

−
i
√

(a−1)a
√
α

√
(a−1)a
α

0 0

 ,

D =


0 0 i

√
(a − 1)a

√
α 1 − a

0 0 −
√

(a − 1)a − ia
√
α

−i
√

(a − 1)a
√
α
√

(a − 1)a 0 0
a i(a−1)

√
α

0 0

 ,

K =


1 0 0 0
0 1 0 0
0 0 −2

√
(a − 1)a i(1 − 2a)

√
α

0 0 −
i(2a−1)
√
α

2
√

(a − 1)a

 ,
(x1, x2, x3) =

(
i
√
α 0 0

)
.

Electronic Research Archive Volume 32, Issue 5, 3334–3362.



3350

(II)

B =


0 0 0 0
0 i

√
α

0 0
0 0 0 0
0 0 0 0

 ,C =


0 0 a −
i
√

(a−1)a
√
α

0 0 −
i(a−1)
√
α
−
√

(a−1)a
α

1 − a ia
√
α

0 0
i
√

(a−1)a
√
α

√
(a−1)a
α

0 0

 ,

D =


0 0 −i

√
(a − 1)a

√
α 1 − a

0 0 −
√

(a − 1)a ia
√
α

i
√

(a − 1)a
√
α
√

(a − 1)a 0 0
a −

i(a−1)
√
α

0 0

 ,

K =


1 0 0 0
0 1 0 0
0 0 −2

√
(a − 1)a i(2a − 1)

√
α

0 0 i(2a−1)
√
α

2
√

(a − 1)a

 ,
(x1, x2, x3) =

(
−i
√
α 0 0

)
.

(III)

B =


0 0 0 0
0 − i

√
α

0 0
0 0 0 0
0 0 0 0

 ,C =


0 0 a −
i
√

(a−1)a
√
α

0 0 i(a−1)
√
α

√
(a−1)a
α

1 − a − ia
√
α

0 0
i
√

(a−1)a
√
α

−
√

(a−1)a
α

0 0

 ,

D =


0 0 −i

√
(a − 1)a

√
α 1 − a

0 0
√

(a − 1)a − ia
√
α

i
√

(a − 1)a
√
α −

√
(a − 1)a 0 0

a i(a−1)
√
α

0 0

 ,

K =


1 0 0 0
0 1 0 0
0 0 2

√
(a − 1)a i(1 − 2a)

√
α

0 0 −
i(2a−1)
√
α

−2
√

(a − 1)a

 ,
(x1, x2, x3) =

(
i
√
α 0 0

)
.

(IV)

B =


0 0 0 0
0 i

√
α

0 0
0 0 0 0
0 0 0 0

 ,C =


0 0 a i
√

(a−1)a
√
α

0 0 −
i(a−1)
√
α

√
(a−1)a
α

1 − a ia
√
α

0 0

−
i
√

(a−1)a
√
α

−
√

(a−1)a
α

0 0

 ,
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D =


0 0 i

√
(a − 1)a

√
α 1 − a

0 0
√

(a − 1)a ia
√
α

−i
√

(a − 1)a
√
α −

√
(a − 1)a 0 0

a −
i(a−1)
√
α

0 0

 ,

K =


1 0 0 0
0 1 0 0
0 0 2

√
(a − 1)a i(2a − 1)

√
α

0 0 i(2a−1)
√
α

−2
√

(a − 1)a

 ,
(x1, x2, x3) =

(
−i
√
α 0 0

)
.

(V)

B =


0 0 a 0
0 − i

√
α

ia
√
α

0
0 0 0 b
−

i
√
αb

a
b
a −b 0

 ,C =


0 0 1 0
0 0 0 0
0 − i

√
α

ia
√
α

b
a

0 0 0 0

 ,

D =


0 0 0 0
0 0 0 − i

√
α

0 0 0 ia
√
α

1 0 0 b
a

 ,K =


1 0 0 0
0 1 0 0
0 −a2+αb

a 0 −i
√
α

0 −
i(a2−αb)

a
√
α
− i
√
α

0

 ,
(x1, x2, x3) =

(
i
√
α 0 0

)
.

(VI)

B =


0 0 a 0
0 i

√
α
− ia
√
α

0
0 0 0 b

i
√
αb

a
b
a −b 0

 ,C =


0 0 1 0
0 0 0 0
0 i

√
α
− ia
√
α

b
a

0 0 0 0

 ,

D =


0 0 0 0
0 0 0 i

√
α

0 0 0 − ia
√
α

1 0 0 b
a

 ,K =


1 0 0 0
0 1 0 0
0 −a2+αb

a 0 i
√
α

0 i(a2−αb)
a
√
α

i
√
α

0

 ,
(x1, x2, x3) =

(
−i
√
α 0 0

)
.

(VII)

B =


0 0 0 0
0 − i

√
α

0 0
a ia

√
α

0 0
b ib

√
α

0 0

 ,
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C =


0 0 αb2

a2+αb2 − ab
a2+αb2

0 0 − ia2
√
α(a2+αb2) −

iab
√
α(a2+αb2)

a2

a2+αb2 −
i
√
αb2

a2+αb2
ia
√
α

ib
√
α

ab
a2+αb2

iab
√
α(a2+αb2) 0 0

 ,

D =


0 0 − aαb

a2+αb2
a2

a2+αb2

0 0 −
ia
√
αb

a2+αb2 −
i
√
αb2

a2+αb2

aαb
a2+αb2

ia
√
αb

a2+αb2 0 0
αb2

a2+αb2 −
ia2

√
α(a2+αb2)

ia
√
α

ib
√
α

 ,

K =


1 0 0 0
0 1 0 0
0 −a − i

√
αb −

2ia
√
αb

a2+αb2 −i
√
α
(
1 − 2a2

a2+αb2

)
0 −b + ia

√
α

i(a2−αb2)
√
α(a2+αb2)

2ia
√
αb

a2+αb2

 ,

(x1, x2, x3) =
(

i
√
α 0 0

)
.

(VIII)

B =


0 0 0 0
0 i

√
α

0 0
a − ia

√
α

0 0
b − ib

√
α

0 0

 ,

C =


0 0 αb2

a2+αb2 − ab
a2+αb2

0 0 ia2
√
α(a2+αb2)

iab
√
α(a2+αb2)

a2

a2+αb2
i
√
αb2

a2+αb2 − ia
√
α

− ib
√
α

ab
a2+αb2 −

iab
√
α(a2+αb2) 0 0

 ,

D =


0 0 − aαb

a2+αb2
a2

a2+αb2

0 0 ia
√
αb

a2+αb2
i
√
αb2

a2+αb2

aαb
a2+αb2 −

ia
√
αb

a2+αb2 0 0
αb2

a2+αb2
ia2

√
α(a2+αb2) − ia

√
α

− ib
√
α

 ,

K =


1 0 0 0
0 1 0 0
0 −a + i

√
αb 2ia

√
αb

a2+αb2 i
√
α
(
1 − 2a2

a2+αb2

)
0 −b − ia

√
α

i
(
1− 2a2

a2+αb2

)
√
α

−
2ia
√
αb

a2+αb2


,

(x1, x2, x3) =
(
−i
√
α 0 0

)
.
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(IX)

B =


0 0 a b
0 − i

√
α

ia
√
α

ib
√
α

c ic
√
α

0 −
ic(a2+αb2)
α3/2b

− ac
αb −

iac
α3/2b

ic(a2+αb2)
α3/2b 0

 ,

C =


0 0 a2

a2+αb2
ab

a2+αb2

0 0 −
i
√
αb2

a2+αb2
iab

√
α(a2+αb2)

αb2

a2+αb2 − ia2
√
α(a2+αb2)

i(a+c)
√
α

− iac
α3/2b

− ab
a2+αb2 −

iab
√
α(a2+αb2)

ib
√
α

0


,

D =


0 0 aαb

a2+αb2
αb2

a2+αb2

0 0 ia
√
αb

a2+αb2 −
ia2

√
α(a2+αb2)

− aαb
a2+αb2 −

ia
√
αb

a2+αb2 0 ia
√
α

a2

a2+αb2 −
i
√
αb2

a2+αb2
ic
√
α

i(αb2−ac)
α3/2b


,

K =


1 0 0 0
0 1 0 0

0 a
(
−1 + ic

√
αb

)
+ i
√
αb − c 2ia

√
αb

a2+αb2

i
√
α(αb2−a2)
a2+αb2

0 ac
αb −

i(a−c)
√
α
− b i(αb2−a2)

√
α(a2+αb2) −

2ia
√
αb

a2+αb2

 ,

(x1, x2, x3) =
(

i
√
α 0 0

)
.

(X)

B =


0 0 a b
0 i

√
α

− ia
√
α

− ib
√
α

c − ic
√
α

0 ic(a2+αb2)
α3/2b

− ac
αb

iac
α3/2b −

ic(a2+αb2)
α3/2b 0

 ,

C =


0 0 a2

a2+αb2
ab

a2+αb2

0 0 i
√
αb2

a2+αb2 − iab
√
α(a2+αb2)

αb2

a2+αb2
ia2

√
α(a2+αb2) −

i(a+c)
√
α

iac
α3/2b

− ab
a2+αb2

iab
√
α(a2+αb2) − ib

√
α

0


,

D =


0 0 aαb

a2+αb2
αb2

a2+αb2

0 0 −
ia
√
αb

a2+αb2
ia2

√
α(a2+αb2)

− aαb
a2+αb2

ia
√
αb

a2+αb2 0 − ia
√
α

a2

a2+αb2
i
√
αb2

a2+αb2 − ic
√
α

i(ac−αb2)
α3/2b


,
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K =


1 0 0 0
0 1 0 0

0 a
(
−1 − ic

√
αb

)
− i
√
αb − c −

2ia
√
αb

a2+αb2

i
√
α(a2−αb2)
a2+αb2

0 ac
αb +

i(a−c)
√
α
− b i(a2−αb2)

√
α(a2+αb2)

2ia
√
αb

a2+αb2

 ,
(x1, x2, x3) =

(
−i
√
α 0 0

)
.

Theorem 4.3. If α = 0, β , 0, then there exists a bijection between all Hopf algebra structures on Hαβ
and the (B,C,D,K, x1, x2, x3) consists of

(I’)

B =


0 0 0 0
1 a 0 0
0 − i

√
β

0 0
0 b 0 0

 ,C =


0 0 0 −ib
√
β

−ia
√
β 0 a iab

√
β

0 0 − i
√
β

b
0 −iab

√
β 0 0

 ,

D =


0 0 0 1
0 0 0 0
0 0 0 0
0 a − i

√
β

b

 ,K =


1 0 0 0
0 0 −bβ + ia

√
β −i

√
β

0 0 1 0
0 − i

√
β
−a + ib

√
β 0

 ,
(x1, x2, x3) =

(
0 i
√
β 0

)
.

(II’)

B =


0 0 0 0
1 a 0 0
0 i

√
β

0 0
0 b 0 0

 ,C =


0 0 0 ib
√
β

ia
√
β 0 a −iab

√
β

0 0 i
√
β

b
0 iab

√
β 0 0

 ,

D =


0 0 0 1
0 0 0 0
0 0 0 0
0 a i

√
β

b

 ,K =


1 0 0 0
0 0 −bβ + (−i)a

√
β i
√
β

0 0 1 0
0 i

√
β

−a − ib
√
β 0

 ,
(x1, x2, x3) =

(
0 −i

√
β 0

)
.

(III’)

B =


0 1 0 0
0 a − i

√
β

b
0 0 0 0
0 0 0 0

 ,

C =


0 −ia

√
β 0 0

0 0 0 −iab
√
β

0 a − i
√
β

0
−ib
√
β iab

√
β b 0

 ,
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D =


0 0 0 0
0 0 0 a
0 0 0 − i

√
β

1 0 0 b

 ,

K =


1 0 0 0
0 0 bβ + ia

√
β i
√
β

0 0 1 0
0 i

√
β

a + ib
√
β 0

 ,

(x1, x2, x3) =
(

0 i
√
β 0

)
.

(IV’)

B =


0 1 0 0
0 a i

√
β

b
0 0 0 0
0 0 0 0

 ,

C =


0 ia

√
β 0 0

0 0 0 iab
√
β

0 a i
√
β

0
ib
√
β −iab

√
β b 0

 ,

D =


0 0 0 0
0 0 0 a
0 0 0 i

√
β

1 0 0 b

 ,

K =


1 0 0 0
0 0 bβ − ia

√
β −i

√
β

0 0 1 0
0 − i

√
β

a − ib
√
β 0

 ,

(x1, x2, x3) =
(

0 −i
√
β 0

)
.

(V’)

B =



0 a 0 −
√
−((a−1)a)
√
β

1 − a b
√

1−aa
√

a−1
√
β

c

0 −

√
−(a−1)2
√
β

0 −

√
a−1
√

a
β

√
−((a−1)a)
√
β

−

√
−((a−1)a)b
√
β

−ac+c

a

√
a−1
√

a
β

0


,
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C =



0
√
−((a−1)a)b

√
β+(a−1)βc

√
a−1
√

a
0

√
a−1(ab−

√
−((a−1)a)

√
βc)

a3/2

−

√
a−1

a βc 0
√

1−a
√
βc

√
a

√
−((a−1)a)b

√
βc+(a−1)βc2

√
a−1a3/2

0 (a−1)
√
βc

√
−((a−1)a)

+ b
√

1−a
√

a−1
√
β

−

√
−((a−1)a)b
√
β

−ac+c

a
√

1−a
√
βc

√
a−1

(−√−((a−1)a))b
√
βc−((a−1)βc2)

√
a−1a3/2 c 0


,

D =


0 −

√
−((a − 1)a)

√
β 0 1 − a

√
−((a − 1)a)

√
β 0

√
a − 1

√
a (a−1)

√
βc

√
−((a−1)a)

+ b

0 −
√

a − 1
√

a 0
√

1−aa
√

a−1
√
β

a
√

1−a
√
βc

√
a −

√
−(a−1)2
√
β

c−
√
−((a−1)a)b
√
β

a


,

K =


1 0 0 0

0 2
√

a − 1
√

a (−a+
√

a−1
√

a+1)b
√
β

√
−((a−1)a)

+
(2a−1)βc

a
(1−2a)

√
1−a
√
β

√
a−1

0 0 1 0

0 (1−2a)
√

1−a
√

a−1
√
β

a
(
−ab+

√
a−1
√

ab−2
√
−(a−1)2 √βc+b

)
−
√
−((a−1)a)

√
βc

√
a−1a3/2 −2

√
a − 1

√
a


,

(x1, x2, x3) =
(

0
√

a−1
√
β

√
1−a

0
)
.

(VI’)

B =



0 a 0
√
−((a−1)a)
√
β

1 − a b −
√

1−aa
√

a−1
√
β

c

0
√
−(a−1)2
√
β

0 −

√
a−1
√

a
β

−
√
−((a−1)a)
√
β

√
−((a−1)a)b
√
β

−ac+c

a

√
a−1
√

a
β

0


,

C =



0 (a−1)βc−
√
−((a−1)a)b

√
β

√
a−1
√

a
0

√
a−1(ab+

√
−((a−1)a)

√
βc)

a3/2

−

√
a−1

a βc 0 (a−1)
√
βc

√
−((a−1)a)

(a−1)βc2−
√
−((a−1)a)b

√
βc

√
a−1a3/2

0
√

1−a
√
βc

√
a + b

√
a−1

√
1−a
√
β

√
−((a−1)a)b
√
β

−ac+c

a
√

a−1
√
βc

√
1−a

√
−((a−1)a)b

√
βc−(a−1)βc2

√
a−1a3/2 c 0


,

D =



0
√
−((a − 1)a)

√
β 0 1 − a

−
√
−((a − 1)a)

√
β 0

√
a − 1

√
a

√
1−a
√
βc

√
a + b

0 −
√

a − 1
√

a 0 −
√

1−aa
√

a−1
√
β

a (a−1)
√
βc

√
−((a−1)a)

√
−(a−1)2
√
β

√
−((a−1)a)b
√
β

+c

a


,

K =



1 0 0 0

0 2
√

a − 1
√

a 2a2βc+
√

a(1−a)3/2b
√
β+a
√
−(a−1)2b

√
β−3aβc+βc

(a−1)a

√
1−a(2a−1)

√
β

√
a−1

0 0 1 0

0
√

1−a(2a−1)
√

a−1
√
β

a
(
−ab+

√
a−1
√

ab+2
√
−(a−1)2 √βc+b

)
+
√
−((a−1)a)

√
βc

√
a−1a3/2 −2

√
a − 1

√
a


,
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(x1, x2, x3) =
(

0
√

1−a
√
β

√
a−1

0
)
.

(VII’)

B =



0 a 0 −
√
−((a−1)a)
√
β

1 − a b −
√

1−aa
√

a−1
√
β

c

0
√
−(a−1)2
√
β

0
√

a−1
√

a
β

√
−((a−1)a)
√
β

−

√
−((a−1)a)b
√
β

−ac+c

a −

√
a−1
√

a
β

0


,

C =



0 (−√−((a−1)a))b
√
β−((a−1)βc)

√
a−1
√

a
0

√
a−1(√−((a−1)a)

√
βc−ab)

a3/2√
a−1

a βc 0
√

1−a
√
βc

√
a

(−√−((a−1)a))b
√
βc−((a−1)βc2)

√
a−1a3/2

0 (a−1)
√
βc

√
−((a−1)a)

+ b
√

a−1
√

1−a
√
β

−

√
−((a−1)a)b
√
β

−ac+c

a
√

a−1
√
βc

√
1−a

√
−((a−1)a)b

√
βc+(a−1)βc2

√
a−1a3/2 c 0


,

D =


0 −

√
−((a − 1)a)

√
β 0 1 − a

√
−((a − 1)a)

√
β 0 −

√
a − 1

√
a (a−1)

√
βc

√
−((a−1)a)

+ b

0
√

a − 1
√

a 0 −
√

1−aa
√

a−1
√
β

a
√

1−a
√
βc

√
a

√
−(a−1)2
√
β

c−
√
−((a−1)a)b
√
β

a


,

K =


1 0 0 0

0 −2
√

a − 1
√

a (2a−1)βc
a −

(a+
√

a−1
√

a−1)b
√
β

√
−((a−1)a)

√
1−a(2a−1)

√
β

√
a−1

0 0 1 0

0
√

1−a(2a−1)
√

a−1
√
β

√
a−1a3/2b+(a−1)ab−2

√
−(a−1)2a

√
βc+
√
−((a−1)a)

√
βc

√
a−1a3/2 2

√
a − 1

√
a


,

(x1, x2, x3) =
(

0
√

1−a
√
β

√
a−1

0
)
.

(VIII’)

B =



0 a 0
√
−((a−1)a)
√
β

1 − a b
√

1−aa
√

a−1
√
β

c

0 −

√
−(a−1)2
√
β

0
√

a−1
√

a
β

−
√
−((a−1)a)
√
β

√
−((a−1)a)b
√
β

−ac+c

a −

√
a−1
√

a
β

0


,

C =



0
√
−((a−1)a)b

√
β−(a−1)βc

√
a−1
√

a
0 −

√
a−1(ab+

√
−((a−1)a)

√
βc)

a3/2√
a−1

a βc 0 (a−1)
√
βc

√
−((a−1)a)

√
−((a−1)a)b

√
βc−(a−1)βc2

√
a−1a3/2

0
√

1−a
√
βc

√
a + b

√
1−a

√
a−1
√
β

√
−((a−1)a)b
√
β

−ac+c

a
√

1−a
√
βc

√
a−1

(a−1)βc2−
√
−((a−1)a)b

√
βc

√
a−1a3/2 c 0


,
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D =



0
√
−((a − 1)a)

√
β 0 1 − a

−
√
−((a − 1)a)

√
β 0 −

√
a − 1

√
a

√
1−a
√
βc

√
a + b

0
√

a − 1
√

a 0
√

1−aa
√

a−1
√
β

a (a−1)
√
βc

√
−((a−1)a)

−

√
−(a−1)2
√
β

√
−((a−1)a)b
√
β

+c

a


,

K =


1 0 0 0

0 −2
√

a − 1
√

a 2a2βc+
√

a(1−a)3/2b
√
β−
√
−(a−1)2ab

√
β−3aβc+βc

(a−1)a
(1−2a)

√
1−a
√
β

√
a−1

0 0 1 0

0 (1−2a)
√

1−a
√

a−1
√
β

√
a−1a3/2b+(a−1)ab+2

√
−(a−1)2a

√
βc−
√
−((a−1)a)

√
βc

√
a−1a3/2 2

√
a − 1

√
a


,

(x1, x2, x3) =
(

0
√

a−1
√
β

√
1−a

0
)
.

As shown in Theorems 4.2 and 4.3, if α , 0, β = 0 or α = 0, β , 0, then Hαβ has the different Hopf
algebra structures. Next, we shall show that they are all isomorphic to Sweedler Hopf algebra. Thus,
they are mutually isomorphic to each other.

Theorem 4.4. All Hopf generalized quaternion algebras are isomorphic to the Sweedler Hopf algebra
H4.

Proof. Firstly, we consider the case (I’). The desired map Φ is given by

Φ(1, i, j, k) = (1, g, ν, gν)


1 0 0 0
0 0 i

√
β 0

0 1 −ia
√
β 0

0 0 −bβ −i
√
β

 .

Since the determinant of


1 0 0 0
0 0 i

√
β 0

0 1 −ia
√
β 0

0 0 −bβ −i
√
β

 is equal to −β, it follows that Φ is bijective. It can

be proved directly that Φ is a Hopf algebra homomorphism.

For the other types, let the desired map Φ : Hαβ → H4 as follows:

Φ(1, i, j, k) = (1, g, ν, gν)U.

Notice that Φ is uniquely determined by the matrix U. See the following tables for the desired U.
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Types Range of a, b U Determinant of U

I a = 1


1 0 0 0
0 i

√
α 0 0

0 0 0 1
0 0 − i√

α
0

 -1

a = 0


1 0 0 0
0 i

√
α 0 0

0 0 1 0
0 0 0 i

√
α

 −α

a , 0, 1


1 0 0 0
0 i

√
α 0 0

0 0 1 ia
√
α

√
(a−1)a

0 0 a√
(a−1)a

i
√
α


α

a−1

II a = 1


1 0 0 0
0 −i

√
α 0 0

0 0 0 1
0 0 i√

α
0

 -1

a = 0


1 0 0 0
0 −i

√
α 0 0

0 0 1 0
0 0 0 −i

√
α

 −α

a , 0, 1


1 0 0 0
0 −i

√
α 0 0

0 0 1 −
ia
√
α

√
(a−1)a

0 0 a√
(a−1)a

−i
√
α


α

a−1

III a = 1


1 0 0 0
0 i

√
α 0 0

0 0 0 1
0 0 − i√

α
0

 -1

a = 0


1 0 0 0
0 i

√
α 0 0

0 0 1 0
0 0 0 i

√
α

 −α

a , 0, 1


1 0 0 0
0 i

√
α 0 0

0 0 1 −
ia
√
α

√
(a−1)a

0 0 − a√
(a−1)a

i
√
α


α

a−1
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Types Range of a, b U Determinant of U

IV a = 1


1 0 0 0
0 −i

√
α 0 0

0 0 0 1
0 0 i√

α
0

 -1

a = 0


1 0 0 0
0 −i

√
α 0 0

0 0 1 0
0 0 0 −i

√
α

 −α

a , 0, 1


1 0 0 0
0 −i

√
α 0 0

0 0 1 ia
√
α

√
(a−1)a

0 0 − a√
(a−1)a

−i
√
α


α

a−1

V b = 0, a , 0


1 0 0 0
0 i

√
α 0 0

0 0 0 1
0 − ia√

α
− i√
α

0

 −1

b , 0, a , 0


1 0 0 0
0 i

√
α 0 0

0 1 0 ia√
αb

0 a2
αb

a
αb 0

 a2

αb2

VI b = 0, a , 0


1 0 0 0
0 −i

√
α 0 0

0 0 0 1
0 ia√

α
i√
α

0

 −1

b , 0, a , 0


1 0 0 0
0 −i

√
α 0 0

0 1 0 − ia√
αb

0 a2
αb

a
αb 0

 a2

αb2

VII a2 + αb2 , 0


1 0 0 0
0 i

√
α 0 0

0 1 a
a2+αb2

αb
a2+αb2

0 0 −
i
√
αb

a2+αb2
ia
√
α

a2+αb2

 − α

a2+αb2

VIII a2 + αb2 , 0


1 0 0 0
0 −i

√
α 0 0

0 1 a
a2+αb2

αb
a2+αb2

0 0 i
√
αb

a2+αb2 −
ia
√
α

a2+αb2

 − α

a2+αb2

IX c = 0, b , 0, a2 + αb2 , 0


1 0 0 0
0 i

√
α 0 0

0 0 1 − a
b

0
i
(
a2+αb2)
√
αb

ia√
αb

i
√
α

 −

(
a2+αb2)

b2

(a2 + αb2)bc , 0



1 0 0 0
0 i

√
α 0 0

0 1 αb2

c
(
a2+αb2

) − aαb
c
(
a2+αb2

)
0 i

√
αb
c

ia
√
αb

c
(
a2+αb2

) iα3/2b2

c
(
a2+αb2

)


− α2b2

c2
(
a2+αb2

)

X c = 0, b , 0, a2 + αb2 , 0


1 0 0 0
0 −i

√
α 0 0

0 0 1 − a
b

0 −
i
(
a2+αb2)
√
αb

− ia√
αb

−i
√
α

 −

(
a2+αb2)

b2

(a2 + αb2)bc , 0



1 0 0 0
0 i

√
α 0 0

0 1 αb2

c
(
a2+αb2

) − aαb
c
(
a2+αb2

)
0 i

√
αb
c

ia
√
αb

c
(
a2+αb2

) iα3/2b2

c
(
a2+αb2

)


− α2b2

c2
(
a2+αb2

)
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Types Range of a, b U Determinant of U

I’ a ∈ R


1 0 0 0
0 0 i

√
β 0

0 1 −ia
√
β 0

0 0 −bβ −i
√
β

 −β

II’ a ∈ R


1 0 0 0
0 0 −i

√
β 0

0 1 ia
√
β 0

0 0 −bβ i
√
β

 −β

III’ b = 0


1 0 0 0
0 0 i

√
β 0

0 0 0 1
0 i√

β
a 0

 −1

b , 0


1 0 0 0
0 0 i

√
β 0

0 0 1 i
b
√
β

0 − 1
bβ

ia
b
√
β

0

 1
b2β

IV’ b = 0


1 0 0 0
0 0 −i

√
β 0

0 0 0 1
0 − i√

β
a 0

 −1

b , 0


1 0 0 0
0 0 −i

√
β 0

0 0 1 − i
b
√
β

0 − 1
bβ − ia

b
√
β

0

 1
b2β

V’ a(a − 1) , 0



1 0 0 0

0 0
√

a−1
√
β

√
1−a

0

0 1 βc
√

a−1
√

a
a
√
β

√
−((a−1)a)

0 − 1√
a−1

a

−

√
−((a−1)a)b

√
β+(a−1)βc

(a−1)a

√
1−a
√
β

√
a−1


β

a−1

VI’ a(a − 1) , 0



1 0 0 0

0 0
√

1−a
√
β

√
a−1

0

0 1 βc
√

a−1
√

a
−

a
√
β

√
−((a−1)a)

0 − 1√
a−1

a

√
−((a−1)a)b

√
β−(a−1)βc

(a−1)a

√
a−1
√
β

√
1−a


β

a−1

VII’ a(a − 1) , 0



1 0 0 0

0 0
√

1−a
√
β

√
a−1

0

0 1 −
βc

√
a−1
√

a
a
√
β

√
−((a−1)a)

0 1√
a−1

a

−

√
−((a−1)a)b

√
β+(a−1)βc

(a−1)a

√
a−1
√
β

√
1−a


β

a−1

VIII’ a(a − 1) , 0



1 0 0 0

0 0
√

a−1
√
β

√
1−a

0

0 1 −
βc

√
a−1
√

a
−

a
√
β

√
−((a−1)a)

0 1√
a−1

a

√
−((a−1)a)b

√
β−(a−1)βc

(a−1)a

√
1−a
√
β

√
a−1


β

a−1
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