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Abstract: In this paper, we considered the existence of ground state solutions to the following
Choquard equation

—Au=Au+ (I, * Fw)f(u) + plu/u  in RY,
f luldx = a > 0,
RN

where N > 3, I, is the Riesz potential of order @ € (O,N), 2 < g < 2 + %, u>0and A eRisa
Lagrange multiplier. Under general assumptions on F € C!'(R, R), for a L?-subcritical and L>-critical
of perturbation u|u|?"2u, we established several existence or nonexistence results about the normalized
ground state solutions.
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1. Introduction

In this paper, we are looking for solutions to the following Choquard equation

—Au=Au+ (I, * F(w) f(u) + plu|u  in RY,
f uldx = a >0, (L.1)
RN

where N > 3, a € (0, N), F(s) := fosf(t)dt,,u >0,2<qg<qg:=2+ %, a > (0is agiven mass,and 1 € R
appears as an unknown Lagrange multiplier. 1, : RV \ {0} — R is the Riesz potential defined by

(Y=2
with A, = %)

I,(x) = —2
|x[V-e 202 (%)
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The Choquard equation
~Au+u=(,*Fu)f(u) in RY, (1.2)

has been studied extensively for its profound physical backgrounds. In particular, when N = 3, @ = 2,
and F(s) = %, Eq (1.2) turns into

—Au+u=(x*uP)u in R, (1.3)

which was introduced by Pekar [1] to describe the quantum theory of a polaron at rest and then used by
Choquard [2] to study steady states of the one one-component plasma approximation to the Hartree-Fock
theory. Also, Eq (1.3) reemerged as a model of self-gravitating matter [3, 4], and in that context it is
known as the Schrodinger-Newton equation.

The pioneering mathematical research dates back to Lieb [2], in which the author proved the
existence and uniqueness for Eq (1.3) by variational methods. Later, Lions [5] obtained the existence
of normalized solutions. In the homogeneous nonlinearity case of Eq (1.2) with F(s) = ilsl” , Moroz
and Van Schaftingen in [6] established the existence of ground states to Eq (1.2) with an optimal range
% <p< % Moreover, Ghimenti and Van Schaftingen in [7] obtained solutions which are odd with
respect to a hyperplane of RY. The existence of saddle type nodal solution for the Choquard equation
was proven in the study [8]. For a more general nonlinearity, Moroz and Van Schaftingen [9] proved Eq
(1.2) has a ground solution when the nonlinearity satisfies Berestycki-Lions type condition and N > 3,

see also [10] for the case N = 2. For the Choquard equation with a local nonlinear perturbation
—Au+u = (I * ulP)ul”u + ul’u, in RY. (1.4)

When N =3,0<a < 1,p=2,and4 < g < 6, Chen and Gao in [11] obtained the existence of solutions
of Eq (1.4). For g = 2" in Eq (1.4), Seok in [12] constructed a family of nontrivial solutions. In [13], the
authors studied Eq (1.4) with a general local nonlinearity f(x, ) subcritical type instead of [u|"2u.

From a physical point of view, it is interesting to find solutions with prescribed L?— norm, since
there is a conservation of mass. Solutions of this type are often referred to as normalized solutions. In
recent years, normalized solutions to nonlinear elliptic problems have attracted much attention from
researchers. In [14], Jeanjean using a mountain pass structure for a stretched functional to consider
the equation

—Au=Adu+ f(u), in RV, (1.5)

He proved the existence of at least one normalized solution of Eq (1.5) in a purely L?— supercritical
case. Later, Bartsch and Valeriola [15] obtained the existence of infinitely many normalized solutions
by a new linking geometry for the stretched functional. For more general nonlinearity f(s) has L>—
subcritical growth, Shibata [16] obtained the existence and nonexistence of normalized ground state
solution of Eq (1.5) via minimizing method, Jeanjean and Lu in [17] showed the existence of nonradial
normalized solutions for any N > 4. For more results on normalized solutions for Schrédinger equations
by variational methods, we would like to refer [18-23]. Also, for the evolution equations with the
singular potentials whose the steady state equations are the nonlinear elliptic equations, see [24].

Concerning the normalized solutions of Choquard equations, Li and Ye in [25] considered the
existence of normalized solutions to the following equation

—Au = du+ (I, * Fw)f(u), xeRY, (1.6)
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under a set of assumptions on f, where f takes the special case f(s) = C,|s|"2s + C,|s|P~%s requires that
Mette < < p < X*2 Later, Yuan et al. [26] generalized the results in [25] to more general f € C(R, R).
In [27] Bartsch et al obtained the existence of infinitely many normalized solutions of (1.6).
For F(u) = %, Ye in [28] studied the qualitative properties including existence and nonexistence
of minimizers of the functional associated to the Eq (1.6). Yao et al. in [29] considered normalized
solutions for the following problems

—Au+ Au = y(I, * [ulP)|ulP>u + plul*"*u, in RY. (1.7)

Under different assumptions on 7y, u, p, and g, they proved several existence, multiplicity, and nonexis-
tence results. For more related topics, we refer the reader to [30-33].

Motivated by the above papers, it is natural to ask if the nonlinearity f(u) in Eq (1.1) satisfies general
growth assumptions, and if the normalized ground states still exist. In the present paper, we attempt to
study this kind of problem. In order to prove the existence of normalized ground state solutions to Eq
(1.1), assuming that nonlinearity f € C(R, R) satisfies the growth assumptions:

(fi) lim,o 252 =0,

(fZ) 11In|s|—>+oo J%TL = O,

(f3) f is odd and f does not change sign on (0, +c0),
(f4) lim,_, f/gé)ﬂy = to0,

N
(ﬁ) llm Sup_y—>() |N-(+;)+(r < +00.

To find solutlons of Eq (1.1), we define functional 1,(u) : H 'RY) - R by

1 1
I,(u) = = |VulPdx — - f Iy * F(u)F(u)dx — a f lu|?dx.
2 RN 2 RN q RN
For a > 0, set
S(a)={ue H'®R") : |ufl = a).

Since f € C(R, R) satisfies (f1) and (f»), using the Hardy-Littlewood-Sobolev inequality, we see that
I, € C'(H'(R"),R). Normalized solutions of Eq (1.1) can be obtained by looking for critical points
of I, on the constraint S(a). It is standard that each critical point u € S (a) of 1,5, corresponds a
Lagrangian multiplier 4 € R such that (u, 1) solves Eq (1.1). We will be interested in ground state
solutions, and following [34], we say that u € S(a) is a normalized ground state solution to Eq (1.1) if
(Luls (@) (u) = 0 and

I,(u) = inf{L,(v) : v € S(a), Uls@) (v) = 0}.
In particular, if # € S (a) is a minimizer of the minimization problem

m(a) = ug;(fa : L,(u),

then u is a critical point of /|5, as well as a normalized ground state to Eq (1.1).
Our main results dealing with problem (1.1) are the following:
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Theorem 1.1. Assume that (f1)—(f3) hold. Let u > 0 and 2 < q < q. Then, for any a > 0, there exists a
global minimizer u with respect to m(a), which solves Eq (1.1) for some A < 0. Moreover, Wis a ground
state solution of Eq (1.1) which has constant sign, is radially symmetric with respect to some point
in RN, and is decreasing.

Theorem 1.2. Assume that (fi)—(f3) hold and q = q. For any u > 0 small enough, there exist a
aog = ap(u) > 0 and a* € [0, ay) such that:

(i) for any a € (0, a”), there is no global minimizer with respect to m(a).

(ii) for any a € (a*, ay), there exists a global minimizer u with respect to m(a), which solves Eq (1.1)
for some A < 0. Moreover, u is a ground state solution of Eq (1.1) which has constant sign, is radially
symmetric with respect to some point in RY, and is decreasing.

(iii) if (f4) holds, then a* = 0, and if ( f5) holds, then a* > O.

Remark 1. The value ay = aog(u) > 0 is explicit and is given in Lemma 4.1. In particular, ¢y > 0 can be
taken arbitrary large by taking x > 0 small enough.

The following result positively answers the existence of global minimizer with respect to m(a*) for
the sharp threshold a* > 0.

Theorem 1.3. Assume that ( f,)—(f3) and

(fs) limsup, ) —2— = 0 holds.

[s|” N
Let g = q. For a = a’, there exists a global minimizer v with respect to m(a*) = 0, which solves Eq (1.1)

for some A < 0. In particular, v is a ground state solution of Eq (1.1) which has constant sign and is
radially symmetric with respect to some point in R,

To the best of our knowledge, the main results in this paper are new. This is a complement of the
results for Choquard equations about the existence of normalized solutions. Our main theorems can
be viewed as an extension of some results in [25,29] to more general cases. In our setting, we only
consider the situation when the constraint functional /|5, is bounded from below and is coercive. As
we will see, the existence of normalized states of Eq (1.1) are strongly effected by further assumptions on
the exponent g. We are first devoted to prove the existence of ground state solutions of Eq (1.1) with
2<qg<2+ % by application of the concentration-compactness principle [35]. In this case, m(a) < 0 for
any a > 0 and the strict subadditivity inequality

m(a + b) <m(a) + m(b) for all a,b>0 (1.8)

holds, which permits us to exclude the dichotomy of the minimizing sequence. However, in the case
ofg=¢q:=2+ %, compare to [29], for a general f, the strict subadditivity inequality (1.8) does not
hold, and m(a) < 0O for all @ > 0 may not be satisfied. This prevents us from using the concentration-
compactness principle in a standard way. In the proof, we adopt some ideas in [16, 19] to recover the
compactness of minimizing sequence with respect to m(a).

The paper is organized as follows. In Section 2, we introduce the variational framework and give
some preliminary results. In Section 3, we discuss the case of 2 < g < ¢ and prove Theorem 1.1. In
Section 4, we deal with the case of ¢ = ¢ and prove Theorems 1.2 and 1.3.

In this paper, we will use the following notations:

e H'(R") is the usual Sobolev space endowed with the norm ||u|* = j;%A,(qul2 + |u|?)dx.
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e L’(RV), for 1 < s < oo, denotes the Lebesgue space with the norm |ul® = fRN |u|*dx.
e For any r > 0 and x € R, B,(x) denotes the ball of radius of r centered at the x.

e The letters C, Cy, C’,C"”,Cy, C, - -+ are positive (possibly different) constants.

¢ 0,(1) denotes the vanishing quantities as n — oo.

2. Preliminaries

In this section, we give some results which will be useful in forthcoming sections. First, let us recall
the following Hardy-Littlewood-Sobolev inequality which will be frequently used throughout the paper.

Lemma 2.1. (See [ [36], Theorem4.3]). Suppose a € (0,N), and s,r > 1 with % + % =1+ 5. Let
f e L*RY)and g € L'(RN). Then, there exists a constant C(N, a, s,r) > 0 such that

f f f)lx = y*Ng(y)dxdy| < C(N, @, s, 0| fllgl-
RN JRN

. . _ _ 2N
In particular, if r = s = 37, then

- N + N [e3
CWN.a.s.r) = Cy i= ' PTG (=T W) F.
Let N > 1 and ¢ < p < 27 := T2 Then, we introduce the following Gagliardo-Nirenberg
inequality of Hartree type ( [28])
f (L * PP dx < Chyp|Vuly ™ ufy +* PN 2.1
RN

We also recall the following Gagliardo-Nirenberg inequality. For p € (2,2*) and u € H'(R"),

Np-2)

7 (2.2)

Yoy, 177,
lul, < CnplVuly|ul, ™, where vy, =

Lemma 2.2. Assume that (f)-(f») hold. Let {u,} ¢ H'(RM) be a bounded sequence. If either
lim, e |, = 0 or lim,,_,o |un|2(z\1/\7a+2> = 0 holds, then

lim f([a s F(u,))F(u,)dx = 0.
RN

Proof. By (f1) and (f>), for any € > 0, there exists C, > 0 such that

N+2+a

N+a
IF(s)| < gls| ™ + Cyls| 7.

Then, using Lemma 2.1, for u € H'(R") we obtain
f (I = Fa)F(u)dx| < & f (I, * u] V) |u| ¥ dx
N RN
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N+a N+a+2
+2¢eC, f (L, * lul ¥ )|u| ™~V dx
RN

+C2 f (L, * [u]" ¥ u|" " dx 2.3)
RN

) 2N+2) ) 2AN+2+)
N N
Ci&\ul, + CoC Ul 3 -

N+a

IA

By Eq (2.2), we have

2(N+2+a) 5 2(2+a)
|u|2(N+}—V2+ur) < C3|Vu|2|u|2 Yo (24)

N+a

If lim, o |u,|» = 0, by Egs (2.3), (2.4), and the boundedness of {u,}, we get

lim f(la * F(un)F(u,)dx = 0.
RN

If lim,,_, |un|2(1\]/\]m+2) =0, by Eq (2.3), we have

2V+2)
limsup| | (I, * F(u))F(u)dx| < Clszlunl2 N

RN
Since {u,} is bounded in H'(R") and & > 0 is arbitrary, the conclusion holds. The proof is completed.
In our subsequent arguments, we will use the following nonlocal version of the Brezis-Lieb lemma.

Lemma 2.3. (See [ [37], Lemma 2.2]). Assume a € (0, N) and there exists a constant C > 0 such that
£ < CUsIF +[sI7), s eR.

Let {u,} ¢ H'(RN) be such that u,, — u weakly in H'(R") and almost everywhere in RN as n — oo. Then,

f(lw * F(un))F(un)dx = f(lw * F(un - u))F(un - u)dx
RN RN
+ f(l(, * F(u))F(u)dx + 0,(1).
RN

Using a similar argument as the proof of ( [9] Theorem 3), we have the following Pohozaev of Eq

(1.1).

Lemma 2.4. Assume that N > 3 and a« € (O,N). If f € C(R,R) satisfies (f1) and (f>), and if
(u, ) € H'(RY) x R solves problem (1.1), then

N -2 N N+a N
P(u) = ——IVul; = S Alul; - —— f(la « F(u)F(w)dx — 7”|u|g 0.

RN
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For each u € S(a) and 1 > 0, we define the scaling function
u'(x) := t%u(tx).

It is clear that «’ € S (a) and

lz 1 N N 9=
Iﬂ(uf) = 5|Vu|§ by f(l" «* F(t2u))F(t2u)dx — gle 2) |u|?,-

3. [L’-subcritical perturbation

In this section, we deal with the case 2 < g < g and prove Theorem 1.1.

Lemma 3.1. Assume that (f,) and (f>) hold. For any 2 < q < q and a,u > 0, we have

—oo < m(a) = i?;f)lﬂ(u) < 0.

Proof. By (f1) and (f), for any € > 0, there exists C, > 0 such that

N+2+a

IF(s)| < Cyls| '™ +gls|" 7

Using Lemma 2.1 and Eq (2.2), we obtain, for u € H'(R")

2(N+2) 2(rr+2>

| f (I, * Fw)F(w)dx| < C3C2lul, ™ + Ca&lul, ™ [Vul5. (3.1

Then, for any u € S (a), by Eqgs (2.2) and (3.1), we get

q
,UCN,q a(1-vg)

a  |Vul)". (3.2)

2 a+2

1
L,(u) > §|Vu|2 C3C a'v - Cieta v |Vu|§ -

Choosing & = (4C4a’¥ )2, it follows from Eq (3.2) that

q(1-vq)

1
L(u) > ZIVulz Ca'v - uCy g a = |Vul]

for every u € §(a). Since 2 < g < g, we see that 0 < gy, < 2, and hence I, is coercive on S (a), which
provides that m(a) > —co.
On the other hand, for u € S (a)

P I LGt
L) < EIVulz—gt > ull
Nvg-2 (1 5 Ng-2)
e i = e\ T A
2 2 qg 1
N(q 2)

Noticing that 2 < g < g, we have 2 — > 0, and hence [,(u") < 0 for every u € S(a) witht > 0
small enough. Therefore, we have that m(a) < 0 for any a > 0.
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Since m(a) < 0 for any a > 0, we can give the following strict sub-additivity.

Lemma 3.2. Let a;,a, > 0 be such that a, + a, = a. Then,
m(a) < m(ay) + m(a,).

Proof. For u € S(a) and 6 > 1, we set u(x) = u(H‘ﬁx). Then, u(x) € S(6a). Let {u,} € S(a) be a
minimizing sequence for m(a). Since 6 > 1, we have

_ o'~ ¥ 5 I+ uo
m(a) < 1I,(u,) = Tlvunlz -5 f(la * F(up))F(u,)dx — ;Iunlg
< 01,(u,) = Om(a) + o0,(1). B
As a consequence,
m(fa) < Om(a),
with equality if and only if
lim (1, @) = 61, (1)) = 0. (3.3)

But this is can not occur. Otherwise, by Eq (3.3), we find

n—oo

2 a
o g
lim [QNTwun@ + % f (I, * F(un))F(un)dx] - 0.
RN

By Lemma 3.1, 1, is coercive on S (a) and we have {u,} is bounded in H LRM). It follows from 6 > 1 that

lim [Vu,[; = 0 = lim f Iy * F(u,)F (u,)dx.

RN
Combining Eq (2.2) we get lim,_,c [u,|7 = 0. Then, by Lemma 3.1, we obtain
0> m(a) = r}l_)rg L,(u,) =0,
a contradiction. Thus, we have the strict inequality
m(fa) < Om(a) for any 6 > 1. 3.4)
Next, we show that m(a) < m(a;) + m(a,). We may assume that a; > a,, by Eq (3.4) we have

m(a) = m(aﬁ1 L) < C%m(cn) = m(ay) + Z—fm(al) < miay) + m(ay).

The proof is completed.
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Lemma 3.3. Assume that (f;) and (f») hold and a,u > 0. Let {u,,} € H'(RN) be a sequence such that
lim ,(u,) = m(a),  lim |u,; = a. (3.5)

Then, taking a subsequence if necessary, there exist u € S(a) and a family {y,} < RY such that
u,(- +y,) = uin H'(RY) as n — oo. Specifically, u is a global minimizer.

Proof. Since {u,} ¢ H'(RV) satisfies Eq (3.5), it is easy to see that {u,} is bounded in H'(R"). From the
concentration-compactness lemma [35], there exists a subsequence of {u,} (denoted in the same way)
satisfying one of the three following possibilities:

vanishing: for all R > 0

lim sup f |u,|*dx = 0;

n—00 RN

Br(y)

dichotomy: there exists a constant b € (0, a), sequences {uﬁll)}, {uf)} bounded in H'(R") such that as
n—> oo

U, — (ufll) + uf))|p -0, for2<p<?27,
Pl = b, w3 — a—b, dist(supp ul”, supp u’’) — +oo, (3.6)
lim inf f (V> = [VulP)? = [VuPPdx > 0;
n—0o0
RN

compactness: there exists a sequence {y,} ¢ RY with the following property: for any & > 0, there
exists R > 0 such that

f lu,l*dx > a - e. 3.7)

Claim 1. Vanishing does not occur.
Otherwise, by Lemma 1.1 of [38], we get u, — O strongly in LP(RY) for 2 < p < 2*. Since

2 < 2020 <2+ it follows from Lemma 2.2 that

lim f(]a * F(u,))F(u,)dx = 0.
RN

Then, by Lemma 3.1 and Eq (3.5) we have
1
0 > m(a) = lim I,(u,) = lim EIVunlg > 0.

This contradiction proves Claim 1.

Claim 2. Dichotomy does not occur.

Otherwise, if dichotomy occurs, there exist b € (0, @) and sequences {u,(f)}, {uf,z)} satisfying Eq (3.6).
Furthermore, we may assume

U, = u + u,(f) + vy, u(l)uﬁf) =uv, = uf)

¢ v, = 0 almost everywhere in R".
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Then, we have
1 2
lual? = 112+ D1+ vl (3.8)

and

f (Lo * F(un)F(u)dx = f (Lo * FU)Fui)dx + f (I, * Fu®)Fu®)dx
RV RV RN
+2 f Iy * FWP)FuP)dx + 2 f (I, * F(u,))F (v,)dx
RV RN
+ f(]a x* F(v,)F(v,)dx. 3.9
N

By (f1), (f2), and Lemma 2.1, we obtain

N
AN+2+0) \ ok ANH2+) \ S

N+a
2 - 2N 2 - 2N
f (T % Fa) PO < C (1l + il ) (10 + Wl
N

N+a N+a

By the definition of v, and Eq (3.6), we obtain that |v,|, — 0 for 2 < p < 2*. It follows from the above
inequality and the boundedness of {u,} that

lim f(la * F(u,))F(vy)dx = 0. (3.10)
RN

Using Eq (3.6) and Lemma 2.2, we get

lim f(l(, * Fv)F(v,)dx = 0. (3.11)
RN

Moreover, by the Young’s inequality ( [36] Theorem 4.2) and dist(supp u\’, supp ul’) — +oo, we

infer that

lim f (I, * Fu")FuP)dx = 0. (3.12)
RN

Thus, Egs (3.6) and (3.8)—(3.12) imply that

m(a) = lim I,(u,) > lim sup(L,(u'") + L(u?)) > m(b) + m(a - b),
which contradicts to Lemma 3.2, and proves Claim 2.

Hence, the compactness holds, namely, there exists a subsequence {y,} € RY such that u, =
u,(x +vy,) = win L*(RY), w, — win H'(RY) and u € S (a). It follows from interpolation inequality and
Sobolev inequality that

lim [u, —ul, =0, for 2<p <2

n—oo
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1561

Then, Lemma 2.2 implies

lim | (I, * F(u, —u))F(u, —u)dx = 0.

RN

Hence,

m(a) < I,(u) < liminf 1,(u,) = liminf 1,(u,) = m(a).

Thus, we have 1,(u) = m(a) and |[u,|| — |[u]| as n — co. Moreover, u,(x + y,) = u in H'RM).

Proof. [Proof of Theorem 1.1] By Lemmas 3.1 and 3.3, there exists a global minimizer;ﬁ for 1, on S (a)
with m(a) = I,(u) < 0. Furthermore, % is a ground state solution of Eq (1.1) for some A € R. Then, by
Lemma 2.4, we have

N-2 N~
PGD) = = Vil - S -

N

- [ r@yr@ar - g -0,
q
RN

Then,

Ada = 2m(a) — %IViﬂi - % f(l(, * F(u))F(u)dx. (3.13)
RN

Since [ (I, * F(@))F(@)dx > 0, by Eq (3.13) we have 1 < 0.
RN

By (f3), without loss of generality, we may assume that f > 0 on (0, +o0). Since f is odd, then F is
even and thus for every u € H'(RV), 1,(lul) = I,(u). From this one easily obtain that the function [u] is
also a ground state solution of Eq (1.1). By regularity properties of [9], [u] is continuous, we can apply
the strong maximum principle get [z] > 0 on R" and thus % has constant sign.

Finally, we prove the symmetry of . Assume that H C R" is a closed half-space and that o denotes
the reflection with respect to dH. The polarization 7 (x) : R¥ — R of u is defined for x € R" by

() = max{u(x), u(oy(x))} if x€ H,
= min{u(x), u(oy(x))} if x ¢ H.

By the properties of polarization ( [9] Lemma 5.4), we observe that

f Vi P = f Vidx,
RN RN

and then

f[ﬁHl‘de = f[ﬁ]“dx, for any s € [0, +00).
RN RV
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Moreover, since F is nondecreasing on (0, +o0), we have F(u) = F(u)". Therefore, by Lemma 5.5
of [9], we get

1, < I,(u) (3.14)
with equality if and only if
either F@) = F(u) or Fw)" = F@u(oy)) in RY. (3.15)

On the other hand, since u € S (a) and [ul3 = [u”[3, we have I,@") > m(a). It follows from Eq (3.14)
that 1,(u") = I,(u), and thus Eq (3.15) holds. IfFOH F(), for every x € H,

2(x)
f f(nydt = Fu(x)) = Fa(oy(x))) = F@" (x)) — F@(op(x))) = 0.

wop(x))

Since F is nondecreasing on (0, +c0), we get u(oy(x)) < u(x). In particular, f@*?) = f(u) on R", hence
u =u. If F(oy)) = F@), we similarly get " = u(oy). Since the hyperplane H is arbitrary, in
either case we conclude that the function % is radially symmetric with respect to some point x, € RY,

and is radially decreasing.

4. [’-critical perturbation

In this section, we consider the case ¢ = g and prove Theorems 1.2 and 1.3. Set ay := vk 0.
NG

Lemma 4.1. Assume that (f,) and ( f>) hold. For any u > 0, there exists ay(u) = (ﬁN,u‘l)%, such that for
any a € (0, ap), we have

—oo < m(a) < 0.

Proof. For every u € S(a), by Egs (2.2) and (3.1), we get

q

1 N+ a+
1) 2 (5 - VU2 = C3C2a’ = Cue’a™ |Vul?.
. | HChg 2 92 ] HCy
Since a < ap, we have 5 — = M 4% > 0. We choose & > 0 small such that Cierav =5(5 - - "aN) it
follows that
111 /“CZ,* 2 N22
L(u) > 5(5 - Lav ||Vul} — Ca™v .
This implies m(a) > —oo.
In addition, for u € S (a) we have
2 1 2 Mg 1 t t
m(a) < L(w) =1 EIVulz = =lulz] - 3 (Lo * F(u))F(u')dx. 4.1)
q
RN
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Noticing that a < ay, by Eq (2.2), we have %qul% - %lulg > (0, and

1 _
lim 72 (—|vu|§ - ’:‘W) = 0.
t—0 2 q q

2(N+2+a) N 2(N+2+a)
Moreover, [i/] 0,5, = 1%+ |ul ,4os,, — 0ast — 0. By Lemma 2.2, we have

N+a N+a

liIIOI f(l" * F(u"))F(u')dx = 0.
—
RN

Then, by Eq (4.1) we infer that
m(a) < lirgllﬂ(ut) =0.
t—
Thus, m(a) < 0. The proof is completed.

Next, we give some properties of m(a).

Lemma 4.2. It holds that
(i) Let a € (0,aq). Then, we have for all b € (0, a)

m(a) < m(b) + m(a — b),

and if m(b) or m(a — b) is reached, then the inequality is strict.

(ii) Taking pu > 0 small enough, there exists by > 0 such that 0 < by < ay(u). Then, for any a € (by, ap),
we have m(a) < 0.

(iii) a € (0, ag) — m(a) is continuous.

Proof. (i) Fix b € (0, a), we first show that
m(6b) < 6m(b), for any 0 € (1,%], (4.2)

and that if m(b) is reached, the inequality is strict. By the definition of m(b), for any £ > 0 sufficiently
small, there exists a u € S (b) such that

L,(u) <m(b) + &. (4.3)

Now set u(x) = u(@‘%x). Note that u(x) € S (6b). It follows from Eq (4.3) that
m(6b) < 1,(u) < 01,(u) < Om(b) + be. “4.4)
Since € > 0 is arbitrary, we have that m(6b) < Om(b). If m(b) is reached, we can let £ = 0 in Eq (4.3),

and thus Eq (4.4) implies m(6b) < 6m(b).
Then, by Eq (4.2) we have

m(a) = %m(a)+ Zm(a)
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a—bm b a
b
< m(a- b)+m(b),

with a strict inequality if m(b) is reached.
(ii) By (f3), there exists v € H'(R") such that

f(la * F(W)FW)dx > 0.

RN

1 2
For any b > 0, set v,(x) = v(b™¥|v|; x). Obviously v, € S(b). Then, we have

1 1 _
L(vp) = 7 f Ivalzdx—E f (Ia*F(vb))F(vb)dx—'% f [vpldx

pER
= - —z Vv |2 2(N+a) f(l * F(v))F(v)dx
2|v|2 2|v|2 N
_l |2 f Iv[?dx
= g(b).

Since g(b) — —oo0 as b — +oco and by choosing by > 0 large such that 1,(v,) < 0, it follows that
m(bg) < 1,(vy,) <O0.
Now, taking u > 0 small enough such that by < ay(u). For any a € (by, ap), by Lemma 4.1 and (i), we obtain
m(a) < m(a — by) + m(by) < m(by) < 0.

(ii1) Let a € (0, ap) be arbitrary and {a,} C (0, ay) be such that a, — a as n — oco. By the definition of
m(a,), for every n there exists u,, € S(a,) such that

L,(u,) < m(a,) + % 4.5)

Since m(a,) < 0, by the proof of Lemma 4.1, the sequence {u,} is bounded in H'(R"). Set v, = \/aZ u,.
It is clear that v,, € S (a). Then, we can write

m(a) < 1,(vy) = 1, (u) + (L(vy) = L(un)), (4.6)

where

1 7 7
L) = L) = (= - 1>|Vun|§—%‘[<ﬁ)z - 1]|un|g @.7)

n

1
_5 f[(la * F(Vn))F(Vn) - (Iw * F(un))F(un)] dx.
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By the boundedness of {u,}, we have {|unlg} is bounded. Thus, we have
lim(— — DVi,? = 0 = lim[(—)} — 1]u, "
n—o a, n—oo q
Moreover,

f [(Lo * FO)F () = (Lo * F(un))F(uy)]dx
RN

= f I, * FO))F(vy,) — F(uy,))dx

+ f(lar * (F(Vn) - F(un)))F(un)dx-
Since a, — a as n — oo, then { \/Z } is bounded. It follows from (f}) and (f>) that

1
|F(Vn) - F(”n)l < f |f(un + t(Vn - un))l : |Vn - unldt

N e et it

n

Thus, using Lemma 2.1 and the Sobolev imbedding inequality, we get

A

f(la * (F(Vn) - F(un)))F(un)dx = C(tlF(un)|%|F(Vn) - F(”n)l%

IA

2(N+a+2)
C(,/—-1 (Iun|2 + |I/ln|2(;\}1\:;2))
al’l N+a

Thus,

lim f(la * (F(va) = F(up)F (un)dx = 0
RN

Similarly,

lim f (Lo * F(vp))(F(vy) = F(uy))dx = 0

Then, in view of Eq (4.9), we have

lim f (Lo % Fa)F W) = g * Fup) F(uy)]ldx = 0

(4.8)

4.9)

(4.10)
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By Eqgs (4.7), (4.8), and (4.10), we have
1im (,(v) = () = 0. @.11)
It follows from Eqgs (4.5) and (4.6) that
m(a) < linm_) glf m(ay).
On the other hand, for any € > 0, there exists u € S (a) such that

I,(u) < m(a) + . 4.12)
Set 7i,(x) = \Eu(x). Then, , € S(a,). Similar to Eq (4.11), we have

Iy(ﬁn) = Iy(u) + On(l)'

It follows from Eq (4.12) that

m(a,) < 1,(u,) = 1,(u) + (L, (u,) = L,(w)) < m(a) + & + 0,(1).
Since € > 0 is arbitrary, we get

lim sup m(a,) < m(a).

n—-oo
Thus, we infer that m(a,) — m(a) as n — oo.

Now, for any fixed 4 > 0 small enough, we define
a’ =infla : 0 < a < ap(u), m(a) < 0}.
By Lemma 4.1, a* € [0, ap(u)) is well defined and satisfying
m(a)=0if 0<a<a*, m(a) <0 if a* <a < ay. 4.13)

Lemma 4.3. Assume that ( f1)—(f3) hold. For any a € (0, ay), if (f1) holds, then a* = 0; if (fs) holds,
then a* > 0.

Proof. (i) Leta € (0, ay), we choose u € S (a) N C(‘;"(RN ) and set

1

2
2|Vul2

N+2+a N+2+a

| Sl dx
RN

L > 0.

By the assumption (f;), there exists d > 0 such that
F(s) > Lis|™%* for all |s| < 6.
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Since |u'|o, < 6 for sufficiently small r > 0, we have

1 1
L) < SIVUR- 3 f (o + Fa)F()dx
RN
1 L2 N+2+a N+2+a
< SR~ P f L 5l ] 5 dx

RN
1
= —§t2|Vu|% <0.

Thus, m(a) < 1,(u") < 0 for any a € (0, ap). By the definition of a*, we get a* = 0.
(i1) By (f2) and (fs), there exists C’ > O such that

N+2+a

|[F(s)| < C'|s| ¥ for all s € R. (4.14)

For u € S(a), by Egs (2.1) and (4.14), we get

2+a

f (I, * F(u))F(u)dx < C"a™V |Vul3.
RN

It follows from Eq (2.2) that

144

1 C" 2 M 7 2
L(u) > E|vu|§ - 5a \Vul3 - gcfwamvu@.

Taking a > 0 small enough such that %ﬁa%” + %‘Cz@a% < %, we get 1,,(u) > 0. This implies m(a) > 0 for

a small a > 0. From Lemma 4.1 that m(a) = O for a small @ > 0. Hence, we have a* > 0.

Lemma 4.4. Assume that (f1)—(f3) hold. Let u > 0 and a € (0,ay). Let {u,} C S(a) be a minimizing
sequence for m(a). Then, one of the following holds:

(i).

lim sup sup f lu,|>dx = 0.

n—oo ZGRN
Bi(2)

(ii). Taking a subsequence if necessary, there exist u € S(a) and a family {y,} € RN such that
u,(- + yn) = uin H'RN) as n — oo. Specifically, u is a global minimizer.

Proof. Suppose that {u,} C S (a) is a minimizing sequence which does not satisfy (i). Then, we have

Taking a subsequence if necessary, we may assume there exists a family {y,} ¢ R such that

0 < lim lu,|?dx < a.

n—oo

Bi(yn)
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Let us consider u,(- + y,). Since {u,} C S(a) is a minimizing sequence of m(a), by the proof of
Lemma 4.1, {u,} is bounded in H'(R"), Hence, {u,(- + y,)} is bounded in H'(R"). Then, there exists
u € H'(RY) such that u,(- + y,) = uin H'R"), u,(- +y,) — win L} (R") for 2 < p < 2*, and
u,(- + y,) — u almost everywhere in R". It follows that

f g, (x + y,,)lzdx > 0.

B(0)

Then, by u,(- +y,) = uin L} (RY), we obtain that u # 0 and |ul3 > 0. Set v,(x) = u,(x + y,) — u. Then,
v, — 0in H'(RY), and we have

-+ 3B = 0 = 1+l = v+l + 0,(1), (4.15)

Vit + Y = Vi3 = [V, + w = (99, + [Vu} + 0,(1), (4.16)
q _ q _ q _ q q

s+ YL = l0al7 = v+ ufl = Wl + [ufl + 0,(1). (4.17)

Moreover, by Lemma 2.3, we have

f(la * F(Mn))F(Mn)dX = f(la * F(Vn))F(Vn)dx

RN RN

+ f(]w * F(u)F(u)dx + o,(1). (4.18)

RN

Since I,(u,) = 1,(u,(- +y,)) = L,(v, + u), by Eqs (4.16)—(4.18), we obtain
L(uy) = 1,(v,) + L,(u) + 0,(1). 4.19)

Claim. lim,_ |[v,/5 = 0.
Denote b = |u|§ > 0. By Eq (4.15), we see that b < a, and if we prove that b = qa, then the claim
holds. We suppose by contradiction that b < a. Since v, € § (|vn|§), then

L(vn) 2 m(Ival3).
It follows from 1,,(u,) — m(a) and Eq (4.19) that
m(@) = L,vy) + () + 0,(1) = m(v,|5) + L) + 0,(1).
By Lemma 4.2 (iii) and Eq (4.15), we obtain
m(a) > m(a — b) + 1,,(u). (4.20)

Note that b = |M|§, we have u € §(b) and 1,(u) > m(b). If 1,(u) > m(b), then Lemma 4.2 (i) and Eq
(4.20) imply

m(a) > m(a — b) + m(b) > m(a),
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which is impossible. Hence, I,(u) = m(b), that is u is a minimizer of m(b) on S (b). It follows from
Lemma 4.2 (i) and Eq (4.20) that

m(a) > m(a — b) + I,(u) = m(a — b) + m(b) > m(a — b+ b) = m(a),

which is a contradiction. Thus, the claim holds and Eq (4.15) implies |u|§ =a.
Finally, we show that lim,,_,, |an|§ = 0. Since u € S (a), we have I1,(u) > m(a). It follows from Eq
(4.19) that

m(a) = lim 1,(v,) + I,(u) > lim I,(v,) + m(a),
this implies
lim ,(v,) < 0. “4.21)

On the other hand, by Lemma 2.2, Eq (2.2), and Ivnlé — 0, we infer that
lim f (I, * Fv,)F(v,)dx =0, lim f [val9dx = 0.
RN RN

In view of Eq (4.21), we get

1
lim E|an|§ = lim 1,(v,) < 0.

n—oo

Then, we have lim,,_,«, [Vv,[5 = 0. It follows from |v,|3 — 0 that v, — 0in H'(R"). Hence, u,(-+y,) — u
in H'RN) as n — oo.

Proof. [Proof of Theorem 1.2] (i) For the case 0 < a < a*, we assume by contradiction that there exists
a global minimizer with respect to m(a). By Eq (4.13), we know m(a) = 0. By Lemma 4.2 (i) with the
strict inequality, we infer that

0=m(a") < m(a* —a)+m(a) = m(a) =0,
which is a contradiction.
(i1) For the case a* < a < ayg. By Eq (4.13), we have m(a) < 0. Let {u,} C S(a) satisfying
lim,, o0 1,(u,) = m(a). It is easy to see that {u,} is bounded in H'(R"). Then, one of the two alternatives

in Lemma 4.4 occurs. Let assume that (i) of Lemma 4.4 take place. The Lemma 1.1 of [38] implies
u, — 01in L'(RY) for 2 < ¢ < 2*. Moreover, since 2 < % < 2*, by Lemma 2.2 we have

lim f (I, * F(u,))F(u)dx =0 and lim | |u,/%dx =0.
RN RN

From this, we infer that
1
m(a) = lim 1,(u,) = lim §|Vun|§ >0,

which contradicts to m(a) < 0. Thus, Lemma 4.4 (ii) holds, namely, there exist u € S(a) and a family
{y,} € RY such that u,(- +y,) — uin H'(R") as n — oo, and u is a global minimizer to m(a). Moreover,
u is a ground state solution to Eq (1.1) for some A4 € R. By Lemma 2.4, Eq (3.13), and m(a) < 0, we
have A < 0. Similar as the proof of Theorem 1.1, u has constant sign and is radially symmetric about a
point in RV,
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Proof. [Proof of Theorem 1.4] By (fs) and (iii) of Theorem 1.2, we have a* > 0. Let a, = a* + é for
any n € N, where 0 < [ < ap — a*. By Eq (4.13) and Theorem 1.2 (i1), for every n, there exists a global
minimizer u, € S (a,) such that

1,(u,) = m(a,) <O0. (4.22)

Then, {u,} is bounded in H'(RY). Since a, — a*, we have lim,_,« |u,|3 = a*. Set v, = l;/_i - u,. Clearly,

v, € S(a*) and % — 1 as n — co. By the similar proof of Lemma 4.2 (iii), we obtain

lim 1,(v,) = lim 1,(u,) = lim m(a,) = m(a”) = 0.

n—oo
Thus, {v,} is a minimizing sequence with respect to m(a*).
Next, we prove that {v,} is non-vanishing, that is

6 := lim sup f val*dx > 0.
n—oo ZGRN
Bi(2)

Otherwise, 6 = 0. By the definition of v, and % — 1, we get
lim sup f |u,|*dx = 0. (4.23)

By (ii) of Theorem 1.2, u, satisfies Eq (1.1) and we may assume that u, is radially symmetric with
respect to the origin and decreasing for any n € N. Using the elliptic regularity theory, we see that {u,}
is bounded in C'(B(0, 1)). Thus, by Eq (4.23) we get

u,(0) = |uylee — 0 as n — oo.

It follows from (fy) that for any € > 0 and sufficiently large n,

A

2+
f o ¥ Fu))Fu)dx < Ceay,” [Vuyly
RN

IA

CEa + 1) 7 [Vuy, 2.
Choosing & > 0 small enough such that Cs?(a* + nH+ < % - %Czﬁ(a* + l)%, then by Eq (2.2) we have

11 H g * 2z
L(uy,) > 3 (5 - gCqu@(a + l)N) |Vu,|5 > 0,
which contradicts Eq (4.22), and hence ¢ > 0.

Then Lemma 4.4 (ii) holds, that is, up to a subsequence, there exist v € S (a*) and a family {y,} ¢ RY
such that v,(- + y,) — vin H'(RY) as n — oo. Then, v is a global minimizer to m(a*). Moreover, v is a

ground state solution to (1.1) for some A € R. By Lemma 2.4 and Eq (3.13), we have

Aa*

2m(a’) - %wv@ - % f (I, * FW)F(v)dx
RN

2
A % f (I, * F0)F()dx < 0,
RN
which implies A < 0. By the same arguments of Theorem 1.1, we obtain the symmetric of v.
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