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Abstract: For an odd prime p and a positive integer α, let g be of multiplicative order τ modulo q and
q = pα. Denote by N(h, g, q) the number of a such that h ∤ (a + (ga)q) for any 1 ≤ a ≤ τ and a fixed
integer h ≥ 2 with (h, q) = 1. The main purpose of this paper is to give a sharp asymptotic formula for

N(k, h, g, q) =
τ∑

a=1
h∤(a+(ga)q)

∣∣∣a − (ga)q

∣∣∣2k

where k is any nonnegative integer and (a)q denotes the smallest positive residue of a modulo q. In
addition, we know that N(h, g, q) = N(0, h, g, q).
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1. Introduction

Let p be an odd prime. For each a = 1, . . . , p − 1, there is a unique ā ∈ {1, . . . , p − 1} such that
aā ≡ 1 (mod p). If a ∈ {1, . . . , p − 1} and ā (the inverse of a modulo p) are of opposite parity, then we
call a a Lehmer number. D. H. Lehmer asked for something nontrivial about

L(p) = #{1 ≤ a ≤ p − 1 : 2 ∤ a + ā}

(the total number of Lehmer numbers among 1, . . . , p − 1) (see Problem F12 of [1]), this is called the
D. H. Lehmer problem. Zhang [2, 3] obtained an asymptotic estimate of L(p):

L(p) =
p
2
+ O(p

1
2 ln2 p).
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For an odd integer q, Zhang [4] gave the following result
q∑′

a=1
2|(a+ā+1)

(a − ā)2k =
ϕ(q)q2k

(2k + 1)(2k + 2)
+ O(4kq2k+ 1

2 d2(q) ln2 q),

where
∑′q

a=1 denotes the summation over all a such that (a, q) = 1 and 1 ≤ a ≤ q, d(q) is the divisor
function. For any nonnegative integer k and any real numbers x, y with 0 < x, y ≤ 1, let

Fq(x, y, k) =
xq∑′

b=1

yq∑′

c=1
bc≡1 (mod q)

2∤(b+c)

(b − c)2k.

Zhang also proved

Fq(x, y, 0) =
1
2

xyϕ(q) + O(q
1
2 d2(q) ln2 q).

Recently, Niu, Ma, and Wang [5] gave a sharp asymptotic formula for Fq(1, y, k) by using estimates of
Kloosterman sums and properties of trigonometric sums.

Let q ≥ 3 be an integer, and d and n ≥ 2 be fixed integers with (n, q) = (d, q) = 1. For 0 < λ1, λ2 ≤ 1,
Lu and Yi [6] obtained

[λ1q]∑′

b=1

[λ2q]∑′

c=1
bc≡d (mod q)

n∤(b+c)

1 =
(
1 −

1
n

)
λ1λ2ϕ(q) + O(q

1
2 d6(q) ln2 q).

Han and Xu et al. [7,8] studied the high-dimensional D. H. Lehmer problem over incomplete intervals
by using the properties of trigonometric sums and the estimates of n-dimensional Kloosterman sums.

LetA ⊂ Zp be the set of the primitive roots modulo p. For a fixed integer k ≥ 0 and any real number
0 < σ ≤ 1, Zhang [9] considered the distribution of primitive roots by studying

M(p, k, σ) =
∑

a∈A,|a−ā|<σp

|a − ā|k.

Cobeli and Zaharescu et al. [10, 11] conducted an in-depth discussion on the distribution of the power
of primitive roots. Shparlinski [12] studied the distribution of powers un in the residue ring modulo a
large power of a fixed prime for a fixed integer u ≥ 2.

Let q = pα with an odd prime p and a positive integer α, and let g be of multiplicative order τ
modulo q. For a fixed integer h ≥ 2 with (h, q) = 1, we define N(h, g, q) as the number of a ∈ Zτ such
that h ∤ (a + (ga)q), where Zτ = {1, . . . , τ}. If h = 2 and g is a primitive root modulo p, then we have

p 5 7 11 13 17 19 23 29 31 37 41 43 47
g 2 3 2 2 3 2 5 2 3 2 6 3 5

N(2, g, p) 2 2 7 6 8 12 8 14 12 18 20 24 18
E.g., for p = 11 and a primitive root 2 modulo 11, (a, (3a)11) = (1, 2), (3, 8), (4, 5), (5, 10), (6, 9), (8, 3),
and (6, 1) are of opposite parity. For p = 13 and a primitive root 2 modulo 13, (a, (2a)13) = (1, 2),
(3, 8), (4, 3), (5, 6), (8, 9), and (12, 1) are of opposite parity.
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In combination with the D. H. Lehmer problem, we propose to find N(h, g, q), or at least to say
something nontrivial about it, the problem of finding N(h, g, q) being what we call the exponential D.
H. Lehmer problem. The main purpose of this paper is to give an asymptotic formula for

N(k, h, g, q) =
τ∑

a=1
h∤(a+(ga)q)

∣∣∣a − (ga)q

∣∣∣2k
,

where k is any nonnegative integer and (a)q denotes the smallest positive residue of a modulo q. If
k = 0 then we have N(0, h, g, q) = N(h, g, q). We get the following results:

Theorem 1. Let q = pα with an odd prime p and a positive integer α, and let g be of multiplicative
order τ modulo q. For any nonnegative integer k and a fixed integer h ≥ 2 with (h, q) = 1, we obtain
the following asymptotic formula:

N(k, h, g, q) =
(
1 −

1
h

) 1 + (
τ

q

)2k+2

−

(
1 −
τ

q

)2k+2 q2k+1

(2k + 2)(2k + 1)

+ O
(
4kq2k+ 1

2 d(q) ln2 q
)
.

Taking h = 2 in Theorem 1, we see that a and (ga)q are of opposite parity for any a ∈ Zτ. Then, we
have the following result:

Corollary 1. Let q = pα with an odd prime p and a positive integer α, and let g be of multiplicative
order τ modulo q. For any nonnegative integer k, we have

N(k, 2, g, q) =
q2k+1

2(2k + 2)(2k + 1)

1 + (
τ

q

)2k+2

−

(
1 −
τ

q

)2k+2 + O
(
4kq2k+ 1

2 d(q) ln2 q
)
.

Taking k = 0 in Theorem 1, we can get the following asymptotic formula for N(h, g, q):
Corollary 2. Let q = pα with an odd prime p and a positive integer α, and let g be of multiplicative

order τ modulo q. For a fixed integer h ≥ 2 with (h, q) = 1, we obtain

N(h, g, q) =
(
1 −

1
h

)
τ + O

(
q

1
2 d(q) ln2 q

)
.

If g is of multiplicative order ϕ(pα)
2 modulo pα, then we see that the range of the exponential function

ga with a ∈ Z ϕ(pα)
2

is the set of quadratic residues modulo pα. Theorem 1 gives the distribution behaviour

of
∣∣∣a − (ga)pα

∣∣∣ with h ∤ (a + (ga)pα), and helps us to study the distribution of (ga)pα .
If g = g0 is a primitive root modulo pα, then we have that the exponential function ga

0 with a ∈ Zϕ(pα)

maps a complete residue system modulo ϕ(pα) to a reduced residue system modulo pα, this exponential
function rearranges the reduced residue system modulo pα. It is also interesting to study the distribution
of (ga

0)pα .
Corollary 3. Let g0 be a primitive root modulo an odd prime p. For any nonnegative integer k, we

have

N(k, 2, g0, p) =
p2k+1

(2k + 2)(2k + 1)
+ O

(
4k p2k+ 1

2 ln2 p
)
.
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Theorem 2. Let q = pα with an odd prime p and a positive integer α, and let g be of multiplicative
order τ modulo q. For any nonnegative integer k, we have

τ∑
a=1

∣∣∣a − (ga)q

∣∣∣2k
=

1 + (
τ

q

)2k+2

−

(
1 −
τ

q

)2k+2 q2k+1

(2k + 2)(2k + 1)

+ O
(
4kq2k+ 1

2 d(q) ln2 q
)
.

We see that the asymptotic formulas of Theorems 1 and 2 and corollaries are nontrivial provided
that τ ≫ 4kq

1
2 d(q) ln2 q.

2. Some Lemmas

To prove Theorems 1 and 2, we need the following lemmas:
Lemma 1. Let q and l be integers with q > 2 and l ≥ 0. Let r and s be integers with 1 ≤ s ≤ q and

1 ≤ r ≤ h. For any given integer h ≥ 2, we have

q∑
a=1

ale
(
a
−rq + sh

hq

)
=


ql+1

l+1 + O
(
ql
)
, if hq | (−rq + sh),

O
(

ql∣∣∣∣sin π(−rq+sh)
hq

∣∣∣∣
)
, if hq ∤ (−rq + sh).

Proof. See [7].
Lemma 2. Let p be an odd prime and a positive integer α, and let g be of multiplicative order τ

modulo pα. For any integers a and b, we have the following estimate:∣∣∣∣∣∣ τ∑
x=1

e
(
bx
τ
+

agx

pα

) ∣∣∣∣∣∣ ≤ (a, pα)
1
2 p

α
2 .

Proof. Letting χk denote the k-th order Dirichlet character modulo pα with k = ϕ(pα)
τ

, we know that

k−1∑
s=0

χs
k(c) =

k, c is a k-th residue modulo pα;
0, otherwise.

We can write g ≡ gk
0 (mod pα) for a primitive root g0 modulo pα. Thus, we have that K ={

(gx)pα | x ∈ Zτ
}

is the set of k-th residues modulo pα. For a Dirichlet character χ modulo pα, we
have

1
k

k−1∑
s=0

pα−1∑
c=1

χχs
k(c)e

(
ac
pα

)
=

pα−1∑
c=1
c∈K

χ(c)e
(

ac
pα

)
=

τ∑
x=1

χ(gx)e
(
agx

pα

)
,

and there exists a Dirichlet character χb modulo pα satisfying

τ∑
x=1

e
(
bx
τ
+

agx

pα

)
=

τ∑
x=1

χb(gx)e
(
agx

pα

)
.
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Since
∣∣∣∣∑pα−1

c=1 χ(c)e
(

ac
pα

)∣∣∣∣ ≤ (a, pα)
1
2 p

α
2 , we have∣∣∣∣∣∣∣

τ∑
x=1

e
(
bx
τ
+

agx

pα

)∣∣∣∣∣∣∣ ≤ 1
k

k−1∑
s=0

∣∣∣∣∣∣∣
pα−1∑
c=1

χbχ
s
k(c)e

(
ac
pα

)∣∣∣∣∣∣∣ ≤ (a, pα)
1
2 p

α
2 .

This proves Lemma 2.
Lemma 3. Let q = pα with an odd prime p and a positive integer α, and let g be of multiplicative

order τ modulo q. For any nonnegative integers s and j, we have
τ∑

a=1

q∑
b=1

b≡ga (mod q)

asb j =
τs+1 p j

(s + 1)( j + 1)
+ O

(
τs p j+ 1

2 d(q) ln2 q
)
.

Proof. From the orthogonality of trigonometric sums,
q∑

r=1

e
(
mr
q

)
=

q, q | m,

0, q ∤ m.

It is clear that
τ∑

a=1

q∑
b=1

b≡ga (mod q)

asb j

=
1
qτ

τ∑
m=1

q∑
n=1

τ∑
a=1

q∑
b=1

b≡ga (mod q)

e
(
ma
τ
+

nb
q

) τ∑
c=1

cse
(
−mc
τ

) q∑
d=1

d je
(
−nd

q

)

=
1
qτ

 τ∑
a=1

1

  τ∑
c=1

cs
q∑

d=1

d j

 + 1
qτ

τ−1∑
m=1

 τ∑
a=1

e
(ma
τ

)  τ∑
c=1

cse
(
−mc
τ

) q∑
d=1

d j


+

1
qτ

q−1∑
n=1

 τ∑
a=1

e
(
nga

q

)  τ∑
c=1

cs
q∑

d=1

d je
(
−nd

q

)
+

1
qτ

τ−1∑
m=1

q−1∑
n=1

 τ∑
a=1

e
(
ma
τ
+

nga

q

)  τ∑
c=1

cse
(
−mc
τ

) q∑
d=1

d je
(
−nd

q

)
= R1 + R2 + R3 + R4.

Now, we calculate each term in the above formula one by one. According to Lemma 1, we can get

R1 =
1
qτ

 τ∑
a=1

1

  τ∑
c=1

cs
q∑

d=1

d j

 = 1
q

(
τs+1

s + 1
+ O(τs)

) (
q j+1

j + 1
+ O(q j)

)
=

τs+1q j

(s + 1)( j + 1)
+ O

(
τsq j

)
,

and

R2 =
1
qτ

τ−1∑
m=1

 τ∑
a=1

e
(ma
τ

)  τ∑
c=1

cse
(
−mc
τ

) q∑
d=1

d j

 = 0.
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Similarly, from Lemma 1 and Lemma 2 we have

R3 =
1
qτ

q−1∑
n=1

 τ∑
a=1

e
(
nga

q

)  τ∑
c=1

cs
q∑

d=1

d je
(
−nd

q

)
≪ q−

1
2τsq j

q−1∑
n=1

(n, q)
1
2

| sin πnq |
≪ τsq j+ 1

2

q−1∑
n=1

(n, q)
1
2

n

≪ τsq j+ 1
2

∑
d|q

d−
1
2

q−1
d∑

t=1

1
t

≪ τsq j+ 1
2 d(q) ln q,

where we used the Jordan inequality

2
π
≤

sin x
x
, |x| ≤

π

2
.

Next, we estimate R4 according to Lemma 1 and Lemma 2, and we see that

R4 =
1
qτ

τ−1∑
m=1

q−1∑
n=1

 τ∑
a=1

e
(
ma
τ
+

nga

q

)  τ∑
c=1

cse
(
−mc
τ

) q∑
d=1

d je
(
−nd

q

)
≪
τsq j

qτ

τ−1∑
m=1

q−1∑
n=1

∣∣∣∣∣∣∣
τ∑

a=1

e
(
ma
τ
+

nga

q

)∣∣∣∣∣∣∣ 1
| sin πm

τ
|

1
| sin πnq |

≪
τsq j+ 1

2

qτ

τ−1∑
m=1

1
| sin πm

τ
|

q−1∑
n=1

(n, q)
1
2

| sin πnq |

≪ τs p j+ 1
2 d(q) ln2 q.

Finally, combining the relevant conclusions of R1, R2, R3, and R4, we immediately get
τ∑

a=1

q∑
b=1

b≡ga (mod q)

asb j =
τs+1q j

(s + 1)( j + 1)
+ O

(
τsq j+ 1

2 d(q) ln2 q
)
.

This proves Lemma 3.
Lemma 4. Let q = pα with an odd prime p and a positive integer α, and let g be of multiplicative

order τ modulo q. For any nonnegative integers s, j, and a fixed integer h ≥ 2 with (h, q) = 1, we have
τ∑

a=1

q∑
b=1

b≡ga (mod q)
h∤(a+b)

asb j =

(
1 −

1
h

)
τs+1q j

(s + 1)( j + 1)
+ O

(
τsq j+ 1

2 d(q) ln2 q
)
.

Proof. It is clear that
τ∑

a=1

q∑
b=1

b≡ga (mod q)
h∤(a+b)

asb j =

τ∑
a=1

q∑
b=1

b≡ga (mod q)

asb j −

τ∑
a=1

q∑
b=1

b≡ga (mod q)
h|(a+b)

asb j,
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and
τ∑

a=1

q∑
b=1

b≡ga (mod q)
h|(a+b)

asb j =
1
h

h∑
l=1

τ∑
a=1

q∑
b=1

b≡ga (mod q)

asb je
(
(a + b)l

h

)

=
1

hqτ

h∑
l=1

τ∑
m=1

q∑
n=1

τ∑
a=1

q∑
b=1

b≡ga (mod q)

e
(
ma
τ
+

nb
q

) τ∑
c=1

cse
(
−mc
τ
+

lc
h

) q∑
d=1

d je
(
−nd

q
+

ld
h

)

=
1
h

τ∑
a=1

q∑
b=1

b≡ga (mod q)

asb j

+
1

hqτ

h−1∑
l=1

τ∑
m=1

q∑
n=1

τ∑
a=1

q∑
b=1

b≡ga (mod q)

e
(
ma
τ
+

nb
q

) τ∑
c=1

cse
(
c
−mh + lτ

hτ

) q∑
d=1

d je
(
d
−nh + lq

hq

)

=Σ1 + Σ2.

For 1 ≤ l ≤ h−1 and 1 ≤ m ≤ τ, we know that there are (h, τ)−1 pairs of m, l such that hτ | (−mh+ lτ).
By the properties of complete residue systems, Lemma 1, and the proof method of Lemma 3, we have

Σ2 ≪
τs+1q j+ 1

2

hqτ

h−1∑
l=1

τ∑
m=1

hτ|(−mh+lτ)

q−1∑
n=1

(n, q)
1
2

| sin π(−nh+lq)
hq |

+
τsq j+ 1

2

hqτ

h−1∑
l=1

τ∑
m=1

hτ∤(−mh+lτ)

q−1∑
n=1

1

| sin π(−mh+lτ)
hτ |

(n, q)
1
2

| sin π(−nh+lq)
hq |

+
τsq j

hqτ
τ

h−1∑
l=1

1
| sin πlh |

1
| sin πlh |

≪(h, τ)τsq j+ 1
2 d(q) ln2 q ≪ τsq j+ 1

2 d(q) ln2 q.

From Lemma 3, we also have the upper bound estimate of Σ1. Thus, we can get Lemma 4.

3. Proofs of the Theorems

In this section, we will complete the proofs of Theorems 1 and 2. First, we can write

N(k, h, g, q) =
τ∑

a=1
h∤(a+(ga)q)

∣∣∣a − (ga)q

∣∣∣2k
=

τ∑
a=1

q∑
b=1

b≡ga (mod q)
h∤(a+b)

|a − b|2k

=

2k∑
s=0

(
2k
s

)
(−1)2k−s

τ∑
a=1

q∑
b=1

b≡ga (mod q)
h∤(a+b)

asb2k−s

=

(
1 −

1
h

) 2k∑
s=0

(
2k
s

)
(−1)2k−s

{
τs+1q2k−s

(s + 1)(2k − s + 1)
+ O

(
τs p2k−s+ 1

2 d(q) ln2 q
)}
,
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we also have

2k∑
s=0

(
2k
s

)
(−1)2k−s τsq−s

(2k − s + 1)(s + 1)

=

2k∑
s=0

(
2k
s

) (
−
τ

q

)s 1
(2k − s + 1)(s + 1)

=
1

(2k + 2)(2k + 1)

2k∑
s=0

(
2k + 2
s + 1

) (
−
τ

q

)s

=
−q

(2k + 2)(2k + 1)τ

2k+2∑
s=0

(
2k + 2

s

) (
−
τ

q

)s

− 1 −
(
τ

q

)2k+2
=

q
(2k + 2)(2k + 1)τ

1 + (
τ

q

)2k+2

−

(
1 −
τ

q

)2k+2 .
It follows that

N(k, h, g, q) =
(
1 −

1
h

) 1 + (
τ

q

)2k+2

−

(
1 −
τ

q

)2k+2 q2k+1

(2k + 2)(2k + 1)

+ O
(
4kq2k+ 1

2 d(q) ln2 q
)
.

This completes the proof of Theorem 1.
Combining Lemma 3 and the proof of Theorem 1, we immediately get Theorem 2.
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