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Abstract: In this paper, we use elementary linear algebra methods to explore possible Hopf algebra
structures within the generalized quaternion algebra. The sufficient and necessary conditions that make
the generalized quaternion algebra a Hopf algebra are given. It is proven that not all of the generalized
quaternion algebras have Hopf algebraic structures. When the generalized quaternion algebras have
Hopf algebraic structures, we describe all the Hopf algebra structures. Finally, we shall prove that all
the Hopf algebra structures on the generalized quaternion algebras are isomorphic to Sweedler Hopf
algebra, which is consistent with the classification of 4-dimensional Hopf algebras.
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1. Introduction

Representing the natural extension of complex numbers, the quaternion is an effective way of under-
standing many aspects of physics and kinematics. Nowadays, the quaternion is used especially in the
areas of computer vision, computer graphics, animation, and to solve optimization problems involving
the estimation of rigid body transformations as well. Brand proved De Moivre’s theorem and used it
to find the n-th roots of a quaternion [1]. These formulas are also investigated in the cases of dual and
split quaternions [2,3]. Generally, a brief introduction to the generalized quaternions is provided in [4],
and some algebraic properties of the generalized quaternion have been studied in [5]. Recently, great
progress has been made in [6-8].

A Hopf algebra is a bialgebra with an endomorphism satisfying a condition that can be expressed
using the algebra and coalgebra structures. The first example of such a structure was observed in
algebraic topology by Hopf in 1941. Starting in the late 1960s, Hopf algebras became a subject of
study from a strictly algebraic point of view. Perhaps one of the most striking aspects of Hopf algebras
is their extraordinary ubiquity in virtually all fields of mathematics: from number theory to algebraic
geometry, Lie theory, Galois theory, separable field extension, representation, quantum mechanics, and
the list may go on. Refer to [9] and [10] for more knowledge about Hopf algebras.
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For the generalized quaternion algebra, its algebraic structure is influenced by two parametric vari-
ables. A natural question occurs to us: “what is the Hopf algebra structure on generalized quaternion
algebra”. The intuition tells us that the changes in two parametric variables may influence the Hopf
algebra structures in generalized quaternion algebra. Such influences have aroused our interest. The
purpose of this paper is to discuss the Hopf algebra structures in generalized quaternion algebra in
order to understand more information on generalized quaternion algebra.

The paper is organized as follows: In Section 2, we recall some basic definitions and results for
generalized quaternion algebra and Hopf algebras. The conditions that make the generalized quaternion
algebra a Hopf algebra are given in Section 3. In Section 4, we discuss what kinds of generalized
quaternion algebras have Hopf algebra structures. When the generalized quaternion algebras have
Hopf algebra structures, we describe all the Hopf algebra structures on them. It is proved that all
the Hopf algebra structures on the generalized quaternion algebras are isomorphic to Sweedler Hopf
algebra.

2. Preliminaries

Throughout the paper, C denotes the complex number field, C* = C — {0}. All algebras and coalge-
bras are over C and linear means C-linear. Unadorned tensor products ® are supposed to be over C. id
and o mean the identity map and the compound operation of maps. Given a matrix M, M’ means the
transpose of M, and

M 0

M(n) =

RN
S

S

for example, M(1) = M, M(2) = ( 1\04 ]3[ )

2.1. Coalgebras

A coalgebra (with counit) is a vector space C together with two linear maps, comultiplication A :
C — C®C and counit ¢ : C — C, such that the following conditions hold:

(A®id)o A= ({d®A) oA, (2.1

(id®e)oA=id=(e®id)oA. (2.2)

For a coalgebra (C, A, ), we use Sweedler-Heynemann notation with the summation sign sup-
pressed for the comultiplication map A, namely

A(c) = c1 ® ¢,
forall c € C.
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2.2. Hopf algebras

A space H is a bialgebra, if (H, m, 1) is an algebra, (H, A, €) is a coalgebra, such that the following
conditions hold:

(1) A is an algebraic morphism,

(2) & 1s an algebraic morphism.

Let (H,m, 1y, A, ) be a bialgebra. Then H is a Hopf algebra, if there exists an element S : H - H
(called an antipode) such that the following conditions hold:

S(h)hy = ey = S (hy). (2.3)

Let (H,m, 1y,A,&,5)and (H',m’, 1y, AN, €,S") be two Hopf algebras. A linear map o : H — H’
is called a bialgebra homomorphism, if the following conditions hold:

com=m'o(c®0c),c(ly)=1p,Nooc=(CQ0c)oA,g o0 ==¢.

If o is a bialgebra homomorphism satisfying S o o = 0 o S, then o is called a Hopf algebra homo-
morphism. As far as we know, a bialgebra homomorphism is also a Hopf homomorphism. If o is a
bijection, then we call o~ a Hopf algebra isomorphism from H to H’. We call H isomorphic to H’ if
there exists a Hopf algebra isomorphism between H and H'.

2.3. Sweedler Hopf algebra

Sweedler Hopf algebra Hj is generated by two elements g and v, which satisfy
g =1,v=0,gv+vg=0.
The comultiplication, the antipode, and the counit of Hy are given by
Ag) =g®gAV)=g@v+v®l,e(g)=1,&0»)=0,5(g) =g S =—gv.

Notice that the dimension of Hj is four, and 1, g, v, gv form a basis for Hy.

2.4. Generalized quaternion algebras

A generalized quaternion g is an expression of the form
q=ayky+a1E| + a,E, + a3 E5,
where ay, a,, a,, a; are complex numbers and Ey, E, E,, E; satisfy the following equalities:
E} = —aEy, E; = —-BEy, E; = —afEy, E|\E, = E3 = —E,E|,

E E3 = BE| = —E3Ey, EsE| = aE, = —E|E3, EoE; = E;Ey = Ej,

where o, € C,i = 0,1,2,3. The set of all generalized quaternions is denoted by H,z [11]. The
addition and multiplication of H,z are given as follows:

((loEo + alEl + (12E2 + a3E3) + (b()Eo + blEl + b2E2 + b3E3)
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= (ao+bo)Ey + (a1 + b)E| + (ay + b)) Es + (a3 + b3)Es,

(CloEO + a1E1 + azEz + a3E3)(boE0 + b]E] + szz + b3E3)
= (aohy — aa\b, — Barby — aPfazb3)Ey + (a1by + agby — fazbs + Barb3)E;

+(Cl2b0 + a/a3b1 + (lobz - aa1b3)E2 + (Cl3b0 - Clzbl + Cllbz + aob3)E3.

It is easily checked that H,s, with the above addition and multiplication, is an associative algebra. We
call H,z an algebra of generalized quaternions (or generalized quaternion algebra). Special cases are
considered as follows:

o If @ = =1, then H,p is the algebra of real quaternions.

o If @ = 1,8 = -1, then H,p is the algebra of split quaternions.

o Ifa =1,8=0, then H,; is the algebra of semi-quaternions.

o If a = —1,B =0, then H,; is the algebra of split semi-quaternions,denoted by Hi;.
o If @ =0, =0, then Hyz is the algebra of }L-quaternions [12].

3. Hopf algebra structures on H,s

In this section, we shall discuss the conditions that make H,z be a Hopf algebra. Let

€ = , €4 =

o — O O
- o O O

be the standard basis of C*.
For the sake of convenience, we adopt E;; = E; ® Ej;,i, j=0,1,2,3 and

Eo123 = (Eoo, Evo, Ex0, E30, Eo1, Er1, B, E31, Eg, Evo, Ex, Exp, Eos, Evs, Eoz, Es3).

Define a map
A Haﬁ d Haﬂ ®Haﬁ
as follows:
A(Ey) = Eo123X0, A(E)) = Eg123X),
A(E;) = Eo 123X, A(E3) = Eg123X3,
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where

ano
apo
aso
aso
aol
ap
asy
X, = asy
am
ap
an
asp
aos3
as

ans

ass

€00
€10
C20
C30
Co1
C11
21
X, = C3]
Co2
C12
(&)
C3
Co3
C13
C23
C33

Yo
Y1
Y2
V3

o
4
&
&

=

ao;
aj;
ay;
as;

Coi
Cii
Coi
C3i

’A = (y0a Y1:Y2s 73)’X1 = b()2 =

by To
b3 m
m
b1 3

d21 é‘:O
d%l gl

’C = (407 gla 42’ 43), X3 = - =

do &
di> &

boi
by

21 = bl ’B = (]70’ N, 12, T]S)a
2i

b3

doi

i = le s D = (0,61, 62, 83).

Let X = (Xo, X1, X2, X3), which is useful in the following discussions. Notice that A(Ey) = Ey ® E|
if and only if X, = (1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)?. In the definition of Hopf algebra, A is an
algebra homomorphism, so it should preserve the unit element. From now on, we will assume that

A(Ey) = Egy® Ej. So A =

Electronic Research Archive

1

o o

0

0
0
0

0

0
0
0
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Lemma 3.1. A satisfies the condition (2.1) if and only if the following equalities hold:

Proof. For E, since

Electronic Research Archive

A
XB = B(4)(e1(4), e2(4), e3(4), e4(4)) g ;

D

A
XC = C(@)(e1(4), e2(4), e3(4), e4(4)) g ;

D

A
XD = D(4)(e1(4), e2(4), e3(4), e4(4)) g

D

(A®id) o A(E))

3 3 3 3
A@id)(Y bosEoj+ Y biErj+ Y byExj+ Y bsEs))

=0 =0 =0 =0
3 3 3 3
Z b()jaklEk ®E1®Ej + Z Z b]jb]dEk®E1®Ej
=0 k=0 =0 k=0
3

3 3 3
D brcuE @ E\®Ej+ Y Y byduEy ® EIQ E;

=0 k,1=0 =0 k,1=0

+

3
Z booaklEk ® E] ® EO + Z blObklEk ® E[ ® E()

k=0 k=0
3 3
+ Z bz()Ck[Ek QFE QE,+ Z b30dk1Ek QE Q®E,
k,[=0 k,1=0

3 3
+ Z b()]aklEk ® E] ® E] + Z b]]bklEk ® E[ ® E]
k=0 k=0

3 3
+ Z bZICklEk QFE,QFE, + Z b31dk1Ek RFE ®E,
k,[1=0 k,1=0

3 3
+ Z bozaklEk ® E] ® Ez + Z b]zbklEk ® E[ ® Ez
k=0 k=0

3 3
+ Z bzzCkIEk QFE, QFE, + Z b32dk1Ek RQFE QE,
k,[1=0 k,1=0

3.1

(3.2)

(3.3)
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and

Electronic Research Archive

3 3
+ Z bpzayEy @ E;® E5 + Z bisbyE, @ E;® E
k,[=0 k,1=0
3 3
+ Z b23Ck1Ek ® E[ ® E3 + Z b33dk1Ek ® El ® E3
k,[I=0 k,1=0

3
Z(booakl + biob + b + byodi) Ex ® E; ® Ey
=0

3
+ Z(bO]akl + b11by + brciy + b3 di) Ex @ E; @ E|
f1=0

3
+ Z(bozakl + biaby + bycyy + bnd)Ex @ E;® E,
=0

3
+ Z(bosakl + bi3by + bazcy + bysdy)Ex @ E; @ E3
f1=0

(id® A) o A(E))

3 3 3 3
(ld ® A)(Z bj()Ej() + Z blejl + Z bj2Ej2 + Z bngJg)
=0 =0 =0 =0
3 3 3 3
Z bjoaklEj ® Ek ® El + Z Z bjlb]dEj ® Ek ® El
=0 k1 =0 k=0
3

3 3
Z ijCkIEj®Ek®El+ZZbﬁdklEj@Ek@El
=0 k, =0 k,1=0

3 3 3
Z bjoakoEj ® Ek ® Eo + Z ijlkaEj ®Ek ® EO
k=0 J=0 k=0

+
L1 ©

~
I
(=]

.Mw

Il
(=]

J

+

NgE

bjzckoEj®Ek®Eo + bj3dk()Ej®Ek®E()

T
=

N

+

bjoaklEj®Ek®E1+ bjlbklEJ'@Ek@El

M

DM 1D 1M 1M

~

Il
(=]
=~

Il
(=]

bjzck]EJ'@Ek@E] + bj3dk1Ej®Ek®E1

=~

=0

3

D bjbuE;® E @ E
k=0

bj()aszj ® Ek ® Ez +

DM I I I
D M- T 2D

I
[=]

J
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3 3
bj2Ck2Ej®Ek ®E2 + Z Zbﬁd}aE ®Ek ®E2

J=0 k=

3 3
bjOak3Ej®Ek®E3+Zzbjlbk3Ej®Ek®E3

=0 k=0

+

+
J

M- 1 1
M I T

3 3
ijCk3Ej QL @ E;+ Z Z ]3dk3E QFE,®E;
=0 k=0

Il
(=)
=~

Il
(=]

3 3
= Z Z(bjoako + bjlka + bjzcko + bj3dkO)Ej ® Ek ® EO
7=0 k=0

3 3
+ Z Z(bjoakl + bjlbkl + bjzckl + bj3dk1)Ej QE;,®E,

+

(bj()akz + bjlka + bjzckz + bj3dk2)Ej QE.QF,

D T
M- T

(bjoars + bjibis + bjpcis + bjzdiy)E; ® E ® E3,

~
Il
(=]
>~
Il
(=]

it follows that, for all X,/ = 0,1, 2, 3,
booax + b1obi + baocu + b3odu = broai + brib + bracio + bidio,
borai + b11by + bycy + bydy = broan + briby + bracin + biadyn,
boxai + b12by + by + badyy = broap + bribp + biacip + biadp,

bozay + bi3bi + byscy + byzdiy = broap + biabi + binc + bizds,

which is equivalent to (3.1). For E;, E3, as what we do for E|, it follows that the other equations hold.

O
1
Next, we define amap ¢ : Hyp — C, e(Ep) = 1,&(E;) = x;,i = 1,2,3. Setx = il
2
X3
Lemma 3.2. ¢ : H,3 — C satisfies the condition (2.2) if and only if the following equalities hold:
(A,B,C,D)x(4) = E = (AT, B",C", D")x(4) (3.4)
Proof. Straightforward. O

Electronic Research Archive Volume 32, Issue 5, 3334-3362.



Next, we discuss the conditions which make A and & be algebra homomorphisms. Set

1 0 0 0
0 - 0 0
UO_ O O _ﬂ 0 7U] -
0 0 0 —of
001 0
000 —a
B=l1 00 o V7
0a 0 0
Firstly, we compute
E0,1,2,3TE0,1,2,3
U, 0 0 0
0 (—U, 0 o |
0 0 (=AU, 0 00
0 0 0 (=aB)Uy
U0 0 0
0 (-)U, 0 0
1o 0o (pu o |Fot
0 0 0 (—eB)U,
U, 0 0 0
0 (—)U; 0 0
o o (pu, o |Fot
0 0 0  (—aB)Us
0O U 0 0
U, 0 0 0
o o o pu B0t
0 0 (-BU, 0
0O U, 0 0
Uy 0 0 0
o o o pu BT
0 0 (-BU; 0
0o 0 U 0
0 0 0 (~U,
Ty, o o o |Fef
0 oU, 0 0
0 0 Us 0
0 0 0 (—)Us
o, o o o |B2F
0 oU; 0 0

Electronic Research Archive

01 0 0

10 0 O

00 0 BY

00 -8 0

0 0 01

0 0 10

0 -1 0 0|

1 0 00
U, O 0 0
0 (-)U, 0 0
0 0 (=AU, 0
0 0 0 (—aB)U,
0 Uy O 0
Uy, O 0 0 |,
0 0 0 pBu, |™
0 0 (-PU, 0
0 U, O 0
U, 0 0 0 |,
0 0 0 pu, |7
0 0 (-BU, 0
0 0 U, 0
0 0 0 (ol |,
Uy O 0 0 02
0 aU, 0 0
0 0 U 0
0 0 0 (-l |,
U, 0 0 0 2
0 oU, 0 0
0 0 0 U,
0 0 WUy 0 |,
0 -U, 0 0o |'®
Uy 0 0 0
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0O o0 0 U
N 0O 0 U, O
0 -U, 0 O
g 0 0 O
0 0 0 Us
N 0 0 Us; O
0 -Us; 0 O
U, 0 0 O

Let N;; be the coeflicient matrices of E;;, i, j = 0, 1,2, 3. We can construct the following matrix

W = (Noo, N9, Nag, N3o, No1, Ni1, Nai, N3i, Noa, Ni2, Noo, N3o, Nog, Ni3, Noz, Ni33).

Notice that W is a 16 X 256 matrix.

E13 +

Es;.

0 O

0 O

0 -0,
U, O

0
U,

0

0

U,
0
0
0

Ex;

Lemma 3.3. With W defined above, A is an algebra homomorphism if and only if the following equal-

ities hold:

where

1

0
Li=|,
0

Proof. Foralli, j=0,1,

X"WX(16)V = L, X(4)",

V = (e1(16), €2(16), €3(16), e4(16)),

000 0 10 0 0 O
100 -« 00 0 0 O
0100 00-1-80
001 0 0a 0 0 -
2,3, since
AE)AE))
= XiTE0,1,2,3TE0,1,2,3Xj

1

0
0
0

SO =

o O O

—Q’ﬁ

o™ o o

X NooX;Eoo + X N1oX;E1o + - -+ + X] N33 X

Eo123X(16)" W' X;.

Now, we compute A(E;E;), for i, j = 0,1,2,3. When j = 1, we have

Moreover,

ANEWE, E\E, E>E, E3E ) = Eg123(X0, X1, X2, X3)

Electronic Research Archive

AEVE)) = Eg123X1, A(E\E)) = Eg123(—aX)),

AELE)) = Eg123(—X3), A(ESE)) = Eg123(aX>).

0
-

0

0

SO O =
R oo o

S O O =

(3.5

Volume 32, Issue 5, 3334-3362.



3344

Similar to what we do for j = 1, we can discuss the cases j = 0,2, 3, and get the following equalities:

T

A(EoEy, ELEy, E>Eg, E3Ey) = Eg123(X0, X1, X2, X3)

S O O =
S o = O
S = O O
—_ o O O

A(EoE,, E\E,, EJE,, E3E)) = Eg123(X0, X1, X2, X3)

oo o o&oo
|

L oo

o ococ o~

com~o

AEWE, E\E, E>E, E3E) = Eg123(X0, X1, X2, X3)

o™ o o
o
= R

—ap3

Since

A(EWE,,E\E,, E2E|, E5EY)

(A(Eo)A(EY), A(EDA(EY), A(E2)A(E)), A(E3)A(EY))

= E123X1(16) W'X,
it follows that
010 0Y
X;(16) W X=X 0 0 0 -1
0 0 a O
Similarly, we have
0 0 10)
0 0 01
WY — TWIY —
Xo(16)' W' X = XE, X,(16)) W X =X 50 00|°
0 -8 00
0 0 0 1Y
0 0 —-a O
WX —
X;3(16) W X=X 0 B 0 0
-8 0 0 O
Using the equalities above, we can get the Eq (3.5).
m]
Lemma 3.4. ¢ is an algebra homomorphism if and only if the following equality holds:
xx| = L;x(4). (3.6)
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Proof. Straightforward. O

Let S : H,s — H,p be a transformation,

kii ko ki3 kia
koi ka ko3 kos
k3t ki k3 kas
kit ki kiz kas

= (w1, Wy, W3, Wy)

the matrix of S with respect to the basis Ey, E, E,, E3. Thus we have
S(Eo, Ey, Es, E3) = (Eo, E1, E3, E3)K.

If S is an antipode, then S (Ey) = Ey, which yields ky; = 1,ky; = k3; = k41 = 0.
Next, we shall discuss when S is an antipode. Firstly, we prove a useful result: for

a b1
_| & _| b 4
ay b4
we have
EO v E()
E y E
T 1 T 1
/’t E2 (E(), E17E2’ E3)V - # U v Ez N (3.7)
E3 4 E3
where
U = (Uy, Uy, Uy, Us).
In fact,
Ey
E
u"'| ' (B, E\, Ey, Es)y
E,

E, E, E, E;

_ /JT EO —CL’EO E3 —CL’EQ
E, -E3 —BEy PE,

Es aE, -BE, —afE

1 0 0 0 01 0 0
0 -« 0 0 10 0 0
—_ T T
= Hlo o0 g o [T o0 0 p|"™®
0 0 0 —-op 00 -8 0
001 0 00 01
000 —a 00 10
T T
Ly 00 o "B o 210 0 |IYE
0 a0 0 1 0 00
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Lemma 3.5. S satisfies the condition (2.3) if and only if the following equalities hold:

where

T

wi(4) I x
w>(4) ~_|0 0
w3(4) U@y X = 0 0
w4(4) 0 0
1 x1 x

0 0 O

LIK@)X = 00 0

0 0 O

1 0 O

0 1 0

0 0 1

0 0O O

0 1 0

- 0 O

0 0O 0

0 0 «

L=l 0o 1

0 0 O

-8 0 O

0O - O

0 0 O

0 0 -«

0 B 0

-a8 0 O

Proof. For E;, on one hand, we have

x1Ey

EoS(E), Ei1S(E»), E>S (E»), E3S(E»), EoS (E3), E1S (E3), E>S (E3), E3S (E3))

g(ENEy = m(id ® S)A(E,)
= (EoS(Ep), E\S(Ey), E2S (Ey), E3S (Eo), EoS (Ev), E\S (E)1), E»S (Ey), E3S (E)),

|
—

S oo ~R OO —~=OO0o

=
@

o o O

m
yp)
3
N4

(3.8)

(3.9)

= (EoS (Ep), E1S (Ey), E»S (Ey), E3S (Eo))m + (EoS (Ey), E\S (Ey), E2S (Ey), E3S (E)n2
+(EoS (E2), E1S (Ey), EXS (Ey), E3S (Ex))ns + (EoS (E3), ES (E3), EXS (E3), E3S (E3))n,

Electronic Research Archive
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E, E, E, E,
E, E, E, E,
= m E, S(Eo) + 15 E, S(E) +m; E, S(Ey) +mj E, S(E3)
E; E; E; E;
Ey Ey
E E
= m " (Eo. Ey, Ex, E3)w) + m " (Eo, Ey, Epy E3)ws
E, E,
Es Es
Ey Ey
r| Ei r| Ei
+113 (Eo, £y, B, E3)ws + 14 (Eo, Ev, Ey, E3)wy
Ez E2
E; E,
Ey Ey Ey Ey
E, E, E, E,
= | g [SE+m| g |SEV+m| o |SE) | o ISES)
E; E; E; E;
w1 Ey Wy Ey
_ T wi E, T W E,
a 771 U w1 E2 * an W Ez
w1 E; w? E;
w3 E() Wy EO
T w3 E, T Wy E,
+U3U w3 E, * 774U Wy E, |’
w3 E3 Wy E3

which follows that

7 Uwi (@) + 73 Uwa(4) + 75 Uws(4) + 3 Uwa(4) = (x1,0,0,0),
For Ey,E, and E5, as we do for £, it follows that
¥ Uw @) + Y3 Uwy(4) + vi Uws(4) + 4 Uwy(4) = (1,0,0,0).

L Uwi4) + 4 Uwr(@) + & Uws(4) + & Uws(4) = (x2,0,0,0),
EUw1(4) + EUwr(4) + EXUws(4) + & Uwy(4) = (x3,0,0,0).

Thus, we have

w(4) d I x1 x x3
w2(4) Tv _ 0 0 0 0
w3(4) U@y X = 0O 0 0 O
w4s(4) 0O 0 0 O

Using the two equations above, we can get the desired equation (3.8). On the other hand,
xEy = S(El)EO = m(S 02 ld)A(El)
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= (S(Eo)Eon, S(EEy, S (E2)E), S (E3)E), S(E)E,S(EVDE,S(E)E;, S (E3)E),
m

S(Eo)E>, S(EV)E>, S(Ey)Es, S (E3)E>, S(Eo)Es, S(E1)Es, S (Ey)Es, S(E3)ES) Zi

T4
S (Ey) S (Ep) S (Ey) S(Ep)
S(E)) S(Ey) S(Ey) S(Ey)
— T T T E T E
M s@E) |7 s@E) |75 s@E) |27 s@E) |2
S(E3) S(E3) S(E3) S(E3)
Ey Ey Ey Ey
T E, T E, T E, T E,
= wis( o pEorms| )l DE+nis( L PE2+nis( )l DEs
E; E; E; E;
E, 0 10 0\(E
_ TgT E, rorl —@ 0 0 0 E,
= mK Bl p IFmE g 0 21 || E,
E3 0 0O o O E3
0 0 1 0)\(E 0 0 0 1\(E,
0o 0 o01|lE 0 0 —a 0| E
T T 1 T T 1
T s 0 ool B [T 0 5 0 ol B |
0o -8 0 o)\ E a8 0 0 o)\ E
which yield
T
m
1 K@)L, = (x1,0,0,0).
3
T4
For E,, E;, and E3, as we do for E|, it follows that
T T
Y1 4|
"2 K@YL, = (1,0,0,0),| €2 | K@'L = (1,0,0,0),
V3 &3
V4 44
T
&
2| K@L, = (x5,0,0,0).
&
&y

Thus, we have the desired equation (3.9).

From the lemmas above, we can get the main result in this section.
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Theorem 3.6. With A,&,S defined above. Then Hp is a Hopf algebra if and only if there exist the
matrices B,C, D, K and x,, x,, x5 € C satisfying the conditions (3.1), (3.2), (3.3), (3.4), (3.6), (3.7),
(3.9).

4. Description of Hopf algebra structures in generalized quaternion algebra

In this section, we shall discuss the value of @, 8 and whether there exist Hopf algebra structures on
H,p. Using (3.6), we have

a+x% =0,x1x0 —x3 =0,ax; + x1x3 = 0, X1 + x3 :0,,8+x% =0,

Xox3 — Bx; =0, x1x3 —ax; = 0,8x; + xx3 = 0,08 + x% = 0.

Thus, it follows that x3 = O and 8 = 0. If @ = 0 and 8 = 0O, then x; = x, = x3 = 0. Using (3.4), we
have

byxi + byxy + bapxs + b1y = 1,b12x1 + bi3xy + biaxs + by = 0,bpnx; + byzxy + bagxs + by = 1.

Thus, it follows that by, = 1,b1; = 0,b,; = 1. Using (3.1), we get bjxbyy + by1by, = 0, which is in
contradiction with by,by; + by1by; = 1. Thus, there are no Hopf algebra structures on ‘l—l—quaternion
algebra. From af = 0, it follows that at least one of @, S is a zero.

By Theorem 3.6, we have the following result:

Theorem 4.1. If @ = 0,8 = 0 or af8 # 0, then there are no Hopf algebra structures in the generalized
quaternion algebra.

By computing and analyzing with the help of the scientific computing software—Mathematica, we
have the following result:

Theorem 4.2. If a # 0, = 0, then there exists a bijection between all Hopf algebra structures on Hyg
and the (B, C, D, K, x1, x,, x3) consists of

(1) |
0 O' 00 ° ’ '(al) | V(g/;l)j
B 0 -7 00 C- 0 0 = . ’
0O 0 00 1-a —-£ 0 0
0O 0O 00 iva=Da (a=Da
7 ~ 0 0
0 0 iVia-Dava 1-a
b 0 0 —+(a-1a —i/—“a
—iVa-Da+a (a-1ua 0 0o |
i(a-1)
a 7 0 0
10 0 0
K- 01 0 0
10 0 2V@a-Da i(1-2a)va |’
00 -L= 2y@-Ta

(x1, X2, X3) =( iva 0 0 )

Electronic Research Archive Volume 32, Issue 5, 3334-3362.



3350

(1I)
0 0 00 0 0 '(a ) ! ((i%:))”
B: 0 TE O O ’C: 0 0 W —_ = ’
0O 0 0O 1-a ‘—‘; 0 0
0 0 0O iVa=Da @=Da
va " 0 0
0 0 ~iVla-Dava 1-a
5 0 0 —N@-Dha &
iVia-Tava V(a-Ta 0 o I
a _i(a-1) 0 0
Va
1 0 0 0
K- 01 0 0
10 0 -2v@-Da ia-D~a |’
00 ==  2Va-Ta
(x1, X2, X3) =( —iva 0 0 )
(111)
0 0 00 0 0 a —De
0O —4— 0 0 0 0 i(a—1) (a—Da
B = G .C = . Ve @ ’
0O 0 0O l1-a —’—\“ﬁ 0 0
0O 0 00 ivla=Da _ V{a-Da
Ve " 0 0
0 0 —iVla-Dava 1-a
D 0 0 V(a - 1a —i/—“a
| iVla-Dava -+va-1Da 0 0o
a i(a—1) 0 0
Va
10 0 0
K= 01 0 0
10 0 2v@a-TDa i(l-2a)Va |’
00 -2 2v@-Da
(Xl,xz,x3)=(i\/5 0 0).
(1V)
0 0 a iy(a—1)a
0 0 0 i(a—1) (\@1)
B: 0 W O O ,C: 0 0 _T [0 ,
0O 0 0O 1-a \% 0 0
0O 0 00 _iNla=Da _ Va=Da
Va " 0 0
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—
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S
N
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],

i2a—1)Va
—2+@=1a

Va

(a-1a

i(2a—1)

2

S — O O

=(-ive 0 0).

(x1, X2, X3)

(V)

=(ive 0 0).
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(VI)
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ab? ab
0 0 a*+al? a’+ab?
0 0 _ ia _ iab
va(a*+ab?) va(a*+ab?)
C= a? ivab? ia ib ?
a?+ab? T dtab? Ve Va
ab iab 0 0
a’+ab? \/5(a2+ab2)
aab a*
0 0 T 2rab? a?+ab?
D = aab a2+ab? a’+ab?
- aab a\a )
a? +o§b2 a? +a§2 0 0
ab _ ia _ia_ _ib_
a>+ab? va(a*+ab?) va Va
1 0 0 0
0 1 0 0
K = , 2ia \Jab . 24*
0 —a-ivab -5 —iNe(l-Z5)
A i(a*-ab?) 2iaab
Va V&(az+ab2) a’+ab?
(XI,XQ,X3):( iva 0 0 )
(VIII)
0O 0 00
i
B 0 " 00
- a ’
a Ve 00
ib
b Ve 00
0 0 ab® __ab
a’+qb? a’+ab?
0 0 ia* iab
C = . 5 \/&(azﬂlbz) \/&(azﬂtbz)
- a iVa ia ib ’
a? +;7yb2 a? +qz2 Va Va
_ a - ia 0 0
a*+ab \ﬂ(a2+ab2)
aab a?
0 0 a*+ab? a? +al722
0 0 iaab iVab
D= a’+ab? a’+ab?
= aah _ia~ab 0 0 >
a?+ab? a?+ab?
ab? ia? ia ib

a*+ab? \/5(a2+(yb2) Y Va

1 0 0 0
0 1 0 0
K=|0 —a+ivab 2% iva(l-2225) |
0  —p_ e {1-75) _ 2iayab
Va Va a+ab?

(x1,x2,x3) = —iva 0 0).
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(IX)

1
0

0
0

(X)

Electronic Research Archive

(x1, X2, x3) = ( iva 0 0 )

0 0 a b
0 i _a_ b
Vo Va va
B = ic ic(a2+ab2) .
¢ i 0 vt
Va a32b
ac iac ic(a2+ah2) 0
ab @%b a32p
a? ab
0 0 az.+al722 a’+ab?
0 0 _ iVab iab
a+ab?  a(a+ab?)
ab? _ ia® i(a+c) _ _iac >
a’+ab? Va(a2+ab?) Vo a32b
ab iab ib
a?+ab? Va(a2+ab?) Va 0
aab ab?
0 0 a’+ab? a’+ab?
O O a \/Eb _ ia
B - a+ab? Va(a2+ab?)
- aab lava ia ’
T @vab? T dtab? 0 Ve
) . ,'\/552 ic i(abz—ac)
a’+ab? a’+ab? Va a3%p
0 0 0
1 0 0
ic . - 2ia \ab iva(ab?-a?) ,
a( 1+ \/&b) +ivab—c a’+ab? a?+ab?
ac _ a0 _p i(ab?~a*) _ 2iavfab
ab Va \/5(a2+ab2) a’+ab?

a b
0 i _da_ _b
Va Va @
= ic 0 ic(a2+ab2) ,
c - =T
_ac iac ic(a2+ab2) 0
ab  a32p a32b
a> ab
0 0 a? +abz2 a’+ab?
0 0 ivab _ iab
a’+ab? Va(a2+ab?)
ab’ ia® _ia+o) iac >
a*+ab? Va(a2+ab?) Ve a32b
__ab iab _ib 0
a*+ab?  va(a+ab?) Va
aab ab?
0 0 a*+ab? a+ab?
0 O _ iaNab ia
a’+ab? \/a(a2+a/b2)
aab ia~ab 0 _a ’
a’+ab?  a’+ab? Va
a? ivab? ic i(ac-ab?)
a*+ab?>  a’+ab? Va a3%p
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1 0 0 0
1 0 0
= ic . iava iVa az—abz
K 0 a(_l - \/Eb) - l\/ab - C _312;({(;? \/:zg+ab2 ) ’
0 ac i(a—c) b i(“z_ahz) 2ia yab
&+ ~a Va(a+ab?) a’+ab?

(X1, X2, X3) :( —iva 0 0 )

Theorem 4.3. If o = 0,5 # 0, then there exists a bijection between all Hopf algebra structures on Hop
and the (B, C, D, K, x1, x», x3) consists of

(r)
0O O 00 0 0 0 —ib\B
1 a 00 —ia\pB 0 a iab~\p
B=lo - 00 |“T| o 0 -4 5 |
VB \B
0O 5 00 0 —iab\B 0 0
00 0 1 1 O 0 0
S |00 0 0] {0 0 -bpriav -ivB
100 O OpPT 10 O 1 0 ’
0a -5 b 0 -5 —a+ib\B 0
(X1,X2,X3)=(0 iVB 0)-
(1I’)
0O 0 0O 0 0 0 ib+\pB
1 a 00 iaNB 0 a —iab\B
B=to 2 00T 0 o 4+ » |
VB VB
0 b 00 0 iab\vB 0 0
00 0 1 1 0 0 0
L l00 00| |0 0 —bsrdavE ivE
100 O OpPT "0 O 1 0 ’
0 a \/LB b 0 ‘/43 —a—ib+\B 0
(X1, X2, x3) = ( 0 —ivB 0 )
(1)
01 0 O
0 a —L& b
B= VB :
00 0 O
00 0 O
0 —iayp O 0
0 0 0 —iab\B
C=1 o a -4 o |
VB
_ib\B iab\B b 0
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000 O
Do 0 00 a
0 0O _«/Lﬁ ’
1 00 b
1 0 0 0
K- 0 0 bB+iavB iVB
10 0 1 0o |
0 5 a+ib\B 0
(xl,xz,X3)=(0 i\B O).
(1V’)
01 0 O
B 0 a \/;B b ’
00 0 O
00 0 O
0 ia\B 0 0
0 0 0 iab+\p
€=l o a L+ 0 |
VB
ib\B —iab~\B b 0
000 O
D= 0 00 a
0 0O \/LB ’
1 00 b
1 0 0 0
K- 0 0 bB-iavB —-iB
10 O 1 0 ’
0 -5 a—ib\B 0
(Xl,xz,x3)=(0 —iB O).
(V')
V—=((a-Da)
0 a \/107 i
l1-—a b N c
B = m a—1+a ’
0 — 0 -3
CEm et e VG 0
VB a B
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0 V=(@=Da)b VB+(a—1)8c 0 Va—1(ab— «/;(2«1— Da) VBc)
Va—1+a a
alpe 0 Vi—ayBe  N=(a=Da)b VBe+(a—1)Bc?
C = a Va Va-1a*
- (a-1) VBe Via L ek
0 V=((a-Da) +b Va-1+B a
VicavBe (- V=(@=Da))b vBe—((a-1)5c?) 0
a-1 Va—1a3/2 ¢
0 —V=((a-1a) VB 0 l1-—a
~(a-Da) B 0 Va—1+a & 8% +b
. g e g
Va VB a
1 0 0 0
N (—a+Va=1va+1)b\B | (2a-1)Bc (1-2a)V1—a B
K- 0 2Va-1+va V== a =
10 0 1 0
e a(—ab+ Va—1 vab-2 \—(a-1)? \/Ec+b)— V=(@=TDa) vBe
0 \/L%\[Ba T -2 Va - 1\/5
(Xl,xz,xs)=( 0 %ﬁ 0 )
(VI')
V=((a=Da)
0 a \?ﬁ 7
l-—a b RV c
B= Va1 aiva |’
0 0 -3
e (i Rl G 7 R A
VB a B
0 (a—1)Bc— V=(a-Da)b \B 0 Va-1(ab+ v=((a=T)a) Vpc)
m\ﬁ a3/
_ fa=1 Be 0 (a=1)Be (a=1)Bc? = V=((a=Da)b \Be
C = a V(@ Da) R
Vi—aBe P} 7‘7‘1‘/%11 —ac+c
0 —e T b Viavi ——
Va—1yBe  N=(@DabBe—(a-1pc 0
Vi-a Va-1a32 ¢
0 V=((a-Da)\B 0 l1-—a
—V=((@a=Da)\B 0 Va—Tva b
b= 0 ~Va—-1+a 0 e
a (a=1) vBe V_i‘}_l)z B S
V=((@a-1a) B a
1 0 0 0
2a2Be+ va(1-ay’/*b \B+a \ -(a—1)2b \B-3aBc+fc Vi—a(a-1)\B
P 0 2Va-1+a @a R
10 0 1 0
VTmaa-t) a(—ab+ Va=1 vab+2 \~(a-1)? \/Bc+b)+ V=(@=TDa) vBe
0 Va1a¥? ~2Va-1+a

Electronic Research Archive

Volume 32, Issue 5, 3334-3362.



3357
(X1, X2, X3) = ( 0 1;‘:% 0 )
(VID’)
_ N=(@-ha)
0 a 0 NG
I-a ==
B = 0 V@12 0 aiva |°
B
e R R e
VB a B
0 (- V=(a=D)a))b VB-((a-1)Bc) 0 Va=1( V=(@=T)a) VBe—ab)
Va—1+a a7
a-lge 0 Vi—ayBe (= V=(@=Da))bBe-((a-1)8c?)
C — a \a ﬁ?m
0 @-DVBe  p =] -G —acke
V=(@-Da) Vi-avB a
Va—1+Bc V=((@a=Da)b \Bc+(a—1)Bc? c 0
Vi-a Va-1a3/2
0 —V=((a-1a) VB 0 1-a
~(a—Da) VB 0 ~Va-Tva =2 4 p
b= 0 Va—1+va 0 -k
a F—f \Be \/—?—1)2 -G
a B a
1 0 0 0
a-1pe  (a+Va—1~a-1)b~B Vi—a(2a-1)\B
0 —2Va-1+a Qa-pe _ (at VI=a2a-1) VB
_ a V=((@-a) a1
k=19 0 1 0 ’
Vi—a@a-1) Va—1a*2b+(a~1)ab-2 \/~(a-12aNBe+ V=(a—Da) vBe —
0 Va—1 VB Vo122 2Va~1va
(xl,x2,x3):( 0 %ﬁ )
(VIII’)
—((@a—1a)
0 “ é VB
l1-a b N c
B= 0 _ V-1 0 i iva |
\Wbﬁ b
_ V=((a=Da) Bt Na-lva 0
VB a B
0 V=(@=Da)b VB-(a-1)Bc 0 _ Va-1(ab+ ‘/;(2(“_ Da) VBe)
Va—1+a a
alpe 0 (a—1) Be V=(a=Da)b VBe—(a=1)c*
C= a V(@ Da) Va7
0 Ni-avBe , ) [ 5 —acte ’
Va a—1+B a
Vi—a\Be  (a—1)BcE——=((a-Da)b\Bc 0
a—1 Va-1a3/? ¢
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0 —((a-Ta) VB 0 l—a
—V=((a—Da)\B 0 ~Va-1+va \/?g\fc_i_b
b= Va - Vicaa |,
’ a=1+a 0 Va-1+B
(a=1) VBe _ m @ﬂ-
¢ V=) e .
1 0 0 0
0 —2Va-1+a 20%Be+ Na(1-ay/*b \B- \~(a=1)2ab VB-3apc+fe (1-2a)V1-a VB
= (a—1)a =
122a)Vica  Va—1@b+(a=Dyab+2 \/~(a=1)2a \Be- V=(@=Da) vBe
0 ( ‘/‘IT)I‘/B Va-1a32 2Va-1 \/E

1-a

(x1, X2, X3) =( 0 YelvB )

As shown in Theorems 4.2 and 4.3, if @ # 0, =0 or @ = 0,8 # 0, then H,z has the different Hopf
algebra structures. Next, we shall show that they are all isomorphic to Sweedler Hopf algebra. Thus,
they are mutually isomorphic to each other.

Theorem 4.4. All Hopf generalized quaternion algebras are isomorphic to the Sweedler Hopf algebra
Hy.

Proof. Firstly, we consider the case (I’). The desired map @ is given by

10 0 0
C o 0 0 B 0
(D(lal’]’k) - (l,g,V,gV) 0 1 —la\/B O
0 0 -8B -—iVB
1 0 0 0
. . 0 0 B 0 . . e
Since the determinant of 0 1 —iayB O is equal to —g, it follows that @ is bijective. It can
0 0 -3 -iVB

be proved directly that ® is a Hopf algebra homomorphism.
For the other types, let the desired map @ : H,3 — Hj as follows:

®(,1, j,k)=(1,8,v,gv)U.

Notice that @ is uniquely determined by the matrix U. See the following tables for the desired U.
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Types Range of a, b U Determinant of U
1 0 0 0
0 —iva 0 0
v a=1 0 (;F 0 1 -1
0 0 ﬁ 0
1 0 0 0
—o 0 —iva 0 0 B
a= 0 0 1 0 ¢
0 0 0 -iva
1 0 0 0
0 -iva 0 0
a#0,1 iaa &
0 0 1 o= a-1
0 0 - ive
1 0 0 0
0 iVa 0 0
v b=0,a+0 0 \({7 0 1 -1
0 - L 9
a a
1 0 0 0
0 iva 0 0 )
i a*
b#0,a#0 0 12 0 ﬁ 2
0 o P 0
1 0 0 0
0 —iva 0 0
VI b=0,a#0 0 0 0 1 -1
0 ’—‘/“; ﬁ 0
1 0 0 0
0 —-iva 0 0 )
i a”
b#0,a+0 0 12 0 _ﬁ 2
0 & = 0
1 0 0 0
) , 0 ive 0 0
b __a
Vil a“+ab” #0 0 “z;z’bz agﬁ:{sz Tl
0 0 " iab iava
21ab? 2iab?
1 0 0 0
) ) 0 -iva 0 0
VIII a” +ab” #0 _a _ _ab _ -
0 1 a2+ab? a2 +ab? a2 +ab?
0 0 iab _ _iava
a2 +ap? a2 +ab?
1
0 ive o0 (@+a0?)
IX c=0,b#0,a>+ab? %0 0 0 1 -4 —_
l(az‘H]/bz) : .
0 N ﬁ iva
1 0 0 0
0 iva 0 0
2 2 ab? ___aab o2
(@ +abDbe #0 0 ! (a2 +ab?) (a2 +ab?) 2(a2+ab?)
o0 N iayab io3/2p2
c (a?+ab?) c(a?+ab?)
1 0 0 0
0 ~iva 0 0 (@+ar?)
X c=0,b#0,a>+ab? 0 0 0 1 -4 -
i(az +ab2) i .
0 % - Ve
1 0
0 iVa 0 0
(@ +ab®be £ 0 0 1 ab? ___aab __a%?
(’(uz +nb2) ((uz +rvb2) 2 (az +ryb2)
0 ivab ia~ab io3/2p2
c (a?+ab?) c(a?+ab?)
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Types Range of a, b U Determinant of U
1 0 0 0
N 0 0 ivB 0
I ack [ 0 1 —iayg 0 ] -+
0 0 -8 —iB
1 0 0 0
s 0 0 -ivB 0
1T aeR [ 0 1 iaVB 0 ] B
0 0 -BB VB
1 0 0 0
0 0 ivB 0
IIT b=0 0 0 0 1 -1
0 \/#/'3 a 0
1 0 0 0
bs0 0 0 ivB 0 .
# i L
0 O1 1 v 28
ia
0o - I v 0
1 0 0 0
0 0 -ivB 0
v b=0 0 0. 0 1 -1
0o - \/#/'3 a 0
1 0 0 0
0 0 —i\B 0 .
b#0 i 1
0 01 1} 5 i/ﬁ e
ia
0 - 3 B 0
1 0 0 0
a=1\B
0 0 Vi 0
\'A al@a-1)#0 0 1 Be avB a:%
fa=1va ~(@=Da)
0 1 _ ¥=(@=Dab yB+(a-1)c Vi-a VB
al (a—Da Va—1
a
1 0 0 0
Vi-aB
0 0 pyrt 0
vr ala-1)#0 0 1 Be ___avB__ %
Va—1va V=(@=Da) “
0 1 V=(@=Da)b VB—(a—D)Bc Va-1+B
al (@TNa Vi—a
a
1 0 0 0
Vi-aB
0 0 e 0
vIP aa-1)#0 0 1 B __aB £
Va-1+a v=((a-Da) @
0 1 _ N=((a=Da)b VB+(a—1)Bc a—1B
a—1 (a—1)a T—a
a
1 0 0 0
Va-1~B
0 0 7\/? 0 , ,
vir al@a-1)#0 — < a =
@-1 0 ! Va-lva (@D a-l
0 1 V=(@=Da)b yB~(a=1)Be Vi—a VB
a1 (a-Da -1
a
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