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Abstract: In this study, we primarily investigate the asymptotic behavior of solutions associated with
a nonclassical diffusion process by memory effects and a perturbed parameter that varies over time.
A significant innovation is the consideration of a delay term governed by a function with minimal
assumptions: merely measurability and a phase-space that is a time-dependent space of continuously-
time-varying functions. By employing a novel analytical approach, we demonstrate the existence and
regularity of time-varying pullback Z-attractors. Notably, the nonlinearity f is unrestricted by any
upper limit on its growth rate.
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1. Introduction

This paper is concerned with the following nonclassical diffusion equation with memory and delay
ou — e()Adu — Au + f(u) = g(t,u,), in QX R, (1.1)

and the problem is complemented by the boundary condition
u(x, Dlpoxey =0, Ve>1,T€R, 6€[-h0], (1.2)

and initial condition
u, = u(t + 0) = ¢(0), xeQ, 68e[-h0]. (1.3)

Here, g(-,-) represents an operator that incorporates hereditary characteristics, for each ¢t > 7, u, =
u,(0) = u(t + 0) for 6 € [—h,0] (where h > 0 denotes the duration of the delay effects), R, = [7, +00),
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and Q Cc R” (n > 3). The initial value ¢ € C([—h,0]; Hé (Q)). For simplicity, let Cx denote the Banach
space C([—h,0]; X) endowed with the supremum norm. For any element u € Cx = C([-h, 0]; X), the
norm is defined as

lule, = max (o)l
To analyze problems (1.1)—(1.3), we introduce several considerations regarding the time-varying
disturbance factor &(¢), the nonlinearity f and the driving delay term g, respectively:

(H,) The time-dependent perturbed parameter &(f) € C'(R) is characterized by a monotonic
decrease and boundedness that satisfies

lim &(f) = 0, (1.4)

[—+00

and there exists a positive constant L, such that

sup (ls(0)] + &' (D)) < L. (1.5)

teR
(H-) The function f € C'(Q) satisfies:
f(s)s > —als* =B, VseR, (1.6)
and
f'(s)>-1l, VYseR, (1.7)

where f(0) = 0. The constants «, 3, and [ are positive, and @ < A; (4; is the primary eigenvalue of the
Laplacian operator —A in Hé (Q) under Dirichlet boundary conditions).

(H3) The delay operator g(-,-): R x Cy — L*(Q) is subject to the following conditions:

(i) For any € € Cx and 1 € R, the function ¢ — g(¢, €) is measurable when considered as a mapping
from R to L*(Q);

(ii) g(,0) = go(t) € L? (R, L*(Q)), such that there exists a 7° > 0 for which, for any 7 € [0, °],

loc

t
f " l1go($)lI}2q)ds < +o0 (1.8)

(%)

holds for all € R;
(iii) For each t € R, one can find a constant L, > 0 satisfying the following inequality

1g(t, 2) = &(t, @Dll2) < Lgllor = @illcz,» ¥ 01,92 € Craq).- (1.9)
We denote F' as the function ;
F(s) = fo f(p)dp.
Subsequently, there exists a positive constant 8, such that the inequalities

1
F(s) > —Easz -B1, VseR, (1.10)

and 1
f(s)s > F(s) - Eaﬁ -Bi, VYseR (1.11)

hold true.

Electronic Research Archive Volume 32, Issue 12, 6847-6868.



6849

Remark 1.1. Note that the assumption regarding the nonlinearity is akin to that in reference [1],
but with some constraints being relaxed. Specifically, we no longer demand that | < A;. The class
of nonlinearities examined in [2-5] and others is characterized by an upper growth limitation, which
precludes the inclusion of exponential nonlinearities (e.g., f(u) = e*). Furthermore, the time-delayed
driving component g(t, u,;) complies with g(t,0) = go(t) € LfOC(R, L*(Q)), rather than g(t,0) = k(x) (see
e.g., [6-9]). We define

!
G,(1) = f g (9)I2 0 .

o0

Consequently, for every specified t € R, the behavior of 9,(t) is characterized by its boundedness
and a monotonic decrease as the parameter o varies, e.g.,

4G (1) < +o00, for any o > 0;
9,,(t) <Y, (1), for any oy > 0.

The diffusion-driven reaction model frequently serves as a mathematical framework for elucidating
the nuances of heat transfer across the domains of fluid dynamics and solid mechanics. Moreover, it
extends its applicability to the analysis of epidemiological systems, cellular neural networks, and
stochastic environments. However, the influence of viscosity is significant in many such problems,
necessitating an extension of the classical heat conduction equation. This extension is typically
expressed in the following form (see e.g., [10-12]):

cit — calu — kAu = 0.

Furthermore, when examining polymers and highly viscous liquids, it is crucial to incorporate key
elements like the historical impact of u and the disturbance coefficient of viscosity (see e.g., [13]),
leading to the ensuing evolution formula:

u;, — eAu, + f(u) = g(t, u,). (1.12)

The delay term g(z, u,) exemplifies the impact of an external force characterized by various types of
time lags, memory effects, or hereditary attributes, and is capable of emulating some feedback controls.
Recent research has identified a variety of delay terms within equations, with two being particularly
typical. The first type features a distributed delay formulated as f_ Oh u(t—s)g(u(x, s))ds incorporating the
kernel function u. Moreover, memory effects also come in various forms, including general hereditary
memory, which can be represented as fow k(s)Au(t — s)ds. Numerous researchers have delved into the
long-term behavior of solutions to Eq (1.12) with this type of memory (for example, see [9,14—19] and
the references therein). The second type involves a variable delay g(¢, u(x,t + 6)), where 6 denotes a
variable potentially related to 7. Significant progress has also been made in understanding the long-term
behavior of solutions to nonclassical reaction-diffusion equations that incorporate variable delays, as
documented in several studies (refer to [8,20,21] and the references therein).

However, early research primarily concentrated on the nonclassical diffusion equation
characterized by a fixed coefficient & = 1. In [13], the incorporation of memory elements into
diffusion equations played a crucial role in advancing the understanding of thermal conduction and
the viscous relaxation dynamics of high-viscosity liquids. The convolution term encapsulates the

Electronic Research Archive Volume 32, Issue 12, 6847-6868.



6850

influence of past states on future behavior, offering a more nuanced depiction of diffusion phenomena
in specific materials. Examples include liquids with high viscosity at reduced temperatures and
polymeric compounds. Hence, it is both necessary and scientifically significant to study the
nonclassical diffusion equation that incorporates a coefficient varying with time, or a variable
coeflicient, along with memory effects. This exploration is encapsulated in the equation:

u;, — e(t)Au, — vAu + f(u) = g(t,u,) + k. (1.13)

Regarding Eq (1.13), the current research concentrates on analyzing the nonclassical diffusion
equation, which is characterized by the presence of a variable delay and a time-varying perturbation
parameter £(¢). For example, the authors in [6-9, 22, 23] demonstrated the presence and regularity
of the temporal global attractor within time-varying spaces, provided that the nonlinearity exhibits
either critical exponential growth or polynomial growth of any order, with g(#,0) = 0 and
k = k(x) € L*(Q) or H'(Q).

Our objective in this paper is to introduce improvements to the conditions governing the
nonclassical diffusion problem (1.1) with variable delay and time-dependent perturbed parameter £(¢).
Specifically, we consider a nonclassical diffusion problem under the sole requirement of measurability
for the propelling delay components within the equation. Our investigation extends to examining the
persistent behavior of the solutions over extended periods. Nonetheless, the existing literature offers
limited insights into the asymptotic properties of solutions for Eq (1.1) within time-varying spaces,
under the hypotheses (H;) to (H3). This can be attributed to two primary challenges in obtaining the
presence of time-varying pullback Z-attractors within the realm of time-dependent continuous
function spaces. First, due to the lack of restrictions on upper growth for the nonlinearity, achieving
higher asymptotic regularity of the solutions to Eq (1.1) is not feasible using the methods employed
in [24,25]; Second, the effect of the time-varying perturbation parameter £(¢) and the absence of the
compact embedding theorem, renders it infeasible to directly formulate a contractive function to
demonstrate the asymptotic compactness of the associated process {S(#, 1)}, for Eq (1.1), as
discussed in [26-28]. To address these issues, we employ a novel analysis technique combined with
the operator decomposition technique to derive a contractive function. This enables us to demonstrate
the pullback Z-asymptotic compactness for the process {S (¢, 7)};. associated with Eqs (1.1)—(1.3).
Furthermore, utilizing this operator decomposition technique, we also demonstrate the long-term
stability and pattern of the solutions across Eqs (1.1)—(1.3). As a result, this establishes the
consistency of the pullback Z-attractors that are contingent on time for these equations.

To keep our discussion concise, we shall employ the notation | - |, instead of the norm of L”(£2)
(p > 1) throughout the rest of this text. Let (-,-), (V-,V-) = (., '>H(1)(Q) and (A-, A-) = (-, -)p(a) denote the
inner product of L*(Q), H)(Q), and D(A) = H*(Q) N H}(Q) respectively.

Define || - ||l,-; = |A? - |, as the norm of D(A?) (1 < r < 2), and the time-dependent space H is
equipped with the norms:

2 =oe LR
-l =142 -2 + &A= - |5

Furthermore, the norm of time-dependent continuous function space Cqyr 18 given by
2 2
u = max |[u, (0|7,
Il = max @),
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It is necessary to compare the relationship between || - ||2 e l| - ||ﬂ, and || - ||2 > + )| - ||%
r=0i%)

D(A’/z) :
Notably, the subsequent inequality is evident:

2 _ =L 2 z 2
||”t||cH{ = nax {|A Tu(t+0); + &t + O)A2u(t + 9)|2}
r=1 r
> AT u(@)l; + eOIA U] = lull3,-

In addition, it is straightforward to drive the ensuing approximation:

611[1ax |A 7 u(t + t9)|2 + a(t) max |A2u(t + 0)|2
c

< : 2
max (1A= u(e + ) + e + 9)|A2u(t +0)) + max s(O]Afu(c + O)f

< max (|ATu(t +O)B + &t + A u(t + ) ) + max a(t + OIAZu(t + 0))2

< 20n[1ax (1A% u(t + O)F + &t + O A u(r + O)F)
m

=2||u .
i,
As a result, we find that

Il <11+ 112 +e@l-lle , <2l IIZCW{- (1.14)

D(A%) D(A2)
Remark 1.2. In general, the solution generated by problems (1.1)—(1.3) will be defined as (u, u,) €
H, x Cqp1; and the norm of the time-dependent product space H;' x Cyy1 is as follows:

2 — 112 R
I B, =10 + 112,
t

Obviously, ||-||?

HIxC and || II% | are equivalent. Consequently, the dynamic behavior of the process
1 XCyl H

t

series {S (t,T)}er, propelled by u,, can fully encapsulate the dynamic behavior of (u, u,).

The outline of this manuscript is as follows. Section 2 provides an overview of foundational ideas,
including time-varying pullback attractors, along with pivotal results that will be utilized in
subsequent discussions. Section 3 begins with the demonstration of asymptotic compactness in the
pullback sense related to the process governed by problems (1.1)—(1.3) through the construction of a
contractive function. Following this, we establish the existence and regularity of time-varying
pullback Z- attractors for problem (1.1) with (1.2) and (1.3) in C(Htl.

2. Foundations

In this chapter, we shall delve into the foundational principles of time-varying pullback
9 —attractors and theories related to their existence (see e.g., [27,29-31]).

Definition 2.1. Denote {X,},cr as a collection of spaces equipped with norms. A pair of indexed
operators {S (t,7)}>r, where S(t,7) : X; — X, is referred to as a dynamical process if the following
conditions are met:

(i) S (1,7) = Id, v € R (Identity operator on X;);

(i) S(t,)S(s, 7)) =S, 7),Yt>s>1€R
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Definition 2.2. Consider a collection of Banach spaces denoted by {X};cr, and let {S(t,7)}>r
represent a continuous evolution of operators on {X },cr. This evolution is characterized by the
continuity of the mapping

St1): X - X,

forall T < t. Furthermore, the evolution {S (t, 7)}>. is designated as closed if, for any T < t, and for any
sequence {x,} C X, that converges to x € X, with the corresponding sequence {S (t,7)},, converging to
y € X,, it follows that S (t,T)x = y.

If a dynamical process exhibits continuity, it can also be considered closed. Therefore, it is more
general to develop a theoretical framework based on the notion of a closed process.

Define 2 as the assembly of all sequences D = {D(r) : t € R} where D(r) € P(X,) for every
t > 1 € R, with Z(X,) signifying the entirety of non-vacuous subsets within X;.

Definition 2.3. Consider a sequence of Banach spaces {X,},cr. A process {S (¢, T)}>, is termed as
a pullback P-attracting process if there is a pullback P-absorbing set Dy = {Dy(t) : t € R}, where
each Dy(t) € P(X,). That is, for each t € R and for any De G, thereis a To = To(t, f)) < t such that
S(t,7)D(1) C Do(t) for all T < 1o(t, D).

Definition 2.4. Consider a collection of Banach spaces {X,};,cr. We characterize a two-parameter
operator sequence {S(t,T)};>; as being pullback Z-asymptotically compact under the following
condition: for every t € R, any D € 2, any decreasing sequence {t,} < t that tends to —co as n
approaches infinity, and {x,} € X;, with x, € D(t,) for all n € N, the set {S(t,7,)x,} ., includes a
subsequence that converges.

Definition 2.5. Define a series of Banach spaces {X,},cr and let 9 be the collcetion of all families
D ={D(t) : t € R} where each D(t) € P(X,). An indexed collection of compact subsets o = (A1) :
t € R} with o/ (t) € P (X,) is referred to as the time-varying pullback Z-attractor for the dynamical
process {S (t, T)}>: if the following conditions are met:

(i) o remains unchanged under the action of the process S (t,7), i.e.,

S, ) (1) = () fort > T,
(ii) o asymptotically attracts every D € 9D, i.e.,

lim distx(S (t, 7)D(1), 2/ (1)) = 0,
forall D(t) € Dandallt € R; and
(iii) < holds the property of minimality: If there exists another collection of closed sets C = {C(f)
t € R} fulfilling condition (ii), then it follows that <7 (t) C C(t) to every t € R.

To avoid any ambiguity, we still refer to the Z-attractor with time-varying properties as the pullback
P-attractor.

In what follows, we will adhere to the presumption that the configuration of the pullback
PD-attractors is as described in Theorem 2.6, and & is assumed to be a non-empty collection of
parameterized families D= {D() e ZA(X,):teR]}).
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Theorem 2.6. Consider a sequence of Banach spaces {X,},cr and a continuous processes {S (t,7T)} >+
Suppose the subsequent assumptions are satisfied:

(i) {S (t, T)}i>¢ possesses a pullback Z-ingesting family Dy = {Do(t) : 1 € R} with Dy(t) C X,

(ii) {S (t, 7)} 1. demonstrates retrogressive Y-asymptotic compactness within the set 150.

Subsequently, the set o = {2 (1) : t € R}, where </ (t) = A(Dy, 1), is identified as a retrogressive
D -attractor for the dynamical process {S (t, T)};»r, where

AD. = Jse D)

S<t T<s

for every t € R and for any D € 9. Moreover, sszulﬁlls () = UAD,1), for every t € R.
Deg

Furthermore, <7 is minimal, meaning that if C = {C(¢) : t € R} represents a family of nonempty closed

subsets of X such that

lim distx,(S (r, DD(7), C(1)) = 0,
forallt € R, then </ (t) C C(t) for any t € R.

Subsequently, we shall define the concept of a restrictive function and a restrictive process,
instrumental in substantiating the asymptotic compactness for the sequence of operators {S (¢, 7)};>+
(as referenced in [19,27, 32-35]).

Definition 2.7. Suppose {X,},cr represents a series of Banach spaces, and D = (D) : t € R} with
D(t) € P(X,). A function y(-,-) is termed as a contraction mapping on D x D if. given any infinite
sequence {x,}> | C D(t) € D, there exists a subsequence {x,};> | C {x,}", such that

limlimy(x,,, x,,) = 0.

k—oco0l—00
For simplicity, we define the collection of all restrictive operations on D by Contr(D).

Definition 2.8. Consider a family of operators {S (t, T)}s. that act on a set {X,},cr, which is equipped
with a retracting collection D = {D(t) : t € R). This system is characterized as being D-gradually
convergent if, for any € > 0, there exist a time T = T(t, D, e)and a mapping ', = Y5.(-,-) € Contr(D)
such that the inequality

IS (&, T)z1 = S(t, Tzolly, < &+ y7(21,22), Yz € D(T) (i = 1,2).
The function /', is dependent on the choice of T.

In the upcoming theorem, we introduce an innovative approach (or technique) for establishing the
existence of pullback Z-attractors for the processes {S (¢, 7)},». derived from evolutionary equations.
This method will be instrumental in our forthcoming analysis.

Theorem 2.9. Suppose {X.},cr represents a family of Banach spaces, and {S(t,7)}: with
S(t,7) : X; — X, is a continuous manner. Then {S (t,7T)}»: possesses a pullback Y-attractor under the
fulfillment of the following criteria:

1) The family {S (t, T)}>- contains a pullback Z-ingesting family Dy = {Do(t) : t e R},

2) The family {S (t, )} s qualifies as a Dy-contracting process.
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Proof. We only need to prove that the process {S(f,7)},s, is pullback Z-asymptotically compact.
According to Definition 2.4, we have to verify that, for any {x,}*, with x, € Dy(7,) and 7, — —oo as
n — oo, the sequence {S (¢,7,)x,},~, C X, has a convergent subsequence. For this purpose, we will
employ diagonalization methods to demonstrate that {S(¢,7,)x,},., contains a Cauchy subsequence
in X;.

Select the sequence {g,,}_, C R* with g,, — 0 as m — oo.

For m = 1 and ¢, based on the given assumptions, there exist Ty, = Tz, f)o;sl) and
z,//’T0 eC ontr(f)o) such that, for any r € R, we have

IS (¢, To)yr = S(t, To)yallx, < &1 + Y7, (01,32) Vi € Do(To) (i = 1,2). (2.1)

Here, WTO depends on T.
For a fixed T, owing to that 7, tends to —oo, we can, without loss of specificity, presume that
7, < Ty ensures S (Ty, 7,)x, € Do(Ty) for every n € N. Define w, = S (Ty, 7,)x,. By Eq (2.1), we get

1S (2, T) Xy — S (2, T) Xl lx,

IS (2, To)S (To, Tu)Xn — S (£, T0)S (To, Tpu) Xmllx,

IS (2, To)w, — S (&, To)wnllx,

&1+ Y, (Wn, W) (2.2)

IA

According to the definition of C ontr(@o) and given that l/’tTo € Contr(@o), it implies that there is a

subsequence {xf,i)}k , of {x,}>, that satisfies

lim lim /7, (o), @) = 0. (2.3)

b
k—o0 [>00 M

Here, w; = §(Ty, 7;)x; (j = n,m), and thus we obtain

Tim sup 1S (7, 72 ) — 8 (1, 7DDy,

k—o00 peN N+ p” " Nictp

(1)

Nie+p

)x(l) S(t T(l))x(l)”

Nk+p

< lim sup limsup ||S (¢, T
k—co peN  [—>oo

+ lim sup lim sup ||S (¢, T(”)x(l) S(t, T(l))x(l)ll

k—o0 [—o00

1) (1))

<2 + hm sup lim sup ¢T0(wnk+p

® peN  [—>oo
+ lim hm lpT (w'V (1))

k=00 [— me> @

ni

<dey + lim lim y7, (0], @),). (2.4)

Combining with Eq (2.3), we deduce that

lim sup IS (t. 7,,) )x,,) = S (& 7,))x,lly, < 4. (2.5)
—00 pEN
Hence, one can find an N; € N, ensuring that
IS (&, T = S (1, eDxVlly, < 5ep Yk, 1> N (2.6)
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Subsequently, we can identify a subsequence {S (z, Tﬁf,:’“))x(m”)}k L of (S, Tﬁl’k"))xﬁ,'f)}k , for each
m > 1 and a certain N,,,; so that

1 1 1 1
IS (2, 7o D = 8 (8, T )i Vllx, < Seman (2.7)

holds for all k,/ > N, ;.

Moving forward, we focus on the diagonal sequence of the subsequence {S (7, Ti,]?)x(k)} . Thanks
to the fact that for each m € N, {S(, T(k))x(k)} is nested within {S (z, T(m))x,(zf)}kzl, thereby, for any
k,l > max{m,N,,}, we deduce that

IS (&, TgHx = S (&, T, < SEmen- (2.8)

Therefore, {S(z, T(k))x(k)}k , is Cauchy sequence in X, with g, — 0 as m — oo, this entails that
{S (@, 1)x,},, possesses a convergent subsequence. This proof is complete.

Lemma 2.10. /23] Consider the Banach spaces X, H, and Y such that X is compactly embedded in
H and H is continuously embedded in Y, with X being reflexive. Suppose the sequence {u,},. , adheres
to a uniform limit in L*(t, T; X), and its time derivative du,/dt has a umform bound in LP(t1,T;Y), for

some p > 1. Under these conditions, there exists a subsequence of {u,} ", that converges strongly in
L*(7,T; H).

3. Pullback Z-attractors

In this segment, we are dedicated to investigating the existence of a time-varying pullback Z-
attractor in {Cyp}ep. To this end, we must initially address the well-posedness of the Eq (1.1) in
conjunction with (1.2) and (1.3).

3.1. The well-posed nature of equation

The well-posed nature of the Eq (1.1), along with (1.2) and (1.3), can be deduced through the
Faedo-Galerkin approach (refer to [31,36,37] for instance). To begin with, we define what constitutes
a weak solution.

Definition 3.1. Given T > , the function u € C([t — h,T1;H) 0 L*([1, T1; Hy(Q)) is termed a
weak solution to the systems (1.1)—(1.3) with the initial condition u(t) = $(0) € Cqy1, provided that the
subsequent equation

(O, w) + e(t)(Vou, Vw) + (Vu, Vw) + (f(u), wy = (g(t, u,), w) (3.1

holds for all w € Hy(Q) and a.e.,t € [1,T].

Lemma 3.2. Let &(t) satisfy (Hy), and f and g satisfy (H,) and (H3), respectively. Given any T > T
and initial condition u. = $(0) € Cqy1, the systems (1.1)—(1.3) yields a sole weak solution u = u(t, 7, §),
which fulfills the conditions for any T > T as follows:

u(t) € C([t — h, T; H) 0 L* ([, T1; Hy (),
A € L*([7, T1; Hy(Q)),
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which maintains a continuous dependence on the initial state in C.}{Tl, i.e., there is a constant k > 0,
independent of t, ensuring that the family of operators {S (t, T)};». exhibits Lipschitz continuity:

IS (¢, 1)¢1(6) = S (1, 1)$2(O)llc,,, < Ce "¢y — $olic,,, VielnTl. (3.2)

According to Lemma 3.2, we may establish the process of solutions on the time-dependent space

{Cﬂll Jrer:
S,71): C’H,‘ - C‘Ht]’ S, =ultT14¢), Vt>1, 0c[-h0] (3.3)

Furthermore, it is straightforward to deduce that the sequence of solutions {S(z,7)}>. forms a
process that is continuously evolving on the phase space that changes over time, {Cy1 }ier.

3.2. Pullback &-ingesting family

In the subsequent analysis, we always presume that: the assumptions (H;)—(H3) are true.
Furthermore, we consider u = u(t,7,¢) = S(t,7)¢(0) to be a solution of (1.1)—(1.3) that possesses
ample regularity.

Lemma 3.3. Let £(t) satisfy (H,), and f and g satisfy (H,) and (H3), respectively. Consequently,
there are positive constants o and 31, ensuring that

2 2 —o(-
I, <1 (1612, e +1+4,0)
1 T

holds for each T < t.

Proof. By multiplying Eq (1.1) with u in L?>(Q), then it follows that

1d 1,
Ed—tllulli{; ~5¢ OIVul3 + |Vul; + fgf(u)u < Lglludic, s lul2 + Igolalula. (3.4)
Thanks to (1.6) and Young’s inequality, (3.4) can be rewritten as
d o @ 2 L§ 2 [ 2
Ellull(Htl + 2(1 - /1—1) IVul; < 6—llluzllaﬂt1 + 5_2|g0|2 + (61 + 62)luly + 28102, (3.5)

where « is from (1.6), 1 — % > 0, 6; (i = 1, 2) are undetermined constants, and A = §; + 0,.
Additionally, we derive the following inequality:

d L 1
Ellullip + Allull?, < 5—glluzlléHl + 5—|go|§ + 289, (3.6)
t t 1 t 2

where A = (1 - /%) min {/11 , %} Applying Gronwall’' s Lemma, we find that for any 6 € [-h, 0],

2 f
1 25|1Q|
At 2 At 2 8 As 2 At At
ellu <e + = ellu ds+ —e 1)+ ——e”.
I II(H} < ”¢”C«H; 5 . I sllc(H} 5 (1) )

Furthermore, u,(8) = u(t + 6) € C([—h,0]; H!") from Lemma 3.2, and by substituting ¢ +  for ¢
where 6 € [—h, 0], we deduce that
<" 29,

e ! 1
A 2 8 A 2 A(T+h 2 A
e t”’/ltllc’Hl — 6 f e SHMSHC.HI ds <e (T+ )||¢||C.HI + —5 e lg/l(l) + —/l e
1 1 T s T 2
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By Gronwall’ s Lemma, it yields

(! 51 - 28|Q)
e ﬂff otslle. lds < gl ot —%(t) Bﬂ (3.7)
T 8
and
Ze/lh 1 2 /Ih 2 .Q
lulZ  <2e™|plz e 70+ |1+ —GZ 0+ |1+ 2= Al ', (3.8)
H '”T‘ 1 )02 1 A

L2 Ah
where o= 1 —

Define 6, = L, e/”l/ 2,8, = A — Lge™?, and assume that

8y = A—Le"?>0.

Then, it follows that
A>0=6=21-Le"*>0.

L2e/lh 1 2,B|Q|
=1+ et — T2
B ( 5 )max{ e 5 A }

Furthermore, let

With this, the proof is complete.

Corollary 3.4. The family of processes {S (t, T)},cr associated with problems (1.1)—(1.3) possesses
a pullback 9 — absorbing set

Do = {Do(t) - {u € oy ¢ Iull,, <261 (1+ %(r))} e R},

that is, for each t € R and Degc W(Cﬂn ), there exists a Ty = To(t, D) < t such that
S, 1)D(1) C Dy(1)
forall T < 1y(t, D).
In fact, let

IIZA)II%W] = max_|lgllz. e (3.9)

D (t)cD
||1)||2
a(f)

Then, the conclusion can be directly obtained from Lemma 3.3.
From Lemma 3.3, we have the following corollary.

Corollary 3.5. Foreacht e Rand D € 9 c P(Cqyp1), then there exists Ko = Ko(t, D) such that

70 = To(t, D) =t — —In
o

2 _ 2 2
”ut”Cw} = 921[’1_2}2)’%] (Iu(t + )5 + &t + 0)[Vu(t + 6’)|2) < Ko
holds forall t — T > 0.
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In fact, let
Ko = B (1017, +1+%,0)).
Then, the conclusion can be directly inferred from Lemma 3.3.

Lemma 3.6. Let £(¢) satisfy (H,), and f and g satisfy (H,) and (H3), respectively. Then, there exists
a positive constant f3,, such that the following estimate

f (|u(s>|§+|w<s>|§+ fQ (f(u(s))u(s)+a|u|2+ﬁ))dsSﬁz(nasnéﬂle-““-ﬂ1+%(z))
-1 1

holds for any T <t — 1.

Proof. From (3.4), it is easy to obtain

d a

& (B + s0Vu) + (1 = IV +2 [ (@) + awu+ )
Q

1
< —llullz, , + Télgolé + 284, (3.10)

Hy

where 6 = %(1 - %). Let b; = min{2, M, 1217“ fi(w) = f(u)+ au, and by integrating inequality (3.10)
on [ — 1, t], we obtain

f (IM(S)|2+IVM(S)|2+f(f1(u(S))u(S)+ﬁ))dS

<5 (6/11 f_ lluaglle. ldS+—f |go(S)|§dS+2,3|Q|+||M||H1)
1
<

)

L§ e’ N el [ ) .
(_6/11 fT |12 s+ /1_6 e go(s)ds + 210 + IIMIIIC(H}).

Combining with (3.7) and (3.8), it then follows that
f] (IM(S)@ + [Vu(s)l; + fg (fi(u(s))u(s) +,3)) ds

1, s Q] 2L%eM 1 (2L%* L
< (€7 + 2eM)ligllc,, e )+ﬁ/l_b (2+(1+ )|+ et f e 719\ go(s)3ds.
1 T 1 -

o, sub |5 N
Let 2 Ah 2 1
1 A— /lh ﬁl 2Lge 1 2Lge A
_ Lo 2+(1+ : +ett,
p> = max {b1 (e ) I+ =) sam | s F€

and 7 < t. The proof is complete.

Lemma 3.7. Let £(¢) satisfy (Hy), and f and g satisfy (H,) and (H3), respectively. Then, there exists
a positive constant 33, such that

W+ a0l + [ Fao) < i (1017, + 1+ 4,0)
Q T
is valid forany t <t — 1.
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Proof. Multiplying Eq (1.1) by d,u in L*(€2), then we get

d (1 1
E(Elvmé + f F(u))+ §(|a,u|§ +e(r)|vatu|§) < Lgllu,llém + lgo(Dl;. (3.11)
Q t

Thus, the inequality (3.11) can be rewritten as follows

d
dt( Vul + LF(M)) < Lllwliz,,, + lgo(®-

Then, for any ¢ > s > t — 1 > 7, it follows that

1 1
EIVu(t)|§+ f F(u(t))siqu(S)l% f F(u(s))
Q Q

! t
+L§f IIMSII%W}dS+f|go(S)I§dS-

From Lemma 3.3, Lemma 3.6, and (3.7), we can get

vk + [ Fu < | ( vusi+ [ F(u(s»)ds
12 f Il ds + f 2o(s)ds

f Vu(s)ids + f f (f(u(S))u(s)+ a|u(s)|2+/31)
12 f I, ds + f 1go(s)i2ds

< f 1(|u(s)|§+|w<s>|§+ fg (f(u(s)>u<s>+a|u<s>|§+ﬁ))ds

! t
2 A —A(t— 2 —o(1— 2
+ Lie f e NuylIg,, ds + e"f e go(s)3ds + 1B = BilI€
T s -

(o)

t
<p (IlriﬁlléH1 e 4 1+ f e_‘r(’_s)lgo(S)lidS)

Ly LB
+o1e Bl e + —= 5 f e“’("”lgo(s)licIHgT
1 —

(9]

t
=b, (I|¢|I%W1€_‘T(’_T)+1+ f e_”(t_s)lgo(S)lidS), (3.12)

(%)

L2 289
— A
where b, = 8, + max{d4,¢", ﬁ, -}

Furthermore, by associating with (1.10), it is straightforward to obtain the followings inequality:

Electronic Research Archive Volume 32, Issue 12, 6847-6868.



6860

1
EIVu(t)I§+fF(u(t))
Q

1 1 1
= EIVM(I)@ + f (F(u(t)) + EQIM(I)P +,31) - Ealu(t)li - B1lQ
Q

A 1 1 1
> leu(t)lg + ZIVM(I)Ig + f (F(u(t)) + Ealu(t)l2 +ﬂ1) - Ealu(t)lﬁ - Bl
Q
1 1
2 7 min{l, 4y} (Iu(t)ﬁ + V)l + fQF(u(t))) - Ealu(t)li - il (3.13)

Let

4
by = ——.
min{1, A;}

Then, we can obtain that
() + [Vl + f F(u(t))
o)

1 1
< bs (EIVM(I)@ + f F(u(r) + E&Ilutlléw1 +ﬂ1IQI)
Q 1
!

1
< (babs + Eab3ﬁl) (||¢||éH1 e+ 1+ f

2 —o(1—
<P (I|¢|Icﬂ1e A f

—00

e‘”("s)lgo(S)lidS) + b3 1€

t

e"r(t_s)lgo(S)I%dS) (3.14)
holds for all 7 < ¢, and where 83 = byb3 + %a’b3,31 + b3311€2|. With this, the proof is complete.

3.3. Time-varying pullback-9 attractors

In this segment, we aim to establish the presence of temporally varying pullback-Z attractors within
the space {erl }rer via the process S (¢, 7) outlined in by Eq (3.3). To substantiate Theorem 3.12, we
introduce several preliminary lemmas.

Lemma 3.8. Foreacht € RandD € 9 c P(Cyyq), there exists a constant K = Ki(t, D) such that

1+1
f (10,u()); + e®|Vou@)3)dt < K,

holds for any t > 1.

Proof. From the inequality (3.11), we can derive that
1 5 1 r+1 s )
SVu+ D+ | Flu+ 1)+ 5 (10.(5) + ()| VOu(s)) ds
Q t
l t+1 r+1
< 5|vu(z)|§ + f F(u(t)) + L2 f IIMSII%;(H] ds + f lg0(s)I3ds. (3.15)
Q t ! t
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By combining this with the inequalities (3.7) and (3.12), and after organizing, we obtain
t+1
[ (i + sorvauo)as
t

<b, (||¢||§Wl A f

—00

t+1 r+1
2 4 —At+1=sp, 112 —o (41— 2
L [ R ds e [ e lg(o)ds
i )

< bze(r (”(p”%ﬁl e—(f(t+1—‘l') + 1 + f

!

e‘(’("”lgo(S)lﬁdS)

1+1

e—“’“—sngo(s)ﬁds)

(o)

Ar2 Ar2
e'L r+1 v e'L:B
+ 61]€/l||¢”%ﬂl€_(r(t+1_‘r) + ( 6/1‘5 + ea]f e—O’(H—l—.&)lgo(s)l%ds_*_ ﬁg |Q|,
T 1 —o00

which holds for any 7 < ¢. Then, let

e'L? eﬂLz,B
by = bye’ + max {6/116/1, £te”, —2Qlt,

oy A
Ko = ba (IO, 017+ 1+ %,(0)).

The proof is complete.

Next, we will verify the asymptotic regularity of a family of solution processes {S(t,7)}>r
corresponding to problems (1.1)—(1.3), and thus obtain the compactness of {S (¢, 7)};>.. Based on this
purpose, we decompose the solution S (¢, T)u, = u(t, ) = u into the following sum:

S, Du, = U(t,0)u, + K(t,7)u,, (3.16)

where U, (t, T)u, = v(t,0) = v and K(t, T)u, = w(t,0) = w solve the following equations respectively:

0v—e(t)Aoy — Av + f(u) — f(w)+ v =0, (x,1) € QX (1,0),
v(x, Dlpa =0, Yt e (r,), (3.17)
v(x,T) = u, = u(t + 0) = ¢(0), xeQ 1teR, 0€[-h0],

and
0w — e(HAO,w — Aw + f(w) — v = g(t,u,), (x,1) € Q X (1, 00),
C()(.x, t)|(9Q = 09 Vt € (T, OO), (318)
w(x,7) =0, xeQ 1eR, 0€[-h0].

Lemma 3.9. Let £(¢t) satisfy (Hy), and f and g satisfy (H,) and (H3), respectively. Furthermore,
assume that U, (t, T)u, = v(t,0) = v is the solution of the initial-boundary value system (3.17). Then,

Tim U2, Dule,,, = 0
holds for every t > T € R fixed.
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Proof. Multiplying the first equation of (3.17) by v(¢) and integrating over L?(Q), we obtain
4 (IWB + s®)IV) + 2IVv3 < 0 (3.19)
F7AUL 2 2= U :
Furthermore, since 0 < o < A < @; = min{A;, 1/L}, then

% (VB + £@IVv3) + @y (B + eI V) < 0.

By Gronwall’ s Lemma, we deduce that

V(O + eOIVV)I; < IIMTIIéHr1 e < IILtTIIéHTl e 7,
Setting # + 6 instead of ¢ with 6 € [—h, 0], we infer that
v(t + O)3 + &(t + O)|V(t + O)]3 < e””llu,ll%ﬂ} e T,
for any ¢ > 7 and 6 € [—h, 0]. Then, it follows that
vile,,, < e™liglle, e (3.20)
Combining with the initial value of system (3.17), we then conclude that:

. 2
lim ||U (¢, Dl , = 0.
T——00 'H,

Lemma 3.10. Assume that K(t, T)u, = w(t) is the solution of the Eq (3.18). Then, there exist positive
constants k; (i = 3,4), such that

WO + Vo + F(@n) < ks (IR, e + 1+ 4,(0),

and
!
f (1.0} + £@IVO,w(®3) dt < ks (||¢||%,H1 e 41+ %(r)),
t—1 T
hold for any T <t — 1.

Proof. The proof of this lemma can be obtained by imitating the proof of Lemmas 3.3, 3.7, and 3.8. It
should be noted that Eqs (3.7) and (3.20), @; > 4 > o, and IIa),IICW1 = 0 are crucial. The details are
omitted for brevity. '

Lemma 3.11. There exists a positive constant ks, such that
Va0 + s0lwf < ki (101, + %)+ 1) (3.21)
holds for any Tt <t € R.
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Proof. By operating on the first equation of (3.18) with —Aw(t) in L*(2), we obtain

1d 1
S (VB + e()lAw]}) + E|Aw|§ < Pluly + Lz, . (3.22)

Then,

d
- (IVwB + e)lAw)) + a1 (Vo + s(®)lAwp)

< 2PJul} + 2Ll , (3.23)

<20 + Llule,

where «; is from Lemma 3.9.
Therefore, by Gronwall’s lemma, for any 7 <t € R, we have

!
V@3 + eOlAw®; < 2P + L) f e e, ds.
Considering a; > A > o and Eq (3.7), then
!
V(D)3 + eOAw®; < 27 + L) f e—m(f—”nusngﬂ} ds

t
<2P+LY) f e"l(’_s)lluslléHl ds
T 5

52 1 el
2 2 I _—o(t-71) 2 —o(t—s) 2

Let

ky = 2(% + Lg)max{‘m1 ! [ﬂ}

o 1
Then, it follows that

Va0l + sOAOR < k(917 e + G0 + 1),

holds for any 7 < ¢ € R.

Next, we will demonstrate the existence and regularity of pullback & —attractors o for the equations
defined in (1.1)—(1.3).

Theorem 3.12. The process {S(t,7)}: for Eq (1.1) with (1.2) and (1.3) is a Cﬁtl —contractive
process on Dy (from Corollary 3.4).
Proof. Let u' = u'(1,6) = S(t,7)ul (i = 1,2) denote the solutions to Eq (1.1), characterized by the
parameter &(f) and the initial data u’ = ¢' € D(1) € Dy (i = 1,2) (Dy is from Corollary 3.4).
By (3.16), we have
u =S, T)I/ti = U(t, T)ui + K(t, T)ui =v + o
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This yields
1 2112
IS (7, Tu, — S (1, T)uTIIC(HI1
< 20U Dy = Uil + 21K @ oy = Kt ol
and
U (2, Tl — Uy (4, T)uflléﬂr, < 2(|IU1(t, T)uilléHt] + U (2, T)ufllf;ﬂg)-

By (3.20), for any &£ > 0, let

50 2
||D0||c,H1 = max _|l¢ll;
T

b
peD()ED, Hy

ah|| N 112
2D,

7 =1teD)<t——In
o £

Then,
218 (¢, T)uy — S (¢, Tl)”%”%;ﬂtl <e

holds for any 7 < 7.
Let @w(f) = w' — w? be the solution of the following system:

0w — (A @ — Aw + f(w'") - f(0*) + 1w = l(u' — ) + g(t,u;) — g(t,u),
it is subject to initial and boundary value conditions

wx,7)=0, xef,TteR,
w(-x’ t)|BQ = 09 Vt € (Ta OO)

This yields
d
— (@O + V@) + 02 (@O + eIV D))
< 20! (6) = O Ll O] + 2Lglluy ~ w]lle,, [l

1 2 1 2
<200+ L)l lic,, + llugllc, dlw” = w’l,
t t

where a; = 2a,. Let 7 = T < min{t, 7;} be fixed. We get

t
[@®l; + eDIVa(n)l; < 21 + Ly) f e luglle,, + lullc, @ (s)hds.
T s s

Note that c < A < @, and (3.7). Then,

(3.24)

(3.25)
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t
- (15,1 2
e f e (lulllc, + e, o ()ds
T 5 5

1
t 5 t
— 12 2112 — 1 2 2
< (e Ctztf edzs(“usllcwl + ||MS||C(H1)dS) (6 aztf e(le|a) (S) - W (S)lzdS)
T s ) T

t 1 t 3
(e—/ltf e“(”bli”%ﬂl + ”u?”%wl )ds) (f W' (s5) —wZ(s)ﬁds)
T ; ; T

< %, ( f '(s) - w2<s>|%ds)2 ,
T

IA

1
A §1d A 1 _ t _ s |Q| 2
where % = K (t. D) = 4(2—;{”’)0”@,; bl [ g (R + ﬁT) _
Then,

1

! 2
”wt”%«/{l <4Q2l+ Lg)q(z (f |w1(s) - wz(s)bds) .
t T

We set

W' u?) = 421+ L)%K, ( f f |w1(s)—w2(s)|2dxds) : (3.26)
T JQ

By Corollary 3.5, Lemma 3.10, and using Lemma 2.10, we find that the sequence {w,(s)};”, is
relatively compact in L*(T, t; L>(Q)). To put it differently, for any sequences {u,(T) = ¢,} € Do(T) €
Dy, {w,(f)} constitutes the solution of system (3.18) with the initial values {u,(T)} respectively. Then
there exists a subsequence {w,, } C {w,} satisfying:

%im llim Wi (Ut ) = 0.
So, we have ¢}, € Contr(@o). Substituting (3.26) and (3.25) into (3.24), we get

IS, T)x — Sz, T)yIIéHl < &+ yYh(x,y).

By Definitions 2.7 and 2.8, then ¢/, € Contr(Dy). Therefore, it is straightforward to conclude that
the process {S (¢, 7)};>; 1S a Cﬂtn —contractive process on 130.

As the concluding remark of this article, we will derive the main result presented in the
following theorem.

Theorem 3.13. The process {S(t,7)}s. defined by Eq (3.3) possesses a pullback Z-attractor o
in {C%l }teR, and < is non-empty, compact, invariant in {Cﬂl }teR, and pullback attracting in {C(]_(ll };eR'
Furthermore,

A

A ={d(t)CCqr:teR} forall 1<r<2.

Electronic Research Archive Volume 32, Issue 12, 6847-6868.



6866

Proof. Thanks to Theorem 2.9, Lemma 3.3, and Theorem 3.12, we can easily establish the existence of
the pullback Z-attractor, denoted as o, for the process {S (¢, T)};», defined by (3.3) in time-dependent
spaces {Cﬂtn }teR. Based on Lemmas 3.9-3.11, we can prove the asymptotic regularity of solutions to the
problems (1.1)—(1.3). Furthermore, since H! < H? for 1 < r < 2, it follows that w, = w(t + 6) € Cor.
This leads us to conclude the regularity of the pullback Z-attractor o . By combining these findings
with Theorem 2.9 and (3.2), we conclude that the pullback Z-attractor 4/ is invariant.
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