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Abstract: In this paper, we study a chemotaxis system with nonlinear indirect signal production

u, = Ay (V)u) + ru — uu, xeQ,t>0,
v, =Av — v+ wh, xeQ,t>0,
w; = —Ow + u, xeQ,t>0,

under homogeneous Neumann boundary conditions in a smooth bounded domain Q C R"*(n > 2),
where the parameters r, u, 8, 6 > 0, and [ > 1, the motility function y € C3([0, )), y(v) > 0 is

bounded, y'(v) < 0, and Zy(—(vv)) is bounded. We show that if é > 7, the system has a unique global

classical solution. Moreover, the solution exponentially converges to (( ﬁ)ﬁ , (%)ﬁ(ﬁ)%, %(ﬁ)ﬁ)) in the
large time limit under some extra hypotheses.

Keywords: chemotaxis; global existence; signal-dependent motility; nonlinear indirect signal
production; logistics source

1. Introduction

The chemotaxis models, introduced by Keller and Segel in 1970 [1], have cast a long and profound
shadow across the disciplines of mathematics and biology alike. Based on the biological background,
the cells move toward the chemical signal, which is secreted by the cells themselves, and many
researchers have studied the chemotaxis-production system

{u,:Au—XV'(MVV)+f(u) xe€Q,1>0, (1.1)

v, = Au—v+u, xeQ,t>0,

where u(x, t) denotes the density of cells and v(x, ¢) signifies the concentration of the chemical signal.
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The cross-diffusion term —yV - («Vv) means the cells are moving toward the high concentration of
chemical signal. Moreover, f(u) is the logistic source; it represents the rate of the cells reproduction
and death. Many particular cases and derivatives of this system have been successfully investigated up
to now (see the surveys [2—6] and references therein for details).

Furthermore, in order to explain more complex biological phenomena, some researchers have
proposed the following models with signal-dependent motility [7-9]:

{ u = AyMu) + f(u)  xeQ,t>0, (1.2)

vi=Au—v+u, xeQ,r>0.

The model was developed based on an experimental study of Escherichia coli (E. coli), which
revealed the formation of a stripe pattern through a mechanism known as “self-trapping”. Here, u(x, t)
signifies the density of E. coli, while v(x,f) denotes the concentration of acyl-homoserine
lactone(AHL), which secreted by E. coli. The motility function y(v) is a sufficiently smooth and
positive function with the property y'(v) < 0. Since the first equation of (1.2) can be rewritten as
u, = V- (yWVu) + V- (¥ »)uVv) + f(u), it can be regarded as a chemotaxis model of Keller-Segel
type, where both the diffusion rate of the cells and the chemotactic sensitivity depend nonlinearly on
the concentration of the chemical signal. When f(u) = 0, if the positive function y(v) is bounded, Tao
and Winkler [10] demonstrated that (1.2) admits a global classical solution in two dimensions and
global weak solutions in higher dimensional settings. For the particular cases y(v) = ¢, y(v) = ¢™’, or
y(v) = COIW’ the existence of global solutions to (1.2) has been detected in [11-16], respectively.

In the presence of the logistic source (i.e. f(u) = Au — uu'), Jin et al. [17] established the existence
of a global classical solution to (1.2) in two-dimensional settings in the case / = 2; when / > 2, many
interesting results on the existence of global classical solutions to (1.2) have been demonstrated by Lv
and Wang in [18-20]. Furthermore, when the second equation in (1.2) is replaced by v, = Au — v + 1,
Tao and Fang [21] showed that the system (1.2) has a global classical solution for n > 2 and é > nzﬂ
Similarly, under the same conditions, the system with nonlinear signal consumption has also been
studied by Tian and Xie in [22].

In the classical Keller-Segel model, the chemical signal is directly produced by the cells
themselves. However, signal generation is often a complex process, which may involve external
factors or the interplay of multiple signals generated through diverse mechanisms. Inspired by the
spread and aggregative behaviors of the mountain pine beetle (MPB) in forest habitats, Strohm et
al. [23] proposed a chemotaxis-growth system with indirect signal generation

u = Aw) — xV - Vv) + pu(u — ub), xeQ,t>0,
w=Av—v+w, xeQ,t>0, (1.3)
w, = —O0w + u, xeQ,t>0.

Here, u(x,t) and w(x, t) denote the density of flying MPB and nesting MPB, respectively. v(x, t) stands
for the concentration of MPB pheromone, which is secreted only by those nesting MPB. When / = 2,
Hu and Tao [24] employed the coupled L” estimate method to demonstrate that, under sufficiently
regular initial conditions, model (1.3) admits a unique global smooth solution in three-dimensional
spaces. Similar results were considered in higher dimensions [25]. For [ > 7, Li and Tao [26]
established the existence of a classical solution for model (1.3). Additionally, when / = 7, Ren and
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Liu [27] confirmed the existence of a global bounded classical solution to (1.3) under the critical
parameter condition. For more related research, readers can refer to [28-30] etc.

To the best of our knowledge, the following chemotaxis production system with both
signal-dependent motility and nonlinear indirect signal production only has very little research so far:

u; = Ay(Wu) + ru — uu, xeQ, >0,
v, =Av—v+wh, xeQ,t>0,
w, = —Ow + u, xeQ, >0, (1.4)
==, x€0Q,1>0,

u(x, 0) = up(x), v(x,0) = vo(x), w(x, 0) = wo(x),  x€Q,
where Q2 C R" is a smooth bounded domain. The initial data ug, vy, and wy satisfy
Uy € CO(Q), vy € WH(Q), wo € WH(Q), up > 0, v > 0, wy > 0, (1.5)

and
y € C3([0, )), y(v) > 0 is bounded , vy (v) < 0 and % is bounded . (1.6)

When the signal production is linear (i.e., 5 = 1), the dynamical behaviors of (1.4) were investigated
in [31]. Motivated by the aforementioned works, we continue to explore the global dynamics for (1.4)
with nonlinear signal production, that is, 8 # 1. The purpose of our paper is to clarify the global
existence and large time behavior of (1.4) under the conditions

I
r,y,ﬁ,5>0,z>1and/—3>f. (1.7)

\S]

Our main results are as follows.

Theorem 1.1. Let Q € R"(n > 2) be a bounded domain with smooth boundary. Assume that the initial
data (ug, v, wy), the motility function 7y, and the parameters satisfy (1.5), (1.6), and (1.7), respectively.
Then, model (1.4) possesses a global bounded classical solution (u,v,w) in the sense that

(-, Dl o) + [VE, Dllwro) + [WE Dl < C - forall t> 0,
where C is a positive constant independent of t.

Remark 1.1. Theorem 1.1 shows that the propagation of signal is much weaker than the death of the
cells, i.e., B < %l is conducive to ensuring the existence of global bounded classical solutions to (1.4).
Inspired by this, it is interesting to consider whether there is a critical exponent a*. That is, if B < a*l,
(1.4) has a global solution, while blow-up occurs when B > a*l. However, for (1.4), the exact value of
a* remains unknown.

Theorem 1.2. Let Q € R"(n > 2) be a bounded domain with smooth boundary. Assume that the initial
data (ugy, vo, wo), the motility function vy, and the parameters satisfy (1.5), (1.6), and (1.7), respectively.
Moreover, | > 2 and 0 < B < 1, then there exist some positive constants T, C, T, and uy > 0 such that

lf:u > Mo,
r_ 1 1 r_ s 1 r 4
lu= (P Nlew@+ 1V = (P ()T llwy | +Hl w = =(=)7 |ls@) < Ce™
M 6 u ( 0 U
forallt>T.
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The structure of the paper is as follows. In Section 2, we address the local existence of solution
to (1.1) and some preliminary estimates which are essential for proving Theorem 1.1. In Section 3,
we prove the global existence of the solution to (1.4) by using a priori estimates, some important
inequalities, and the standard Alikakos-Moser iteration. In Section 4, we study the large time behavior
of system (1.4) with the aid of a Lyapunov function.

2. Preliminaries

In order to prove the main result, we will introduce some useful lemmata. Initially, we begin by
establishing the local existence of solution, which can be referenced in [32].

Lemma 2.1. (Local existence) Let Q € R'(n > 2) be a bounded domain with a smooth boundary.
Assume that the initial data (ugy,vo,wo), the motility function y, and the parameters satisfy the
conditions (1.5), (1.6), and (1.7), respectively. Then, there exists Ty, € (0,00] and a uniquely
determined non-negative triple of functions (u, v, w)

ue CoQX0, Tped)) [ | C*'(@x (0,77,

v € () €0, Ta); WH(@) [ C*1(@ X (0, Tyar)),

6>n

we CO@X[0, Tna)) [ | C*(@X (0, Ta)),

which solves (1.4) in the classical sense. If T, < 00, we have

tli?l sup(|lu(., Hllz=@) + V(. Dllwro@) + [IWC, Dllzs@)) = 0.

max

In addition, we also need to utilize the L” — L7 estimate.

Lemma 2.2. ( [5] Lemma 1.3) Let (¢™),5 be the Neumann heat semigroup in Q, and A, > 0 denote
the first nonzero eigenvalue of —A in Q under the homogeneous Neumann boundary condition. Then,
we obtain the following estimates with positive constants ky, k, depending only on Q.

(i)If1 < g < p < oo, then

_l_ncl_1 _
I Ve u llp@s k(1 + 172727 )e ™ u | 2.1)

forallue L1(Q) and t > 0.
(ii) If 2 < p < oo, then
| Ve'u ||LP(Q)S kze_MH Vu ”LP(Q) (2.2)

forallu € W'"(Q) and t > 0.
Furthermore, the subsequent inequality is crucial for our proof.

Lemma 2.3. For all g > 1, there exists ks = k3(q) > 0 such that
| V¢ llLan< ksll Vo lle() (2.3)

forall g € W>(Q) and t > 0.

Electronic Research Archive Volume 32, Issue 11, 6301-6319.



6305

Proof. We can easily obtain (2.3) by Lemma 2.2 and Holder’s inequality. O
Finally, we introduce the lemma related to the comparison principle, as referred to in [33].

Lemma 24. Let T > 0, typ € (0,T), a > 0, and b > 0. Assume thaty : [0,T) — [0, 00) is uniformly
continuous and satisfies
Y(t) +ay(t) < h(t) forae t€(0,T),

where h is a nonnegative function in Lloc([O, T)) satisfying

I+10o
f h(s)ds <b forall te[0,T —t).
t

Then, we obtain

b
y(t) < max {y(O) + b, - + 2b} forall te(0,T).
aty

3. Global existence and boundedness

In this section, we aim to demonstrate the global existence and boundedness of the classical solution
of (1.4). At first, it is essential to verify the L' boundedness of u(x, 7).

Lemma 3.1. Let (1.5), (1.6), and (1.7) hold, then there exist constants C; > 0 and C, > O such that

quQ (3.1)
Q
fﬂf#sq (3.2)
t Q

forallt € (0, Ty — T), where T := min {1, %Tmax}.

forallt € (0, T,y and

Proof. Integrating the first equation of (1.4), we have

u:rfu—,uful
Q Q Q
l
shfu—mm“(fu)
Q Q

for all # € (0, Thhax). Subsequently, utilizing an ODE comparison argument leads us to deduce (3.1).
Integrating (3.3) from ¢ to ¢ + 7, we obtain

[78Loer [ [oonf [

fl+‘rf , rft+‘rf 1[ lf
u = — u+ u(.,t)—— | u(.,t+1)
! HIa
<_f fu+ fu( 0 (3.5)

< —(rT+ 1) :=C,
u

(3.3)

Therefore, we have
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for all r € (0, Tpax — 7), Where 7 := min {1 mdx} Thus, we get (3.2) O
Due to (3.1), we can obtain the L? boundedness of w.

Lemma 3.2. If1 < g <land 6 > 0, then there exists a constant Cs > 0 such that

f Wi 1) < Cs (3.6)
Q

forallt € (0, Tyax).
Proof. Multiplying the w—equation of (1.4) by gw?~!, we obtain

dt wq = —qéqu+qfqu ! (3.7

for all ¢ € (0, Tiax).- Now, we will prove (3.6) in two cases: g = 1 and g > 1.

If g =1, we can get
w:—éfw+fu (3.8)
Q Q Q

for all ¢ € (0, Thhax). Combining (3.1) and an ODE comparison argument, we can obtain (3.6).
If g > 1, by using Young’s inequality, we can find there exists a constant ¢; > 0 such that

d 0
— | wi< —q—qu+clfuq (3.9
dt Jg 2 Ja Q
for all # € (0, Thax), Where ¢; = ( 2(2_;1))4_1‘ Combining Lemma 2.4 and (3.2), we complete the proof of
Lemma 3.2. d

Based on Lemma 3.2, we can get the L! boundedness of v.

Lemma 3.3. Let Q C R" be a bounded domain with smooth boundary. Assume that the initial data
(up, vo, o), the motility function vy, and the parameters satisfy the conditions (1.5), (1.6), and (1.7),

respectively. Then, we have
f v<Cy (3.10)
Q

forallt € (0, Ty, where Cy4 is some positive constant.

Proof. We will also prove (3.10) intwo cases: 0 << land 1 <8< %l <L
In case of 0 < 8 < 1, integrating the second equation of (1.4), combining Holder’s inequality and (3.6),

we can obtain 4
— v+ | v=| W
il e,
S(qu)/;.(flqu)"f (3.11)
Q Q

<ch
for all # € (0, Thax). The ODE comparsion argument leads to (3.10).
Incaseof 1 <8 < %l < [, integrating the second equation of (1.4) and combining (3.6), we have

3; v+fv—fw3<c (3.12)
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for all ¢ € (0, Thhax). Thus, we get (3.10). |
To prove the global existence and boundedness of the classical solution to (1.4), we need to calculate
the boundedness of [|Vv(., ?)||«q)-

Lemma 3.4. Let conditions (1.5), (1.6), and (1.7) hold. Then, for all

Vo IA
S S

I~ ~

there exists Cs = Cs(q) > 0 such that

IVv(., Dlla) < Cs (3.13)
forallt € (0, Tyax).
Proof. Applying the variation-of-constants formula for v, we have

!
v(., 1) = e Py + f AW s)ds (3.14)
0

for all 1 € (0, Thax). Without losing the generality, we suppose g > l_lf Combining Lemma 2.2, Lemma
2.3, and Holder’s inequality, we can find a constant ¢; > 0 such that

t
A-1 —$)(A-1
IVV(., Dllag) < Ve )V0||L‘7(Q)+f IVe A" DWA( 9l ads
0

. (3.15)
< cillVvollz=@) + f IV A DWAC 9)llrayd's
0
and
!
f||V€(t_s)(A_l)W6(wS)||Lq(9)ds
0
! 1_nB_1
I e (G D) PR
<k f; (1 +(t—9) ™4 )e WA, s)llLé(Q)ds (3.16)
!
=k f (1 + (11— s)—%-%<‘f—é>)e-ﬂﬂf-f)nw(.,s)|r’j,(9)ds
0
for all t € (0, Thhax). Due to (3.6), we can choose ¢; fulfilling
WG ), < €1 (3.17)
for all # € (0, Thax).
Ifl—lg < n, we have
Aonp L\ 1 _n(B_nB-l
2 2\l ¢ 2 2\ nl (3.18)
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If /—é > n, we have

1 (3.19)

fo t (1 (- s)_2_2(l_q))e Mg < ¢, (3.20)

for all t € (0, Thhax)- Inserting (3.17) and (3.20) into (3.16), there exists a constant c¢3 > 0 such that
fo t Ve A"DWA(, $)llads < c3 (3.21)
for all t € (0, Thhax). Thus, combining (3.15) and (3.21), we can get (3.13). |

Owing to (3.13), we can use an Ehrling-type inequality to demonstrate the boundedness of v.

Lemma 3.5. Suppose that (1.5), (1.6), and (1.7) are valid. Then there exists C¢ > 0 such that
V(. Dllz=) < Cs (3.22)

Jorallt € (0, Tiax).

Proof. We see that g < % ensures that ngl_ - > n, which allows us to select g, € (n, 2 e 1) We can use

Lemma 3.4 to choose a positive constant c¢; such that
IVV(., Dl @) < ¢ (3.23)

for all # € (0, Tihax). Combining (3.10), (3.23), and the Gagliardo-Nirenberg inequality, we can find
some constants ¢, > 0 and ¢3 > 0 such that

l’ﬂ

V(. Dllen @ < el Vv(., t)IILq.(Q' lIv(., t)IILl(Q;” + ol Dl (3.24)

< C3
for all ¢ € (0, Tphax). Combining (3.23) and (3.24), we have
V., Dllwrar ) < s (3.25)

for all # € (0, Thhax), Where ¢4 := ¢; + c3. Consequently, by using the Sobolev embedding theorem, we
can conclude (3.22). m|
Drawing on Lemma 3.4 and a series of important inequalities, we estimate the L” boundedness of
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Lemma 3.6. Assume that conditions (1.5), (1.6), and (1.7) exist. Then, for any p > 2, there exists a
positive constant C; such that

f u’ < Cq (3.26)
Q

forallt € (0, Tyax).

Proof. Multiplying the u-equation of (1.4) by u”~!, integrating by parts in Q, and using Young’s

inequality, we have

d ’
G e ==po =1 [ - pp- 1) [0ty oo
Q Q Q

dt
+rpj‘u”—,up‘[u"”l_1
o o

_pp-1) o2 pip=1) P o
— fgu” [Vul“y(v) + > Lu” >0 Vv

(3.27)

+rpfu"—ppfu"+l_1
o Q

for all ¢ € (0, Tax). Because of Lemma 3.5 and (1.6), we can find some positive constants ¢; and ¢,
such that

4 2
YOF _ (3.28)
y(v)

for all ¢t € (0, Thax). Inserting (3.28) into (3.27), and using Young’s inequality, we can find some
positive constants cs, ¢4, and cs such that

d
—‘fup+c3‘f|Vu127|2+fvupSc;;j~uP|Vv|2+(rp+1)]~up—,upru‘”+l_1
dt Jo Q Q Q Q Q
Sc4fup|Vv|2—'L£fu”+l_]+c5
Q 2 Ja

for all ¢ € (0, Thhax). Next, we will prove (3.26) in two cases.
In the case of é > n, for some positive constants c¢q and ¢;, combining Lemma 3.4 and Young’s

inequality, we have
c4fu"|Vvlzgc62c4fup
Q Q

S@fblp+l_l+07
4 Ja

for all # € (0, Thhax). Inserting (3.30) into (3.29), we can obtain

d
= up+C3f|Vu§|2+fu”+/%fup+l_lScs+c7 (3.31)
Q Q Q Q

for all ¢t € (0, Thhax), Which completes the proof of (3.26).
In the case of 5 < /é < n, fixing gy € (n, ngl_ -) and using Lemma 3.4, we can find a positive constants
cg such that

v(v) > c¢; and

(3.29)

(3.30)

IVV(., |0 < ¢ (3.32)
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for all # € (0, Thmax). Now, using Holder’s inequality, the Gagliardo-Nirenberg inequality, and (3.32),
we can choose some positive constants ¢y and ¢ such that

-2

2 4
) © g \ 0
cs | UP|VV|" < ¢y [Vy|? w42
Q Q Q

P
< cacg?lu?|? 2
L @) (3.33)

2(gp—n)

p 2n )4 %)
< (||Vuz||qoLz(g)||uz|| o ey + 1S Lz@)

for all t € (0, Thhax). Therefore, (3.29) can be changed to

d P
S S f Vi + f “”%f u < es+ e (3.34)
Q Q Q Q

for all ¢ € (0, Thhax). Hence, we complete the proof of (3.26). O
To sum up, we can easily prove Theorem 1.1.

Proof of Theorem 1.1. With the help of Lemma 3.6 and a standard Alikakos-Moser iteration ( [34]

Lemma A.1), we can find a positive constant C; independent of ¢ such that

(., Dl =) < Cy (3.35)

for all ¢ € (0, Tiax)- Applying the variation-of-constants formula for w, we conclude

f
w(-, 1) = e 'wg + f e y(., 5) ds
0
for all ¢ € (0, Thhax), which implies that there exists C, > 0 such that
w(, Dllz=@) < Ca (3.36)

for all r € (0, Thax). Besides, by using the heat semigroup theorem on the v-equation of (1.4), we can
find a constant C3 > 0 such that
IVV(, Dlle@) < C3 (3.37)

for all ¢ € (0, Tihax). Combining (3.22), we deduce that there exists a positive constant C, > 0 such that
IVC, Dllwr=) < Ca (3.38)

for all # € (0, Tiax). Thus, Theorem 1.1 is proved due to (3.35), (3.36), (3.38), and the extensibility
criterion from Lemma 2.1. O

4. Large time behavior

In this section, we will construct a Lyapunov function, which will serve as the cornerstone in
our proof of Theorem 1.2. First of all, we shall present a few auxiliary lemmas.
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Lemma 4.1. ( [21] Lemma 2.4) Let A > 0, B> 0, and 0 < p < 1. Then,
|47 — B?| < 2P min{AP~ B} |A - B]

Lemma 4.2. Assume that (u,v,w) is the classical solution of system (1.4) in Theorem 1.1. Then, there
exist C > 0 and 6 € (0, 1) such that

Il oo ) (4.1)
forallt > 1.
Proof. we rewrite the u-equation of (1.4) as follows:
u, =V -ViyWu) + ru — ,uul =V-Vuy@) + uy' WVv) +ru — uu’ 4.2)
According to (1.6), we can find some positive constants ki, k,, and k3 such that
ki <y(0) <k, and |y ()| <k (4.3)

for all ¢t € (0, Thax). Obviously, Theorem 1.1 ensures that u, v, and Vv are bounded. Now, by applying
Young’s inequality, we can find some positive constants cy, ¢;, and c3

Vu- (Vuy(v) + uy'(v)Vv) = |Vuly(v) + uy' W)VvVu
> ki |Vul* — k3u|Vv||Vu|

) p (4.4)
1 2 K30
> —|Vul> — =—
= S Vul =
and
ru — ,uul <o 4.5)

as well as

Vuy) + uy (0)Vv < ¢3 (4.6)

From (4.4)—(4.6), according to Holder’s regularity, there exists a positive constant ¢4, and we can
deduce that

lul
for all # > 1. Thus, applying the standard parabolic Schauder theory [35], we can obtain (4.1). O

<
3 @xiret) — 4 (4.7)

Lemma 4.3. Assume that (u,v,w) is the global bounded classical solution of (1.4). Let (1.5), (1.6),
and (1.7) hold. The energy functions defined by

E(t) = f(u —u, — u*znﬁ) B f(v oy B f(w — ) 4.8)
Q U, 2 Q 2 Q

1

with u. = ()71, v, = (DA™, w, = }(5)™1, By = tku. and B, = opu'?, and

r
i

F@) = (f(u —u)’ + f(v -v.) + f(w - w*)z) (4.9)
Q Q Q
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forall t > 0. We have
E(® =0 (4.10)

forallt > 0. Whenl >?2 and 0 < B < 1, there exist some positive constants € and o such that if u >
d
d_tE(t) < —¢F(1) (4.11)

forallt > 0.

Proof. We note that
E(t) =A@ + B(t) + C(r) (4.12)

A(r) = f(u - u, — u*lnl)
B(1) := f(v— V),
C@t) = 5 L(W—W*)

X
e(x):=x—u, —uJdn—, x>0.
U

where

We let ¢ : (0, 00) — R be defined by

Due to ¢ is convex with ¢(u,) = ¢ (1) = 0, so ¢(x) > 0 for all x > 0, we have E(¢) > 0. Using the first
equation in (1.4) and Young’s inequality, we can obtain

d U,
0= fQ“f(l B ;)
2
= f (u - u*)(uH - f) f y(v)'v”' f
Q M Q

|V |2 (4.13)
=—u f(u - u,) (ul_l - ui_l) f v(v) . f
1 2
S b’(V)l |V |2 f(u_u) ll 11)
for all > 0. Accoring to hypothesis (1.6), we can choose k > 0, fulfilling
)2
rOF (4.14)
y(v)

for all r > 0. With the help of the elementary inequality: if / > 1, then forall x > 0,y > 0, and x # y,
we can see that

Xt =yt
X=y

> y-! (4.15)
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Hence, since [ > 2, combining (4.13)—(4.15), we have

—A(t) < —u k f [V — f (u —u)?
Q

for all # > 0. We use the second equation in (1.4) and Young’s inequality to obtain
d B(r) =B f ( )
— = V=)V
i R i
:Blf(v—v*)(Av—v+wﬁ)
Q

:_Blf|VV|2_Bl f(V_V*)2+Bl f(v—v*)(wﬁ—v*)
Q Q Q
s—Blf|Vv|2—&f(v—v*)2+ﬁf(wﬂ—v*)2

Q 2 Q 2 Q

for all > 0. Also, using the third equation in (1.4) and Young’s inequality, we have
4 Ct) =B f ( )
— = W= wow
7 2 5 i
=B f(w —w,)(=0w + u)
Q

=—6B, f(w — w*)2 + B, f(w —w)(u—ow,)
Q Q

s—(—;Bz L(w w.)? +%f(u—5w*)2
:—%Bzfg(w w,)? +%f(u—u*)2

for all # > 0. Next, we will prove (4.11).
Let

koo\7
o (W) ’

1
E((SBZ — Bl41_ﬁ52_2'814§ﬁ_2)
1

= 3 (62,uui — k4 P> ZB 1

(L [\ k/fsazzﬂ
:_6/1_ T T
2 M =y

Since 0 < 8 < 1, using Lemma 4.1, we have

and u > o, then

- (WB—WE) 22(1—B) Z(ﬁ 1)) f(w W*

41 ﬁ52 ZﬁMZﬂ 2f(w_w*)
Q

(4.16)

(4.17)

(4.18)

(4.19)
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for all # > 0. Combining (4.16)—(4.19), we can get

d 1 B B
B < (Zu*k - Bl) L Vv — (,uui_z - 2—2) L(u —u)t -2 fg(v —)

1
) (6B, — B4 P> 12 2) f (W —w,)?
Q

S—S(I(u—u*)z+f(v—v*)2+f(w—w*)2)
Q Q Q

with 4 > po and & = min {%uusz, sku,, 1 ((52,uufk‘2 — k4B§228,% _1)}, for all £ > 0. So, we complete the

proof of Lemma 4.3. O

In the following discussion, let u > o, [ > 2, and 0 < 8 < 1 hold, where y is defined in Lemma
4.3.

Proof of Theorem 1.2. Building upon the functional inequality (4.11), the proof of Theorem 1.2
can be approached in the same way as in [36]. To avoid redundancy, we do not recount the entire proof
here. However, for the reader’s convenience, we outline the main ideas of the proof.

Step 1. First, by taking E(¢) and F(¢) as defined in Lemma 4.3, and integrating (4.11) from 1 to ¢, we
deduce

E() + sf F(s)ds < E(1) (4.20)
1

for all # > 1. Since E(¢) is nonnegative by Lemma 4.3, this entails that flm F(s)ds is finite. According
to the definition (4.9) of F, we have

fmf(u—u*)2<oo, fmf(v—v*)2<oo and foof(w—w*)2<oo 4.21)
1 Q 1 Q 1 Q

The weak convergence information (4.21) along with uniform Hoélder’s bounds of solutions implies
ro Ly r s L r .
Il u— (=) @+ v = (P @ | HIlw = =(2)7T @) = 0 as  t— oo, (4.22)
H 6 u o p

Step 2. Based on L’Hopital’s rule, we can obtain

u—u, —udnt ] - & 1

. Uy . u
lim ————— = lim ——— =
U— Uy (u — I/t*) U— Uy 2(1/[ — u*) 214*

According to (4.22), we can pick a positive constant #, such that

1 1
f(u —u) < f(u —u. - u*lnﬁ) <— f(u —u)? (4.23)
414* o) Q U, u. Jo
for all £ > 1.

Step 3. In order to estimate the rate of convergence in (4.22), combining (4.11) and (4.23), then there
exists a constant C; > 0O such that

%E(r) < -eF() < -CEQ®) (4.24)
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for all # > #y. (4.24) means there exist some positive constants C, and k such that
E(f) < Cye™ (4.25)

for all ¢+ > t;. From the definitions of E(¢) and F(¢), (4.23) and (4.25) allow us to choose a constant

C3 > 0 such that
( f (u—u)* + f =)+ f (w— w*)z) < Cze™™ (4.26)
o) o) o)
for all 7 > £,.

Step 4. By using Lemma 4.2 and the Gagliardo-Nirenberg inequality, we get

n 2
n+2 n+2
Il < ConllBll oo 10112,

for all ¢ € WH*(Q). So, we can find some constants C; > 0 and Cs > 0 such that

_n_ 2
lu(., 1) = wllro@) < Callu(, 1) = w75 o (s 1) — w7y
D) ) () 9 2 Q
e L (4.27)
< CS””(" t) - u*“zgzg)

for all t > ;. Together with (4.26), we can find some positive constants C¢ and A such that
(., 1) = tllz=(@) < Coe™ (4.28)

for all + > #y. Similarly, according to (3.38) and the Gagliardo-Nirenberg inequality, we can find a
constant C; > 0 such that
IV(., 1) = Vullzog@) < Cre™ (4.29)

for all £ > 1.
Applying the ODE theorem for the third equation of (1.4), we have

!
w(, 1) = e Tw(, 1) + f e 09y, s) ds

fo
t

!
= 700 1) + f eI (u(-, s) — u,) ds + f e, ds (4.30)

to 0]
!
U, _
= " Ow(., 19)e”" + f eI (u(-, 5) — u,) ds + ¢ (0 — M0
to

for all t > #,. From (1.5), (4.28), and (4.30), there exist some positive constants Cg, Cy, and Cyy such
that

t
0 0l -0 —o(t—
Iw = wall=@) < @lw(., to)ll=@) + e™w.)e ’+f e Nu(-, 5) =l ds
1o

< Cge_& + Cge—/lt (431)

< Cl()e_”

for all t > ¢#,, where T := min{d, 1}. Combining (4.28), (4.29), and (4.31), we complete the proof of
Theorem 1.2. a
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In summary, this paper establishes the global boundedness and stability of the steady-state solution
for a chemotactic system with nonlinear indirect signal production in a bounded domain, defined
under a specific parameter range. This contrasts with previous studies on chemotactic systems of this
nature that utilize linear signal production. Our next goal is to extend these results to heterogeneous
environments (see for example [37]), drawing on concepts from this work.

Use of Al tools declaration
The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.
Acknowledgments

The authors are very grateful to the editors and reviewers for their helpful and constructive
comments. This work is supported by Natural Science Foundation of Chongqing (No.
CSTB2023NSCQ-MSX0099)

Conflict of interest

The authors declare that there is no conflict of interest.

References

1. E. Keller, L. Segel, Initiation of slime mold aggregation viewed as an instability, J. Theor. Biol.,
25 (1970), 399-415. https://doi.org/10.1016/0022-5193(70)90092-5

2. K. Osaki, A. Yagi, Finite dimensional attractor for one-dimensional Keller-Segel equations,
Funkcialaj Ekvacioj, 44 (2001), 441-470. https://doi.org/10.1016/0022-2364(85)90127-1

3. T. Nagai, T. Senba, K. Yoshid, Application of the Trudinger-Moser inequality
to a parabolic system of chemotaxis, Funkcialaj Ekvacioj, 4 (1997), 411-433.
https://doi.org/10.1142/S1664360722500126

4. D. Horstmann, G. Wang, Blow-up in a chemotaxis model without symmetry assumptions, Eur. J.
Appl. Math., 12 (2001), 159-177. https://doi.org/10.1017/s0956792501004363

5. M. Winkler, Aggregation versus global diffusive behavior in the higher-dimensional Keller-Segel
model, J. Differ. Equations, 248 (2010), 2889-2905. https://doi.org/10.1016/j.jde.2010.02.008

6. M. Winkler, Boundedness in the higher-dimensional parabolic-parabolic chemotaxis
system with logistic source, Commun. Part Differ. Equations, 35 (2010), 1516-1537.
https://doi.org/10.1080/03605300903473426

7. J. L. Tello, M. Winkler, A chemotaxis system with logistic source, Commun. Part. Differ.
Equations, 32 (2007), 849—-877. https://doi.org/10.1080/03605300701319003

8. X. Fu, L. Tang, C. Liu, J. Huang, T. Hwa, P. Lenz, Stripe formation in bacterial
systems with density-suppressed motility, Phys. Rev. Lett., 108 (2012), 198102.
https://doi.org/10.1103/physrevlett.108.198102

Electronic Research Archive Volume 32, Issue 11, 6301-6319.


https://dx.doi.org/https://doi.org/10.1016/0022-5193(70)90092-5
https://dx.doi.org/https://doi.org/10.1016/0022-2364(85)90127-1
https://dx.doi.org/https://doi.org/10.1142/S1664360722500126
https://dx.doi.org/https://doi.org/10.1017/s0956792501004363
https://dx.doi.org/https://doi.org/10.1016/j.jde.2010.02.008
https://dx.doi.org/https://doi.org/10.1080/03605300903473426
https://dx.doi.org/https://doi.org/10.1080/03605300701319003
https://dx.doi.org/https://doi.org/10.1103/physrevlett.108.198102

6317

0.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

C. Liu, X. Fu, L. Liu, X. Ren, C. K. L. Chau, S. Li, et al,, Sequential establishment
of stripe patterns in an expanding cell population, Science, 334 (2011), 238-241.
https://doi.org/10.3410/f.13985959.15441064

Y. Tao, M. Winkler, Effects of signal-dependent motilities in a Keller-Segel-type
reaction diffusion system, Math. Models Methods Appl. Sci., 27 (2017), 1645-1683.
https://doi.org/10.1142/s0218202517500282

C. Yoon, Y. Kim, Global existence and aggregation in a Keller-Segel model with Fokker-Planck
diffusion, Acta Appl. Math., 149 (2017), 101-123. https://doi.org/10.1007/s10440-016-0089-7

K. Fujie, J. Jiang, Comparison methods for a Keller-Segel-type model of pattern formations
with density-suppressed motilities, Calculus Var. Partial Differ. Equations, 60 (2021), 92.
https://doi.org/10.1007/s00526-021-01943-5

H. Jin, Z. Wang, Critical mass on the Keller-Segel system with signal-dependent motility, Proc.
Am. Math. Soc., 148 (2020), 4855—4873. https://doi.org/10.1090/proc/15124

L. Desvillettes, Y. Kim, A. Trescases, C. Yoon, A logarithmic chemotaxis model featuring
global existence and aggregation, Nonlinear Anal. Real World Appl., 50 (2019), 562-582.
https://doi.org/10.1016/j.nonrwa.2019.05.010

J. Jiang, P. Laurencot, Global existence and uniform boundedness in a chemotaxis
model with signal-dependent motility, J. Differ Equations, 299 (2021), 513-541.
https://doi.org/10.1016/j.jde.2021.07.029

Z. Wang, On the parabolic-elliptic Keller-Segel system with signal-dependent motilities: A
paradigm for global boundedness and steady states, Math. Methods Appl. Sci., 44 (2021), 10881-
10898. https://doi.org/10.22541/au.159317660.09415314

H. Jin, Y. Kim, Z. Wang, Boundedness, stabilization and pattern formation driven
by density suppressed motility, SIAM J. Appl. Math., 78 (2018), 1632-1657.
https://doi.org/10.1137/17m1144647

W. Lv, Q. Wang, Global existence for a class of Keller-Segel models with signal-dependent
motility and general logistic term, Evol. Equations Control. Theory, 10 (2021), 25-36.
https://doi.org/10.1016/j.nonrwa.2020.103160

W. Lv, Q. Wang, An n-dimensional chemotaxis system with signal- dependent motility and
generalized logistic source: Global existence and asymp- totic stabilization, Proc. R. Soc.
Edinburgh Sect., 151 (2021), 821-841. https://doi.org/10.1017/prm.2020.38

W. Lv, Global existence for a class of chemotaxis-consumption systems with signal dependent
motility and generalized logistic source, Nonlinear. Anal. Real. World. Appl., 56 (2020), 103160.
https://doi.org/10.1016/j.nonrwa.2020.103160

X. Tao, Z. Fang, Global boundedness and stability in a density-suppressed motility model
with generalized logistic source and nonlinear signal production, ZAMP, 73 (2022), 1-19.
https://doi.org/10.1007/s00033-022-01775-z

Y. Tian, G. Xie, Global boundedness and large time behavior in a signal-dependent motility
system with nonlinear signal consumption, ZAMP, 75 (2024), 7. https://doi.org/10.21203/rs.3.rs-
3147707/v1

Electronic Research Archive Volume 32, Issue 11, 6301-6319.


https://dx.doi.org/https://doi.org/10.3410/f.13985959.15441064
https://dx.doi.org/https://doi.org/10.1142/s0218202517500282
https://dx.doi.org/https://doi.org/10.1007/s10440-016-0089-7
https://dx.doi.org/https://doi.org/10.1007/s00526-021-01943-5
https://dx.doi.org/https://doi.org/10.1090/proc/15124
https://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2019.05.010
https://dx.doi.org/https://doi.org/10.1016/j.jde.2021.07.029
https://dx.doi.org/https://doi.org/10.22541/au.159317660.09415314
https://dx.doi.org/https://doi.org/10.1137/17m1144647
https://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2020.103160
https://dx.doi.org/https://doi.org/10.1017/prm.2020.38
https://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2020.103160
https://dx.doi.org/https://doi.org/10.1007/s00033-022-01775-z
https://dx.doi.org/https://doi.org/10.21203/rs.3.rs-3147707/v1
https://dx.doi.org/https://doi.org/10.21203/rs.3.rs-3147707/v1

6318

23. S. Strohm, R. Tyson, J. Powell, Pattern formation in a model for mountain pine beetle
dispersal: Linking model predictions to data, Bull. Math. Biol., 75 (2013), 1778-1797.
https://doi.org/10.1007/s11538-013-9868-8

24. B. Hu, Y. Tao, To the exclusion of blow-up in a three-dimensional chemotaxis-growth model
with indirect attractant production, Math. Models Methods Appl. Sci., 26 (2016), 2111-2128.
https://doi.org/10.1142/s0218202516400091

25. S. Qiu, C. Mu, L. Wang, Boundedness in the higher-dimensional quasilinear chemotaxis-
growth system with indirect attractant production, Comput. Math. Appl., 75 (2018), 3213-3223.
https://doi.org/10.1016/j.camwa.2018.01.042

26. H.Li, Y. Tao, Boundedness in a chemotaxis system with indirect signal production and generalized
logistic source, Appl. Math. Lett., 77 (2018), 108—113. https://doi.org/10.1016/j.am1.2017.10.006

27. G. Ren, B. Liu, Boundedness in a chemotaxis system under a critical parameter condition, Bull.
Braz. Math. Soc., 52 (2021), 281-289. https://doi.org/10.1007/s00574-020-00202-z

28. Y. Tao, M. Winkler, Critical mass for infinite-time aggregation in a chemotaxis model with indirect
signal production, J. Eur. Math. Soc., 19 (2017), 3641-3678. https://doi.org/10.4171/JEMS/749

29. Y. Tao, M. Winkler, Large time behavior in a multidimensional chemotaxis-haptotaxis
model with slow signal diffusion, SIAMJ. Math. Anal., 47 (2015), 4229-4250.
https://doi.org/10.1137/15M 1014115

30. C. Stinner, M. Winkler, A critical exponent in a quasilinear Keller-Segel system with arbitrarily
fast decaying diffusivities accounting for volume-filling effects, J. Evol. Equations, 24 (2024), 26.
https://doi.org/10.1007/s00028-024-00954-x

31. W. Lv, Q. Wang, Global existence for a class of chemotaxis systems with signal-dependent
motility, indirect signal production and generalized logistic source, ZAMP, 71 (2020), 53.
https://doi.org/10.1007/s00033-020-1276-y

32. H. Amann, Dynamic theory of quasilinear parabolic equations. II. Reaction-diffusion systems,
Differ. Integr. Equations,3 (1990), 13-75. https://doi.org/10.57262/die/1371586185

33. C. Stinner, C. Surulrscu, M. Winkler, Global weak solutions in a PDE-ODE system
modeling multiscale cancer cell invasion, STAM J. Math. Anal., 46 (2014), 1969-2007.
https://doi.org/10.1137/13094058X

34. Y. Tao, M. Winkler, Boundedness in a quasilinear parabolic-parabolic Keller-
Segel system with subcritical sensitivity, J. Differ Equations, 252 (2012), 692-715.
https://doi.org/10.1016/;.jde.2011.08.019

35. O. A. Lady’zhenskaya, V. Solonnikov, N. N. Ural’ceva, Linear and Quasilinesr Equations of
Parabolic Type, American Mathematical Soc., 1968. https://doi.org/10.1007/978-3-663-13911-
9.1

36. Y. Tao, M. Winkler, Large time behavior in a multi-dimensional chemotaxis-haptotaxis
model with slow signal diffusion, SIAM J. Math. Anal., 47 (2015), 4229-4250.
doilinkhttps://doi.org/10.1016/j.am1.2016.03.019

Electronic Research Archive Volume 32, Issue 11, 6301-6319.


https://dx.doi.org/https://doi.org/10.1007/s11538-013-9868-8
https://dx.doi.org/https://doi.org/10.1142/s0218202516400091
https://dx.doi.org/https://doi.org/10.1016/j.camwa.2018.01.042
https://dx.doi.org/https://doi.org/10.1016/j.aml.2017.10.006
https://dx.doi.org/https://doi.org/10.1007/s00574-020-00202-z
https://dx.doi.org/https://doi.org/10.4171/JEMS/749
https://dx.doi.org/https://doi.org/10.1137/15M1014115
https://dx.doi.org/https://doi.org/10.1007/s00028-024-00954-x
https://dx.doi.org/https://doi.org/10.1007/s00033-020-1276-y
https://dx.doi.org/https://doi.org/10.57262/die/1371586185
https://dx.doi.org/https://doi.org/10.1137/13094058X
https://dx.doi.org/https://doi.org/10.1016/j.jde.2011.08.019
https://dx.doi.org/https://doi.org/10.1007/978-3-663-13911-9_1
https://dx.doi.org/https://doi.org/10.1007/978-3-663-13911-9_1

6319

37. T. B. Issa, W. Shen, Dynamics in chemotaxis models of parabolic-elliptic type on bounded domain
with time and space dependent logistic sources, SIAM J. Appl. Dyn. Syst., 16 (2017), 926-973.
https://doi.org/10.48550/arXiv.1609.00794

@ AIMS Press

Electronic Research Archive

©2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Volume 32, Issue 11, 6301-6319.


https://dx.doi.org/https://doi.org/10.48550/arXiv.1609.00794
https://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Global existence and boundedness
	Large time behavior

