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Abstract: The aim of this paper is to establish the second main theorem for holomorphic curves from
the annulus into a complex projective variety intersecting an arbitrary family of hypersurfaces. This
is done by using the notion of “Distributive Constant” for a family of hypersurfaces with respect to
a complex projective variety developed by Quang. We also give an explicit estimate for the level of
truncation.
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1. Introduction

The main result in Nevanlinna theory is called the second fundamental theorem. In 1925, Nevan-
linna [1] established the second main theorem for meromorphic functions on the complex plane C. In
1933, H. Cartan [2] proved the second main theorem for holomorphic curves with targets in the form of
hyperplanes in the general position in the complex projective spaces P"(C). In 1983, E. I. Nochka [3]
proved the second main theorem in the case of hyperplanes in the N-subgeneral position in P"(C) with
ramification. In 2004, M. Ru [4] established the second main theorem for holomorphic curves with
targets in the form of hypersurfaces in the general position in P*(C) without ramification. In 2009,
Ru [5] made further extension to algebraically nondegenerate holomorphic curves into an arbitrary
smooth complex projective variety. Since that time, the problem of investigation of the characteristics
of holomorphic maps has attracted the attention of numerous authors.

In this paper, we mainly consider the case for holomorphic curves from the doubly connected do-
main into P"(C). By the doubly connected mapping theorem [6], each doubly connected domain in C
is conformally equivalent to the annulus A(r,R) = {z: r < |zl < R}, 0 < r < R < +00. We need
only consider two cases: r = 0,R = +oo simultaneously and 0 < r < R < +oco. In the latter case

the homothety z — \/Lr? reduces the given domain to the annulus {z : Rlo <zl < RO} with Ry = \/g .
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Thus, in the two cases every annulus is invariant with respect to the inversion z +— % Observing the
above facts, Khrystiyanyn and Kondratyuk [7, 8] indicated the way to extend the value distribution of
Nevanlinna theory to meromorphic functions in annuli.

Let Ry < +o0 be a fixed positive real number or +co and let

1
A:{ze@: —<|z|<R0}
Ry

be an annuli in C. Moreover, for any real number r such that 1 < r < R,, we denote

1
Ar:{zEC: —<|z|<r},
r

1
AL,:{ZeC: —<|z|§1},
r

and
Ay, ={zeC: 1<z <r}.

Let f=(fy:...: fus1) be aholomorphic curve from the annuli A into the complex projective space
P"(C). For 1 < r < Ry, the characteristic function of f is defined by

1 21 ) 1 21 )
Ty(r) = —f log|| f(re")lId6 + —f log || f(r~'e")d6.
2 0 2 0

where

I/ @I = max{|fo(2), . . ., | fu(2I}-

Remark 1. The above definition is independent, up to an additive constant, of the choice of the reduced
representation of f.

Let D be a hypersurface in P*(C) of degree d. Let Q be the homogeneous polynomial of degree d,
defining D. The proximity function of f is defined by

oy fznlo Hf(reiG)Hd L fzﬂl Hf(r‘leie)Hd .
0 0

o RiQo fre T 2n Sy 2 lge (e

To be within an additive constant, this definition is independent of the choice of the reduced represen-
tation of f and the choice of the defining polynomial Q.

Further, for j = 1,2, by n; ¢(r, D) we denote the number of zeros of Q o f in A;,, counting multi-
plicity, and let n%c(r, D) be the number of zeros of Q o f in the disk A ;,, where any zero of multiplicity
greater than M is “truncated ’and counted as if it only had multiplicity M. We set

1 r
np, (t,D) np, (t,D)
Ny 4(r, D) := f_] %dt, N, ¢(r, D) :=f1 %dt,
1 nM (1, D) r nM (t, D)
N{ (D) = f —L—ar, N, D) = f =L,
i 1 t > 1 t
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The integrated counting and truncated counting functions are defined by

Nf(l", D) :=N; f(r D) + sz(r D),
N}M](r, D) := N[M](r D) + N[M](r D).

When we want to emphasize Q, we sometimes also write N(r, D) as N¢(r, Q) and NJ[CM](r, D) as
NG, Q).
In the present paper, we set the small error term by

o _ [ O(ogr +1log Ty(r)), if Ry = +o00,
i) = O (log 7 +1og Ty(r)),  if Ry < +oo.

In 2015, H. T. Phuong and N. V. Thin [9] considered the extension of the second main theorem for
holomorphic curves from A into P*(C) crossing a finite set of fixed hyperplanes in general position.
Theorem A.( [9]) Let f : A — P"(C) be a linearly nondegenerate holomorphic curve. Let Hy, ..., H,
be hyperplanes in P"(C), located in general position, then we have

q
lg=n=DTpr) < D NV H) +0s(0r).
=1
Here and in the following, the notation “ || P “means that if Ry = +oo, then the assertion P holds for
all r € (1, +00) outside a set A, with fA, rldr < +oco. At the same time, if Ry < +oo, then the assertion

P holds for all r € (1, Ry) outside a set A, with f s )Mdr < 400, where A > 0.

Recently, J.L.. Chen and T.B. Cao [10] obtained the second main theorem for holomorphic curves on
annuli crossing a finite set of moving hyperplanes in sub-general position in P"(C). It is well known that
all known second main theorems and uniqueness results hold under the conditions that the hyperplanes
or hypersurfaces are located in general position (or in sub-general position). More recently, S.D.
Quang [11] introduced the notion of “distributive constant”Ay of a family of moving hypersurfaces
with respect to a subvariety V of P"(C) and generalized some results to the case of meromorphic
mappings into a projective subvariety V and an arbitrary family of moving hypersurfaces. Motivated
by this new notion, we show the second main theorem for holomorphic curves from the annulus into
the complex projective space which is ramified over an arbitrary family of hypersurfaces. We also give
an explicit estimate for the level of truncation.

For the purpose of this article, we recall some definitions. For a subvariety V and an analytic subset
S of P"(C), the codimension of S in V is defined by

codimy S :=dimV —dim(V N S).

According to Quang [11], we give the following definition.

Definition 1. Let {D j}j‘:l be the hypersurfaces in P"(C). Denote by Q the index set {1, ...,q}. Let V be
a subvariety of P"(C) of dimension k. Assume that V is not contained in any D; (j € Q). We define the
distributive constant of {D j}jzl with respect to V by

iU
Ay := max
[0 codimy (ﬂ jer Dj )
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Definition 2. Let {D j}jzl be the hypersurfaces in P"(C). Denote by Q the index set {1,...,q}. Let

N >nand g > N + 1. The family {D-’}j:1 is said to be in N-subgeneral position with respect to V if for
every subset R C Q with the cardinality R = N + 1, then

ﬂDmV 0.

If N = dim V then we say that {D j}q, is in general position with respectto V.

Remark 2. If the family {D-’}j:1 is in N-subgeneral position with respectto V, then Ay < N—dimV +1
(see [11]).

In this paper, we establish the following second main theorem for holomorphic curves from the
annulus into a complex projective variety intersecting an arbitrary family of hypersurfaces. The proof
of our result follows from the paper [12, 13].

Theorem 1. Let V be a projective subvariety of P"(C) of dimension k. Let f : A — V be an alge-
braically nondegenerate holomorphic curve with) < Ry < +oo. Let {D } be q hypersurfaces in P"(C)
withdegD;=d; (1 < j<q). Letd be the least common multiple of d'; s ie,d=Ilcm(d,,...,d,). Let
Ay be the distributive constant of {D;}’,_, with respect to V, then for any € > 0,

q
(g = Avk+ 1) = )Tf(r) < Zd— D)) + O4(r),
j=1 *J

where
M, = |deg(V)“'etd" Al (2k + 4167 |

withl = (k+ 1)q!.

Here and in the following, | x| denotes the greatest integer less than or equal to the real number x.
By Remark 2, we have an immediate corollary.

Corollary 1. Let V be a projective subvariety of P*(C) of dimension k. Let f : A — V be an alge-

braically nondegenerate holomorphic curve with 0 < Ry < +oo. Let Dy, ..., D, be the hypersurfaces
in P"(C), located in N-subgeneral position with respect to V with d; := deg Dj(1 < j < q). Let d be the
least common multiple of d’;s, i.e., d =1lem(d,, . .., d,). Then for any € > 0,

q
1
(=N —k+Dk+1)=Tir) < Zd— NYE(r, D)) + 04(r).
j:

where

= |deg(V)*! e d" (N - k + 12k + 4167
with | = (k + 1)q!.
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2. Notation and auxiliary results

2.1. Some facts on holomorphic curves
To prove our result, we need the following second main theorem for holomorphic curves on the
annulus (see [10, 14]).

Lemma 1. (A general form of the second main theorem) Let f : A — P"(C) be a linearly nondegener-
ate holomorphic curve (i.e. its image is not contained in any proper subspace of P"(C)). Let Hy, ..., H,
(or linear forms a, . ..,a, ) be arbitrary hyperplanes in P"(C), then

| f;’rm{?XZIOg “f(re‘p)n dg_,_f:ﬂmlgleog "f(r—leie)u 48

L1 |<f (rei®y s Hy)| 27 L1 |(f ey s 1y 27
<(n+ l)Tf(r) — Ny(r,0) + Of(r).

Here, the maximum is taken over all subsets K of {1,...,q} such that the linear forms a;, j € K, are
linearly independent.
We also need the following lemmas.

Lemma 2. ([11,15]) Let V be a projective subvariety of P"(C) of dimension k. Let Dy, ...,D, be p+1
hypersurfaces in P"(C) of the same degree d > 1, such that N\_,D; NV = 0 and

dim[ﬂDi]ﬂV:k—l, Vi <s<t,1<I<k

i=0

where ty, 1y, ..., 1 integers with 0 = tp < t; < -+ < ty = p, then there exist k + 1 hypersurfaces
Py, ..., Py in P"(C) of the forms

i
Pl:chij’ C[jGC, ZZO,...,k

J=0

such that (ﬂﬂ;o P,) NV =_0.

Lemma 3. ( [16]) Let {Q;};cg be a set of hypersurfaces in P"(C) of the common degree d, let V be
a projective subvariety of P"(C) and let f be a meromorphic mapping of C" into V. Assume that
Nicr Qi NV = 0, then there exist positive constants a and 8 such that

AllfII* < max [0:(/)] < BISI

Lemma 4. ( [11]) Let ty,t1,...,t, be n + 1 integers such that 1 =ty < t; < --- < t,, and let A =
maxj<s<, @, then for every n real numbers ay,ay,...,a,_; withay > a, > --- > a,_; > 1, we have
2—1 —In-1

t—ty t 1, A
a, ay a7 < (aoay - ap-1)”

Electronic Research Archive Volume 32, Issue 2, 1365-1379.
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2.2. Chow weights and Hilbert weights

We recall the notion of Chow weights and Hilbert weights from [5] (see also [17]). Let X c P"(C)
be a projective variety of dimension k and degree 6. The Chow form of X is the unique polynomial, up
to a constant scalar,

Fx (ug,...,w) = Fx (uoo, - .., Uons . .3 Uks - - - > Uip)

in n + 1 blocks of variables u; = (v, ..., u;,),i =0,...,k with the following properties:

(1) Fy isirreducible in k [uq, . . ., Up.];

(i1) Fx is homogeneous of degree ¢ in each block w;,i =0, ... ,k;

(i) Fx(u,...,u) =0, if and only if, X N H,, N --- N Hy,, # @, where H,,i =0,...,k, are the
hyperplanes given by

UjpXo + -+ + Uppx, = 0.
Let ¢ = (cgp,...,c,) be a tuple of real numbers and ¢ be an auxiliary variable. We consider the

decomposition
Fx (lcol/loo, ceey lCNl/ton; c. ;t”"uko, ceey lC"l/lkn)

=Gy (g, ...,u,) + -+ G, (ug,...,u,)
with Gy, ...,G, € Clug, ..., Uops - - -5 Ukos - - - » U] and eg > e > -+ - > e,. The Chow weight of X with
respect to ¢ is defined by
ex(c) 1= e

For each subset J = {jo, ..., ji} of {0,...,n} with j, < j; <--- < ji, we define the bracket
[J] =[] (uo. ..., wp) = det (uy;) it = 0,....k,

where w; = (ujo,...,u;,) (1 < i < k) denote the blocks of n + 1 variables. Let Jy,...,Jg with g =

( Z : } ) be all subsets of {0, ..., n} of cardinality k + 1.

Therefore, Fx can be written as a homogeneous polynomial of degree ¢ in [/{],..., [J/;]. We may
see that for ¢ = (cy, ..., c,) € R*! and for any J among J;, ..., Js,

¢ ¢ ¢ ¢

(oo s I Uy« e o E UGy o T Uy)

:tZCj[J](M()O,...,l/t()n,...,l/tk(),...,ukn)
jeJ

For a = (ag,...,a,) € Z"™"' we write x* for the monomial xy’ - x,". Denote by C[xo,...,x,], the
vector space of homogeneous polynomials in C [xy, ..., x,] of degree u (including 0). For an ideal / in
Clxo,--.,x,], we put

I, :=Clxgp,...,x,], NI

Let /(X) be the prime ideal in C [x, ..., x,,] defining X. The Hilbert function Hy of X is defined by, for
u=12,...,
Hy(u) := dim (C [xo, . . ., X1, /1(X)u)
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By the usual theory of Hilbert polynomials,

n

Hy(u) =6 - % ro(u).

The u-th Hilbert weight S x(u, ¢) of X with respect to the tuple ¢ = (cy, . ..,c,) € R**! is defined by

Hy(u)
Sx(u,c) := max(z a;- c]

i=1

where the maximum is taken over all sets of monomials x?!, ..., x%x® whose residue classes modulo
I form a basis of C[x, ..., x,], /1,. The following theorems are due to J. Evertse and R. Ferretti [18].

Lemma 5. Let X C P"(C) be an algebraic variety of dimension k and degree 8. Let u > 6 be an integer

and let ¢ = (cy, ..., c,) € RL!, then

1 1 2k + 1Yo
Wl X9 2 e ex© - '(i-o ..... g )

Lemma 6. Let Y C P"(C) be an algebraic variety of dimension k and degree 6. Let ¢ = (cl, cees cq) be
a tuple of positive reals. Let {iy, . ..,i,} be a subset of {1, ..., q} such that

Yofy,=--=y=0=0,

then
ey(C) > (Cio + -0+ C,’k) 0.

3. Proof of Theorem 1

Proof. Assume that V is a projective subvariety of P"(C) of dimension k. If there exists iy € Q =
{1,2,...,q} such that Njcp\iyD; (1 V # 0, then it follows from the definition that

sz 5 q_l > q_l > 9 .
k—dlm(ﬂjEQ\{io}DjﬂV) k k+1

Hence, g < Ay(k + 1), which implies the conclusion of Theorem 1 is trivial. Therefore, we only need
to consider the case that for each i € Q, the set Njep\yD; (N V = 0.

Replacing D; by Dj/dj if necessary, without loss of generality, we may assume that all hypersurfaces
D, ..., D, are of the same degree d. We denote by {0} c; the set of all permutations of the set {1, ..., g},
where I = {1,2,--- ,no} and ny = ¢q!. Foreach i € I, since ﬂ;’.;ll Dy, NV = 0, there exist k + 1 integers
fi0s ity tig With 1 = 1,9 < -++ < t;; = p;, where p; < g — 1 such that ﬂf;l Dy, jy NV =0 and

dlm[ﬂ Dcri(j) N V] =k-1 Vti,,_l <s< ti’[,l <Il<k.
=1

For each i € I, we denote by P;, ..., P;; the hypersurfaces obtained in Lemma 2 with respect to the
hypersurfaces Dg,1), . . ., Do (p,)-
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We consider the mapping ® from V into P/(C) (I = no(k + 1) — 1), which maps a point x € V into
the point @(x) € P/(C) given by

D(x) = (P1o(x) i -+ 0 Pra(x) : Pog(x) 1t Poglx) -+t Py o)
Dot Poya()

Let Y := ®(V). Since V N (ﬂ’;zo Pl,‘,) = (, ® is a finite morphism on V and Y is a complex projective
subvariety of P/(C) with dim Y = k and

§:=degY < d-degV.

For every
a= (Cll,o, s Qs A205« + o 5 A2 ks oo o 5 Ay 05« - - ,ano,k) S Zlg)]
and
Y = (V105 -+ > Y1k Y205+ 5 Y2ks - - - > Ying05 + « + » Vg k)

Any,0 Ang k o, .
we denote y* = |y -y} Vo Yk - Let u be a positive integer. We set

n,:=Hy(u)—1, m, ::(m+Z_1 )—1

and define the space
Yu = C[y()"”’yl]u/(IY)u’

which is a vector space of dimension Hy(u). We fix a basis {vi,...,vu,w} of ¥, and consider the
meromorphic mapping F' with a reduced representation

F = (vl((I) of),... s Viy (P o f)) c A — Crtl

Since f is algebraically nondegenerate, the holomorphic curve F : A — P"(C) is linearly nondegen-
erate (i.e., its image is not contained in any hyperplanes in P"(C)).
By Lemma 3, there exists a constant A > 0, which is chosen common for all i € 7, such that

IF @I < A max Dy, (F@)]-
<J<Dpi

According to the definition of P; ;, we may choose a positive constant B > 1, commonly for all i € /,
such that
|Pi’j(X)| < B max |D0-i(s)(X)| ,
1<s<t;

forall x = (xg,...,x,) € C*"*!'and forall 0 < j < k. Itis easily seen that, there exists a positive constant
C, such that
P ;(x)| < ClIx||”
forall x = (xg,...,x,) € C"" 1 <i<ngp,and 0 < j<k.
Fix an element i € I. Denote by S (i) the set of all points

q
ze s\ | JDiFy " qopu | Pyt qop
i=1 0<j<k
iel
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such that ) ) i
Doy (F@)| < |Doi2)(f(2)] < -+ < | Doy (F(2)) -

Therefore, for each z € S (i), by Lemma 4 we have

1_[ @I ] ) @I
IDi(f))] i1 [Doiiy (F@)
PR 1 1G5/
1 D) F@)
Ay
- en ]| @I
1 Doy ()
< ATPBN k‘l[ i |
- o \[Pi(f@)]
< Aq-p,-BkAVcAvﬁ{ 17N )A”
- a\Pf@)])
which implies that
@I’ e : [ IF @I )
< log(ATPIB*VC™) + Ay 1 — . (3.1
l_I|D o] = v gl_ol [P (7))

Now, we fix an index i € I and a point z € S (i) and define

— I+1
cZ - (Cl 0,25+ Cl,k,z, CZ,O,Z’ vy CZ,k,Z, ey Cno,O,Z’ ey Cn(),k,z) € IRz() )

%‘m fori=1,...,npand j = 0,...,k By the definition of the Hilbert weight,
ij

there are ay, ..., ay,q) € Z% with

where ¢; j. := log

ai,z = (ai,l,O,z, ey ai,l,k,z’ ey ai,no,,z’ ey ai,no,k,z) ’ ai,j,s,z € {1’ cee, My + 1} ’

such that the residue classes modulo (Iy), of y*'%, ..., y*r@* forms a basis of C [y, ..., y], / (Iy), and

Hy(u)

Sy(u,c;) = Z a;;-C;.
i=1

Since y** € Y, (modulo (/y),), we may write
Yy =L (vi,..., va(u)) )

where L; (1 < i < Hy(u)) are independent linear forms. We see at once that

Hy(u) y Hy ) ) -

log l_[ |Ll,Z(F(Z))| = lOg 1—[ 1—[ |Ptj(f(Z))| itjz
=l i=1 1<t<ng
0<j<k
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= =Sy (u,c) +duHyu)log|lf(2)ll + O (uHy(u)).

This implies that
TNF@N - [|Lic]|

L) =Sy (u, ¢;) — duHy(u) log |f(2)I

+ Hy(u) 1og | F@)Il + O (uHy(w)) .

Here, we note that L, depends on i and z, but the number of these linear forms is finite. We denote by
L the set of all L; ; occurring in the above equalities, then we have

IF@I - IIL] z
Sy(u,¢c;) < max log 11 TLEQ) +duHy(u) log || f 2| (3.2)

—Hy(u)log [|E@)|l + O (uHy(u)),

where the maximum is taken over all subsets J C £ with §7 = Hy(u) and where {L; L € J} is linearly
independent. From Lemma 5, we have

uHy(u)

Sy(u,cz) > m

ey (CZ) - (2k + 1)5Hy(u) [15?3131 Ci,j,z] . (33)

1<i<ng

We choose an index iy such that z € S (ip). Since P, ..., Pj x+1 are in general with respect to V,
by Lemma 6, we have

@I ||Pi0,j||]
( )2 i,,+"'+i,,,'6:1 —_— |0 (34)
ey (¢) = (ciosz Cigkz) ( og ol;[k |Pi, (P
By combining (3.2), (3.3), and (3.4), we get
IF @I || P
og N =
0<j<k |Pi0,j(f)(z)|

k+1 IE@I - IILI|
maxlog | | —=——
uHy(u) | gc£ reg  ILFQ)

— Hy(u) log IIF(Z)II)

v(k + Dlog I + 2D 1)5[

max c¢;i,|. 3.5
1<j<k+1 ””Z] ( )

1<i<ng

From (3.1) and (3.5), we have
1—[ If @l
D))
k+1 IEQ@I - IILI
max log —_—
uHy(w) (7e2 < 1 L LFE @)

IA

— Hy(u) log ||F(Z)||)
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LERNERIE S IFI [P
u G2 |PuD@)

1<i<ng

+d(k + Dlog |l f @)l + o),

where the term O(1) does not depend on z. Integrating both sides of the above inequality, we then
obtain

1 q
Ay ; my (r, D;)
k+1 (™ I (re)]| - |ILI| d6
< max log —_— —
uty(u) Jo gL =] 5 |L(F(re?)| 2
k+1 [ NWEG e - ILIldo  k+1
max log = , — - Tr(r)
uHy(u) Jo JcL Ly |L(F(r-'e?))| 2n u
2k + 1)(k+ 1)0
+d(k + DT(r) + - Z my (r, Pry). (3.6)
0<j<k
1<i<ng

Applying Lemma 1 with € > 0 (which will be chosen later) to the holomorphic curve F and linear
forms L; (1 < i < Hy(u)), we obtain that

o IFre®II-ILld6 [ IFG" e - L 6
[| max lo 4 max log —
0 0

geL T 3 IL(F(re)| 2m gL N ILEGrey)| 2n

< Hy()Tr(r) — Ny (r) + Op(r).

Combining this inequality with (3.6), we have
I (g = Avlk+ D)T¢(r)

q
. Z; éNf(r,DiH Ayk + D)k + 1)8 Z s (r.P,)

u
d 0<j<k
1<i<ng

Ay(k+1)

—duH—Y(u)NW(ﬁ)(r) + Of(r) (37)

We now estimate the quantity Ny,z (r). In this case, we define

— I+1
c= (Cl,o, s Clks €205+ -5 C2 ks v+ -5 Cpg 05 - - - ,Cno,k) € Zzo >

where ¢; ; = max{vP,.’j(f)(z) -n,,0fori=1,...,npand j = 0,...,k By the definition of the Hilbert
weight, there are ay, ..., ay,, € 2 with

A = (41105 > Qi1 -+ 2 Ainig.05 - - - > Ding ) » ajs €{1,...,m, + 1},
such that the residue classes modulo (Iy), of y*, ..., y*r® forms a basis of C[yo,...,y], / (Ir), and

Hy(u)
Sy(u,c)= Z a-C.
i=1
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Again, there exist independent linear forms E (1 <i < Hy(u)) such that
Y =L ovmw) (S0 < Hy(w).
We also easily see that

maX{VE(F)(Z) —ny,, 0} 2 Z Z a; js max{vp, (n(2) —n,, 0} = a;-¢
O<s<k 1<j<ng
and hence
Hy(w) Hy(u)
V(@ 2 Y max{vyp(2) = n,0 2 Y a- e = Sy(u,c). (3.8)

i=1 i=1

For the fixed point z € A(R), without lose of generality, we may assume that

VD (@) 2 - 2 vpyp) (2)

and oy = (1,2,...,¢9).Since P,,..., P, are in general position with respect to V, by Lemma 6 we

have
k

k
ey(c) >6- Z c,j=0-" Z max{vp, () (2) — n,, 0}.

J=0 J=0

This, together with Lemma 2, gives that

uHy(u) <
Sy(u,¢) > 1 Z max{vp, (5(2) = ny, 0}
+1 &
—(2k + 1)oHy(u) ]rgilr)lio vp, () (2)- (3.9)
0<j<k

Note the definition of P, j(0 < j < k). We then have

k k
Ay Z(; max{vp, (2) = 1., 0} = Ay Z; max{vp, ((2) =, 0}
j= j=

(ll,j - tl,j—l)maX{VD,j(f)(Z) - ny, 0}

\Y%
= 1

v

max{vp,n(z) — ny, 0}
T

max{vp,y(z) — ny, 0}.

M-

Il
—_

1

Again, we set t; ; = 0. Thus, we derive from (3.9) that

uHy(u)

Sy(u, C) > m

q
D max{vp (@) - m,, 0}
i=1
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—(2k + 1)5Hy (1) max v, 5)().
<i<ng ’

0<j<k
Therefore, we derive from (3.8) and (3.10) that
tu(u)
w2 = Av(k D Z max{vp,(z) — ny,, 0}
-2k + 1)6Hy(u) max vp, () (2)
0<j<k
tu(u) .
> Av(k 1) ( Vi p(2) — mlH{VD,-(f)(Z)J’lu})
-2k + 1)6Hy(u) max Ve, (1) (2)-
<i<ngp

0<j<k

Integrating both sides of this inequality, we obtain

(F) = A vk + )
—(Zk + 1)(5Hy(bt) 1max Nf(r, Pi,j)'
o_slfsn/?
Combining inequalities (3.7) and (3.12), we get
o 1 [ ]
I (q—Avlk+ DT < Zl SN(r.D))
AyQk + 1)k + 1)6
+ - Ozk (my(r. Pij) + Ny (1. P ) + 040,
<j<
1<i<ng

For each € > 0, we now choose u as the biggest integer such that

S Ay 2k + 1)(k + 1)*ny6
- .

From (3.13) we have
-l
(g = Avk+ D= )T1(r) < ) =N, D) + O4().
i=1

Note that deg Y = 6 < d*deg(V),

k
1y = Hy(u) — 1 s(s( k;” )Sdkdeg(V)ek(l ; %)

< d“deg(V)e* (Ay(2k + Hols™)
< |deg(V)!*! e d" AL 2k + 4) T | = M,.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Thus, it follows from (3.15) that
T
(g = Avk+ D= )Ty(r) < 3 =N{™(r.D) + O;(0).
i=1
The proof of the theorem is finally completed. O
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