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Abstract: As the availability of high-frequency data becomes more widespread, it has become
very popular to model random fluctuations of some econometric variables over time using Itd semi-
martingale. An emblematic problem is to estimate the quadratic variation, i.e., the integrated volatility
of log prices, using noisy high frequency data with endogenous time and jumps. We propose a method-
ology that combines the multiple sub-grids and thresholds. First, the sub-sample is used to reduce the
effect of the noise. Then, the threshold method is used to get rid of the effect of jumps. Finally, the
multiple sub-grids method is used to increase the convergence rate. The asymptotic properties, such
as consistency and asymptotic normality, are investigated. Simulation is also included to illustrate the
performance of the proposed procedure.
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1. Introduction

As the availability of high-frequency data becomes more widespread, it has become very popular
to model random fluctuations of some econometric variables over time using Itd semi-martingale.
Specifically, in financial mathematics, it has become very popular to model log asset prices or interest
rates using the stochastic processes X = (X;):

dX, = bdt + o,dW,, for te[0,1]. (1.1)
for t € [0,1] [1]. An emblematic problem in econometrics is how to estimate the quadratic variation
(the integrated volatility) of log prices, i.e., (X, X); = fol crfds.

A classical estimator of integrated volatility is the realized volatility c.f. [2], based on the discrete
time observations

X, for O=ty<ti<tp<---1, T, (1.2)
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and the estimator is defined as [X, X] = Z,[_g(AX,I.)Z, where AX,, = X, — X, , fori > 1. Itis well known

that [X, X]} £> (X, X); [3]. However, when it comes to the reality, observed high-frequency data often
exhibit complex features and complicated structures due to those issues:

e Jumps;
e Market microstructure noise;
e Endogenous in the price sampling times.

For the first issue, two well-behaved estimators are the multiple-power estimator [4, 5] and the
realized threshold quadratic variation [6, 7]. One commonly used assumption is that X, is a jump-
diffusion Itd process:

dX, = dX° + dX* (1.3)

for ¢ € [0, T], where X¢and X¢ are the continuous and jumps terms, whose forms are given in (2.1) and
(2.2) later. Under this setting, the quadratic variation of X becomes

[X, XT, = [X, X°], + [X%, X], = f olds+ ) (AX,). (1.4)

0 0<s<t

For the second issue, the model commonly used is the discretely observed process with micro-
structure noise:

Y, =X +¢&, for i=0,1,---,n, (1.5)

where {g,,i > 0} are 1.i.d. random variables, satisfying E(g;,) = 0, E(efi) = 02, independent of the
process X;, and the sampling times {#;,i > 0} are independent of X“. For estimating an univariate in-
tegrated volatility in the presence of microstructure noise, various estimators have been proposed by
researchers, such as two-time scale realized volatility [8], multi-scale realized volatility [9], wavelet
realized volatility [10], pre-averaging realized volatility [11], kernel realized volatility [12], and a
quasi-maximum likelihood estimator [13]. For estimating a multivariate integrated co-volatility, vari-
ous methods include a quasi-maximum likelihood estimator based on generalized sampling time [14],
the pre-averaging realized volatility [15], realized kernel volatility estimator based on a refresh time
scheme [16], and multi-scale realized co-volatility based on previous tick data synchronization [17].
For estimating large integrated volatility matrices, methods consist of universal thresholding [18-21],
and adaptive thresholding [22].

For the last issue, the sampling times are irregular or random but (conditionally) independent of
the price process. Volatility estimation in some special situations, and in a general situation have been
studied [23-25]. A detailed discussion on the issue of possible endogenous effect has been provided
in a semi-parametric context [26], and the time endogenous effect on volatility estimation has been
investigated in a non-parametric setting [27]. When there were X¢, X¢ and endogenous time, Li et
al. [28] developed a procedure that yields a consistent estimator of the integrated volatility. When there
were X¢, microstructure noise and endogenous time, Li, Zhang and Zheng [29] considered estimators
of the volatility and their asymptotic properties. Li and Guo [30] proposed a new estimator of the
integrated volatility in the presence of both market micro-structure noise and jumps when sampling
times are endogenous, through averaging every p observations that precede each observation in the
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sub-sample S to remove the effect of &, and the method of cutting off the “big” part to remove the
effect of the jump part. They obtained only an asymptotic rate n'/%= for any ¢ > 0 due to the local
averaging of a single sub-grid being used to reduce the effect of microstructure noise.

We must point out the differences between this paper and [31], although the methods of the two
articles seem to be similar. A nonparametric procedure, based on a combination of the preaverag-
ing method and threshold technique, is proposed to estimate the integrated volatility of an Itd semi-
martingale in the presence of jumps and microstructure noise. However, we propose a methodology
that combines threshold and the multiple sub-grids, to estimate the quadratic variation of an It6 semi-
martingale in the presence of endogenous time, jumps, and microstructure noise. First, the sub-sample
is used to reduce the effect of the noise. Then, the threshold method is used to get rid of the effect
of jumps. Finally, the multiple sub-grids method is used to increase the convergence rate. Thus, the
circumstances of the model and the estimated methods are both different.

In this paper, we use the sub-sample to reduce the effect of the noise, while using the multiple
sub-grids method to increase the convergence rate. Then, we use the threshold method to get rid of
the effect of jumps. we attempt to develop an estimator that converges consistently to the integrated
volatility in the presence of jumps, micro-structure noise and time endogenous in a general setting.
The asymptotic normality of the proposed estimator is also established.

The remainder of the paper is organized as follows. Some assumptions made by the model and
introduction to the methodology are discussed in Section 2. The consistency and asymptotic normality
results are given in Section 3. In Section 4, simulation results are presented. Some discussions are
given in Section 5 and all the technical proofs are given in the Appendix.

2. Preliminaries

2.1. Model assumptions

Let X = (X;) be the log price of a single asset for continuous time ¢ > 0, which is defined on a
stochastic basis (Q, F, 7, P). Then, the model (1.3) is called an It6 semi-martingale if it has the form

dX; bdt + o, dW,, (2.1

f x(u — v)(dt,dx) + f xu(dt, dx), 2.2)
Ixl<1

[x|>1

dx¢?

where b and o are locally bounded optional processes, u is a jump measure compensated by v; v(dt, dx)
has the form dtF,(dx), where F,(dx) is a transition measure from Q® xR, endowed with the predictable
o—field into R/0, We define S := inf{s : flxlsl |x|°F;(dx) < oo}, which is called the jump activity index
in the literature. If 0 < 8 < 1, we also say that X¢ has finite variation.

Actually, instead of observing X;, we observe Y, due to bid-ask spread bounces, differences in trade

sizes, et al., where

t; = X[i + Sti, fOI' i = O, 1, M ,n, (2.3)

fourth moments.

where {g,,i > 0} are i.i.d. random variables, satisfying E(g,) = 0, E(sﬁ) = oﬁ, and have common
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Define the quadratic variation of X as

t
<xxmifﬁm (2.4)
0

Here, we aim to develop a new estimator for (2.4) and to investigate some asymptotic properties of the
proposed estimator in the presence of jumps, micros-structure noise, and time endogenous.

2.2. Methodology

To estimate the quadratic variation of (2.4), in this section, we give a new estimator <X7,Y“),. First,
we need the notation of Y #, on the k-th sub-grid to reduce the effect of the noise. Then, we provide

[Y, I_/];S" to get rid of the effect of jumps on the k-th grid. Finally, we use the moving average estimator
(Xf?(c)t based on the multiple sub-grids to obtain the optimal rate n'/4°. Now, let us describe the
estimator in detail. .

Denote N, = max{i : #; < t}, we assume that max; At; — 0 is driven by some underlying force, for
instance, n — oo, where n (non-random) measures the sampling frequency over the time interval [0,t].
In constructing the local average, we denote p as the number of observations, ¢ as the size of blocks,
and both are non-random numbers just as n. Define

n—p
q

which satisfies that lg < n, and as p shall be taken as o(n), lg/n — 1 as n — oo. Moreover, for
k=0,1,---,9— 1, we define

[:=]

1,

1 1= ligep—jeko for  i=0,1,---, and  j=1,2,---,p-1. (2.5)
We consider the time endogeneity on the sub-grid level. The sub-sample & = §; :=
{tpek> tgepsies "+ * 5 Ligep+ks * - } 18 constructed by choosing every g-th observation starting from the p +k-th

observation from the complete grid. Then, we define

_ i
Yﬁ:z—}iﬁw,w for  i=0,1,2,---, and  k=0,1,---,q—1, (2.6)
i0 p=0 q+p—J

where tf.fj = figsp-jk and recall that 7 = t;q, ., denotes the i-th observation time on the k-th sub-grid.
To get rid of the effect of jumps on the k-th grid, the realized volatility of the locally averaged Y
process is defined as

ﬁﬂf:meﬁmmu 2.7)

tk <t

where A?,go = ?,go - ?f’ilo fori > 1.
After correcting the bias due to noise, the threshold estimator (Xf,yc)t of (X¢, X°), is provided as
following:

< XOX >, = Z[YY] - ()
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-1

N

- 2L, 1 +
Z(AY f,’-‘.o)zluﬂ%guﬁo} - 7[% Z(AiY)ZluAmw,-}, (2.8)

<t

| ==
x~
11
=)

~
e

0

— Pk Do 1yn 2 ; ; 2k :
where L, := max{i : t;, < 1}, 07 = 5. 2L (A;Y) i<y 1s an estimator of o, uj, satisfies

1
U o/ (Af)” = 0, U o/ (Afg)™ — oo, for some 0<@ <@ < 1 (2.9)

and u; is similar to uf .
3. Results

In this section, the limiting behavior of the estimator will be established. To provide the asymptotic
results on multiple sub-grids, the following assumptions are needed.

e (1) There is a filtration (F;),»0 Where (;);>; are (F;)-stopping times. Furthermore, the filtration
(F,) is generated by finitely many continuous martingales.

e (2) W, b; and 0> > ¢ > 0 are adapted to a filtration (%), integrable and locally bounded, where ¢
is non random;

e (3) A, = max<i<, |t — tisi| = O,(1 /n'™") for some nonnegative constant 7;

e (4) L,/ i fot ryds in D[0,1], where r; is an adapted integrable process;

e (5) the microstructure noise sequence (&;,);>o consists of independent random variables with mean
0, variance 0':‘;, and common finite third and forth moments, and is independent of 7.

1 gi P

o (6) I XX LAY, Nyny, 1<) *(AY,) Lyayicu) = Jy wsortds for every ¢ € [0, 1], where w0t
is integrable, and u; satisfies (2.9);

o (7) %I > \/zZlﬁoSI(AYfﬁo)3l{lAY,fsolﬁuffo} 5 fot v,03ds for every t € [0, 1], where o is integrable,
and u , satisfies (2.9).

Remark 1. If times are exogenous, Condition (6) can be reduced to a similar assumption in [31].
However, when observation times can be endogenous, the limit is expected to be different.

Theorem 1. Under the models (2.1)—(2.3) and assumptions (1)—(5), suppose that n € [0,1/9), and
I ~Cmn® and p ~ C,n? for some max(4n,1/3) < a < (1 —n)/2 and positive constants C; and C,, we
have

!
< X6 X >, 5 f o2ds. 3.1)
0

Remark 2. In such circumstances, this result does not change the integrated variance of the limit
process. The asymptotic mean-squared-error (MSE) is invariable, but must be decomposed differently
(see Therem 2).

Proof Thanks to a standard localization procedure, we can use a bounded assumption to replace
the local bounded in assumptions, while we also assume that the process X, itself, and thus the jump
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process X?, is bounded as well. That is, for all results which need the assumption about volatility and
Lévy measure, we may assume further that

max |b,|, o, | X;| < C, for some constant C > 0 almost surely. (3.2)

Recall that ¥, = X¢ + X9 + &, = Z; + X.
We can divide the equation into three parts,

!
< X¢,X¢ >,—f0'fds
0

= - Z Z[(Aztk +AX ) 1 |AYk |<u o) (AZtk ) ]

k=0 zk <t
2L, 1 +
_?IE Z[(A’Z + AiXd)zl{lAiYISui} - (Atz)z]
i=1
15 2L,
- (AZy )P - = (AZ) f ods
= &n+én+éni, (3.3)
where
< — < —
é‘:ll = Z Z (AZlfO + AX;?{O)21{|AY)JFO|S”§0} — (AthO)z]’ (34)
k: ’ 1,
2L, 1
2 = _2_ Az AX) Vs = (AZ)], (3.5)
f = —ZZ(AZk )2_%izn:(A,Z)2_fto_2ds (3 6)
13 k - tk - I‘YO p 2” - 1 0 s . .

(1) For &1, when |AZt¢0| > ”ﬁo /2, for an appropriate constant C, we have

én < CIAZy P /()" (3.7)

when |AZt_kO| <uty/2, we have
€l < CIAZy PIAXS /o), if AT | > (3.8)
il < C((|AX;,§O| Aubo)? + |AZtﬁ0|(|A)_(§(OI Aufe)), if ATy [ <uf (3.9)

where [ and r are both any positive numbers which may change at different places. By the assumption
of boundedness of the parameters, we repeatedly use Holder’s and Burkholder’s inequalities, then

E(|AXd ) < CA, (3.10)
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IA

E(AZy I")
EL(AX{ | A )]

Cn(A5)"?, form > 0 (3.11)
CAL (o) < CAf (i)™, for0 < B < s < 2. (3.12)

A

We deduce from above inequalities and estimations

E|&]
IAZ, Pm EIAZy PEIAXS |
< C(—F—+ o +E(|AXd|/\u10) + E|AZy |E(|AXd|/\ulO))
()™ (uf)"
(A (A
< O+ 2 AR )0+ AR ) . (3.13)

(u )" (uf)"
Letm = r = 1, we have that

(A2

Elén] < CAYl v + (i) ). (3.14)

i,0
. —1 .
By assumption of uffo, we have é IFEN Zlﬁ-‘ < EIé11] — 0 uniformly.

(2) For &5, similar to £, we have 1 y > Ztk < El¢12] = 0 uniformly.
(3) For &3, the proof is similar to Theorem 1 of [30] or the result of Theorem 2 in [29], we have
Z Ztk <« Elé13] — 0 uniformly.
Comblmng (1), (2) and (3), we can finish the proof of the theorem. O
We will use the concept of stable convergence in the Central Limit Theorem below. A sequence of
random variables (r.v.s) X, converges stably in law to a r.v. X defined on the appropriate extension of
the original probability space, if and only if for any set A € ¥ and real number x, we have

lim P(X, < x,A) = P(X < x,A). (3.15)

.. N . . .
We shall write it as X, — X. An immediate consequence is that for any ¥ —measurable random
variable o, we have the joint weak convergence (X,,0) = (X, o). Hence, it is slightly stronger than
convergence in law.

Define
2 p—1 2 .
Ap.g) == (B - L), (3.16)
9= J P
Theorem 2. Under the same assumptions in Theorem 1 and assumptions (6) and (7), then, we have
A(p,q) ~ —n**2C/C, /3, (3.17)
and stably in law,
e Z 771 - 252 - 1+ A9 f o2ds)
. 1 8C; 12
=> = V‘YO'SdXS + [(4wY - —VS)O' + — Y(0' y21Y2dB;, (3.18)
3 0 9 C,

where B, is a standard Brownian motion that is independent of F.
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Remark 3. The limiting process of (3.18) depends on the underlying X, the reason is that endogeneity
of sampling times is existent. The endogeneity induces a bias term which is nonzero if and only if the
limit in %1 ZZ;(I) \/ZZtﬁog(AYlﬁof1{|Ayﬁolguﬁ0} is no longer zero. The remaining term is the variance of a

normal distribution.

Proof Since the jumps of X, is a finite variation process when 8 < 1, we have the following decom-

position:
! t
X =X+ f b\ds + f o dWs, X'=X-X
0 0

where b| = b, — f sFy(dx),Z = X] + & and X" = )}, AX;.
Through the decomposnlon of (3.18), i.e.,

q-
2N, »,
12 Z Sk _ _’ - (1+A(p,q) < X, X >)

QI'—‘

el Z Z [(ATy )21{|AYA sty = (AZ )]

k01k<t

P Z[(A VP — (8Z']

2Nt
pec ZZ(A L) Z(AZ> —(1+A(p. @) < X, X >),

+

it suffices to show

=
1200 D ATy P sy, (e = (B2, Y=o,
ko;’(q
2N, P
I'"?=—=— N (A avicuy — (AZ)] =0
2N’;|< P Lisyizu) = (AZ)P =0,
and
2N, 1 , ¢ ye
Pt ZZ(A z,y ——’—Z(Am — (1 +A(p,q) < X, X >))

k 0 tk <t
8C3
= — fVSO'SdX +f[(4ws——v )0' + Clrs(O'ﬁ)z]l/des.
p

Similar to Theorem 1, we have the following estimates:

E(|AX” ) < CA:O’
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E(AZ, ") < C(Af)"?, for  m>0 (3.25)
i0 ’
E[|AX;£O| A ufo] < CAL) i)', for B<s<l. (3.26)

By repeated use of Holder’s inequality and the inequality
(Il A ) < ()" (1xl A utf )™, for  0<m<2, (3.27)
we get
PPEIAY s Y Niag, <ty = (AZ) )

2+m

i,0
(Af)T (A
Wy

C(lAﬁO)l/2Ai0[(Aﬁo)%4—mw2 + (A;(’O)r—%—FWQ + (Aiio)Z(l—‘v)w1+l/2 + (Aiio)(l—s)wl].

CI'?[

+ (AP (U g) ™ + (AP (uf ) ] (3.28)

IA

Let s — B, and for some large enough m and r, we have

m(1/2 —w,)—1/2 >0,
r(l1 —w@,)—-1/2>0,
2(1 = B)yw; +1/2 >0,
(1-B)ym, >0,

because w; > 0 and B < 1. Thus, (3.21) is proved.
Similar to (3.21), meanwhile, we combine A.3. in [29] and can get (3.22) and (3.23). O

4. Simulation study

In this part, three sample sizes n = 11,700, 23,400 and 46, 800 within 7 = 1 are considered, the
log price is drawn from the Ornstein-Uhlenbeck process with drift added by a symmetric stable Lévy
process, namely,

! !
X, = f cos(s)ds + f e 2 aw, + X4 (4.1)
0

0

where W, is a standard Brownian motion, and X¢ is a symmetric S—stable Lévy process.

There are several tuning parameters (n, [, p, g and ) in the proposed estimator that have to be
determined. For the sampling frequency n, we use the average number of transactions per day for the
past, say 30 days as an approximation. In Theorem 1, we notice that / ~ C;n® and p ~ C,n®, so, for
(I, p, q), we choose an appropriate p. Under the following simulation setting, the standard deviation of
the noise is o, := (02)!/2=0.0005. We choose p = 5, which is found to be good enough to reduce the
effect of the micro-structure noise. Since the block size ¢ should be larger than p, it is chosen to be 20.

The procedure is repeated 1000 times, and the consistency and asymptotic normality of the estimator
are examined. We can get the following observations from the simulation results and QQ-plot.
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Table 1. Simulation results for 8 = 0.25 and g = 0.5 on three samples.

B =025 B=05
n (relative bias, s.e., mse) (relative bias, s.e., mse)
11700 (—0.0766, 0.0530, 0.0087) (—0.0451, 0.0641, 0.0061)
23400 (—0.0771, 0.0404, 0.0076) (—0.0511, 0.0493, 0.0050)
46800 (—0.0764, 0.0328, 0.0069) (—0.0514, 0.0414, 0.0044)
145 qqplol
11T

@ 1051

(o

E

®

4= ir

a

£

085}

=

3

“ 09

ogst ¥
5
Fy
0.8 : g : g
-4 -2 0 2 4

quantile of standard normality

Figure 1. QQ-plot for n = 23400 and 8 = 0.5.

5. Conclusions

In this work, based on high-frequency transaction data, we provide a new estimator for the quadratic
variation, i.e., integrated volatility, of log prices, in the presence of the endogenous time, micro-
structure noise, and jumps. First, we use the sub-sample method to reduce the effect of the noise.
Second, we adopt the threshold method to get rid of the effect of jumps. Finally, the multiple sub-grids
method is used to increase the rate of convergence. Both the consistency and asymptotic normality of
the estimator are investigated. In Theorem 2, if one assumes that A, = O,(1/n), then n = 0, and the
convergence rate can be arbitrarily closed to n'/#, which is recognized as the optimal convergence rate

Electronic Research Archive Volume 32, Issue 2, 799-811.
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in the presence of micro-structure noise. However, with the advance of technology in high-frequency
trading, it often involves dozens or even hundreds of assets in financial applications. The correspond-
ing integrated volatility matrix is turned to a high-dimensional problem, which motivates us to develop
a new estimator to solve these issues when the observed data have endogenous time, micro-structure
noise, jumps, etc.
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