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Abstract: In this paper, we consider the first boundary value problem for a class of steady non-
Newtonian micropolar fluid equations with heat convection in the three-dimensional smooth and
bounded domain Q. By using the fixed-point theorem and introducing a family of penalized problems,
under the condition that the external force term and the vortex viscosity coeflicient are appropriately
small, the existence and uniqueness of strong solutions of the problem are obtained.
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1. Introduction

The motion of an incompressible micropolar fluid with heat conduction and a constant density is
described by the following system of partial differential equations (see [1]):

u, + (u-Vyu —divr + Vo = 2u,rot w + f(6)
divu=0
w;+ -V — (¢, + cg)rhw — (¢co + ¢4 — ¢,)Vdivw = 2u,(rotu — 2w) + g(0) (1.1)
| .
0, + -V —divikVe) =7 : D + 4v,(§r0tu — w)? + cy(divw)?
+(cy +c))Vw : Vo + (cg — c)Vw : Vo) +h

Equation (1.1) comprises the conservation laws of linear momentum, mass, angular momentum, and
energy, respectively. The unknown u = u(x, t) is the velocity vector, n(x, t) is the pressure, w = w(x, t)
is the angular velocity of internal rotation of a particle, and 8 = 6(x, 7) is the temperature. The vector-
valued functions f, g are given external forces, and the scalar-valued function 4 denotes the heat
source. The positive constant v, in (1.1) represents the dynamic micro-rotation viscosity, ¢, ¢,, ¢y are
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constants called the coefficients of angular viscosities, and « is the heat conductivity. The viscous stress
tensor T = 1(P), where

D =Dwu) = %(Vu +Vul)

is the rate of deformation tensor, is also called the shear rate tensor. If the relation between the stress T
and the strain rate D is linear, then the fluid is called Newtonian. If the relation is non-linear, the fluid
is called non-Newtonian. For an introduction to the mechanics of non-Newtonian fluids we refer the
reader to references [2, 3].

If w, g, and the viscosity coeflicients ¢y, c,, ¢4, U, are zero, system (1.1) reduces to the system of
field equations of classical hydrodynamics. For the Newtonian case (i.e., T = u9), several variants
of system (1.1) have been studied by several authors in the literature. One well-known simplified
model is the Oberbeck—Boussinesq approximation, which was obtained by ignoring the dissipation
term T : 9. The neglect of this term considerably simplifies the analysis, and it has been widely
studied by several authors from a theoretical perspective; we could refer the reader to [4-9] (and the
references cited therein) for related results. If the term 7 : D is not neglected, the mathematical
analysis for (1.1) becomes significantly more difficult. One of the main challenges stems from the fact
that this viscous dissipation term belongs, a priori, only to L'(Q7), which makes the application of
compactness arguments problematic. Related results, such as the existence, uniqueness, regularity, and
large time behavior of solutions, have been investigated in previous studies; see, e.g., [10-16] and the
references therein. In the non-Newtonian case, a popular technique is to assume that the tensor 7 has a
p-structure. Consiglieri [17] proved the existence of weak solutions to the coupled system of stationary
equations given by (1.1) with the Dirichlet boundary conditions under more general assumptions on T
with temperature-dependent coefficients. Consiglieri and Shilkin [18] proved the existence of a weak
solution, where u possesses locally integrable second-order derivatives. Under the weak assumptions
on the data of the problem, Consiglieri [19] proved the existence of weak solutions for a class of non-
Newtonian heat-conducting fluids with a generalized nonlinear law of heat conduction. Roubicek [20]
has shown the existence of the distributional solution to the steady-state system of equations for non-
Newtonian fluids of the p-power type, coupled with the heat equation with heat sources to have L!-
structure and even to be measures. BeneS [21] considered the steady flow model with dissipative and
adiabatic heating and temperature-dependent material coeflicients in a plane bounded domain. The
existence of a strong solution is proven by a fixed-point technique based on the Schauder theorem for
sufficiently small external forces. For more results, we refer the reader to [22-24] and the references
cited therein.

Under the condition that the angular momentum balance equation is considered (i.e., including the
w equation in (1.1)), Kagei and Skowron [25] established the existence and uniqueness of solutions of
problem by using the Banach fixed-point argument. Amorim, Loayza and Rojas-Medar [26] analyzed
the existence, uniqueness, and regularity of the solutions in a bounded domain Q C R? by using an
iterative method; the convergence rates in several norms were also considered. Lukaszewicz, Walus$ and
Piskorek [27] studied the stationary problem associated with (1.1), and they showed that the boundary
value problem has solutions in appropriate Sobolev spaces, provided the viscosities v, and ¢, + ¢, are
sufficiently large. The proof is based on a fixed-point argument. The above-mentioned results are all
regarding the Newtonian case and, to the best of our knowledge, related results for such a problem of
non-Newtonian type have not been considered yet.
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In this paper, we study a stationary non-Newtonian version of the full system (1.1) in a smooth
bounded domain Q C R?. More precisely, by neglecting the dissipation term 7 : O and assuming that
T has the p-structure

(Du) = 2u(1 + |Du))"? Du, u>0 const (1.2)

after taking the viscosity coeflicients properly, we consider the following non-Newtonian micropolar
fluid equation with heat convection:

div(u @ u) — divr(Du) + Vr = 2u,rotw + 6f, in Q
divu = 0, in Q (1.3)
(- Vo - 20w - 2Vdivw = 2u,(rotu — 2w) + 0g, in Q ’
—div(x(-, V) + (u - V)0 = O(u, ) + h, in Q
supplemented with the following first boundary value conditions:
ulpo = 0, wlypa = 0, Blaa = 0 (1.4)

4
where, in (1.3), ®(u, w) = >, ®; and
i=1

3 3
D)1, ) = (%rotu —w), Do) = ([dive), i) =2 ) () Biw) = ) o)

ij=1 i,j=1

here, for a vector-valued function v(x), we denote v; ; = d;v;(x). We assume that the heat conductivity
k: QxR — RisaC!' function such that 0 < k; < k(x, 6) < k, almost everywhere, with x € Q and, for
all 9 € R, it satisfies that [k’(-,a) — K’(-, b)| < A’la — b| for all a, b € R and «'(-,0) = 0, where ki, k2, and
A’ are positive constants.

The goal of the present paper is to prove the existence and uniqueness of a strong solution to the
system given by system (1.2)—(1.4) under a smallness condition on the external force term and the
vortex viscosity coefficient. The procedure employs similar ideas to the ones presented in [28]. The
main idea is to use the fixed-point theorem in combination with the regularized technique.

Let us briefly sketch the proof. First, after regularizing the term |D(u)| in the stress tensor with
a parameter &, we consider a penalized problem and rewrite it in a new form. Next, by the known
results about the linear equation, we define the mapping by linearizing the above systems. Noticing
that the first equation of the linearized systems is in a form of the Stokes type, by using the well-known
regularity resuls (see [29]), we could obtain a pair (u,,7,) € W*4(Q) x W4(Q). What needs to be
pointed out is that, if we do not regularize the stress tensor, the right-hand side of this equation does
not belong to L(€2); this makes it impossible to apply the above theorem to get u, € W>9(Q). Then,
by using the fixed-point theorem, we could prove the existence of an approximate solution (u., w,, 6,),
and, finally, by taking € — 0, we prove the main result (Theorem 2.1).

Remark 1.1. In our case, in the process of proof, we use an elementary inequality: for every a,b € R™,
we have

(1 +ay = (1 +bY7 < (Ip = 2|, D*la = bI(1 + (a,b)")"""

If we allow the stress tensor to have singularity (i.e., T(Du) = 2u|Du|P>Du), one similar estimate
for |aP=% — bP~2| is needed and this is not known. Therefore, our method is not suitable for the singular
case. (See [28] for more details.)

Electronic Research Archive Volume 32, Issue 2, 897-914.



900

The paper is organized as follows. In Section 2, we introduce basic notations and some preliminary
results that will be used later; we then state the main results of this work. We prove the existence
and uniqueness of strong solutions of an approximate problem described by (1.2)—(1.4) in Section 3
by employing a fixed-point argument. Finally, in Section 4, we prove the main result by letting the
parameter £ — 0.

2. Preliminaries and main result

Throughout the paper, we shall use the following functional spaces: L(€2), W™4(Q)), and Wé’q(Q)
are the usual Lebesgue and Sobolev spaces; the norms in L7(Q) and W™4(Q) we respectively denote by
- 1l; and || - [lnq5 W=14(Q) denotes the dual space of Wé’q(Q), and its norm is represented by || - ||-1 4:0.

We also introduce the space

Vi.={uluecCyQ), divu =0}
V, = {ue W,"(Q) : divu = 0}
Vi = € W)P(Q) N W"P(Q) : divu =0, inQ}

For x,y € R, (x, y)* = max{x, y}, x* = max{x, 0}, and §, = (|]p — 2|, 2)". We introduce the
following constants:

_(p3) =22

" 3 - e -

2r,=1+(p-3)"-(p-4)7,

we also denote C, = Cp,(n, 5,Q2) as the Poincaré constant of the Poincaré inequality.
For g > r > s > 3, let us consider the convex set B, defined by

B, = {(€,0,0) € Vo X W (Q) x W(Q) : CElIVElh 4 < p, CEllVAlli, < p, CEIVZL <p}  (22)

where p is a constant to be determined; Cg, Cz, and C3 are the embedding constants from wha(Q)
into L*(Q), W' (Q) into L¥(Q), and W!5(Q) into L¥(Q2), respectively. Also, we consider the space
Vo, X (W21(Q) N Wy (Q)) x (W2S(Q) N W, (Q)), endowed with the norm

16 7. Ol s = max {IVE N . 1Vl V21 )

For later use, we state some useful lemmas.

Lemma 2.1. [29] Let m > —1 be an integer, and let Q be bounded in R"(n = 2,3) with a boundary
0Q of class C* with k = (m + 2, 2)*. Then, for any f € W™4(Q), the system given by

—Au+Vr = f, in Q
divu =0, in Q
upo =0

admits a unique (u, ) € W™4(Q) x W"14(Q). Moreover, the following estimate holds:
Ilvu||m+l,q + ||7T||m+1,q/R < Cm”f”m,q

where C,, = C,,(n, q,Q) is a positive constant.
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Lemma 2.2. [28] Let y, be defined as (2.1), and let L : R™ — R be defined by
L(6) = A6* — 6 + ESC(S) + D

where A, D, E are positive constants and €(x) = x(1 + x)P~". Thus, if the following assertion holds:
AD + ED(1 + D)?™" <y,

then L possesses at least one root 6,. Moreover, 61 > D, and, for every 3 € [1,2], the following estimate
holds:

-1 2 —
P 5 + ﬁA5§+

B B

Lemma 2.3. [30] Let X and Y be Banach spaces such that X is reflexive and X — Y. Let B be a
non-empty, closed, convex, and bounded subset of X, and let T : B — B be a mapping such that

2-p E(p-3)"

ES,£(5,) + S +6)"P <D (2.3)

|T(w) = TW)|ly < Kl|lu—v|ly foreach u,veB, 0<K <1
then, T has a unique fixed point in B.

The main result of our paper is as follows:

Theorem 2.1. Let f € Lq(Q),_g € E’(Q), and h € L°(QY), where g > r > s >3, p> 1, and u > 0.
There exist positive constants 4 = A(Cy, C_y, C3, Ak, Ck, Cg Cg Cp), mp = m(Cy,C,,Cg,Cg,v,),
and my = my(C, A, C,,Cg, Cg, Cg) such that, if ||g|l, < my, [|hlls < myk?, v, > 0 small enough, and

—
1 2035 +v) 1~ -
(—+ Z)M +(=+ DaAv, + /lllf”q + Allgll-
Iz M H M
: o - (2.4)
— 2+, A +v2)
+Spd ——— |1+ —— < 22
u U 4(p=-2.1)

then the problem given by (1.2)-(1.4) has a unique strong solution (u,w,0) € V,, X
(W2(Q) N Wy (Q) X (W (Q) N Wy (Q).

Remark 2.1. As usual, the pressure  has disappeared from the notion of the solution. Actually, the
pressure may be recovered by the de Rham theorem, at least in L*>(Q), such that (u,n, w,0) satisfies
(1.2)—(1.4) almost everywhere (see, e.g., [31]).

3. Existence of the approximate solution

For 0 < £ < 1, we consider the following family of penalized problems

—divQu(l + &% + |Dul?)P2Du) + Vr + div(u ® u) = 2v,rot w + 6f, in Q

divu =0, in Q
-2Aw + (u - V)w — 2Vdivw = 2v,(rotu — 2w) + 6g, in Q 3.1)
—div(k(-,)VO) + (u - V)8 = O(u, w) + h, in Q

upo =0, wlpa =0, 0Olsa=0

The following result holds true.
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Theorem 3.1. Let f € LI(Q), g € L'(Q), and h € L°(Q), where g > r > s >3, p > 1, u >
0, and 0 < & < 1. There exist positive constants A = E(CO,C_l,C%/l,,KI,CE,CE, CzCp), m =
m(Cy,Cp, Cg,Cg,v,), and my = my(C, /l',Cp,CE,CE, Cy) such that, if ||gll, < my, ||All; < myk?, v, > 0
is small enough, and

—2

1 2201 +v) 1~ = =

) AL S LU T

p K H H

— (p-3)*
_ SR+, AN + v, 1
+S,,/12—fq . 1+L < o2 3.2)
p . 402

then problem (3.1) has a unique strong solution:
(e, e, 6c) € Vo X (W(Q) N Wy (Q)) X (W(Q) N Wy ()

Proof. We use a fixed-point argument to prove Theorem 3.1, and the proof will be divided into four
steps.

Step 1: Linearization of the problem and construction of the mapping.
Reformulate the problem (3.1) as follows:
—u(1 + &P au + Vi = 2u.rot w + 6f — div(e @ u) + divQuo.(|Dul*)Du)
divu =0
—2Aw — 2Vdivw = 2u,rotu + 0g — 4v,w — (u - V)w 3.3)

—k(-,0)A0 = K,(-, 9)|V9|2 —(u-V)f+Dd(u,w)+h
upo =0, wlpg =0, 6Olspa=0

-2
where (1) = (14 & + 5P )" = (1 + )02,
We define the operator

Te : Vo X (W2(Q) N W,"(Q) X (W (Q) N W,y ()
> Vag X (W2(Q) N Wy (Q) X (W (Q) N W, ()

given by T.(&,n,¢) = (u,, we, 0;), where (u,, w,, 6,) is the solution of the following problem:

—u(1 +&)P2au, + Vr, = 2u,rot g + £ f — div(€ ® &) + divQuo(|DE) DE)
divu, =0
-2Aw, — 2Vdivw, = 2u,rot € + (g —4u,n—(§-V)qp (3.4)

—Kk(,0:)00; = K (-, OIVLP = (€ V) + DE ) + h
Uelogo =0, weloa =0, Olog =0

Step 2: Proving 7, maps B, onto itself.

In this part, we will prove that there exists a constant p > 0 such that 7, maps B, onto B,. We formulate
the result as follows.
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Proposition 3.1. Let f € LY(Q), g € L’(%), and h € L*(Q), where g > r > s > 3, p > 1, and
u > 0. There exist positive constants A, = 4,(Cy, C,Cg,Cg), m; = m(Cy,Cg,Cgz,Cp,v,), and my =
my(C, A, Cg, Cz, Cg, C,) such that, if|gll, < my, |lAlls < myk?, v, > 0 is small enough, and

-2 = (p-3)*
A (IAE + v, /lS /1 A1 + v,

(3.5)

then Ty(B,) € B, for some p > 0.
Proof. Let (§,1,{) be in B, (see 2.2). Using Lemma 2.1, we obtain that u, € V,, and

Co .
IVitelhg < Gy, (161l + 116 - V8l + 12vroul, + V2 (DEHDEL,) - (3.6)
First, we have c
vy
12v,rotnlly < 2v,ClIVAly < CvilIVall, < —p (3.7)
E
PAC, + 1> IR
1ZA1l; < 1Illsollflly < C2(Cpp + DIVEIIAI, < p(Cp + DIlfIl, < > + (3.8)
Reasoning as in [28], we obtain
. 2 G, 81“5_17
I - V&l + 1divI2u0(1DEDDEM, < 0" + ——pl(p) 3.9
E E
Combining (3.6)—(3.9), we conclude that
Co (I LOn (Gt > C, 2, sus
Vul, < —_r 4 r
Vel < ( > C~p+( e b
< 1 (A4 vip + % + 148 o l0) (3.10)

where /11 Comax {2, g R (CP;I)Z + g—;, Cig}’ {(x) = x(1+ x)(P_3)+’ S_p — (lp -2, 1)+ 2(P—3)+.

On the other hand, by the theory of elliptic equations, there is a positive constant C; such that
IVl < Cilllgglly + [12virotéll, + [|4venll- + |I§ - Vall,]

< Gillllll1gll- + 2v, CIIVElr + 4v, CpllVall, + 1€l VAll]

< Cl [CE(Cp + 1)||V§||s||g||r + Cvrllvflll,q + 4VGC||V7]||1,r + CE“f”l,q”V’llll,r]

< Cilp(Cy + Digll- + Cv,lIVElLLg + 4v,CpllVall + Ce(Cp, + DIIVEI VAL ]

IgllF  p*(Cp+ 1)
SCI[ ‘; +— +CV,||V§||1,Q+4vrcp||vn||1,,+cE<cp+1)||V§||1,q§ (.11)
E
gl pAC,+ 1% Cv,  4C, (Cp+1),
<C + + + +
][ 2 2 CEp Cg p Cy N
Cl(C + DIC, + DCs+2] ,

P+ 24v,p + 1||g||%

B 2Cx
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1 = Cc 4G
where A, = Clmax{cE, o }

Also, from the elliptic equations of (3.4), there exists a positive constant C, such that

c, C C C
IVO,ll1.s < =2 IK G OIDEPIls + = DE, s + —NIE - VI + —IAlls
K1 K1 K1 K1

3.12)
C, . C, < C C (
= 2K OIDLPI + =211 ) D& mlls + — g - VIl + — il
K1 K1 P K1 K1
By the assumptions of (-, 8), it follows that
I G, OIDEP s = (K ¢ 8) = K ¢ ONIDEPl < ANENNVENE,
, , _ACC,+1)
< A Cx(Cp + DIVENIVEG, < —=5—F' (3.13)
E
Since
1 2 2 2\S§ 1 2 2
191(€, s = llGrot€ =l < C| | (V&) +n*)'dx| < CAVEIL, + limll,)
Q
and
3 3
|D2(m)lls + 1Dl + | D2l = [I(divap)?[l + | Z(m,pzns + ] Z 0i.m;lls
i=1 i=1
/s 1/s 1/s
sc(f«vm%wﬁ -+c(f«vm%wﬂ -+c(f«vm%wﬁ
Q Q Q
< ClIVqli3,
it follows that
Cp®> Cp?
IOl < CAUVEIR, +1IV1B) < CUVEIR, + IValf,) < 25 + (3.14)
E E
Finally,
1€ - V2l < NEllolIVEIls < CENEN LIV, < (Cp + DCEIVEN IV
(C,+1) (3.15)
< (Cp + DCEIVEIL IV, < —2—p7

Cg
Combining (3.12)—(3.15), we obtain

C,AC(C, + 1 C,(C,+1 G(c C
VO, < — G+ GG D, G Tt
c; Ck

G
2 o>+ —|Ihls
KlCE K]CE K K1

<Cﬂag+h3 A3

C,
+2220% + Z2|A|, 3.16
m%, 1% Af KﬂH (3.16)
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- C+) ¢ | C
where Az = szax{ G c_%}

Without loss of generality, it can be assumed that p < 1. To ensure that 7.(B,) C B,, it is sufficient
to require that

_ 1 _
IVuclhg < 22 [LF1G +vip + 9+ 1S pllo)| < ZHIF1G +vi 4 07+ 1S pllp)] < p
C(C, + DI(C, + DNCx + 2]

Vel < — —

(3.17)
o2+ 2Lv,p+ gl <p (3.18)
2Cz 27T
CAC(C,+ 1) I CACC,+1) A5
IVOll1s < ——————p" +2—=p" + _”hHs S| —————+2— 20+ —IIhIIA <p .19
K1CE K1 KlCE K
1 A1 2 Vr . A1 2 '
Applying Lemma 2.2 with A %, E =45, and D = %, there exists p; > AW uch
that o
n (A1 + v, + 07 + 1S o1 EGo1) | < i
moreover, by taking 8 = 2 in (2.3), we have
2R +v,)
prs———
u
Reformulate (3.18) as follows
Ci(C, + D[(C, + 1)C; + 2]
: p°+ 24y, — Dp + —IIgII (3.20)
2Cz
since the discriminant A

—_— C3(CHr+D(Cp+1)C=+2
= 2y, — 1)? - GG DO
E

llgll? > 0, namely,

) QAv, — 1)*Cx
Ci(C, + DIC, + 1)CE + 2]
we deduce that the inequality (3.20) is valid for some p .
Take a constant D satisfying that p; < D < p;, where

+

_ Cg
P2 = CHC, + DIC, + DCz + 2]

: [(1 —2,v,) £ \/(2/1_21/, 12— CHCp + DUC, + 1)CE +2]

2
C. llgll;
C 2
_ 1m [1 L J1- llgll; ]
1 — 20, my

since, for every p € [p5,p;

1, (3.20) holds true, we could choose p; € (o, D) such that
Ci(Cp, + DIC, + DCE+2] ,
2Cz

05+ 23v,07 + _”g”r < p2
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On the other hand, we rewrite (3.19) as follows

C,AC(C, + 1 A C
[M + 2—3],02 —p+ =l <0 (3.21)
K1

K]Cz K1
E

A C(Cp+1)
k1 C2
E

since A = 1 — 4( ; 21—3) S|k, > 0, namely,

2
all; CE
K 4GICAC(C,p+ 1) +21:C

it follows that (3.21) is valid for some p.
The above D could also be selected to satisfy that p5 < 2D < p3, where

fe= CACC,+1) 4. C
pt = E_ 1= 1—4(L§)+2—3)—2uhns
2ACAC(C, + 1)+ 25C2] K C2 k1 Ki
2
_2ml [l
K k%mz

since (3.21) is valid for every p € [p3, p], we can choose p3 € (2D, p3) such that

+2—|p5 + —|lhll; <
pYe o P /q” ls < p3

[CZ/I'C(CP+1) ZJ , G

In conclusion, we have obtained

A2+ vy 201A112 + )
Al v <p < il <p (3.22)
u u

P2

which completes the proof by taking p = p;.

Step 3: Proving 7, : B, — B, is a contraction.
In this step, we concentrate on proving that the map 7, : B, — B, is a contraction. Our aim is to
prove the following result.

Proposition 3.2. There is a positive constant Ao = A(C_y,Cs, A, k1, C 1, Ce, Cg, Cg) such that, if

—0(1 N24AfIE+v)
@H—+%—Lﬁi——+e+nw+yk+km
M JZ M (3.23)
= = (P-3)" :
— AR +v,) LA +v))" |
+S, 1+ < ——
/l ﬂ 4(17_2,1)

then T, : B, — B, is a contraction in Wé’q(Q) X Wé’r(Q) X W(;’S(Q).
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Proof. Let (€,1,0), (;‘,;, 7]\,2’\) € B,, and let [u,, w., 0], [u., @.,0,] be their respective images under
T,. Then, from (3.4), we obtain

—u(l + )PP A, -u,) + V(p, —p:) = F,
div(u,-u,)=0
2N, — w,) - 2Vdiv(w, — w,) =G (3.24)
—k(- 00) 20, + k(- 0)80, = H + K (-, OIVLE = K (-, DIV
U ~Tloo = 0, (W=D an =0, (B~ O)laa =0

where

F, = divE® & - £®€) + 2v,rot(n - ) + 2udivio,(DENDE - o (1DEHDE + (L - O)f
G = 2v,r0t&— &) —dv,(p—T) — (& -V +E - VT+ (- Dg
H = ®En) - DED - E -+ E- V)

From Lemma 2.1, we obtain

— C- L= =
IV (= )l < 71[||dw<f ®E—E@ |14+ 2ot — P14

(3.25)
+ 2ulldivio. (| DEP)DE - o (1DEDDEN-1.4 + I + D14
We estimate each term on the right-hand side of (3.25) as follows:
ldivE ®E — £ ® )14 < CIE®E — £ ®€ll, < 2CC,(CE + 1)ip IV - D, (3.26)
2ulldiv[o(|1DEP)DE — o (| DEP)DE|-1 4 < Cullo(|DEF)DE — o (DERDEN,
< CuS L2p)IVE - ), (3.27)
2,0t = Pll-14 < Cvillg = llg < Cvilin = Tlle < CC, + DVIV@ = le (3.28)
I =D fll-14 < CINE = DAy < ClIE = Llliflly < CCHC, + DIFINIVE =Dl (3.29)

Inserting (3.26)—(3.29) into (3.25), we obtain

_ cC. 1 _
”V(us - us)”q < Tl[2cp(cg + 1)"/31||V(f - f)”q + (Cp + 1)Vr||V('] _m”r
+ uS LQ2pVIVE = E)lly + Cx(C, + DIFIIVE = D] (3.30)
S D G — _
< 44[/_1,)] vt S, t2p1)| - max {[IV(€ = E)ll,, IV (g =D, IV = D)
where 44 = CC_ymax {2C,(Ch + 1)7,C, + 1,1,C5(C, + D).
On the other hand, by the theory of elliptic equations, there exists a positive constant C5 such that

”V(wa - a8)||r < ||V(w8 - a(s)Hl,r

B L _ (3.31)
< Cs [I12v,r0t(€ = Bl + 14,0 = I, + IE - V)i - € - Dl I - Dl |
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For each term on the right-hand side of (3.31), we have

12v,10t(£ — E)lI, < CV,IV(E = E)ll, < Cv,IIV(E - €, (3.32)
[4v,(q =Dl < 4,.C, V@ - DI, (3.33)
12 = Dell: < I = Llwligll: < Cx(C, + DIV = Dlllgll, (3.34)

i€ - Vi - & - Vall, = € - ©)Vag + EVGT - I,
<€ - &)Vall, + 1IEV G — I,
< I - ElllIVA, + €IV @ — I,
< Crli€ = &l g VA, + CEEN IV AT - I, (3.35)
< C(Cy + DIVE = lI/IVAll, + Ce(C, + DIVEIIVET - I,
< Ce(Cy + DIVE = lllIVajlls, + C£(C, + DIVE VG — I,

%E)mnwg Elly + (C, + Dpi VAT - I,
Combining (3.31)—(3.35), it follows that
IV (@, =@l < A52v, + 201 +llgll,) - max {IVE = Ol IVGT = I IVC = DI} (336)
where 15 = Cymax {40,,, C, St o 41, CHC,+ 1)}.
Noticing that
—K(, 0,) 80, + K(-, )00, = K(-, 0) 20, — 0,) + (K(-, 0;) — K(-, 6.)) 26, (3.37)
it follows from (3.24), that
V(B = 0)I; < K—11||H||s + K—llnx’(-,g)waz =K COIVEPI + %II(K(-,@) — k(. 0)00,]l,  (3.38)

Recall that H = ®(&, 1) — d)(g’) (&€-V)+ (§ V){ and P(u, w) = Z ®;. In the sequel, we shall

derive estimates for each term on the right-hand side of (3.38) one by one
The first term can be estimated as follows.

1/s
IP1(&, 1) — ©1(E, s < C(fQ [VE-&O+@-mIVE+E - @+ n)]de)

xeQ
< (Cp1 + Cp)) (IV(€ = H)l; + lIn —7ll,)
< Cp1 (IVE€ = &l + I -7l
< CpillV(E = E)lly + Cp1CH(C, + DIV =D,

1/s
<sup[IV(E+ &I+ 17+ ] (fg V(& -&) + - ﬂ)]lst)

4
Z 1©:(1p) = @,(PIls < CoilIVap = Iy < CoillVa =l
i=2
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IE - V) = (& V)l = IE = E)VE + EV(EZ - D,
< 1€ - &V, + 1€V - DI,
< 1€ = £V, + €NV = DI, (3.39)
< Cili€ — €l IVl + Celléll IV E - Dl

Ce(C, + 1) — =
< —PiVE=8lg + (€, + DoillVE = Dl
E

it follows that
IHll, < Ag(4p1) - max {IVE = Iy, VG = .. IV - O} (3.40)

where 15 = max {c, C[1 + Cx(C, + D], £ ¢, + 1}.

For the second term

K C OIVEE = K GOV = 1K ¢, 0 = K COIVEE + K (. OV = VEPI
< AN = ZlIVEPI + 1K ¢ ) = & ¢, ONAVLE = IV
< AN¢ = LalIVEPIy + ANl AVER = V2P
< A CE(C, + DCIVEIVE = Dlly + A CEINNVE =) - V(& + Dl

< A (Cp+ 1)CplIV(E = DIy + 24(Cp + DPAIVE = D,
(3.41)
Finally, because |«(-, a) — k(-, b)| < A'(|la| + |b]), Ya, b € R and ||A6,]|, < IVO||;.5, we have

(-, 8) — kG 0:0)A0, ]I, < 20 pX(C,y + 12V — Bl (3.42)

Combining (3.38) and (3.40)—(3.42), we obtain

2 ., — 42, — _
(1- K—lﬂ p1(Cp + DIV, — 0l < K—fplmax {IIV(é‘ = ENlg- V@ = I, IV - é)lls}

A — 22 —~
+ K—IC(Cp + DotV = Dls + K—I(Cp + DtV = O

< prymax {[IV(€ = &)lly, VG = I, IV(E = DI}

where 1; = 2max {426, ' C(C, + 1),22(C, + 1)}.
Combining the above estimates, taking p; such that %/llpf(C L+ 1)< %, we conclude that

max{[IV(u, - Zo)lly, V(@ = @I, V(6 - )}

_ 1 _ _ _ _
+ A4S ,0(2p1) + ﬁllfllq +245v, + 24501 + AslIgll + 2/17/01]

< [@ + /_14Vr
M
-max {IVE = &)ll,, IV = I, IV - DI}

— — [ — )l 2 Vy
Choosing 4, = max {/14, 2/15,/17}, noticing that p; < —M(”Qlf )

, and taking into account that the
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function ¢ is nondecreasing, and £(4y) < 4*~2D"{(y), we finally obtain
lmwmm—@mmw%—aﬂwwa4®M
- 11 ~ ~
/42 o+ St + q+MW+w+%JHW%W§£WMW@—WMW@—MM

1 200G v - .
< /10[(_ + 2)L +(—+ Dy, + @ +lgll, + Sp4(p—2,1)
H H H

IA

(TG 0,
u
A + v -3 = 7
(1+J_£i_iq”g]-meWf—@mmV@anAW@—émJ

- 243112 + v LA + v,
$4("‘2’”+/lo[(}l+2)—1(“f/!q+V) (; b, +”f# +ligll, + (—1(”f|| ")

'O+2MVM+WWWW

; |- max({Iv @ - Ol 1967 - - IVE - Ol

(3.43)
Considering the space Y := Wé"’(Q) X Wol’r(Q) X WS’S(Q) with the norm max {||V Mg IV - 115 IV ||S},
(3.43) implies that

L . 2L +v,) 1
IT.ET.D - T@mom<N2“|e->—L7%J¥+$+nw+wmﬂmu
_ AR, TSR v o)~
+&bLj§¥?y0+i—7%lﬁ“”]mamo—@mom

From this and hypothesis (3.23), we obtain that 7, : B, — B, is a contraction in Wé’q(Q) X W(;’r(Q) X
W, (Q).

Step 4: Proof of Theorem 3.1.

We observe that, for p < 3,7y, = ; = —1— and, forp > 3,7y, > i 21)+. Thus, by taking A = (1, 4))*,
and because (3.2) implies (3.5) and (3.23), takmg X =Vy,X (W Q)N Wé Q)X (W (Q)N WS’S(Q)),
Y = W1 Q) x W1 ’(Q) X W1 *(Q), and B = B,,, according to Lemma 2.3, we know that 7, has a unique
fixed point on B, . This completes the proof of Theorem 3.1.

4. Proof of Theorem 2.1

Notice that for each € > 0, (u., w,, 6,) satisfies the following weak formula:

f 2u(l + V&2 + | Du )" 2 Du, : DY)dx — f (u,u,) : D(W)dx
@ @ (4.1)
= 2v,frotwg -Wdx + fegf -Wdx, Y¥ eV
Q Q
f Vw, - Vgdx + fv(u‘9 Vo, - Yydx + 4v, f W, - Ydx - fdivwgdiw//
Q Q Q Q
4.2)
=2v, f rotu, - Ydx + f 0.2 - Ydx, Yy e Cy(Q)
Q Q
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fK()C, 0,)VO, - Vodx + fqﬁus -Vl .dx = f(D(ug, w,)pdx + fh(/)dx, Vo € Cy(Q) 4.3)
Q Q Q Q

From (3.10), (3.11), (3.16), and (3.22), we have that the sequence {(u.,w,,0,)}, is uniformly
bounded in Va, X (W*(Q) N W,"(Q)) X (W>*(Q) N W,*(Q)). Then, there exists a subsequence of
{(u,, wg, 0,)},, still indexed by ¢, and (u, w, 6) such that

(U, W, 0:) = (U, ,0) weakly in Vs, X (W (Q) N W, (Q)) X (W (Q) N W, (Q))
(us, wg, 0,) = (u,w,0) strongly in Cl’“'(ﬁ) X Cl"”(ﬁ) X Cl"’“(ﬁ)

ay<l--, a<l--, azy<l--
r S

Therefore, noticing that x : Q X R — R is a C!-function and letting & tend to 0 in (4.1)—(4.3), we
have

f 2u(1 + |Dul)? P Du : D(W)dx - f @ ®u) : D(¥)dx
Q Q
(4.4)
:2vrfr0ta)-‘l’dx+f9f-‘l’dx, YW eV
Q Q

wa-Vl//dx+f(u-V)w'!ﬁdx+4vrfw‘lﬁdx—fdivwdivtﬁ
Q Q Q Q

4.5)
=2y, f rotu - ydx + f 0g-ydx, Yy e CJ(Q)
Q Q

f K(x, )V - Vodx + f du - Vodx = f O(u, w)pdx + f hpdx, Vo eCI(Q) (4.6
Q Q Q Q

The regularity of (u, w, 8) follows from (3.10), (3.11), and (3.16). Theorem 2.1 is proved.
5. Conclusions

In this paper, we proved the existence and uniqueness of strong solutions for a class of steady non-
Newtonian micropolar fluid equations with heat convection. As far as we can see, the known results
are all regarding the Newtonian case, and related results for such a problem of non-Newtonian type
have not been considered yet. The results in this paper are new and generalize many related problems
in the literature.
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