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Abstract: The Allee effect is an important mechanism in ecosystems and a realistic description of
the interaction between species. The study of the predator-prey model with the Allee effect is of great
significance to promote the development of marine ecology. In this work, three aspects of studies are
presented: Modelling and analysis: a predator-prey fishery model with the Allee effect in prey and
generalist predator is first established. The existence, type, and stability of the boundary equilibria as
well as the number of interior equilibria of the proposed model are discussed. Parameter influence: the
bifurcations in the predation system are analyzed by selecting the capture rate of prey by the predator
and Allee threshold as key parameters, and the results show that the system will undergo saddle-node
bifurcation and Bogdanov-Takens bifurcation of codimension at least 2 and 3. Control measures: a
bilateral intervention strategy is adopted for the capture and protection of marine fish. The existence
and stability of the order-1 periodic solution and the order-2 periodic solution of the control system
are analyzed by using the differential equation geometry theory. Additionally, numerical simulations
are carried out to verify the correctness of the conclusions, and illustrate the impact of the Allee effect
and bilateral intervention on the ecosystem, which provides an effective method for modern fishery
conservation and harvesting.

Keywords: Allee effect; bilateral control; Bogdanov-Takens bifurcation; periodic solution;
saddle-node bifurcation

1. Introduction

Predator-prey interactions have been an interesting and challenging issue that is frequently
discussed in marine ecosystems, especially in fish populations. Predator-prey interactions are the
most important component of ecology, determining various factors such as community composition,
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species behavior and dynamics. Mathematical modeling helps to provide insights into the dynamics
of the system, which was investigated in the early pioneering work of Lotka [1] and Volterra [2]. In
dynamical systems, continuity, equilibrium stability, bifurcation, and control problems are also often
studied [3-7]. Traditionally, predators could be distinguished as specialists or generalists based on
whether they ate only one or more types of prey. In general, a predator-prey model can be described
by the following ordinary differential equation for both specialists and generalist predators [8]:

P = F(P)P — G(P,N)N,
N = yu(G(P,N))N + H(N)N,

where P and N denote the prey and predator’s population densities at moment ¢, respectively. F(-)
and H(-) represent the growth of the species in the absence of the other one. G(-) is known as the
functional response, which characterizes the average individual of prey consumed by a predator; y
represents the conversion rate from prey consumption to predator, v(-) is a monotonically increasing
function. For specialist predators, there is H(N) = —d < 0; and for generalist predators, it is required
that yu(G(0, N))+H(N) > 0. In literature, different type of functional responses were adopted to model
different species, which can be prey dependent [9, 10] or prey and predator dependent [11-15].

The classical view of population dynamics claims that the higher the population density, the lower
the overall growth rate due to the competition for resources. The lower the density, the higher the
overall growth rate. However, when the population density is low, Allee [16] introduced the opposite
view that the lower the population density, the lower the overall growth rate, that is, the Allee effect.
The Allee effect is a common phenomenon in marine populations [17-19]. When the population
density is low, it may affect population development due to pairing restrictions, dispersal, habitat
changes, cooperative foraging, cooperative defense, and predator saturation. Therefore, the study of
the Allee effect on ecosystems has attracted the attention of many scholars. In general, the Allee effect
can be represented by a multiplier of the form P-L [20-22], where L is the threshold for the Allee
effect. When L < 0, it is a weak Allee effect, and the Allee effect is always positive no matter how
much the prey growth rate decreases. When L > 0, it is a strong Allee effect. The strong Allee effect
indicates that in order for the population to grow, the population size or density must be higher than L;
otherwise, the population will die out. Scholars have analyzed the dynamics of the system with the
Allee effect of the form P-L, and discussed the existence of the equilibrium of the system and various
bifurcation phenomena such as saddle-node bifurcation and B-T bifurcation [23-25].

Fish is a kind of important ecological resources. In view of the fish resources development
problems, scholars studied population behavior by adding harvest items on the basis of continuous
systems. However, fishing activities are not continuous, so continuous dynamic systems cannot
accurately describe the actual fishing process. In the process of fish harvesting, the periodic
harvesting of fish is a kind of human-controlled behavior that can be described by an impulse
differential equation, and it has been found that the impulse differential equation is more accurate in
describing and portraying the dynamical behavior of the population [26]. The theory of
semi-continuous dynamic systems has been widely used in modeling research on pest management
modeling [27-31]. Based on the analysis of the literature, due to the fact that impulsive differential
systems (semi-continuous dynamical systems) have the characteristics of both continuous and discrete
dynamical systems, there are some studies applying the theory to the development of fish populations
in deterministic environments [32-36] and uncertain environment [37-39]. In addition, most of the

Electronic Research Archive Volume 32, Issue 11, 6379-6404.



6381

studies considered fish harvesting or fish protection only (unilateral control); in this study, a bilateral
state control [40—42] is considered, and a predator-prey model for conservation and harvesting of two
fish species is developed by constructing a semi-continuous dynamical system. When designing the
state feedback control strategy, the number of objective fish was used as the state variable for
feedback control. On the one hand, when the number of prey fish is small, the Allee effect will lead to
their extinction, which will lead to the lack of enough food for prey fish and destroy the balance of the
ecosystem. Therefore, it is necessary to release a certain amount of prey fish when the number of prey
fish decreases to a certain threshold. When the number of prey fish is high, it is necessary to catch
prey fish from the economic point of view. Since the fishing behavior will also lead to the harvesting
of some predator fish, in order to maintain the ecological balance and avoid the extinction of predator
fish caused by the fishing behavior, it is necessary to release a certain amount of predator fish larvae at
the same time. Based on the above two aspects, we propose a bilateral control strategy to maintain the
population size of the two species in a suitable range.

This paper considers a predator-prey model in which the predator is a generalist and the growth of
the prey is affected by the Allee effect. The structure is as follows: In Section II, we describe the fishery
model, non-negativity, persistent survivability and discuss the existence and stability of equilibria of
the model. In Section III, the bifurcation dynamics of the model are discussed using bifurcation theory.
In Section IV, based on this model, we analyze the model of marine fish harvesting and conservation
with bilateral controls. The existence and stability of the order-1 and order-2 periodic solutions of the
system are analyzed by using the geometry theory of differential equations. In the fifth section, we
performed numerical simulations using MATLAB to verify the correctness of the results.

2. Mathematical model and basic knowledge

2.1. Fishery model with Allee effect

In this paper, we present a predator-prey model in which predators are generalists, prey growth rates
are logical and subject to strong Allee effects, and the functional response is a Holling-I type, while
the conversion from prey consumption to predator species is saturated,

dpP P

—:rP(l——)(P—L)—APN,

a7 K .
dN_ ( AP )N+ s J\ N 2.1)
ar ~ ‘\1+sp 1+ fN ’

where p(T'), N(T) denote the prey and predator’s densities at the moment of 7'; K denotes the prey’s
environmental holding capacity; L is the threshold of the prey’s Allee effect; r and s represent the
intrinsic growth rates of prey and predator, respectively; A is the capture rate of prey by the predator;
e is the efficiency with which prey is converted to predator; B is the half-saturation constant; f is the
intensity of predator density dependence, and d is the predator mortality rate. Since the predators are

generalist, it requires that eA < Bd, s > d, and all parameters of model (2.1) are positive.
1; : _ P _ _ _ A _ L _ €eA _ _ s
To facilitate the analysis, let x=%, y=N, t=rKT, a =, B=%, vy=%, 6 = BK, 51 = =,
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d, = %. Then system (2.1) is simplified to system (2.2):

dx
i x(1 = x)(x — B) — axy,

dy _ yxy

8o 2.2)
ar - 1+6x+(1+fy_ ‘)y’

and from the biological point of consideration, the model (2.2) is limited in the region
Q={xy) eR0<x<1,y>0}

On the other hand, as a renewable resource, fish species are closely related to human life. In order
to maintain the balance of the ecosystem during the fishing process, we consider a fish stock control
strategy with a combination of fishing and investment. First, to avoid the distinction of prey fish caused
by the Allee effect, a quantity (n7) of juvenile prey fish is released when the prey density declines to the
level x = h;. But at a higher level x = h,, a proportion a of prey fish together with a proportion b of
predator fish will also be caught for economic purposes, and simultaneously, a quantity 7 of juvenile
predator fish is released into the system to maintain the level of predator fish. Based on the control
measures, the model can be described as follows:

dx
m =x(1 —x)(x—-pB) — axy

d h < x < hy,
dy _ _yxy +( 51 —dl)y

(2.3)

where 7, a, b, T are all positive, and a, b € (0, 1).
2.2. Impulsive semi-continuous system
For a given planar model

E:

d d
== Al 5 = Alny) @) #0. o
Ax = Li(x,y), Ay = L(x,y) w(x,y) =0,

Definition 1 (Order-k periodic solution [32,33,36]). The solution Z(t) = (X(t), y(¢)) is called periodic
if there exists m(> 1) satisfying Z,, = Zy. Furthermore, Z is an order-k T-periodic solution with k =
min{jl|l < j<m,Z; = 7y}.

Lemma 1 (Analogue of Poincaré Criterion [32, 33, 36]). The order-k T-periodic solution
z(t) = (&(1), ()" is orbitally asymptotically stable if |u,| < 1, where

k T
0 0
/,tk:nAjexp(f [i+ﬁ] dt),
=1 o 10X 0y lenay
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with
dy Ox ox Oy Ox ox dy dy Ox ady
dw dw >
N + Lo

S5 = REOD.ED), £ = LEGD.nO) and fi, fo, G5 G 52 52 52 92 are calculated at
(£(0)),(6))).

fr (@a_w _bdw a_w) +f (%a_w _ b dw a_w)

Aj

3. Dynamic properties of Model (2.2)

In this section, the bounded-ness of the solution for Model (2.2) is discussed. Moreover, the
existence, type, and local stability of the equilibrium as well as the bifurcation properties are verified.
Define
g1(x,y) = (I —x0)(x = B) —ay, filx,y) = xg1(x, y);

1 _dl),fl(x’y) :ng(x,y)-
Iy

vX s

= +
82003) = 75 (1+
3.1. Positivity and bounded-ness of the solution

Theorem 1. The solution of Model (2.2) with non-negative initial values will remain non-negative for
all time and is bounded on R?.

Proof. By Eq (2.2), it can be obtained that

!

x (1) = x(0) exp [fo gl(X(S),y(S))dS], y(®) =y(0)exp [fo gz(X(S),y(S))dS],

for all > 0, as long as x(0) and y(0) are non-negative, then x(¢) and y(#) are also non-negative.
Next, we define a function u (1) = lzlx (1) + y(¢). Then

i=Livy
«
_7 _ . YXY S1
= bl =& =p) —axyl + 7=+ (5 s dy)y
< g[x(l - x)(x = B) —axy] +yxy + (1 -ilfy —d,)y

< y(1 —x;(x—ﬁ)x+ % —dyy
2
< [g((l ;’8) +d1) + %] —dyu,

which implies that

2
u(t)<l g(—(l_ﬁ) +dl)+ﬂ

1 1 — B)?
2 ea)e o a2 ) 5

so long as uy = Lxo + yo is bounded, u(¢) is bounded in Q. To sum up, any solution of Model (2.2)
starting with a non-negative bounded initial condition is non-negative and bounded in Q. O
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3.2. Existence and stability of equilibrium

Obviously, four equilibria always exist

1 (s —d
0(0,0),E' [0, = ¥))E2 .0), E3(1,0).
0,0) ( f( a (8,0), E°(1,0)
Define 1
yi(x) = E(l - x)(x = p), 3.1)
1 516(3 + x)
y2(x) = ? [dl ~ O —dio)x - l 3.2)

and denote y, = d;0. Due to the assumptions eA < Bd and s > d, then y < y,, i.e., y2(x) < %' The

positional relationship between y;(x) and y,(x) for different cases is shown in Figure 1.

15

0.5

0 0.2 0.4 0.6 0.8 1
X

Figure 1. Illustration of the positional relationship between y;(x) and y,(x) for different
values of f.

Let y;(x) = y,(x). Then it has

a1x’ + ax* + azx + ag =: g(x) =0, 3.3)
where
ap = f(6d—y) >0,
a, = flly—-od)B+1)+d],
a3 =alo(si—d)+yl+ f[B0d —y)—di (B+1)],
ay :a/(sl—dl)+,8fd1>0.
Pefine di(1+p) fdi(1+ ) (1+B)fd
= 4 < oa Yl S oA 1 S oA 1
CEIB O T v at —dy T aw
L adls—d)+ fdBo-(1+p) , VL TPmam-a
Y2 = »Xg = P = 8(xa).
fﬁ_a 3611
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Theorem 2. For any of the following cases: C\) @ < @, § < 63, y < Y, C) a <q, 5, < 6 < 03
Vo <y<y,Cia>a i< 5, 0<y< —Y,, if p < 0 holds, there exists two interior equilibria in
Model (2.2); if p = O, there exists a unique interior equilibrium in Model (2.2); if p > 0, there doesn’t
exists interior equilibrium in Model (2.2).

Proof. Clearly, the existence of an interior equilibrium is equivalent to that of a positive root of Eq
(3.3) in the interval (0,1). Since

g0)=as>0,g(D)=ar+a+az+as =6+ 1)(s; —dy) +y] >0,
and
g (%) = 3a1x* + 2a,x + as, (3.4)

then for any of the cases Cy)—Cj3), there is a3 < 0. Moreover, g’(0) <0, g'(x4) =0, g”"(x;) > 0 and

§M=A=-p)f@d-y)+A-pdif+al[6(si—d)+y]>0,

so that for x € (0, x,), g'(x) < 0, for x € (x4,0), g'(x) > 0. If p < 0, Eq (3.3) has two distinct positive
roots x; € (0,1),i = 1,2. Denote y; = y;(x}), i = 1,2. Then two interior equilibria exist in Model (2.2),
denoted by E} (x“l‘, yj) and E7 (xz yz) If p = 0, Eq (3.3) has a unique positive root x* = x; € (0, 1), then
a unique positive equilibrium exists in Model (2.2), denoted by E*(x*, y;(x*); when p > 0, Eq (3.3)
does not have positive root, and thus there does not exist interior equilibrium in Model (2.2). |

3.2.1. Type and stability of equilibrium

For any equilibrium E(X, ¥), there is

_ B3R +2B+ Dx-B-ay —ax
J(E) = Yy yx S do |2
(1+6%)° +6x ' (1+fy? 1

its characteristic equation is
A% — TR(J(E))A + DeT(J(E)) = 0,

where
- — — — yx S1
TRUJ(E)) = -3x +2B+ DX-B-ay + — + —d
® p-ay 1+6x  (1+ fy)?
- - - | rx S| A
Der(J(E)) = |[-3x+2B+ D) x-B—« + —d]+a/x(—).
[ ® BT a+m? (1+6%)°
1) Boundary equilibria
At 0(0,0), there is
-B 0
J(0) = ,
0 S1 — d]

since 4; = -8 <0, A, = 51 —d; > 0, then O is an unstable higher-order singularity.
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At E! (0 (S' —di )), there is

d
_ﬁ_z(&;é)o
J(El) — f dl
i) ol
f\ d

since 4; =0, 4, = —-¢ (“ d') < 0, so that E' is locally stable.
At E*(B,0), there is

) B -p) —of3
J(E ) - 0 Yﬁ + 51— dl

1+

since ; = B(1-5)>0, 1, = 1+§ﬁ + 51 —d; > 0, then E? is unstable.
At E3(1,0), there is
; B—-1 -
J(E ) - 0 L + 51— dl

1+6

since A; =8 —1<0, 1, = 5 + 51 —d; >0, then E? is unstable.

2) Interior equlhbnum
At E*(x*,y"), there are g;(x*,y*) = 0 and g,(x*,y*) = 0, then
(1 +B)x* —2(x*)? —ax”
¥y sy,
(1 +6x)° (1 + fy*)?

J(E*) =

thus,

dy dy \dx  dx

0g, 0 d d
Det(J(E)) = [ « « 081 gz(d};; d);z)] ’
(x*y*)

where x*y* ‘Zgl %) » > 0, then the sign of DET(J(E™)) is identical to that of dy e — %zlx:x*. Next, it

d
dy

d
will discuss the sign of = ~x=xe dyxz | .= for different cases in Theorem 2.

1) When p < 0 holds, two interior equilibria E} (x‘l‘ y*l‘) and EJ (xz yﬁ) with 0 < x] < xj < 1 exists
in Model (2.2), as illustrated in Figure 2(a). It can be easily checked that

SIGN(J(E})) = [ T ],SIGN(J(E;)) - [ L ]

. . dy d
Besides, at E7, there is |- > 32|z, thus

DET(J(ET)):[xya—];I%(dyl dyz)] <0,
(X7

i.e., E] is unstable. Similarly, at E, there is y’ =g d” ~|x=x;» thus

(A1 + A2)

= TR(J(E3)) <0,

(x3.y3)
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g,<0,8,<0

> X

(b)

Figure 2. Symbolic representation of Jacobian matrix elements for the case C).

; 0fi 0f> (dyr  dy,
L) ey = DET(J(EY)) = |xy———|— — — > 0,
A2l = DD [xy ay oy \dx e fl
Le., Ej is a locally asymptotically stable node.
i1) When p = 0 holds, system (2.2) has a unique interior equilibrium E* (x*,y), as shown in Figure
2(b). Let X = x — x*, Y = y —y*, then E* is converted to the origin O(0, 0), and the model is written as

dx )
— =anX+apY+A X +AXY,

& (3.5)
i anX + anY + BiX? + B XY + By;Y? + Py(X, ),

where,

Al o = — sify”
(L oxr (1+ fy)*
yoy Y s1f

- B=—' _B=——"
A+6x) 0 (A+ox) > A+ fy)

an=10+p)x" - 2(x*)2,a12 =—ax’,ay =

A :,8+1—3x*,A2:—%,B1 -

and P3(X, Y) is a function of (X, Y) with degree of three or higher. The Jacobian matrix at E* is

J(E?) = [

app ap ]
9

az; ax

thus
DEeT(J(E")) = ajjaxn — anay = 0, TR(J(EY)) = a; + ax.

a) If TR(J(E™)) = a;; + axn = 0, then 4; = A, = 0. Make the transformation

)= V)0

then Model (3.5) is converted into the following standard form:

Xm _ - -

5 = @en + Ay x] + Ayxyyy,

' Bd 4 Byniys + Byt + P

5 - B + Byxy; + B3yy + P3(x1,y1),
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where 4
_ 2 < -
ap = a—l,Al =anA| +axAs Ay = Ay,
11
B, = 0%131 +anax (B, —Ay) + a§1 (B3 —Ay) ,By = a; 1By + ay (2B; — A) ,B3 = B3,

and P3(X, Y) is a function of three or more degrees about (X, Y).
Let 7 = ay,t. For convenience, ¢ is still used to represent 7, then it has

dx1 ~ ~
— = +A1X% +A2X1y1,

Cg)l-l i ) . 5 (36)
e Bix} + Byxyy; + B3yt + Pi(x1,y1),

where

N _ B; |
Ai=—,i=12B=—,j=1,2.3.
an apn

and P5(X,Y) is a function of (X, Y) with three or higher degree. Model (3.6) can be transformed into
the following form [43]:

dX] _

dt _y17

dyr = 5 /5 z =,

T Bixj + (Bz + 2A1)x1y1 + P5(x1,y1),

and if B, # 0, then E* is a cusp point.

Meanwhile, if B, + 24, # 0, E* is a cusp of codimension two. If B, +2A,=0,E*isa cusp with at
least codimension three.

b) If TR(J(E¥)) = a;; + ax # 0, then A; = 0, A, # 0. Make the transformation

SRS ()
Y —dy; Ay A

system (3.5) is converted into the following standard form

dxl ’ ’ ’

_t :Alx%+A 2x1y1+Ay%,

é;l o ;2 ’ r 2 ’

O =da'ny| + B'1x] + B'yx1y; + B'3y) + P'3(x, 1),

2 2 2 2
A 61216122141 - 61216122142 - 611102231 +anaxanB; — 011612133
1 = ’
) 5 ay (an + Clzz)2 ) )
A 2ay,ax + a5,a00A; — ay1a5,A; — 2a7,an B — ajaxanB; + aja;, B + 2ay1a5, B3
2 = b
) ) \ ax (an + axn)
w a11a21A1 + 61116121142 — a“Bl - a”a21B2 — Clllaz]Bg
3 = P
5 5 ay (ap + axn) ) 5
B a21a22A1 — 61216122142 + azzBl — (121612232 + a21a2233
l =
ay (an + axn s ’ 5 5
B 2a11a1aA,7 + 61216122142 — a11a21A2 + 2&11612231 + a21a2232 —anaxanbB, — 26121612233
2 p— 9
s ) 5 a (an + ax)
a”azlA] + Cl]]ClZIAz + 611161223] + ayax anB; + 02102233

az (ay + an)

B’3 =

Electronic Research Archive Volume 32, Issue 11, 6379-6404.
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Next, introduce a new variable T = a}, (for convenience, is represented by 1), then

dx o N n

d_tl = Alx% + Ayxiyp + A3y%,

dy A . . .

d_tl =y1 + Bix] + Byxiyy + Bayi + P3(x1,y1),

where, A A— ,B; = 5—2’2,1': 1,2, 3.

axn’

If A, # 0 then E* is unstable. Meanwhile, E* is a saddle node of attraction.
To sum up, the following result hold.

Theorem 3. For Model (2.2), 1) O(0,0) is unstable, E'(0, % (%)) is locally stable, E*(3,0), E*(1,0)
is unstable; 2) For the interior equilibrium, when p > 0, Ej (x‘l‘,y’lk) is a saddle (unstable), and
E; (xz,y;) is a stable node; when p = 0, if TR(J(E*)) = 0 and B, # 0, E*(x*,y") is a cusp of

codimension two in case of B, + 2A; # 0, and a cusp with at least codimension three in case of
B, +2A, = 0; If TR(J(E*)) # 0 and A #0, E* (x*, y*) is an attractive saddle node.

4. Parameter’s influence

4.1. Saddle-node bifurcation
Let @ = ay satisfy

DET(J(E")) = (1) |y = 0, TRUJ(E®)) = =(41 + 1) |y # 0.

Denote X fy
vy WA
=2(x") - (1 + & =—-—"—— v =ax W= ————
& =2(x) - (1 +p)x". & TPk 2= P
and define 5 )
oy* 2
®, 2 20280 — —Y 2 sif &

A+6x) = A+ )y
Theorem 4. Let the parameters of Model (2.2) satisfy TR(J(E*)) # 0 and A, # 0. If ®, # 0, system
(2.2) undergoes a saddle node bifurcation near E* (x*,y*) when a = a.

Proof. At E* (x*,y"), there is
J(E*):( -§1 —w )

=& —wy

Let V = (V,V,)T (W = (W;, W»)T) be the eigenvector corresponding to the zero eigenvalue of
J(E*) (J(E)). Then V = (w1, =&)D", W = (=&, &))" Let g = (g1,8>)". Then

a ¥
ga(E*,a()):—ag (E*,ao>=( Y )
(04

0
and
0? 0? 0?
ag;vz 222 gl ViV, + 85’;‘/
ng(E*,a’())(V, V): ax a Y )
g2V2 2 g2 V1V2 g2V
0x? Oxdy 0y?

Electronic Research Archive Volume 32, Issue 11, 6379-6404.
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—Zw%
= 2y6 25, f2
- 3 w% - 1 3‘,';:12
(1 +6x) (1 + fy*)
Since
O = Wig, (E*,ap) = —x"&; # 0
and
®, = W' [D’g (E°, a0) (V, V)|
2v6 25, f2
= 2wié, — %w%& - Lfﬁ? # 0,
(1 +0x%) (1+ fy*)
then according to Sotomayor’s theorem [44], Model (2.2) undergoes a saddle-node bifurcation near
E* (x*,y") when a = «. |

Remark 1. For Model (2.2), it can be concluded that for a lager «, the interior equilibrium does not
exist. When «a decreases to a = «, a unique equilibrium exists in the system. As « decreases below
aq, the system undergoes a saddle-node bifurcation at the interior equilibrium E*, giving rise to two
interior equilibria E} and E,.

4.2. Bogdanov-Takens bifurcation

According to Theorem 3, when p = 0, TR(J(E*)) = 0, B; # 0 and B, + 24, # 0, Model (2.2)
to undergo a Bogdanov-Takens bifurcation of codimension two near E* when (@, 8) = (@, o). Next,
it will show the universal unfolding of the Bodmanov-Takens bifurcation of codimension two under
parameter perturbation when a and 8 are taken as bifurcation parameters.

Define
bor = x*(1 = x") (x* — &) — e x*y*, by = [l + B+ &) x* = 2(x*)%, b1y = — (@ + &) X,
s * +
bl():o,bzlzL by = — Slfy E1:w+62)+1—3x*,E2:—(a El)

2 b

*

A F sif

- 3 2 — 5 3= = 3
(1 +0x*) (1 +6x%) (1 + fy*)

—b,b1o + boibiobyy — b% F3

H1:

blZ
b(z)lEg + b%szOEg + b?zbzl - bllb%2b22 + b()lb%ze
2 = ’
b
H: = bllblz - bOlEZ + b12b22 - 2b10F3
3 = s
blZ

_ bobnE\E, - bo\b11E5 — bl,bpE| — b1,F| + by 1b3,F) — b b F3

4 — = s
2 2 2 Zb%2

_ 2b12E1 - b11b12E2 - 2b01E2 + b12F2 - 2b11b12F3 H = E, + F;

5 — b%z ’ 6 — b12 ’

Ji=H,,J, =H,—-2HHg, J3 = H3
Jy = HlHé —2H,H¢ + Hy, Js = Hs — H3Hg,
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J J J J
K1:__15K2:__2’K3:_ > ’K4:_ > 5
2 2 =T 7,
K5 KK,
L1:K1+T,L2=K3+ L3 = Ky,
01 = -L|L3,0, = -L, L3,
Let (€1, &) be a parameter vector in a small neighborhood of (0, 0). Then
Theorem 5. Let the parameters of Model (2.2) satisfy p = 0, TR(J(E*)) = 0, By # 0, B, + 24, # 0
and ‘M # 0. When (a, B) varies in the neighborhood of («y, Bo), Model (2.2) changes in the small

d(er,e)
neighborhood of E*(x*,y"), and a codimensional 2 Bogdanov-Takens branching occurs.

Proof. Consider the perturbation system

B 1 -D-+e)]-(@+ea)wy s Fuy).

dr
dy  yxy S|
— = + —-d|y=G(x,y),
dr  1+ox (1+fy l)y (.3
For (a,B) = (@, o), there is DET(J(E™)) = 0, TR(J(E*)) = 0. With the transformation x; = x — x*,

y1 =y —y*, we can obtain

d.Xl
>
—— =bo1 + biixi + by + E1x] + Eyxyy,

& 4.1)

il bio + by x) + by, + F1x7 + Faxyy; + F3y; + N3(x1,)1),

where N3(x1,y1, €, 6) € C™.
Make the following transformation:

{ Xy = X1,
y2 = boi + biix; + byt + E\ X + Exxyyy,
then Model (4.1) is converted to

d)C2 _
({1 ; Y2,
Y2 ,
i Hy + Hyxy + Hsys + Hsx3 + Hsxoy, + Heys + Ny(x2, 2, €1, €),
where Ni(x2, y2, €, &) € C* with coeflicients depending smoothly on €, €.
Next, introduce the variable 7, denoted as dr = (1 — Hgx,) dt (still denote 7 as ¢), then

dx

d_t2 = (1 = Hexz) y2,

d ,

% = (1 - H6x2) (H1 + H2X2 + H3y2 + H4x§ + H5x2y2 + H6y§ +N 3(X2,y2,/ll,/12)) ,

Let x3 = x,y3 = (1 — Hgx,) y», then the above system of equations is transformed into

dX3 _
ddt _y3’
% = Ji + Jaxs + Ja3ys + Jux; + Jsxzys + N3(x3, 3, €1, €),
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where N3(x3, y3, €1, &) € C* with coefficients depending smoothly on €, .
(i) When J; < 0, the following transformations are applied to the variables:

Y3

=i

X4 = X3,Y4 = ,T = = Jat,

still denote 7 as ¢, there is

dX4 _

ddt _y4,

y

d_t4 = K\ + Koxa + Ksya — x5 + Kaxays + Ms(x4, s, €1, €),

where M3(x4, y4, €1, €) € C* with at least third order.

K
Let x5 = x4 — 72, Y5 = Y4, and obtain
d)C5 _
ddt =DYs
Y5 ,
i Ly + Lyys — x3 + Lyxsys + Mj(xs, s, €1, &),

where M(xs,ys, €, ) € C* with at least third order.

t
If set J5 # O, then L; # 0. Define new variables: xg = —L§x5, Yo = Lgys, T= o and denote x4 by
3
X, ¢ by y, and 7 by ¢, which yields that

dx

— = y’

((11{; i 4.2)
= 01 + Oy + X* + xy + M3(x,y, 41, 1),

where N;(x,, Y2, €1, €) € C™ with at least third order, and O;, O, can be represented by € and e,.
(i1)) When J; > 0, the following transformations are applied

Y3
X4 = X3,Y4 = —J,T = \Jat,
4

\/_

still denote 7 by ¢, it has

dX4 _
ddt _y4’
V4 / / ’ ’
rri Ki + Koxy + Kiys + x5 + Kixays + N3(xy, ys, €1, €),

where N3(x4, 4, €1, €) € C* with at least third order, and

l
Ja

o

Ki= K= K= = K= =%
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Let x5 = x4 + K /2,y5s = y4. Then it has

d)C5 _
cflt _y57
ys ’ ’ ’ ’
5 - Ly + Lyys + x5 + Lixsys + Ni(xs, ys, €1, &),

where N}(xs, ys, €1, &) € C* with at least third order, and

K/2 KK’
—2,L'2=K§— 224

L, =K.

If set Js # 0, then L # 0. Define new variables: x5 = ngxs, Y6 = L§3y5, T = t/L, and still denote
x¢ by x, ye by y, T by ¢, which yields that

dx
— =y,
d_t = 0,1 + Olzy + x2 + Xy + N3(X2,)’2, €1, 62),

where O] = L’1L§4, O, = LJL}, and €, & can be represented by O}, 0.
0(01,02)

T | 0, Models (4.2)
and (4.3) are the cardinal folds of the Bogdanov-Takens bifurcation [44], when (a, ) varies in the
vicinity of (g, By), Model (2.2) undergoes a codimension 2 Bogdanov-Takens bifurcation in a small
neighborhood of E* (x*, y*). O

For convenience of discussion, O/, O, is still denoted by Oy, O,. When

5. Complex dynamics of control-Model (2.3)

It only focuses on the case of p < 0 in Theorem 3. For Model (2.3), there are

M, = {(X,)’) €eR}: x=h],y20},M2 = {(x,y) €R”: x:hz,yZO},
N ={(x,y)€Ri:x:h1 +r;,y20},N2 ={(x,y)eRi:x: (1 —a)hz,yZT},

5.1. Order-1 periodic solution

_ (s1—dD(d+6x)—yx
| 19 the Prey1soctine, & = yfaag—yn] 4 the predate
Is, Is as the saddle point separatrix of E} in different directions. The intersection point between /; and

N> is denoted by A;. The intersection point between /4 and N, is denoted by M. The trajectory from
Aj intersects M, at the point B;. Define 7, = yy — (1 — b)yp,. Denote

Denote [; = é (1 — x) (x — B) as the prey isocline, [, as the predator’s isocline, /3, l4,

Q= {(x,y)|OSxSxT,yZO},Qz = {(x,y)|xj <x< 1,y2()}'

Definition 2 (Successor function). For a point S € N\, if the trajectory from S intersects M, then
denote the intersection point by S~ € M,. Under the impulse effect, the point S~ is mappedto S* € Ni.
In such a case, we can define s’OR]: N — R § — slom(S) £ yg+ — ys. If the trajectory from

S intersects My, then denote the intersection point by S~. Under the impulse effect, the point S~
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is mapped to ST € N,. If the trajectory from S* intersects M, denote the intersection point by
S*™ e M. Under the impulse effect, the point S*~ is mapped to S** € Ni. In such cases, we can
define fll. : Ny = R, S — fl. (S) £ ys++ — ys. Similarly, For a point S' € N, define fl.,: N» = R,

S5 fh(8) = ys = v

SOR)

Theorem 6. For system (2.3) with model parameters satisfying any one of C,)—-C3) and p > 0, if D-1)
hi+n<xj < =a)hy < hy < x5, y2(hy) 2 yi(hy + 1) and T < 75, an order-1 periodic solution exists
ineach Q;, i = 1,2, if D-2) hy < (1 —a)hy < hy +n < x] < hy < x; and y,(hy) > y\(h; + 1), an order-1
periodic solution exists in Qy; if D-3) hy < x] <hy+n < (1l —a)h, < hy < x5 and T < 75, an order-1
periodic solution exists in .

Proof. For case D-1) hy +n < x] < (1 —a) hy < hy < xj and y,(h;) > y;(h; + 1), denote the intersection
point between /, and N by Ay. Select a point A; € N; above Ay; the trajectory from A; intersects
M, at B;. Under the impulse effect, the point B; is mapped to A} € N;. Since gi(x4,,y4,) < O,
82(xa,,y4,) < 0, then we have stoRl(Al) = Yar = Ya, = VB —Ya, < 0. Besides, denote the intersection
between /; and N by A,. Since gi(x4,,y4,) = 0, g2(x4,,¥4,) > 0 and g;(xs,ys) < OforS € U(Aj,¢€)

withxg < hj+nandys < y,,, then we have f, (A;) = YA;=Yas = YB,—Ya, > 0dueto ya(hy) = yi(hi+n).

The continuity of f;, implies that a point § € A;A, exists so that f}, (S) = 0, i.e., an order-1 periodic
solution exists in Q (Figure 3(a)). Similarly, it can be proved that an order-1 periodic solution exists

in Q, for case D-2).

5
.
s

y 4

A
IS

(a) (b)

Figure 3. Schematic diagram of the trajectory trend of the system’s (2.3) for the case of D-1).

Under the impulse effect, B is mapped to A;" € N,, where y,,+ = (1 —b)yp, + 7. Define 7, =
Yas — (1 = b) ys,.

1) If T = 71, then SIORZ(A3) = Ya+ —Ya, = 0, 1.e., an order-1 periodic solution exists in £, (Figure

3(a)).

i) If T < 74, then SIORZ(A3) = ya;+ — Y4, < 0. On the other hand, for A4((1 — a)h,, 1), there is
o, (A4) = ya,r —ya, > 0. The continuity of f}, implies that a point S’ € A3A, exists so that
SIORZ(S ") =0, i.e., an order-1 periodic solution exists in ), (Figure 3(b)).

1) If 7; < 7 <75, then SIORZ(A3) = Ya,+ —Ya, > 0. According to the trend of the trajectory and the

fact that any two trajectories cannot be intersected, select D € N, above and sufficiently close to

the A3, then fJ, (D) = yp+ —yp > 0. On the other hand, for C = A3, there is . (C) = yc+ —yc <
I

yar —Yc = 0. The continuity of f ., implies that a point §” € CD exists so that SIORZ(S’) =0, 1e.,
an order-1 periodic solution exists in ), (Figure 3(c)).
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Similarly, system (2.3) has an order-1 periodic solution in €2, for case D-3).
To sum up, an order-1 periodic solution exists in Model (2.3) for case D-1). O

Let z;(t) = (¢:(t), pi(1)) (k — )T; <t < kT;, k € N be the order-1 periodic solution in Q;, i = 1, 2.
For z,(t) = (¢1(?), ¢1(t)) (k — 1)T, <t < kT, denote

¢ (T)) =1 (T) +n=h +1,0 (T)) = ¢ (Th) = 6.

For z,(1) = (¢,(2), p2(1)) (k — 1)T, < t < kT», denote

$2(T7) = (1 =a) o (T2) = (1 = a) hy, 2 (T5) = (1 = b) 2 (T2) + 7 = 6.

Theorem 7. For the model parameters with any one of C,)-C3), p > 0 and D-1), z;(t) = (¢:(1), ¢i(?))
(k— DT; <t < kT; is orbitally asymptotically stable if u; < 1, where

[ = On + ][ +7) = B] = ad) {fT][ -2 _ sufel(0) ]d}
- A=) (B —asr | “P . |POEH =20 = o 1Y

{[1=(1=a)h][(1 —a)h, —B] — ad,} (62 — )
& [(1=b)(1 = hy) (hy = B) — (6, — 7)]

M2 A ()

with A (f) = exp { 1 [¢2(z) B+1—-265(1)) — M]m}.

(I+foa(1))?

Proof. For system (2.3), there are

yxy 5)
+ —d |y,
1+ 6x (1 T fy l)y

and wy (x,y) = x — hy, I (x,y) = n, I (x,y) =0, So it can be concluded that
0 { 0 '
fl(x’y):f+x(ﬁ+l—2x), Ly Y sify .
Ox X Ox Yy (1+fy)

ow; (x,y) _ ow; (x,y) _ ol (x,y) _ ol (x,y) _ o0l (x,y) _ 0l (x,y) _
Ox T dy Ox dy Ox dy

Denote fi+ = fi (¢1 (T]*),gpl (Tf)),fy =1 (¢1 (Tf),gol (T]*)) Then by Lemma 1, there are

fik,y) = x(1 = 0)(x = B) — axy, fo(x,y) =

0.

6[21 awl 0,81 6a)1 8(1)1 8111 80)1 6111 awl 8(1)1
L el i Ry | P Nt Lt S for
ox Ox o0x Oy 0x ox 0Oy dy Ox ay

(')a)l 6(1)1

T ay h

_ (hi+m)[1 =+ ][ + 1) =Bl —a(hi +17) 6,
hy (1 = hy) (hy = B) — ah 6,

ofy  ofy
fm (a * E)‘”]
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_ '[1 ~ (hy + ] [(h + 1)~ B] - ad) sifei(®) ] dt}
(I = hy) (hy = B) — ad, (1 + foi(0))? '
If u; < 1, the order-1 periodic solution z,(t) = (¢1(1),¢1(t)) (k — )T} < t < kT, is orbitally
asymptotically stable.
Similarly, for the order-1 periodic solution z,(¢) = (¢,(1), 2(2)) (k — 1)T, < t < kT, there is
_ |{[1 ~ (1 —a)h][(1 —a)hy = B] — a6} (62 — 1)
’ 5 [(1=b) (1 = hy) (hy = B) — @ (6, — 7]

Ty
exp {fo [¢1(I)(ﬁ +1-=2¢1(0) -

+

A,

where A () £ exp {fo? [(;Sg(t) B+1-2¢,()) — &%]dt}. By Lemma 1, if y, < 1, the order-1
periodic solution z,(f) = (¢(1), ¢2(1)) (k — 1)T, < t < kT, is orbitally asymptotically stable. The proof

is completed. o

5.2. Order-2 periodic solution

Here only the case for by < (1 —a)hy < x] < hy + 1 < hy < x5 is considered. Let G, (h +1,y5,) be
the intersection point between /; and Ny, G, (hy, ys,) be the intersection point between /, and M,. The
trajectory that starts with G, intersects M, at By (hy, yp,). Define 73 = yg, — (1 — b)yg,.

Theorem 8. For the model parameters with any one of C1)-C3), p > 0and D-4) hy < (1 —a) hy < x] <
hy +1 < hy < x5, if byg, < 7 < min{yg,, 73} holds, an order-2 periodic solution exists in system (2.3).

Proof. For G; € N, the trajectory starting from G, intersects with M, at B;. Then B; is mapped to
B € N, and next intersects with M, at B, and then B, is mapped to G/ under impulse effect. Since
T < T3, then ypr = (I =b)yp, + 7 < yg,. Since g1(B) < 0 and g2(BY) < 0, it has yg < yp~,, then
Yor = ¥p, <ygr = (1 =b)yp, +7 <yg, ie., fu,(G1) = yo: = ys, <O.

On the other hand, since 7 < yg,, then G, € N,. The trajectory starting from A; € N; with y4, = yg,
intersects with M, at A7, and then A7 is mapped to A]. Then it intersects with M; at A7, and next
A7~ is mapped to A7*. Since yar = (1 = b)ya: +7 > (1 = b)yg, + T > ¥, 50 fio (A1) = yat+ = ya, =
Yar- = Y6, > 0.

The continuity of fI
periodic solution exists (Figure 4(a)).

Similarly, a point S* € A;B2 C N, exists so that
exists (Figure 4(b)).

_ implies that a point § € A;G, C N exists so that £, (S) = 0, i.e., an order-2

SOR

1T

sor,(87) = 0, 1.e., an order-2 periodic solution

yl

A A 2 . [
Iy (1_")111 h+n X h, (lf(l)hz h+n b, X

(2) (b)
Figure 4. Schematic diagram of the trajectory trend of the system’s (2.3) for case D-4).
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O

Let z3(t) = (¢3(2), o3(t)) (k — 1)(T, + T,) <t < k(T, + T3), k € N be the order-2 periodic solution.
Denote

$3(0) = hy + 0, ¢3(T1) = hy, ¢3(T)) = (1 = @hy, ¢3(T1 + T2) = by, ¢3((T1 + T2)") = hy + 1,

©3(0) = 63, 03(T1) = 64, 03(T) = (1 = b)Ss + 7, 05(T1 + T2) = 83, 03((T1 + T2)") = 65.

Define
04 Y173

(1= b)os +Ty2ys’

0, =
where

Yi=A=h —=mh +n7-B)—ads,y, = (1 = hy)(hy — B) — ady,
Y3 =1 =1 -a)h)((1 —a)h, =) — a((1 = b)os + 1), 74 = (1 = hy)(hy — B) — ads.

Theorem 9. For the model parameters with any one of C1)-C3), p > 0 and D-4) hy < (1 —a)h, < x] <
hi +1n < hy < x5, and by, < v < min{yg,, T3}, if

it s1fe3(1) ] }
=0 1-2 -—— \d 1,
p3 = @gexp { fo + [¢3<z) B 1= 2030 = 2 i <

then z3(t) = (¢5(1), p3(2)) (k = 1)(T) + Ty) <t < k(T + T)) is orbitally asymptotically stable.

Proof. For convenience, denote the intersection point between z3(f) = (¢5(2), p3(¢)) and N7 (M, Ns,
M) by Li(hy +1,63) (Ly(hy, 64), L3((1 — a)hy, (1 — b)d4 + T), La(hy, 53)). Then, according to analogue
of Poincaré Criterion, there are

_ Si(L3) _ (I —a)hs3[(1 = (1 — a)h))(1 — a)hy = B) — a((1 — b)os + 7)]
Silln) ho[(1 = ho)(hy — B) — @ds4] ’

K1

o = Si(Ly) _ (hy + (1 = hy —m)(hy + 17— p) — ads3]
27 ALy (1 = hy)(hy — B) — ad3

and
fTI+T2(%+%)dt _ (22 )+1 (@)H (—hl )+1 (—53 )
o \ax Ty T I+ N "0 om0 =ps +7
i s1.f@3(1) ]
1= 2¢5() - —LE50 1y
+f0+ ¢3(1) (B + ¢3(1)) 1+ for() t
Then
_ T1+T> afl afZ
Uz = |kiky| exp (j(; (a + ?—y)dt)
_ 65 Y17s f]“[ - _M]d)
(I =D)os+ 77274 exp( or S #:0 (1+ fos(0) )

If u < 1, then z3(¢) = (p3(1), p3(2)) (k—1)(T1+T>) <t < k(T,+T,) is orbitally asymptotically stable. O
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6. Numerical simulations and verification

6.1. Numerical simulations for system (2.2)

For system (2.2) with model parameters @ = 0.09, 5 = 0.15,y =0.6,6 = 0.9, s; = 1.12,d, = 1.1,
f = 0.21, there is p < 0, then two interior equilibria exist in the system, and the phase diagram
is presented in Figure 5(a); For the model parameters @« = 0.219, § = 0.051, y = 0.6, 6 = 0.9,
s1=1.12,d, = 1.1, f = 0.21, there is p = 0, then a unique equilibrium exists in system (2.2), which
is a sharp point. The phase diagram of the system (2.2) for such a case is presented in Figure 5(b).
Moreover, system (2.2) undergoes a Bogdanov-Takens bifurcation of codimension two in a very small
neighborhood of the unique interior equilibrium.

While for system (2.2) with model parameters @ = 0.09, 8 = 0.29, y = 0.6, 6 = 0.9, 51 = 1.12,
dy = 1.1, f = 0.21, there is also p = 0, in such case a unique equilibrium exists in system (2.2),
which is a saddle node, and the phase diagram is presented in Figure 5(c). System (2.2) undergoes a
saddle-node bifurcation of codimension one in a very small neighborhood of the interior equilibrium.

For system (2.2) with model parameters @ = 0.09, 8 = 0.35,y = 0.6,6 = 0.9, s, = 1.12,d, = 1.1,
f =0.21, there is p > 0. In such a case, system (2.2) does not have interior equilibrium, and the phase
diagram of the system (2.2) is presented in Figure 5(d).

y(®)

0O 02 04 06 08 1
x(t)

Figure 5. Illustration of the trajectory trend in system (2.2) for different parameters.

02 04 06 08
x(t)

For system (2.2) with parameters 8 = 0.051,y = 0.6, 6 = 0.9, s; = 1.12,d;, = 1.1, f = 0.21, the
bifurcation diagrams of the residual dimension 1 for the system (2.2) are shown in Figure 6(a),(b) when
« 1is selected as the bifurcation parameter. The result shows that for larger «, the interior equilibrium
does not exist. When « decreases to @ = @, a unique equilibrium exists in the system. As a decreases
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below ay, the system undergoes a saddle-node bifurcation at the interior equilibrium E*, giving rise to
two interior equilibria E and EJ.

1 24
0.75 | .
e L
0.5 Ve m12 B
0.25/ [ ——--~-""'”"w‘-‘-/ 06 [ e
0 ‘ ' ‘ ‘ 0 : - . ‘
1] 0.04 0.08 0.12 0.16 0 0.04 0.08 0.12 016
“ o
Figure 6. Schematic diagram of system (2.3) bifurcation when a is selected as a key
parameter.

6.2. Simulations for system (2.3)

For system (2.3) with model parameters « = 0.1, 8 = 0.15,y =0.6,6 =09, s; = 1.12,d; = 1.1,
f = 0.21, the control parameters: #; = 0.07, n = 0.1, h, = 0.6, a = 0.35, b = 0.38, 7 = 0.51, an
order-1 periodic solution can be formed in both €; and €, (Theorem 6), as presented in Figure 7(a);
For model parameters « = 0.1, 8 = 0.15,y = 0.6, = 0.9, s; = 1.12,d; = 1.1, f = 0.21 and control
parameters iy = 0.07, 7 = 0.128, h, = 0.44,a = 0.7, b = 0.08, 7 = 0.51, an order-1 periodic solution
can be formed in Q, (Theorem 6), as presented in Figure 7(b); while for control parameters i, = 0.14,
n=0.16,h, =0.6,a = 0.25, b = 0.38, 7 = 0.51, an order-1 periodic solution can be formed (Theorem
6), as presented in Figure 7(c).

0 0.25 0.5 0.75 ;.
x(t)

Figure 7. Illustration of the order 1 periodic solution. Schematic diagram of system (2.3)

under different parameters.

For system (2.3) with given model parameters « = 0.09, 8 = 0.215,y = 0.6, 6 = 0.9, s; = 1.12,
d; = 1.1, f = 0.21 and control parameters #; = 0.07, n = 0.1, h, = 04,a = 0.65,b = 2, 7 = 3,
an order-2 periodic solution can be formed in system (2.3) (Theorem 3.2), as presented in Figure 8(a);
while for the control parameters i, = 0.07, 7 = 0.4, h, = 0.68, a = 0.65, b = 0.85, T = 0.5, a different
order-2 periodic solution can be formed in system (2.3) (Theorem 8), as presented in Figure 8(b).
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2.5 25
M N N M
. 1 2 1 2
2 M1 N2 N1 M2 .- 2 _ ’Id
P ‘/ | "’—--: -~ 2
15 / WAL e, g3 N [SAN
= e 2N = « L 2N,
1 E* .~ \ 1 E1 t’/’ N
K L B N\
| ” ’: \\ | -/ ‘\\
0.5 = -+ \ 0.5 PRy \
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Figure 8. Illustration of the order 2 periodic solution. Schematic diagram of system (2.3)
under different parameters.

7. Conclusions

Considering that the Allee effect is an important mechanism in ecosystems and a realistic
description of the interaction between species, we presented a model of prey-predator system with
prey’s Allee effect and generalist predator in the context of fish resources (Models (2.1) or (2.2)). We
investigated the dynamic properties of Model (2.2) such as the type and stability of the boundary
equilibria as well as the existence and stability of the interior equilibrium in detail (Theorems 1-3,
Figure 5).

To show the influence of the parameters on the dynamics of Model (2.2), we analyzed the
bifurcations in the predation system by selecting the capture rate of prey by predator and Allee
threshold as key parameters. We showed that Model (2.2) will undergo a saddle-node bifurcation as
changing of the capture rate « (Figure 6), and undergo a Bogdanov-Takens bifurcation of
codimension at least 2 and 3 as changing of («, f).

To achieve sustainable and efficient exploitation of fish stocks, we adopted a bilateral intervention
strategy, i.e., to avoid the distinction of prey fish caused by the Allee effect, releasing juvenile prey
fish is adopted at a lower-level x = h; while for economic purposes, capturing both prey and predator
fish is adopted at a higher-level x = h,. We obtained the conditions for the existence and stability
of the order-1 periodic solution (Theorems 6,7, Figure 7) and order-2 periodic solution (Theorems 8,
9, Figure 8) of the control system (2.3). The results showed that the extinction can be prevented by
control even when the prey density is low, while in the case of the prey density increasing to a certain
extent, fishing activities can be taken in a periodic way (periodic solution) to obtain the fish resources.
Therefore, as long as the fish stocks are properly managed, the number of fish stocks can be controlled
within an appropriate range, and the sustainable development and utilization of biological resources
can be realized.
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