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Abstract: In this paper, we introduce a new coupled system of differential inclusions involving with
Hadamard fractional orders. By applying a fixed point theorem for three operators containing x €
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1. Introduction

Nowadays, fractional calculus (FC) is a very important field in applied mathematics. Fractional
differential equations, as an important part of FC, have been invented by mathematicians as a pure
branch of mathematics. As a result, FC has been rapidly developed and has many important
applications in various applied sciences. Some models involving with fractional order are more
realistic and practical than previous integer-order models [1-5]. More recent developments on
fractional differential equations can be found in [6—10] and the references therein. In a large part of
the literature, many works involve either the Riemann-Liouville derivative or Caputo derivative.
Besides, there is also one important concept of Hadamard fractional derivative (HFD for short), which
was first introduced by Hadamard in 1892 [12]. For more information about the HFD and integral,
see [13-16].

When solving numerous real-life problems, researchers always construct differential equations and
discuss their properties. In fact, some systems, such as economics and biology, involve certain macro
changes; in this case, instead of differential equations, differential inclusions are considered and they
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can describe the uncertainty of the system itself. Differential inclusion systems, as a meaningful
model for describing uncertainty in human society, have attracted the enthusiasm and interest of many
scholars. In addition, differential inclusions play an important role in various fields [11, 12]. In this
article, we are devoted to investigating fractional differential inclusion problems with Dirichlet
boundary conditions. In research over the past few decades, mathematicians have been using many
different methods and techniques to study fractional differential inclusion problems, and some good
results concerning the solvability were obtained. For example, in [13], Benchohora and Ntouyas
studied the solvability of a periodic boundary problem for first-order differential inclusions.
Dhage [15] proved some existence theorems for hyperbolic differential inclusions in Banach algebras.
Papageorgiou and Staicu studied second-order differential inclusions by establishing a method of
upper-lower solutions in [16]. Moreover, Chang and Nieto extended the study to a fractional
differential inclusion by using the Bohnenblust-Karlin’s fixed point theorem in [17]. In addition,
fractional differential inclusion for different types of single equations with some different boundary
conditions was researched in [14].

The characterization of uncertainty in differential inclusion systems is often illustrated by
set-valued mapping in mathematics. Fixed point theory for multi-valued mappings is an important
and hot tool in set-valued analysis, which has several applications. Many of the well-known and
useful fixed point theorems of single-valued mappings, such as those of Banach, Schaefer, and
Schauder, have been extended to multi-valued mappings in Banach spaces. Naturally, the case of
extending the Krasnoselskii fixed point theorem to set-valued mapping has also been obtained in
literature; we refer the interested readers to [23, 24].

In [25], the authors proposed a fractional boundary value problem with the generalized Riemann-
Liouville fractional derivative:

Dw(t) € F(t,w(1)), T1€[0,1], 2 €(1,2),
w(0) =0,
w(l) = mIihi (€, () + nlhy(n, w()),

where | <a <2, mn>0,u,u>1,0<&n<1,h;:[0,1] X R — R is a continuous function for
I1<j<2,and F:[0,1]1XR — Z(R) is a multi-valued function. The existence and uniqueness results
were obtained by using the iterative method. In [26], by using the fixed point technique, the authors
obtain a new solution for the generalized system of fractional the g-differential inclusions involving
p-Laplacian operator and sequential derivatives.

As we know, compared with some of the previous articles, fractional differential inclusions under
boundary conditions were mainly focused on a single equation. However, there are relatively few
studies on fractional differential coupled inclusion systems. Our aim is to obtain an existence result
for a new coupled system of differential inclusions involving Hadamard fractional order. That is, we
investigate the following system

Hnya; [ E@D-g1@é@.n(n)
Do (E8lda®) ¢ Gy (r,&(0), 1)), T € (le),

i per (UOLEEE0ID)) € Go(r, (D), T € (1,0), (1.1)

&) =&(e) =0, n(l) =nle) =0,

where “D* 7 D® represent the HFDs of orders a;,a», and a; € (1,2], a» € (1,2]; fi,
£ € C(1,e] x RLR\0), 21,20 € C([1,e]xRLR) and satisfy gi(1,0,0) = 0,( = 1,2),
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G1,G; : [1,e] x R? —» Z2(R) are the multi-valued maps, where Z?(R) denotes the set composed of all
nonempty subsets of R. By utilizing a fixed point theorem about several operators containing
x € AxBx+ Cx in Banach algebras, the existence result of solutions for (1.1) is derived via
multi-valued maps in a normed space.

We give simple arrangements. In Section 2, some needed preliminary concepts and lemmas are
reviewed. Section 3 proves an existence result for (1.1). In Section 4, an example is provided to
verify our theoretical result. Finally, in Section 5, we conclude with a comprehensive description of
the findings that are shown.

The main contributions of our work are as follows:

1) The coupled system of differential inclusions involving Hadamard fractional order is first
proposed.

2) We derive sufficient conditions for the existence of solutions to (1.1), and the method is a fixed
point theorem for three operators of Schaefer type.

3) The existence of solutions for the system is obtained.

4) The application is demonstrated through an example of coupled fractional differential inclusions.

2. Materials and methods

2.1. Material for fractional calculus

For a measurable function y : [1,e] — R which is Lebesgue integrable, all such functions define a
Banach space L!([1, e], R) normed by |ly||,: = fle [y(T)ldT .

Definition 2.1 ( [4,5] ) For an integrable function 4 : [1, +c0) — R, the Hadamard fractional integral
of order ¢ > 0 is defined as

Hrapey = [ (1o0e TN )
1) = o fl (log S) L,

provided that the integral exists.

Definition 2.2 ( [4,5] ) For an integrable function 4 : [1, +00) — R, the HFD of order ¢ > 0 is defined

as:
1 d\' (" T\""4"1 h(s)
— log - — -1
F(n—q)(TdT)fl‘(ogs) . ds, n <g<n,

where n = [g] + 1, [¢] is the smallest integer greater than or equal to g, and log(-) = log,(-).

" Dih(r) =

Lemma 2.1 Let £;, &, € C([1,e],R), fi, o € C([1,e] x R, R\{0}), g1.&> € C([1,e] x R*,R), and
satisfy g;(1,0,0) = 0,(i = 1,2). Then, the integral solution of the Hadamard fractional differential

system
H e (E@-g1mé@n() _
D™ ( A@ET). () ) - é{l (T)’ TE (1’ 6), a) € (1, 2],

H (D)—g@E@n(@)\ _
Do (WOBrEa0)) = 55(7), T e (Le), s € (1,2], @.1)

§)=£&(e) =0, n(l)=nle)=0
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is given by

(a] b gl(s) 81(e,0,0) (@1-1)
£T) = fi(r. £7), n(T))(F( - f s - S S dog )

log 7)@~D (@-1)
—%f (IOg s) ﬂdS)tg’](T &m),n(r), te(le),
1

e < b 42(s) (e,0,0)
an— 2s gze (afz—l)
n(7) = f(T. £(7), n(T))(F( S f 4 T 0.0 0gD

1 (a2=1) (@—1)
_% I (log s) 42( )ds) + o(1,é(1),n(1)), TeE(l,e).

(2.2)

Proof. According to the formula in [14] Chapter 9, the solution of (2.1) can be formulated in the
following manner:

rje 4w

£(1) = fi(r. £(2), U(T))(r( )f
+81(7,&(7), 1(1)),

(1) = fo(7,&(7), TI(T))(F( )f
+ 82(7, £(7), (7)),

where ay,a,, b, b, € R. By using the Dirichlet boundary conditions £(1) = &(e) = 0,17(1) = n(e) = 0
in (2.1), g:(1,0,0) = 0, (i = 1, 2), we obtain

ds + a,(log 7)™V + a,(log T)(“‘_z))

(az ) 42( ) (2.3)

ds + bi(log 7)™V + by(log 7)*>~ 2>)

_ _ g1e00) (@=D ms)
ay =0, a =-3c50 r(m) ( )( N = ds,
_ _ g2(e00) @2= zz<s>
by=0, b= 12(e,0,0) r(az) ( ) = ds.
By substituting ay, a,, by, b, into (2.3), we can get (2.2). O

Definition 2.3 The solution of (1.1) is used to define a pair of functions (&,7n) that satisfy the
following conditions:

(1) There exists a pair of function (£,%,) € L'([1,e],R) x L'([1, e], R) with /; € G,(t,&(7), n(t)) and
6 & Gt )1 stying 0 (20 = 60, () = o foramon
every on [1, e];

(2)£(1) =&(e) =0,n(1) =nle) =0

2.2. Material for multi-valued maps

Next, an introduction is provided to fundamental concepts concerning normed spaces and multi-
valued maps.

Let X = C([1,e],R) = {£: £:[1,e] — Riscontinuous}, and the norm ||€]| = sup,¢(; 4 1§(7)]. Then,
X is a Banach space. With respect to a suitable multiplication * -~ defined by (&, n)(r) = &(7) - n(7) for
&,n € X, the aforementioned entity X will be regarded as a Banach algebra.

For the product space Il = X x X under the norm ||(&, n)|| = ||€]| + ||7]], it can also be demonstrated
that the space I1 is a Banach space. Further, with respect to a suitable multiplication “ - ” defined by
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(& m) - M) = (& m(T) - (£,M(7) = (E(1)é(T), n(T)n(r)) for (&,1),(£,7) € 11, the product space IT
will be regarded as a Banach algebra. For further information regarding the results of the product space
I1, please see [20,21].

Now, we cover some basic and useful knowledge about multi-valued mappings. Z?(I1) denotes the
set composed of all nonempty subsets of I1 (see [22]):

P () ={F € P(]) : F isclosed}, P,(I1) ={.F € L(1]) : ¥ is bounded},
P, ={F € () : Fiscompact}, Pepo(Il) ={F € (A1) : F is compact and convex}.

Definition 2.4 In the study of a multi-valued map G :IT —» Z2.,(I1), if G(&,n) is convex (closed) for
(&,m) €11, then it is called convex (closed) valued.

Definition 2.5 It is our contention that the map G is bounded on bounded sets, if
G(B) = UemeG(E,7) is bounded in = for any bounded set B of II (e,

sup e el VI (x,y) € G(E, )} < 00).

Definition 2.6 The map G is defined as an upper semi-continuous (u.s.c.) map on II: if for each
(&,7m) € 11, the set G(&, n7) is a nonempty closed subset of I1, and if for each open set B of II containing
G(&, n), there exists an open neighborhood O of (¢, 77) such that G(O) C B.

Definition 2.7 The map G is defined as a completely continuous map when the graph G(B) is
relatively compact for all bounded subsets B of I1.

Definition 2.8 A multi-valued map G : [1,e] X R?> — Z(R) is called L!-Carathéodory when
(1) T — G(1, &, n) 1s measurable for each (£,77) € R X R;

(i1) (&€,m) — G(1,£&,n) 1s upper semi-continuous for a.e. 7 € [1, e];

(iii) it can be shown that a function exists w, € L'([1, e], R*) such that

IG(7, &l = sup{lx] : x € G(7,&, M)} < w,(7),
for £, € R with |€] + || < r and for a.e. T € [1,e].

With each (§,77) € 11, state the set of selections of Gg, = (G g, G2 4,) are given as follows:

Gig=1{vi € L'([1,e],R) : vi(t) € G(1,£(7), (1)), fora.e.T€[l,e]},
Gogy={n € L'([1,e],R) : vo(t) € Gy(1,&(7), (1)), fora.e.t€[1,e]}.

For two normed spaces X, Y and a multi-valued map G : X — (YY), we define
G (G) ={(,n) e XxY,neG(&)} as a graph of G and review two important lemmas.

Lemma 2.2 ([18])IfG: X —» Z,(Y) is u.s.c., then G(G) = {(&£,n7) € X X Y,n € G(x)} is a closed
subset of X X Y; i.e., for every sequence {&,},cy € X and {n,},.y C Y, if whenn — oo, &, — &,
N, — 1., and 1, € G(&,), then 7, € G(£,). Conversely, if G is completely continuous and has a closed
graph, then it is u.s.c.

Lemma 2.3 ( [19] ) X is a Banach space. Let G : [0,T] X X — ., (X) be an L'-Carathéodory
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set-valued map and ® : L'([0,T]; X) — C([0, T]; X) be a linear continuous mapping. Subsequently,
the operator
®oSgs: C(0, T X) = Pepo(C(0, T1; X))

£ (00856)E) =0(Sce)
is a closed graph operator in C([0, T']; X) X C([0, T']; X).

3. Results
Now, we can consider the system (1.1). Our method is based on the following two lemmas.

Lemma 3.1 ([17] ) Let X be a Banach algebra, QQ C X be a nonempty, closed convex, and bounded
subset. Operators A, C : X — X and B : O — X satisfy:

(a) A and C are both Lipschitzian, and the corresponding Lipschitz constants are denoted by ¢ and p;
(b) B is a completely continuous map (i.e. is compact and continuous);

(c) x=AxBy+Cx= xe Qforye Q;

(d) oM +p < 1, where M = ||B(Q)|| = sup{||Bx|| : x € Q}.

Then, AxBx + Cx = x has a solution in Q.

Lemma 3.2 ( [22] ) Let X be a Banach algebra, 2 C X be a nonempty, closed convex, and bounded
subset. And, A, C : X — X are two single-valued and B : Q — £, .,(X) is multi-valued operator,
satisfying:

(a) A and C are both Lipschitzian, and the corresponding Lipschitz constants are denoted by ¢ and p;
(b) B is compact and upper semi-continuous;

(c) OM + p < 1/2, where M = ||B(Q)|l.

Then, either:

(i) x € AxBx + Cx has a solution;

or,

(i) the set ® = {x € X|ux € AxBx + Cx,u > 1} is unbounded.

Next, we introduce the following assumptions:
(H1) f;: [1,e] x R> — R\{0} are continuous, and the constants L; > 0 exist and are satisfied for

[fim. &) = fi(nEMI < LllE - &+ In—7ll, i = 1,2,

ae. t€[l,e], V& E fER;
(H2) Functions g; : [1,e] x R? — R are continuous, and satisfy g;(1,0,0) = 0, (i = 1,2). The
constants K; > 0 exist and are satisfied for

lgi(t, &) — gi(t, €, 7)) < Killé = &+ Ip —ill, i = 1,2,

ae. te[l,el, V&, & i€ R;

Electronic Research Archive Volume 32, Issue 11, 6450—6466.



6456

(H3) Multi-valued maps G; : [1, e]x R> — Z(R) are L'-Carathéodory and have nonempty compact
and convex values, i = 1, 2;
(H4) There exists a real number r > 0 such that

200w [l + 22 flwarllp +2G 1o + 26
r > ’
- 6(1"(0 )ll(”‘)l"”Ll + r((lz)llerHLl + g_llg + g—;g) -p
where , , . i
10 20
0 [l Iz + llwallpr + — + _) +p<1/2,
(F(on) BT D) YT e Fa
6 = L] + L27 p = Kl + KZ’ FlO = SupTe[l’e]|fl(T, O, 0)|, F20 = SupTe[l’e]lfz(T, O’ O)l,

Gio = SUp,14181(7,0,0)|, Gy = sup,; 4182(7,0,0)l; here, w;.(r) and w,,(7) are provided in the
aforementioned Definition 2.8.

Theorem 3.1 Suppose that (H1) — (H4) are satisfied. Then, system (1.1) has at least one solution on
[1,e] x[1,e].

Proof. With the aforementioned Lemma 2.1, we can obviously turn problem (1.1) into an operator
fixed-point problem. Before that, we define the operator N : II —» Zl) as

N(E (1) = (N (1), Na(&,1m)(T)), where

e ),

Ni(&, m)(7) —{bl € C([1,e],R) : hi(7) = fi(7, &(7), U(T))(F( 5 S

g1(e 0,0) @1 _ (IOgT)(‘“ 1) f e (a1- 1) vl(s) (3.1
(e, 0, 0)( 0g7) Ta) J, (log s) s 9

+21(7, €0, (D), v1 € G gy,

and

(02 1) VZ(S)

No(&,m(7) = {bz € C([L,e],R) : ha(7) = fo(7,£(7), 77(7))(1_( )f .

_ 82(e,0,0) @1y _ (log )@V f e\@h VZ(S) (3.2)
5(.0.0) 087 ) U (logs) s 4

+82(1,E(D), (1)), V2 € Gagy)

Thereby, we define three operators, which are A = (A, A,), B = (B, B,), and C = (Cy,C,). Here,
the mapping A;: I1 — Il is given by

A&, m(T) = fir,£(D), (7)), TE[lel,i=12,
and define B; : I1 —» Z(11) as

<a, ) ,0,0 —
B@mm—%x)f V?“‘?io&“yww
a; T (33)
(al 1) (7o
i 1
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and the C;: I1 — II are given by

Ci&,m(7) = gi(1,&(0), n(7)), 7T€([l,e], i=12.

Observe that N;(&,17) = A;(E,7)Bi(€,17) + Ci(é,m), i = 1,2. Then, the operator N can also be written as

N, n) = (A& MBI n) + Ci&m), Fa(§,mMBa(E, n) + Ca(€, ).

We need to show that the operators A, B, and C satisfy all the conditions of Lemma 3.2. For a
clearer and more intuitive reading, we split the proof into several steps.

Step 1. We first show that Lemma 3.2(a) holds, i.e., we are going to prove A and C are both
Lipschitzian, and the corresponding Lipschitz constants are denoted by ¢ and p. By (H1), we have

\AE, (@) = ALE D) = | filx, €@, (7)) = filw, &), 7i(7)]
< Lillé(n) = E@)| + In(0) = 7(7)]
< LlllE-&l+Iln-7ll, telleli=12

Hence, \A(&, ) = A& DIl < Lilllé = &l + m = 7lll, i = 1,2. Then,

IAE, 7) — AE DI = | AE 1) — A E DI+ AUE ) — A E, )]
< Lilll€ = &Nl + llp = 7l + LaLllE — &Il + 1ln — 7ll]
< (Ly + L)l m) — E ).

So, A is Lipschitzian on I1, and the Lipschitz constant is 6 = Ly + L.
In the same way, from (H2), we have

ICi(&, (@) — Ci&, )(T)| = |gi(7, £(1), (1)) — gi(T, E(T), 7i(T))]
< KllE() = €@ + In() = 7(7)]
<Kl[lE-El+ln—7ll, Tellel,i=12.

Hence, ||C,(&, 1) — C/& Ml < KilllE — &l + lp — #lll, i=1,2. Thus,

ICE,m) — CE DI = ICi(€ 1) — C1E Dl + IC2(&,m) = Co&, DI
< Ki[ll€ = &ll + 1y = 7lll + Ka[llé = &Nl + llm = 7l
< (Ki + Kl m) = E -

So, C is Lipschitzian on II, and the Lipschitz constant is p = K; + K.

Step 2. We show that Lemma 3.2(b) holds, i.e., 8 is compact and u.s.c. on I1.
(i) We demonstrate that the operator 8B has convex values. Let u;y, u;; € Bi(&,1), a1, uzn € Br(€,7).
Then, there exist vii, vi2 € Gi g, Va1, V22 € Go g,y such that

1 T T\(@=D yy;(s) 81(e,0,0) -
= 1 _) ds — 1 (@1-1)
(1) I'(a)) fl ( %83 s fi(e, 0, 0)( °g)

log )@~ e @1y,
_ (logn™ 7 f (10g %) M) g =12, relel
I'(ay) 1 s S
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mlWﬂw 21(¢,0,0)
2,() nzxf s P 0.0

1 (2—1) (@2=1) p, .
_ (log7) f (log f) VZJ(S)dS’
1 N S

T)(Gz—l)

i=1,2, t€[l,e].
T(ay) /

For any constant 0 < o < 1, we have

(m n |- 0.0
oup (1) + (1 — oup(r) = Ty f Tvuls) + (s O-)VIZ(S)ds ?Ee 0 O;( og )@~
_ (logm)e™h f (log _)““ Vovu() +1-avals) o
[(ay) 1 s s
((12 1) 1 — O O
o (1) + (1 — Oun(r) = _F( 5 Tva(s) + (S o)v22(s) ?Ee 0. O;( og 7)™V
(log 7')(0[2 D e\ gy (s) + (1 — o)vya(s)
B I'(a») jl‘ (log E) s s,

where V(1) = ovi1(7) + (1 = 0)W12(7) € G gy, V2(T) = 021 (T) + (1 = 0)va(7) € Gy for all 7 € [1, e].
Therefore,
ou (1) + (1 = o)upa(r) € Bi(€,n), ouxi (7) + (1 — 0)uxn(r) € Br(€, 1),

B(ouy (1) +(1=0)u12(7), ouz (1) +(1=0)uza (7)) = 0 B(ui1(7), uz (7)) +(1-0)B(u12(7), u2n (7)) € B(&, 7).

Then, we obtain B(&,n) which is convex for each (&,77) € II. Then, operator B defines a multi-

valued operator B : I[1 — ZZ,,(I).

(i) We display that the operator 8 maps bounded sets into bounded sets in I1. Let Q =

(& mIIEmll <

r,(&€,m) € I1}. Then, for each p; € B,(£,7),i = 1,2, there exist v; € G;z,(i = 1,2) such that

p()r<of

(011 1) V;: (S)

5 — g](e,0,0)
s fi1(e,0,0)

(log7)@~"

(log 7)™V f ( )(“' D vi(s)
-_— 1 —d 1, e].
@) 1 ogs S s, T€[l,e]
From (H3), we have
(“‘ Dvi(s) g1(e,0,0) _y (logm)@=b e e\@=D y;(s)
1B1 (&, m)(7)| < ‘ - (log 7)™ )——f (10 —) ds
& T s P 0.0 Ty Ji 85/ 75
(“1 D wi,(s) 81(e,0,0) . (logm)@=b e e\ wy,(s)
ds + 82922 <“11>+—f(1 ‘) i
Hm) s 0,087 Ty Ji V%5 s
Gio
<—" Jowy,llp + —
< F(ozl 1 )|| w1l Fro’
and, similarly,
2 Goo
B (&, < ———— ||l + =—.
1B,(&, m)(7)| T, + 1)llwz Il Fro
This implies that
2 2 Gio Gy
B, = |8 (&, B, (&, < — ||y, —||w |l + — + —.
IBE, Il = 1B1(E, Il + 11B2(&, I T, + 1)||a)1 I + T, + 1 )|| 2l + Fro + oo
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Thus, B(I1) is uniformly bounded. Then, B defines a multi-valued operator B : I1 — Z,(I1).
(iii) We show that the operator 8 maps bounded sets into equi-continuous sets in [1. Let g; € B;(&,n)(i =
1,2) for some (£, 1) € Q, where Q is given as earlier. So, there exists u; € G, ¢, such that

(az D u;(s) g1(e,0,0) _
l ds — log 7)@=D
q:(7) = T(a ,)f s f1(€,0,0)( 27)
1 (a;i=1) (@i=1) 3.
_ Qog™ f (10g ) ) gs,i= 1,2,
I'(a;) 1 s §

For any 11,1, € [1,e] and #; < f,, we have

, A AT | L p\l ]
(0= quel U2 [ fiog ) Sas— [ (1o 2] Sas
[(ay) | s S 1 S
(e,0,0) o .
+ ‘?(—O())|(logt1) 1~ (log )|
1
Mool . . I '
r(l ; |log 11)™~! — (log 1,)"1~ 1|f log ~ds
llw il f“ ( g )“ -l ( fz)‘“ ! 1
log — 1 ~d 3.4
= T |h (V85 o s G4
llwy Il ftz( tz)“‘ 1
log=| -=d
I'(ay) 8 s S
| a '
”;"(“”; |Gog 11)™~! — (log 1)~ f log  ds
S
+ F— % [dog )™~ — (log )™ |
10
and
llcwa/ || " )\ H\2 1] 1
a0 = ool <22 | [ 10 2~ g 2] | 2as
I'an) |J4 s S
llwar|l ftz (log t—z)al 1la,’s
I'(ay) K Ry 1 (3.5)
- (lz 1
”(1;‘)‘(2 ”§1 |(l t )01 1 _ (logt )(lz llf lOg —dS

— |(log ;)" — (log 1,)™7!].
+F20|(0g1) (log )™

Note that the right-hand side of the two inequalities (3.4) and (3.5) go to zero for arbitrary (£, 1) € Q
as t, — 1.
So, as , — t;, we have

1B1(&, m(11) = Bi(&, M)l = 0,11B2(£, m(t1) = Bo(&, M@ = 0.

Therefore, 8, and B, are equi-continuous. Also, note that |B(E, )| = ||B1(E, | + [|B2(&, n)ll, so, as
h — 1,

1B, m(11) = BE, m(w)|l = 0.
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So, B is equi-continuous.

From (ii) — (iii) and the Arzela-Ascoli theorem, we have B : [T — (1) is completely continuous.
Thus, 8 defines a compact multi-valued operator 8 : IT — Z,,(ID).
(iv) We claim that 8 has a closed graph. Let (¢,,1,) — (.,1n.) as n — oo, (hy,, hy,) € B(&,,1n,) and
(hin, hoy) = (hys, hy.) as n — oo, Then, we need to prove that (4., h,.) € B(£.,n.), 1.e., hy. € B1(€., 1),
hy. € By(&,,1m.) . Due to hy, € Bi(En, M), hon € Br(En, 1), there are vy, € Gy gy, Vo, € Gy gy such that

(“' D, (S)d 3 g1(e,0,0)

_ log 1)@~
ialT) = r(al) s 7 0,087
(051 9] (a1—1)
_ —(logT) f (log f) 1 vl"(s)ds, Te[l,e]
I'(ay) | 0y S
and
(“2 D vo(s) 81(e,0,0) _
hop ds — log 1)@~ D
D) = r( ) s f1(e.0,0) &7
1 (az D (a2-1)
_%I (log—) T elel
I'(ay) | s s

Thus, it suffices to show that there are v, € Gig,,,, V2. € Gag,y,, such that for each 7 € [1, e],

<"' Prn(s) o 81(e,0,0)

. 1 (a1-1)
e = r( D s P 0,017
1 ((YI 1) (a1—1) By
—%f (1ogf) N o rellel
I'(ay) | s S
and
(“2 D vo.(s) 81(e,0,0) _
* d — 1 (a2-1)
) s O he0.0) 87
1 (az 1) (a2-1) .
_%f (1ogf) ) e el
I'(ay) 1 s s

Let us take the linear operator I = (I';, I',), where I'; : L'([1,e],R) — C([1, e], R) are given by:

Tyt u) (log D@D [/ e\ v(s)
L@ = 53 ,)f 5 T fl(logE) s

From Lemma 2.3, it follows that I o S is a closed graph operator, and from the definition of I', one
has that for f;, € I'; 0 G, fin — fi« there exists v;, € Gjgy, (i = 1,2) such that

1 T T Vils) (log7)@=b e e . Vi(s) )
= —— 1 “Nai-1) ds — 1 “\(ai—=1) d , — 1’2,
i I'(a;) ﬁ (log s) s g I'(a;) | (log s) s 5ot

ds, i=1,2.

where

1 ’ T — Vin(s) (log T)(ai_l) ¢ e o Vin(s) .
= —— | (log—)@D ds — log )@V 2Zgs,  i=1,2.
J: I'(a;) fl (log s) s g I'(a)) 1 (log s) Ky 5ot
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Then, (x,,y,) = (xi, V2),

81(¢,0,0) 81(e,0,0)

hip, = fin — =———=(1 (ar=1) . - iaitarg| (@-D _ p .
1 il fl(e,O,O)(OgT) - fi fl(e,O,O)(OgT) 1
gl(e’ O, 0) -1 gl(e’ O’ O) —
hyp = fon — ———2(1 (a2=1) - 1 (azl):h*_
w = fa fl(e,O,O)(OgT) - f f](e,O,O)(()gT) 2

So, there exists v, € Gyg,p,, V2« € Gog,y,, such that

<"' Pr(s) o 81(e,0,0)

hi. log )@ =D
L0 = r( D s T 0,018 7
(log T)(al 1) f ( e)((l]—]) V]*(S)
@) 1 log . g ds, Te€|[l,e]
and
(“2 D vo.(s) 81(e,0,0) _
hy. ds — 1 (@2=1)
0 s s P 0.0
1 (az 1) (a2-1) .
_%I (1ogf) ) e el
I'(ay) | s Ky

This means that (hy., h.) € B(.,n.).

Note that 8 : I1 — Z(Il) is completely continuous, thus it follows from Lemma 2.2 that the
operator 8 is u.s.c. operator on I1.

Step 3. We show that Lemma 3.2(c) holds. From (H4), we have
M = 1Bl = 1BE&, = I1B1E I+ NIBA& )l <
C/Ta)llwillp + C/T(@))llwzllr + Gro/ Fro + Gao/ Fap for (§,m) € Qand 6 = Ly + Ly, p = K + Ka.

At this point, we have completed the proof of all the conditions in the Lemma 3.2, which means
that either Lemma 3.2(i) or Lemma 3.2(ii) holds. Finally, we demonstrate that Lemma 3.2(ii) is not
satisfied.

Let @ = {(x,y) € Hu(x,y) € (Ai(x, y)Bi(x,y) + Ci(x,y), Aa(x, y)Ba(x,y) + Ca(x, )} and (x,y) €
I1 be arbitrary. Then, for u > 1, u(x,y) € (A (x,y)B1(x,y) + Ci(x,y), Ar(u, v)Br(u, v) + Co(x,y)), there
exists (1, ¥2) € (Gy ), Ga,xy) such that, for any u > 1, we have

) (al D (s) _gl(e,0,0)
x(’r) lu f](T X(T) )’(T))(r( )f s ds f](é’,0,0)

1 (@1-1) (a1-1)
_%fl (log S) wl(s)dS)Jr# 81(7, x(7), (1)),

(log 7)1~V

I'(ay)
and
(012 1) ,0’0 B
¥©) = o (1), y(T))(n - P2 s - f;gj > 0§ (log 7))
(lOgT)(az 1) (az 1) ,7[,2( )
e fl (10g ) ds) 17 ga, x(1), YD),
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for all T € [1, e¢]. Therefore,

Ix(0)| < 1 AT, x(r),y(r))|( ! jlv (log I)(‘”_” |l//1(S)|ds N g1(e, 0, O)(log D

ey s s fi(.0,0)
1 (1-1) e (a1=1)
‘(O?Zo fl (l"gi) les(S)|dS)“‘_l'gl(ﬁx(f),y<r>>|
1 T (a1=1)
< [Ifi(r, x(@), (7)) - fl(r,o,on+|f1(T,o,0)|](m f1 (g T} 29

81(e,0,0) @-n (log7)@ Y fe( 6)(“1_1) lerri ()] )
+22 " Z(Jog)rh =~ log - ds
fl(e,O,O)( ev) | 8

I'(ay) S s
+ |gl(T’ .X(T), y(T)) - gl(T9 O’ 0)| + |gl(T7 0’ 0)'
2 G

< [Lir + Fyo] [m”wlr”Ll + F_llz + [Kir + Gyol,

and )
G
V()| < [Lor + Fa) [m”wzrﬂu + F—iz] + [Kor + Gyl .
And thus,
Gio Gy 2F 2F5
I <6 Al + Al + — + — |+ | =—llwi /Il + =—llw Il + G0+ G

[1Cx, WII r(F(al)llwl 173 F(az)sz Il Fo on) (F(al)”wl 173 r(az)sz 173 10 20)

+ (pr + Gio + Gop),

where F;y and w;(r = 1,2) are defined in (H4). Then, if ||(x, y)|| > r, we have

2F 10

oF
fanllwlle + 5 llwll +2G 1o + 2G5

[an)

- 2 2 Go G )
1= 8 (55 llwilly + w5 llwall + 22+ $2) - p

Therefore, Lemma 3.2(ii) is not satisfied by (H4). Then, there exists (X, ¥) € II such that
()_Ca .)_}) = (ﬂ[(i, .)_))Bl ()_Ca .)_}) + Cl (X', )_))a ﬂz(xa .)_))BZ(-)_C’ )_)) + C2(~)—Ca .)_)))

That is, operator N has a fixed point, which is a solution of system (1.1). So, system (1.1) has at least
one solution on [1, e] X [1, e]. O

4. An example
An example is given to illustrate the above theoretical result.

Example 4.1 We consider the following system of Hadamard fractional coupled differential
inclusions

Hnl5 :f(T)—O.lel’T(cos &(1)+cos (1))
D ( 0.1e=7(cos &()+cos n(1)+2) ) € G] (T9 f(T), U(T))’ TE (1’ 6)7

Hpyl.2s (n(T)—O.1(arctan§(r)+arctan T](T))) c Gz(T, f(T), U(T))a re(l,e), (41)

0.1(arctan &(7)+arctan (7)+3)

§(1)=¢&(e) =0, n(1) =nle) =0,
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where @, = 1.5, @, = 1.25. The following is a formula for the multi-valued mapping G; : [1, e] xR? —
R@=1,2):

i Eor [sin£(7) !
7= Gi@ 6@, n(@) = {10(|g(f)|3 T IOF +3) 200 sing(@)] + [smp@l + 1) %}’

and

€@ 1 | sin&(7) } .

7 Galr (0. 0(m) = {18<|§<r>|3 FIOF +2) | 18" 10(siné()] + [sinp(r)] + 3)

Compared with (H1), we have

@ E@), (D) = /i, €@, 7(D)| = [0.1€'T(cos £(7) + cos n(r) + 2) — 0.1¢' " (cos &(T) + cos ij(7) +2)|

< 0.1e'||cos &() = cos&(T)| + |cos () - cosi(r)|], T [Lel.

So, L; =0.1, L, = 0.1 with = 0.2.
Compared with (H2), we get

|fo(1, £(T), (7)) — folT, E(T), 7(T))| = |O.1(arctan &(1) + arctan () + 3) — 0.1(arctan &(t) + arctan 7(7) + 3)|

<0.1 [|arctan &(t) — arctan &(7)| + | arctan 77(T) — arctan ﬁ(T)”, T€e|[l,e].

SO, Kl = 01, K2 =0.1 Wlthp =0.2.
For v| € Gy, v, € Gy, and arbitrary (x,y) € R?, we have

[vi| < max P |sin 4 + i < i
= 10(|x]® + [y]* +3)” 20(|sin x| + |siny| + 1)  20) ~ 10’

and
P |xf? N 1 | sin x| < 1
\% max —, - - < -—.
2= 18(|x|? + [yI* +2) 18 10(| sin x| + | siny| + 3) 9
Then,
1
G (7, x, I = supf|vi| : vi € Gi(7, x, )} < - wi (1), (x,y) € R?,

1

1Ga(7, %, Yl = sup{va| : v2 € Ga(T, X, M)} < 5 = war(D), (x,7) € R*.

Clearly, from our calculation, ||w,||;1 = %, |l = %, Fi0 =02, Fop = 0.3, Gip = 0, Gy = 0.
Hence,

5(mllw1rllu + ﬁ”wh”L' + %Z + I(i—z) +p =043 <1/2,
and 2F 10 2F> 2G 2G
. fapllwirle + g llwarller +2G 10 +2Go . 048,
1= 6 (g5l + mlln i + £ + €2) - p
Consequently, all the assumptions of Theorem 3.1 are satisfied. Hence, by Theorem 3.1, system
(4.1) has at least one solution on [1,¢e] X [1, e]. O
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5. Conclusions

We studied the existence of a solution for the new system (1.1) involving Hadamard coupled
fractional differential inclusions equipped with Dirichlet boundary conditions. The results are
obtained by combing fractional calculus, multi-valued analysis, and the multi-valued fixed point
theorem for three operators of Schaefer type. One of the main objectives is to contribute to the growth
of fractional calculus and to enrich the study as part of the mathematical analysis related to fractional
differential inclusions.

Authors’ contributions

The authors declare that the study was realized in collaboration with the same responsibility. All
authors read and approved the final manuscript. Chengbo Zhai: Actualization, methodology, formal
analysis, validation, investigation, initial draft and was a major contributor in writing the manuscript.
Lili Zhang: Actualization, methodology, formal analysis, validation, investigation and initial draft.

Use of Al tools declaration

The authors declare they have not used Artificial Intelligence (Al) tools in the creation of this article.
Acknowledgments

This paper is supported by Fundamental Research Program of Shanxi Province(202303021221068).

Conflict of interest

The authors declare there is no conflicts of interest.

References

1. R. Hilfer, Applications of Fractional Calculus in Physics, World Scientific Press, Singapore, 2000.
https://doi.org/10.1142/3779

2.  G. Wang, K. Pei, Y. Chen, Stability analysis of nonlinear Hadamard fractional differential system,
J. Franklin Inst., 356 (2019), 6538—6546. https://doi.org/10.1016/j.jfranklin.2018.12.033

3. Y. Zhou, J. Wang, L. Zhang, Basic Theory of Fractional Differential Equations, World Scientific,
Singapore, 2014. https://doi.org/10.1142/9069

4. A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of Fractional Differential
Equations, North-Holland Mathematics Studies, Elsevier Science B.V., Amsterdam, 204 (2006).

5. L. Podlubny, Fractional Differential Equations: An Introduction to Fractional Derivatives,
Fractional Differential Equations, to Methods of Their Solution and Some of Their Applications,
Academic Press, New York, USA, 1999.

Electronic Research Archive Volume 32, Issue 11, 6450—6466.


https://dx.doi.org/https://doi.org/10.1142/3779
https://dx.doi.org/https://doi.org/10.1016/j.jfranklin.2018.12.033
https://dx.doi.org/https://doi.org/10.1142/9069

6465

6.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

B. Ahmad, S. K. Ntouyas, Hilfer-Hadamard fractional boundary value problems
with nonlocal mixed boundary conditions, Fractal Fractional, § (2022), 195.
http://dx.doi.org/10.3390/fractalfract5040195

J. Henderson, R. Luca, A. Tudorache, Positive solutions for a system of coupled semipositone
fractional boundary value problems with sequential fractional derivatives, Mathematics, 9 (2021),
753. http://dx.doi.org/10.3390/math9070753

J. Xu, C. S. Goodrich, Y. Cui, Positive solutions for a system of first-order discrete fractional
boundary value problems with semipositone nonlinearities, Rev. R. Acad. Cienc. Exactas Fis. Nat.
Ser. A Mat., 113 (2019), 1343—1358. http://dx.doi.org/10.1007/s13398-018-0551-7 .

M. Li, J. Wang, The existence and averaging principle for Caputo fractional stochastic
delay differential systems, Fractional Calculus Appl. Anal., 26 (2023), 893-912.
http://dx.doi.org/10.1007/S13540-023-00146-3

W. Wang, Unique positive solutions for boundary value problem of p-Laplacian fractional
differential equation with a sign-changed nonlinearity Nonlinear. Anal. Model., 27 (2022), 1110-
1128. http://dx.doi.org/10.15388/NAMC.2022.27.29503

H. Afshari, E. Karapinar, A discussion on the existence of positive solutions of the boundary value
problems via y-Hilfer fractional derivative on b-metric spaces, Adv. Differ. Equations, 616 (2020).
https://doi.org/10.1186/s13662-020-03076-z

J. Hadamard, Essai sur I’étude des fonctions données par leur développement de Taylor, Mat. Pure
Appl. Ser., 8 (1892), 101-186.

J. Xu, J. Jiang, D. O’Regan, Positive solutions for a class of p-Laplacian Hadamard
fractional-order three-point boundary value problems, Mathematics, 8 (2020), 308.
http://dx.doi.org/10.3390/math8030308

B. Ahmad, A. Alsaedi, S. K. Ntouyas, J. Tariboon, Hadamard-Type Fractional Differential
Equations, Inclusions and Inequalities, Springer, Cham, 2017.

P. L. Butzer, A. A. Kilbas, J. J. Trujillo, Compositions of Hadamard-type fractional
integration operators and the semigroup property, J. Math. Anal. Appl., 269 (2002), 387—-400.
http://dx.doi.org/10.1016/S0022-247X(02)00049-5

P. L. Butzer, A. A. Kilbas, J. J. Trujillo, Mellin transform analysis and integration by
parts for Hadamard-type fractional integrals, J. Math. Anal. Appl., 270 (2002), 1-15.
https://doi.org/10.1016/S0022-247X(02)00066-5

B. C. Dhage, A fixed point theorem in Banach algebras involving three operators with applications,
Kyungpook Math. J., 44 (2004), 145-155.

K. Deimling, Multivalued Differential Equations, De Gruyter Series in Nonlinear Analysis and
Applications, Walter de Gruyter & Co., Berlin, 1992.

A. Lasota, Z. Opial, An application of the Kakutani-Ky Fan theorem in the theory of ordinary
differential equations, Bull. Acad. Pol. Sci. Ser. Sci. Math. Astron. Phys., 13 (1965), 781-786.

B. C. Dhage, Some variants of two basic hybrid fixed-point theorems of Krasnoselskii and Dhage
with applications, Nonlinear Stud., 25 (2018), 559-573.

Electronic Research Archive Volume 32, Issue 11, 6450—6466.


https://dx.doi.org/http://dx.doi.org/10.3390/fractalfract5040195
https://dx.doi.org/http://dx.doi.org/10.3390/math9070753
https://dx.doi.org/http://dx.doi.org/10.1007/s13398-018-0551-7
https://dx.doi.org/http://dx.doi.org/10.1007/S13540-023-00146-3
https://dx.doi.org/http://dx.doi.org/10.15388/NAMC.2022.27.29503
https://dx.doi.org/https://doi.org/10.1186/s13662-020-03076-z
https://dx.doi.org/http://dx.doi.org/10.3390/math8030308
https://dx.doi.org/http://dx.doi.org/10.1016/S0022-247X(02)00049-5
https://dx.doi.org/https://doi.org/10.1016/S0022-247X(02)00066-5

6466

21.

22.

23.

24.

25.

26.

@ AIMS Press

K. Buvaneswari, P. Karthikeyan, D. Baleanu, On a system of fractional coupled hybrid Hadamard
differential equations with terminal conditions, Adv. Differ. Equations, 1 (2020), 419-430.
https://doi.org/10.1186/s13662-020-02790-y

B. C. Dhage, On solvability of operator inclusions x € AxBx + Cx in banach alegebras and
differntial inclusions, Commun. Appl. Anal., 14 (2010), 567-596.

A. Petrusel, Multivalued operators and continuous selections. The fixed points set, Pure Math.
Appl., 9 (1998), 165-170.

B. C. Dhage, Multi-valued mappings and fixed points I, Tamkang J. Math., 37 (2006), 27-46.

M. Safia, H. Elhabib, B. Mohamad, Existence and uniqueness results of fractional
differential inclusions and equations in Sobolev fractional spaces, Axioms, 12 (2023), 1063.

http://dx.doi.org/10.3390/axioms12111063

S. Nazari, M. Esamei, An existence of the solution for generalized system of fractional g-
differential inclusions involving p-Laplacian operator and sequential derivatives, Bound. Value
Probl., 117 (2024), 117-144. https://doi.org/10.1186/s13661-024-01936-1

©2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Electronic Research Archive Volume 32, Issue 11, 6450—6466.


https://dx.doi.org/https://doi.org/10.1186/s13662-020-02790-y
https://dx.doi.org/http://dx.doi.org/10.3390/axioms12111063
https://dx.doi.org/https://doi.org/10.1186/s13661-024-01936-1
https://creativecommons.org/licenses/by/4.0

	Introduction
	Materials and methods
	Material for fractional calculus
	Material for multi-valued maps

	Results
	An example
	Conclusions

