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1. Introduction

Let F # () and G # 0 be subsets of a metric space (X, d). A self-mapping I' on F U G is said to be
noncyclic whenever I'(F) C F and I'(G) C G. In this situation, a point (p*,g") € F X G is called an
optimal pair of fixed points of I' provided that

Tp*.,I'q") =(p*,q") and d(p*,q") = Dist(F,G),

where Dist(F, G) = inf{d(p,q) : p € F, q € G}. We denote the set of all optimal pairs of fixed points
of 'in F X G by Fix(I' |pxc)-
I': FUG — F UG is called a noncyclic contraction if there exists 4 € [0, 1) such that

d'p,I'q) < Ad(p,q) + (1 — )Dist(F, G), (1.1)
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for all (p,q) € F X G.

In 2013, Espinola and Gabeleh proved that if F' and G are nonempty, weakly compact, and convex
subsets of a strictly convex Banach space X, then Fix(I' |pxg) # 0 for every noncyclic contraction I'
defined on F U G (see Theorem 3.10 of [1]).

After that, Gabeleh used the projection operators and proved both existence and convergence of
an optimal pair of fixed points for noncyclic contractions in the setting of uniformly convex Banach
spaces (see Theorem 3.2 of [2]).

We refer to [3—10] to study the problem of the existence of an optimal pair of fixed points for various
classes of noncyclic mappings.

Recently, the authors of [10] introduced a new class of noncyclic mappings called noncyclic Fisher
quasi-contractions, which contains the class of noncyclic contractions as a subclass, and they surveyed
the existence and convergence of an optimal pair of fixed points in metric spaces by using a geometric
notion of property WUC (Definition 2.2) on a nonempty pair of subsets of a metric space.

In this article, we extend the main conclusion of the paper [10] by considering an appropriate control
function and equipping the metric space (X, d) with a transitive relation R'. Indeed, we introduce a new
class of noncyclic mappings called noncyclic (¢, R')-enriched quasi-contractions, which is a kind of
contraction at a point defined first in [11] and generalized later on in [12, 13]. We then study the
existence, uniqueness, and convergence of an optimal pair of fixed points for such mappings in metric
spaces equipped with a transitive relation R’. This idea to consider a contractive condition only for
points in some transitive relations was first introduced in [14] in order to generalize the ideas of coupled
fixed points in partially ordered spaces, and further developed in a sequence of articles [15-17]. We
will also examine some other existence conclusions of an optimal pair of fixed points in the framework
of reflexive and strictly convex Banach spaces.

2. Preliminaries

In this section, we point out some definitions and notations, which will be used in our coming
arguments.
In what follows, By and Sy denote the unit closed ball and the unit sphere in a Banach space X.

Definition 2.1. ( [18]) A Banach space X is said to be

(1) uniformly convex provided that for every & € (0, 2], one can find a corresponding 6 = 6(g) with
the property that, whenever p, g € Bx with ||p — ¢l| > &, it follows that

ptq
—|I<1-¢;
I > I
(ii) strictly convex if for any two distinct elements p, g € Sy, we have
ptq
—|I< 1.
| > I

It is evident that every uniformly convex Banach space X is strictly convex. However, the reverse
does not universally hold. For instance, the Banach space ¢;, which is equipped with its standard norm

1
llall = Jledll} + lleell3, Yue € 1,
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where ||.||; and ||.||, are the norms on [! and /2, respectively, is strictly convex, which is not uniformly
convex (see [19] for more details). Also, Hilbert spaces and /7 spaces (1 < p < oo) are well-known
examples of uniformly convex Banach spaces. It is worth noticing that by the Milman-Pettis theorem,
every uniformly convex Banach space is reflexive, too.

Definition 2.2. ( [20,21]) Let F # 0 and G # 0 be subsets of a metric space (X, d), then (F, G) is said
to satisfy

(1) property UC, if for all sequences {p,},{p,} € F in F and {g,} € G, we have

lim,, e d(pn, q,) = Dist(F, G),

limn_mo d(pl/’l’ qn) = DlSt(F, G), } = ’}1_)1’{)10 d(pn’ pn) = O’

(i1) property WUC, if for any sequence {p,} € F such that
Ve> 0, dg € G ; d(p,,q) < Dist(F,G) + €, for n > ny,

{p.} is Cauchy.

In [22], it was disclosed that each nonempty, closed, and convex pair in a uniformly convex
Banach space X possesses the property UC. Additionally, if F # () and G # () are subsets in a metric
space (X,d), with F being complete and the pair (F,G) exhibiting the property UC, then the pair
(F, G) is also endowed with the property WUC (see [20]). For more information and properties of the
geometric notions of UC, we refer to [23] and the most recent results in [24], where the authors have
found a connection between the properties UC and uniform convexity and have introduced some
generalizations of these properties.

Here, we sate the main result of [10].

Theorem 2.3. ( [10]) Given nonempty and complete subsets F and G of a metric space (X, d), suppose
that the pairs (F,G) and (G, F) have the property WUC. Let noncyclic continuous self-mapping T’
on F U G, be a noncyclic Fisher quasi-contraction, that is, for some a,3 € N, there exists 1 € [0, 1)
such that

dTx,TPq) <AA[C?, CZ] + (1 —A)Dist(F,G) VpeF, qeq, 2.1
where Cl := {u,I'u, u,--- ,Tu} forue X, n €N, and
AICE, C3] = supld(p’.q") = (p'.q") € Ch x Cf).

There exists (p*,q") € F X G such that Fix(I" |pxc) = {(p*,q")}, T"po,1"q0) = (p*,q") asn — oo
for every (po,qo) € F X G.

3. Noncyclic (¢, R')-enriched quasi-contractions

Throughout this section, we assume that / is an identity function defined on [0, +00) and ¢ € [¢],
such that

[¢#] ::{cp : [0, +00) — [0, +0) : ¢ is a strictly increasing function and I — ¢ is increasing}.
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For instance, if we define ¢;(f) = At for some A4 € [0,1) and ¢,(f) = (t + 2) — In(¢ + 2) and
@3(t) =t— Vt+1+3,then ¢; € [¢] for j =1,2,3.
It is worth noticing that if ¢ € [¢], then for all # > 0, we have

(1) > 90(%) >0, (3.1)

So, (I —¢)(t) < tfor all t > 0. Since I — ¢ is increasing, it can be easily proven that ¢ is continuous.
Also, for given nonempty subsets F and G of a metric space (X, d), we set

d'(p,q) :=d(p,q) — Dist(F,G), VY(p,q) € FxG,
A'[F,G] :=sup{d"(p,q) : (p.q) € F xG}.

Definition 3.1. Let F' # 0 and G # 0 be subsets of a metric space (X, d) and “R"” be a transitive relation
on F. Let I' be a noncyclic mapping on F' U G, then

(i) we say that I"is R'-continuous at p € F if for every sequence {p,} in F with p, — pand p, R p..1,
for all n € N, we have I'p,, — I'p;
(ii) we say that I preserves “R"” on F whenever Tu R' Tv for every u,v € F with uR'v;
(iii) we say that “R” has a property (%) on F, if for any sequence {p,} in F with p, —» p € F and
Pn R ppy1 for all n € N, we have p, R p for all n € N,

Now, with these prerequisites and inspired by the main existence results of [10], we introduce the
following new family of noncyclic mappings. Henceforth, we denote a metric space (X, d) equipped
with a transitive relation “R" by X%

Definition 3.2. Let 0 # F,G € X%'. A mappingl’ : FUG — F UG is said to be a noncyclic
(p, R)-enriched quasi-contraction if I" is noncyclic. For some a,8 € N,

d'(Tp,Tq) < - ) (A'[CE, CF), (3.2)
for all (p, gq) € F X G that are comparable with respect to “R"”.

Example 3.3. Let F # 0 and G # () be subsets of a metric space (X,d) andletI': FUG — FUGbe a
noncyclic Fisher quasi-contraction in the sense of Theorem 2.3, then I' is a noncyclic (¢, R')-enriched
quasi-contraction with R := X x X and ¢(¢) := (1 — )t for¢t > 0 and A € [0, 1).

Remark 3.4. Let) # F,G € X% andT" : FUG — F UG be anoncyclic mapping. Set D := Dist(F, G).
If for any (p, q) € F X G, we have

dI'p,T'q) <(I — ¢) (max{d(p, q),d(p,I'q),d(q,I'p)}) + ¢(D),
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then

d('p,I'q) < max {(I — p)(d(p,q)),[ — e)d(p,I'q)),I — ¢)(d(q,I'p))}
-I-p)(D)+D

- max {(1 —o)d(p.q) + D) — (L - QD) (I - )(d'(p,Tg) + D) — (I — p)(D),
(I - 9)(d"(q,Tp) + D) — (I - 90)(3)} +D. (3.3)

Now, define ¢* : [0, +00) — [0, +00) with ¢*(¥) := ¢(t + D) — (D) for all + > 0. In view of the
fact that (I — ¢*)(1) = (I — p)(t + D) — (I — ¢)(D), we can see that ¢* is strictly increasing and [ — ¢ is
increasing. So from (3.3), we get

dTp,Tg) <max {( - )@ (.. (I - ¢ (0. Ta), ([ = ¢ @ Tp)} + 2
<(I - ¢") (max{d"(p,q),d"(p.Tq),d"(q.I'p)}).

Example 3.5. Given complete subsets F # 0 and G # 0 of a metric space (X, d),letI' : FUG —» FUG
be a noncyclic ¢-contraction ( [8]), that is, I" is noncyclic on F U G and

d¢ € [¢]; dTx,Ty) <d(p,q) — ¢(d(p,q) + ¢(Dist(F, G)), VY(p,q) € FxG.
From Remark 3.4, T is a noncyclic (¢*, R')-enriched quasi-contraction with R' := X x X.
The following lemmas play essential roles in proving our main result in this section.

Lemma 3.6. Let O # F,G C X% be complete. Let T be a noncyclic (¢, R')-enriched quasi-contraction
mapping on F U G, and T preserves “R'”. Let py € F and qy € G be such that py R’ qo R' T py. Define
Pni1 :=Ip, and q,+1 :=Tq, for each n > 0O, then for any m,n € N, we have

A [CP, C9] = d*(T* py, T'qq), where k < a or 1 < . (3.4)
Proof. Since I preserves “R”” on F' U G and py R gy R’ p1, we get
PR @R pRGR paR @R psR -+ . (3.5)
So, from transitivity of R', for all i, j € N, we have
pi and g; are comparable w.r.t. “R"". (3.6)

Suppose that A*[CE°, C] = d*(T py, T/qo), where @ < i < nand 8 < j < m. From (3.2) and (3.6),
we have
d*(T' po, T/ go) = d* (T pizas Tqjp)
* i—a qj-
< (I - (A1Ch, Ci)
< - A[Cr,.CR). (3.7)

Thus, we must have ¢ (A*[C}°, C]) < 0. Strictly increasing of the function ¢ causes A*[CE°, C¥] =
0 and A*[CE°, CI1 = d*(py, qo), which ensures that (3.4) holds.
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Lemma 3.7. Under the assumptions and notations of Lemma 3.6, for every m,n € N, we have
A*[CP,CI0] < My, 40 (3.8)
where

Mpyq = max {d*(r"po, go). ¢ (d(Tpo. T po)) ¢~ (AT 0. Tg0)) }

0<i,j<max{a,B}

Proof. From Lemma 3.6, we have A*[C}°, C'] = d*(I"' po, I/ qy), for some i, j > O where i < @ or j < f3.
In the case that i < @ and j < 3, (3.8) clearly holds. Therefore, without loss of generality, it can be
assumed that 0 <i < @ and 8 < j < m. Using (3.7), we obtain

A*[CP, C2] = d*(T" po, T qo)
< d(T" po, T po) + d* (T po, T qo)
< d(T'po, T po) + (I — p) (A*[CE°, C2)),

which deduces that
¢ (A[C, C) < d(Xpo, T po).-
Since ¢ € [¢], ¢! exists. Therefore,
A[CP, C0) < ¢! (d(Tpo, T po)),
and so (3.8) holds.

Lemma 3.8. Under the assumptions and notations of Lemma 3.6, for each m,n,r,s > 0 with m,n >
max{a, 8}, we have

A[CP, C"] < (I - @) (A[CLz, CoPY). (3.9)

r+a s+ﬂ

Proof. It follows from the relation (3.7) that for some 0 < <r,0 < s’ < s,

A [CP, C¥) = d*(T" P T )
= d(FPH,Pn—m Fq+S,Qm—,B)
< (- @) (A'[C . ).
Hence, (3.9) holds.

Lemma 3.9. Under the assumptions and notations of Lemma 3.6,
Ve>0, dmeN; d(p,,qn) <Dist(F,G)+¢€, for n=>m.

Proof. From Lemma 3.8, for n, m > max{2a, 23}, we have
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& (pu, qm) = NICY", Co]
<U-g)(1Ch.ch)
< (- (- o) (A1Ch>. 1)
= (I - ¢ (A'ICh, ).

Continuing this process and using Lemma 3.7, we get

0 <d*(pnsqm)
S (I — Sa)kn,m (A* [Cp”*kn,mﬂ Cqukn,mﬁ])

knmee 2 knmfB
< (I = @) (A[C, C)
< U =9 ( Mpyq) (3.10)

where k,, = min{[ 2], L%J}. On the other hand, for the purposes of this discussion, it is permissible to

presume that M, ., > 0. Since I — ¢ is increasing and (I — ¢)(¢) < ¢ for all # > 0, we obtain

Mpoaqo >(I-¢) (MPOJIO) > (- ‘)0)2 (MPOstO) = (3.11)

Additionally, from (3.10), for every i € N there exist n;, m; € N such that k,,,,, > 7, and so (3.11)
implies that
I-¢) ( Mpo,qo) > (I - )i ( Mpo,qo) 2 0.

Thus,
Mgy 2 (L= 0) (M g) 2 (I = ) (M) 2 -+ 2 0,

which deduces that the sequence {(/ — ¢)* (M ,,O,qo)} is decreasing. Since {( — ¢)* (M po,qo)} is bounded
below, we assume that

im (7~ o) (Mpuq) = 5.

for some s > 0. If (I — ) (MPMO) = 0 for some ko > 1, then s = 0. Otherwise, if (I — p) (Mpo,qo) >0
for each k € N, from continuity of / — ¢, we get

(I = p)(s) =5,
hence, ¢(s) = 0, and from (3.1), we get s = 0. Therefore, from (3.10), we conclude that
Ye>0, AmeN: d(p.,qn) <€ for n>m,

and, in addition, the lemma.
The next result is a direct consequence of Lemma 3.9.

Corollary 3.10. Under the assumptions and notations of Lemma 3.6, if (F, G) has the property WUC,
then the sequence {p,} is Cauchy.
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We have now reached a level of preparedness that allows us to demonstrate the main existential
finding of this segment, an expanded variant of Theorem 2.3.

Theorem 3.11. Under the assumptions and notations of Lemma 3.6, the following statements hold:

(1) If the pair (F,G) satisfies the property WUC, the set F is complete, and I' |p: F — F is R'-
continuous on F, then there exists p* € F such that I'p* = p*;
(ii) If the pair (G, F) satisfies the property WUC, the set G is complete, and T |g: G — G is R'-
continuous on G, then there exists ¢* € G such that I'q* = q*;
(iii) If, in addition to (i) and (ii), every pair of elements (p,q) € F X G are comparable w.rt. “R'”,
then Fix(T |rxc) = {(p", ")}

Proof. (i) Let p,,1 := I'p, for each n > 0. From Corollary 3.10 and completeness of F, the sequence
{p,} converges to some p* € F. Also from (3.5), we have p, R p,.1 for each n > 0. Since I' | is
R'-continuous, it follows that I'p* = p*.

(i1) By using a similar argument (i), the result is obtained.

(iii) If p* € F and ¢* € G are the fixed points of 7', then from Lemma 3.9 we have

d(p*,q") = lim dI" py,I"qp) = Dist(F, G),

that is, (p*, ¢*) € Fix(I' |rxg). Now, assume that each elements p € F and g € G are comparable with
respect to “R'”. Suppose p is another fixed point of ' in F and let gy € G. From Lemma 3.9, we have

lim d(p*,I"qo) = lim d(I"" p*, T"qp)
= Dist(F, G)
= lim d(I"p, " qo)
= lim d(p,I"qo).
Since (F, G) satisfies the property WUC, we get p* = p. In a similar fashion, it becomes apparent
that g* is a unique fixed point of I' in G.
Example 3.12. Consider X := R with the usual metric and let

1
+

R ::{(in+l’_m

1
+1)eX><X: n,meN}.

For F = [0, 1] and G = [-1, 0], define a noncyclic mapping ' : F UG — F U G with

p .
™ ifpe{-=: neNj,
I'(p) = 1 ifpeF\{0,-5: neN}
0 if p=0.
ﬁ] ifge{--: meN)
Ma=1 -1 ifpeG\{0,-=: meN),
0 ifg=0.
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If o(t) = 1 for t > 0, then (I — )(1) = ﬁtzz and ¢ € [@]. Let (p,q) € F X G be comparable w.r.t.

“R", then we must have (p, g) = (n e —m) for some n, m € N, which implies that

1 1
d*(rp’ rq) — | n+12 + m+1
I+ s
1,1 4
n+l m+1 (n+1)(m+1)

1+2( 4

n+1 m+l ) (n+1)(m+1)

4
n+1 T oo m+1 + (n+1)(m+1)

1+2(—+—

n+l1 m+1

n+1 m+l) + (n+1 m+l)2
1+ 2(

1t )

1
= -9 (—— +
( "0)(n+1 m+1

= -p)(d(p,9),

)

that is, I is a noncyclic (¢, R)-enriched quasi-contraction map, which is not a noncyclic ¢-contraction.
It is not difficult to see that all conditions of the part (i) of Theorem 3.11 are satisfied, and p* = Ois a
fixed point of I" in F. Note that since every pair of elements (p, g) € F X G are not comparable w.r.t.
“R™, the fixed point of I' in F is not unique.

Example 3.13. Again, consider X := R with the usual metric and let R* := X x X. For F' = [0, 1] and
G = [-1, 0], define a noncyclic mapping ' : FUG — F U G by

) if peF,
L(p)=4 47 oo
i .
1-2¢ 1
If o(r) = % for t > 0, then ¢ € [¢]. A similar argument of the previous example shows that

d*(Tp,Tq) < (I — o)(d*(p,q)) for all (p,q) € F x G. Hence, I' is a noncyclic (¢, R")-enriched quasi-
contraction map. It now follows from Theorem 3.11 that p* = 0 is a unique fixed point of I" in F.

The next theorem shows thatif @ = 1 (resp., 8 = 1) in Definition 3.2, then we can drop the continuity
of T|r (resp., T'|g) in Theorem 3.11. In this way, we obtain a real generalization of Theorem 3 in [6] as
well as Theorem 2.7 in [10].

Theorem 3.14. Let O # F,G C X% be such that F is complete and (F, G) satisfies the property WUC.
Let “R'” be a transitive relation on F U G with the property (x) on F, and T is a noncyclic (¢, R')-
enriched quasi-contraction mapping on F U G with a = 1, for which T preserves “R'” on F U G. Let
po € F and gy € G be such that po R qo R T po, then there exists p* € F such that Tp* = p*. If every
pair of elements p € F and q € G are comparable with respect to “R'”, then T has a unique fixed point
inF.

Proof. From the proof of Theorem 3.11, the sequence {I"”py} is convergent to some p* € F. By
Lemma 3.9, p, R p,,1 for each n > 0. By using property (x), we get p, R p* for each n > 0. Now,
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from the relation (3.6), we obtain g, R’ p,.1 R’ p* for each n > 0. Thus, g, R' p* for each n > 0, and by
the fact that I" is a noncyclic (¢, R’)-enriched quasi-contraction from (3.2), we have

d'(Tp*,T"qo) = d"(Tp", g, 5) < (I — ) (A'[C] , C51).
Therefore,

lim sup d"(Tp*, T"qo) < (I — go)( max { lim sup d*(p", T"qo), lim sup " (Tp", rmqg)}).
By Lemma 3.9, we get
limsupd*(T'p*, T"qo) <(I — ¢) (max {0, limsup d*(T'p”, F"qo)}).

n—00 n—oo

Hence,

@ (lim supd*(I'p”, F"qo)) =0.

n—oo

So, from (3.1), we obtain
lim d(I'p*,T"qq) = Dist(F, G). (3.12)

Since lim,_,., d(p*,1"qo) = Dist(F, G), from (3.12) and by taking into account that (F, G) has the
property WUC, we conclude that I'p* = p*. The uniqueness of a fixed point of I" in F follows from an
equivalent discussion of Theorem 3.11.

Corollary 3.15. Let F # 0 and G # 0 be complete subsets of a metric space (X,d) such that (F,G)
and (G, F) satisfy the property WUC. Let “R'” be a transitive relation on F U G with the property (x)
on FUG. Assume that T is a noncyclic mapping on F U G satisfying

d'(T'p,Tq) < - ¢) (max {d"(p,q),d"(p.Tq),d"(q,Tp)}),

for each (p,q) € F X G that are comparable with respect to “R'”. Let (py,qo) € F X G be such that
PoR qoR' I'py and T preserves “R'” on F U G, then there exists (p*, q*) € Fix(I |pxg). If every pair of
elements p € F and q € G are comparable with respect to “R'”, then Fix(I' |rxc) = {(p*, ¢%)}.

Building upon the foundations laid by the preceding theorem, we arrive at a subsequent finding that
serves as a generalization of Corollary 2.8 of [10].

Corollary 3.16. Let F + 0 and G # (0 be complete subsets of a metric space (X, d) such that (F,G) and
(G, F) satisfy the property WUC. Assume that I is a noncyclic mapping on F U G satisfying

d'(T'p,Tq) < - ¢) (max {d"(p,q),d"(p.Tq),d" (g, Tp)}),

for each p € F and q € G. There exists (p*,q*) € F X G such that Fix(T |rxc) = {(p*,q")}, and for
every po € F and qy € G, the sequences {I"" po} and {1"q} converge to p* and q*, respectively.
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The following common fixed point results are obtained from Theorem 3.11 and Corollary 3.15,
immediately. These results are extensions of Corollaries 2.10 and 2.11 of [10].

Corollary 3.17. Let I" and A be two continuous self-mappings on a complete metric space (X, d) such
that for some a,8 € N,

d(Tp, Ng) < (I - ¢) (max {d(I'p, Alg) : 0<i<a, 0<j<p))

for all p,q € X, then A and T have a unique common fixed point p* € X such that lim,_,., " py =
lim,_,o, A"py = p* for every py € X.

Corollary 3.18. Let I and A be two self-mappings on a complete metric space (X, d) satisfying

d('p, Aq) < (I - ¢) (max {d(p, q),d(p, Aq),d(q.T'p)}),

forall p,q € X, then A and I have a unique common fixed point in X.
4. More results in reflexive and strictly convex Banach spaces

In the latest section of this article, motivated by the results of [25, 26], we present some other
existence, convergence, and uniqueness of an optimal pair of fixed points of noncyclic
¢-quasi-contractions in the setting of reflexive and strictly convex Banach spaces. We also refer
to [27-29] for different approaches to the same problems for cyclic mappings and some interesting
applications in game theory.

Throughout this section, we assume that ¢ € [¢]. Also, by “ % », we mean the weak convergence
in a Banach space X.

Theorem 4.1. Suppose that F + 0 and G # 0 are weakly closed subsets of a reflexive Banach space X
andletl" : FUG — F UG be a noncyclic ¢-quasi-contraction map, that is,

ICp —Iqll <(I — @) (max {[lx — yll, [lx — Tgll, ITp — ylI}) + ¢(Dist(F, G)),
forall (p,q) € F X G. There exists (p*,q") € F X G such that ||p* — q*|| = Dist(F, G).

Proof. Inthe case that Dist(F, G) = 0, the result follows from Theorem 3.14. Otherwise, if Dist(F, G) >
0, for an arbitrary element (py, q9) € F X G, define

(pn+1’ Qn+1) = (rpn’ FQn)a Vn > 0.

From Lemma 3.9, the sequence {(p,, g,)} is bounded in FXG. Since F is weakly closed in a reflexive
Banach space X, there exists a subsequence {p,,} of {p,} with p,, N p* € F. As {q,,} is a bounded
sequence in a weakly closed set G, without loss of generality, one may assume that g, 5 qg €G
as k — oo. Since p,, — gn, 5 opr - q" # 0 as k — oo, one can find a bounded linear functional
f : X — [0, +00) with the property that

IfIl=1 and  f(p"—q") =1p" =4I
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It follows from Lemma 3.9 that
lp" = q*ll = 1f(p" = q")I
= /}g}}o |f (P, — )l
< Jim I1£1l1pn, = gl
= 1im lIpy, = g
= Dist(F, G).
So, [|p* = ¢*|| = Dist(F, G).

Definition 4.2. Suppose that F and G are subsets of a normed linear space X and I" is a noncyclic
self-mapping on F U G. We say that I satisfies the D-property on F if {p,} is a sequence in F and {g,}
is a sequence in G, such that

pn—> p* €F, |pn— qull = Dist(F,G), and |[[p, — g,|l = Dist(F,G),

then I'p* = p*.

Note that if Dist(F, G) = 0 or (F, G) has the property UC, then the conditions of the above definition
require that

DPn NN p eF, and |I'p,—p.ll— 0.

Therefore, in these cases, the D-property of I' on F' is equal to demiclosedness property of I —I" | at O.

Theorem 4.3. Suppose that F # 0 and G # (0 are weakly closed subsets of a reflexive and strictly
convex Banach space X and letT" : F UG — F U G be a noncyclic p-quasi-contraction map. Assume
that one of the following conditions is satisfied:

(a) F is convex and T is weakly continuous on F;
(b) T satisfies the D-property on F.

Thus T has a fixed point in F.

Proof. In the case that Dist(F,G) = 0, there is nothing to prove by Theorem 3.14, so assume that
Dist(F,G) > 0. Let (po, gqo) € F X G be an arbitrary element and define

(Pn+1sGus1) = TpuTq,), Yn>0.

From Theorem 4.1, there exists a point (p*, g*) € F X G and subsequences {p,,} and {g,,} such that
Ip* — ¢*|| = Dist(F, G), p,, — p* € F,and g,, — ¢* € G as k — co.
(a) Since I' is weakly continuous on F and I'(F) C F, we have p, . 5 I'p* € F as k — oo. Since

Pl — G, N I'p* —q* # 0 as k — oo, one can find a bounded linear functional f : X — [0, +0c0) with
the property that

I/l=1, and f(Tp"—q)=Ilp" —qll
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It follows from Lemma 3.9 that
ICp* = q'll = IfTp" = ¢
= lim |f(pu1 = Gn)l
< Hm [l APt = gl
= lim lIpy+1 = gl
= Dist(F, G).

So, [[I'p* — ¢*|| = Dist(F,G). We assume the contrary, I'p* # p*, and it follows from the strict
convexity of X that

1222 o)l < Dist(F, G). 4.1)

2
. . “4Tp* . ..
Since F is convex, £ +2p € F, so (4.1) is a contradiction.

(b) It follows from Lemma 3.9 that

Lim lIpy, = gull = lim I'py, = gu [l = Dist(F, G),
and by the D-property of I' on F, we get I'p* = p*.

Theorem 4.4. Suppose that F # 0 and G # () are weakly closed and convex subsets of a reflexive and
strictly convex Banach space X, and letT" : F UG — F U G be a noncyclic ¢-quasi-contraction map.
Let one of the following conditions be satisfied:

(a) T is weakly continuous on F U G;
(b) T satisfies the D-property on F U G.

Thus, Fix(I' |pxg) # 0. Also, if (F — F) N (G — G) = {0}, then Fix(I |rxg) = {(p*,q")} for some
(p*,q") € F xG.

Proof. According to Theorems 4.1 and 4.3, it is enough to prove the uniqueness of an optimal pair
of fixed points (p*,q*) € F X G. Suppose that there exists another point (p’,g’) € F X G for which
llp’—¢’|| = Dist(F, G). As (F-F)N(G-G) = {0}, we obtain that p’—p* # ¢'—¢* (since (p’,q’) # (p*,q"),
we have p’ # p*orq’ # q°. Hence, p’ — p* # 0or ¢’ — q* # 0), so p* — ¢* # p’ — ¢’ . From the strict
convexity of X, we have

/7 k

P+r qd+gq
2 2

| || < Dist(F, G). 4.2)

which is a contradiction.

The next result guarantees the uniqueness of an optimal pair of fixed points in Theorem 3.5 of [5].

Theorem 4.5. Suppose that F # 0 and G # () are closed and convex subsets of a reflexive and strictly
convex Banach space X and letT" : F UG — F U G be a noncyclic ¢-contraction map, that is,

ITp —Tqll <llp —qll = ¢(lp — gl)) + p(Dist(F, G)), 4.3)

forall (p,q) € FXG. If (F—-F)nN (G- G) = {0}, then there exists (p*,q") € F X G such that
Fix(I' |[rxc) = {(p", ")}
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Proof. In the case that Dist(F, G) = 0, the result concludes from Theorem 3.14 directly. Otherwise, if
Dist(F,G) > 0, since F is closed and convex, it is weakly closed. It follows from Theorem 4.1 that
there exists (p*, ¢*) € FXG such that ||p*—g*|| = Dist(F, G). The proof of uniqueness of (p*, ¢g*) € FXG
with ||p* — ¢*|| = Dist(F, G) is concluded from a similar discussion of Theorem 4.4. It follows from
(4.3) that

Ip" —Tq'll = llp” — ¢"ll = Dist(F, G),
which ensures that (I'p*,I'q*) = (p*, ¢*). Thus, I'p* = p* and I'q* = ¢*, and we are finished.
5. Conclusions

In this paper, we defined a new class of noncyclic mappings and investigated the existence,
uniqueness, and convergence of an optimal pair fixed point for such maps in the framework of metric
spaces equipped with a transitive relation. We also presented the counterpart results under some other
sufficient conditions in strictly convex and reflexive Banach spaces. In this way, we obtained some
real extensions of previous results that appeared in [2, 10,22, 25].
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