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1. Introduction and motivation

The Riemann zeta function and the Dirichlet beta function are important functions in number theory
that are defined by (cf. [1, Chapter 25])
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provided that R (1) > 1 and R(1) > 0 so that £(2) and B(1) are convergent. There are numerous useful
formulae for these functions in the literature (cf. [2-5]). For example, we shall frequently utilize the
following relation:
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where B, and E, are Bernoulli and Euler numbers (cf. [6, §6.5]), whose exponential generating functions
are given by
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For a real number x, denote by | x] and [x] the usual floor and ceiling functions. The aim this paper is
to examine, for two natural numbers m, n € N, the following four variants of the Riemann zeta function:
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Several closed formulae will be established that express these alternating infinite series in terms of the
Riemann zeta function and the Dirichlet beta function.

Throughout the paper, we shall make use of the following polynomial expression for higher
derivatives of cotangent function (cf. [7, 8])

d"cotx
dx"

— P,(cot x) : P(x)—(2l)"(x—l)z {}(lx D,

where {Z} are the Stirling numbers of the second kind (cf. [6, §6.1]). The first five polynomials read
explicitly as follows:

Pi(x) = -x* -1,

Py(x) = 2x° + 2x,

P3(x) = —6x" — 8x* - 2,

Pa(x) = 24x° + 40x> + 164,

Ps(x) = —120x° — 240x* — 136x* - 16.

By putting these in conjunction with the partial fraction decomposition (see, for example,
Stromberg [9, Theorem 5.43] and Higgins [10])

2x°° 1

cot(mx) = hm S
noeo T 4 k+x e mod X =k

we deduce for m € N, by computing mth derivative with respect to x, the following compact expression
for the bilateral series

x)m+1

s 1 _ (_l)mﬂ.m+1
k;w U+ = - P,.(cot(mx)). (1)
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2. Evaluation of U,,(n) and U,,(n)

In this section, we shall examine the series U,,(n) and U,,(n) by dividing them into multisection
series. Two general summation theorems will be proved and several explicit formulae will be presented

as consequences.

2.1. U,(n)
Since the series U,,(n) is absolutely convergent, in order to evaluate it explicitly, we can regroup its
terms. For example U;(n) and U,(n) can be expressed as follows:
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In general, by dividing the summation index k according to the residue classes modulo 4m, i.e.,

making the replacements k — 4km + j — 1 with 1 < j < 4m, we can express U, (n) in terms of

multisection series

4km+m+ j— l
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For 1 < j < m, observing that
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and then putting the summation terms corresponding to j = m aside, we can reformulate further
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Writing the first line directly in 8(2r) and {(2n), then inverting simultaneously the summation indices
by j — m — jand k — —k — 1 in the last line, we derive the following bilateral series expression

B2n)  {(2n) 2
Un(n) = man (2 )Zn{l }
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By applying Eq (1), we find the simplified formula as in the following theorem.

Theorem 1 (m,n € N).

o (DY pem | g@2n) (2
Unl = 2, G = +(2m)2"{4_"_1}
S Z{Pznl ot (2)) = Payr(cot (322

For small m,n € N, this theorem can be utilized to compute exact values of U,,(n). The following
interesting formulae are exhibited as examples.

Example 1.
Ui(1) = mo ((;)Ll); =B2) - @
Ui2) = :0 ((;)Ll): =gy - 52,
U) = 2 ((;)Ll); FORE
= 3, =~ S

& (— D)L 511£(10)
Ui = kz_(; e Yo T
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Example 2.
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Example 3.
_ N D ) (@ 1@
Us(D) = Z(k e 9+\/§+72,
_1 Lk+3J 4 11 4 4
Us(2) (k ) 64 _ A& | 11504) | 5534( )’
4 (k+1)* 81 7243 10368
Us(3) = S (DY B(6) , 1176746) | 225374(6)
PUT L k+ D6 T 729 91243 14929927
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Us() = i (—DUS B(10) , 7440100914(10)  301730174(10)
T L (k+ D T 59049 T 429981696 v3 30958682112
2.2. U,(n)

Performing the replacement k — 4km + j — 1 with 1 < j < 4m, we can express U,,(n) as the
following multisection series

=2 (2k+1)2" (8km+2]—1)2"

~ i Z (— 1)Lm§ﬁnl +Z (- 1)L2mz+,f11
= (Skm +2j— 12 L4 (8km + 2m +2j - 1)

3m+j— ]

4m+/ I

+
_M§ ||

(D +Z (-Dt2
— (8km +4m +2j — 1) j:1 (8km +6m +2j— 1)
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The above expression can be further reduced as follows:

© m . 1
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For the two sums on the ultimate line, making the changes on summation indices by j — 1 + m — j and

k— —-k-1
Z Z S8km + 12 — S8km + 2m1+ D7 —
— ( ] 1)2;1 ( J 1)2n

k——oo

and then unifying this resulting expression to the first line, we find the bilateral series expression
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By invoking Eq (1), we establish the following summation formula.

Theorem 2 (m,n € N).

(=D Ang(2n)
7/{m(n) _( 1) 44nm2nB2n

2k + 1
X Z{Pzn 1 COt( 7T)) P2n 1(COt(2m+2] ﬂ))}

Form = 1,2, 3, we record the following closed formulae as applications.

Example 4 (m = 1).

> (=DEH32)
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Example 5 (m = 2).

_ N G 3¢
=2 Gy =716 VIOF V2

o D 150)
= 15898 + 241 V2
ZiQk+ 1) 2043 V15898 + 2412,

U,(2) =

S (-DYFL634(6)
3) = - 267655210 + 494881 V2.
%06 kzz(; 2k + 1) 1048576‘/ - V2

S (-DYFEL1548)
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DU 337(10)
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Example 6 (m = 3).

_NED @ [ A
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I NG VR (C)
U (2) = ;(2“ 7 = 12 V1635146 + 22968 V3.
SR

> (-1
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N 10
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=y 2k + )10 2641807540224

3. Evaluation of V,,(n) and V,,(n)

This section will be devoted to the two remaining series V,,(n) and V,,(n). We shall establish two
general summation theorems. Several explicit formulae in terms of the Riemann zeta function and the
Dirichlet beta function will be deduced as particular cases.

3.1. V,,(n)

Making the replacement k — km + j — 1 with 1 < j < m, we can rewrite V,,(n) as

km+j—1

CDE &
Vil = Z(k+1)2n1_ZZW

k=0 j=1
i )Lkm+m 1J . i m—1 (_1)|_kmtnjilj
2n—1 N2n-1"
= (km + m) = (km + j)
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We remark that the above equalities are valid for n > 1. When n = 1, the corresponding formula in
Theorem 3 can be shown analogously by examining the truncated sum below

o (=D
V'"(“:}L“;Z k+1

The first series in the last line can be evaluated directly as follows:
In2

i D i Df e
2n—-1 ~ 2n—1 2n—-1 ~ | 22n-1 _ 9o
= (km+m) mt g e+ 1) (2m)*- ————{(2n~1), n>1.

n=1;

According to the parity of k, the double series can be split into two

oo m—1 ( 1)|_1<’"+/1 oo m—1 ( l)k
2 (km + 1 ZZ (km + )21
=0 j=1 J k=0 j= J
) - 0 -1
:Z (2km+])2"l ZZ 2km+m+‘])2"1

Now making the replacements on summation indices by j — m — j and k — —k — 1 in the latter double
sum and then unifying it to the former, we can simplify the resulting expression into the following
bilateral series:

i mZ] ( ) km+j lJ m—1
w1
< (km + j)

Finally, by making use of (1), we can express the rightmost bilateral series in terms of Dirichlet
beta function:

1 1
(2m)>n-1 Z (k + 5 A I yon- 1

k=—oc0

[0e]

2n—1

1 m jr
2, v Dt @il wa( cot(3,,)

S CICa)}

Summing up, we have proved the following theorem.

Theorem 3 (m,n € N).

(1)t w1 2820 = 1) '
Z (k + 121 =(=D I%EM_ZZPZ"‘Z( COt(%))

=1
In2
n—, n=1;
m

Y921 _

Electronic Research Archive Volume 32, Issue 2, 1227-1238.



1235

When m = 1, it is trivial to check that

( 1)k ln2, n= 1;
_Z(k+1)2n -

Vi(n)

(1-4""@n-1), n>2.

Form =2,3 and 1 < n <5, the closed formulae are highlighted as examples.

Example 7 (m = 2).

Example 8 (m = 3).

sl 8p(
Va(l) = Z() _m>

(-Di 2
Vi(3 -
#3) = Z 1215v3 1296

®(—1)5!
v =y L

Vo) = :0 ((k_ Jlr)le)JB
Va(3) = 2 ((k_ P;JS
-
vis) = 3

_ 801 In2
= B( )+7

3
=B3) + 3540,

=pBO) + 5E{( )

=pB(7) + ng(( ),

255

=BO* 1072

{().

160/3’(3) RaC)

£ (k + 1)3 ~ 81V3

17680) | 3{6)

(k+1)°

15! _2329608(7)  74(7
W@:Z() _ 2329608(D) _ 7(7)

—1)L5d
ww—z() =

3.2. V)

1334073  15552°
425805824B(9)  85.(9)

(k+1)°

2453485953

1679616

Under the replacements k — 2km + j— 1 with 1 < j < 2m, for n > 1, we can rewrite V,,(n) as the

following multisection series

Electronic Research Archive
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) 0 ( I)LKJ oo 2m (_I)L%J
(Vm(n) - kz: k + 1)2n 1 Z ]Z_; (4km + 2] - 1)2n—1

k

@
(=D Z (=D
£ (4km+2]— 1)2-1 (dkm + 2m + 2j — 1)2-1

(o9

S 1
ZZ(4km+2]—l)2"1 ZZ(4km+2m+2]—1)2”1

j=1 k=0 =1 k=0

When n = 1, the corresponding formula in Theorem 4 can be confirmed by examining the following
truncated sum

( 1)L£J

d 2k + 1

V(1) = lim

Now, making the replacements j — m + 1 — jand k — —k — 1 simultaneously for the latter double
sums and then unifying it to the former one, we obtain the bilateral series expression below

m

Z(4km+2]—1)2” Pt Z Z(4km+2]—1)2"]

j=1 =—00 j=1

Vin(n) =

(o)

1 u 1
Z 4 (4km + 2 — 1] Z (4m)2” i Z_oo(k+2£_;11)2n—l'

k=

Ms ET;Ma

Il
—_

J

Keeping in mind (1) and writing the rightmost sum in terms of the Dirichlet beta function

(o)

1 2n-1 2i_1
2% 2Dt a0 )

k=—c0

(—1y~14"8(2n - 2) 2i-1
= E2n_2n Pzn_z(COt( J4m ﬂ')),

we arrive at the compact expression as in the following theorem.

Theorem 4 (m,n € N).
i (-Dwd pn - 1) - IZP cot
L1k + 1 mE, 2 2

When m = 1, it is obvious to see that

- (-1
Vi) =y —————=pCn-1).
! ; (2k + 1)1

For m = 2, 3, the corresponding closed formulae are displayed as follows.
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Example 9 (m = 2).

Example 10 (m = 3).

Use of AI tools declaration

o (=D
£ 2k + 1

S (=D 3B8(3)
V,(2) = = :
? kZ:(; Qk+1P ~ 242

S (- 578(5)
V,(3) = = ,
’ ,;; Qk+17 "~ 40v2

2y (=D 27638(7)
Va2(4) = kzz;‘ Qk+ 1) =

Vy(l) = V2p(1),

19522
(=D 2507378(9)
5) = = .
Voe) ;g Qk+1Y° " 1772802

S (DS 5B(1)

(v3(1):k=0 %+1 3
v § 20
S
A T )
-5 0
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