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Abstract: This article focused on investigating the spatial behavior of the quasi-static biharmonic
conduction equation within the framework of type III of the second gradient in a two-dimensional
cylindrical domain. The results of growth or decay estimates were established by using a second-order
differential inequality. When the distance tends to infinity, the energy either grows exponentially or
decays exponentially. The results showed that the Saint-Venant principle was also valid for the quasi-
static biharmonic conduction equation.
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1. Introduction

In [1], the authors studied a higher the order problem under the theory of the second gradient of
type III. The thermal displacement @ satisfies iz = 6. The evolution equation reads (also see [2])

cit + du = ppAu +,ulAz'4—d0A2u—d1A2u, (1.1)

where c¢ is the inertia coeflicient, p, is the elastic coefficient, y; is the time-dependent elastic
coeflicient, d is the diffusion coeflicient, d; is the time-dependent diffusion coefficient, and d is the
damping coefficient. A represents the harmonic operator, and A? represents the biharmonic operator.
They obtained the spatial decay estimates result for the energy in a semi-infinite cylinder. An a priori
decay assumption for the solution was imposed at infinity. In [2], a uniqueness result for the basic
boundary-initial-value problem is presented and an existence theorem is established for the boundary
value problem.
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In the present paper, we also study the spatial property for this type of equation. We delete the
a priori decay assumptions for solution at infinity. We consider the quasi-static version of (1.1). It
can be derived if we assume that the changes in the temperature are so slow that we can neglect the
second-order time derivatives. In this case, the equation would become

Au + Ait — N*u — A% = u. (1.2)

In recent years, the biharmonic equation has been used to describe the behavior of
two-dimensional physical fields within a plane. It can represent many different physical phenomenas,
including sound waves, electric fields, and magnetic fields. Many important applications are studied
in applied mathematics and mechanics. The Saint-Venant principle is a fundamental concept in solid
mechanics that has significant implications for the analysis and design of structures. The principle
states that, for a sufficiently large distance from a localized load or boundary condition, the exact form
and distribution of the load or condition become unimportant, and the stress and strain fields are
governed only by the remote boundary conditions and the gross geometry of the body. In essence,
Saint-Venant’s principle allows engineers to simplify complex loading conditions and focus on the
overall behavior of the structure, rather than the detailed nature of the loading. In order to obtain the
Saint-Venant type results for the biharmonic equations, many studies and various methods have been
proposed for researching the spatial behaviour for the solutions of the biharmonic equations in a
semi-infinite strip in R?. We mention the studies by Knowles [3, 4], Flavin [5], Flavin and Knops [6],
and Horgan [7]. We note that some time-dependent problems concerning the biharmonic operator are
considered in the literature. We mention the papers by Lin [8], Knops and Lupoli [9] in connection
with the spatial behaviour of solutions for a fourth-order transformed problem associated with the
slow flow of an incompressible viscous fluid along a semi-infinite strip. Then, Song in his
paper [10, 11] improved the results obtained by Lin in [8] for the time-dependent Stokes flow.

Some papers have studied the Phragmén-Lindelof type alternative results for various types of
equations: Liu and Lin [12] studied the Phragmén-Lindelof type alternative results for the time
dependent flow. Lin and Payne [13] studied the Phragmén-Lindelof results for the general heat
equation. In [14], the authors studied the Phragmén-Lindelof results for the harmonic functions.
Some new Phragmén-Lindeldf results may be found in [15, 16]. Other results for the Saint-Venant
principle may be found in [17].

We consider the problem on an unbounded region €2, defined by

Qo :={(x1,x2) | x1 > 0,0 < x, < h},
where A is a fixed constant, and we introduce the notation

L, ={(x1,x%)|x1=22>0,0<x;, <hl.
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For the fourth-order differential equations, it is common to specify both Dirichlet and Neumann
boundary conditions to give the value of the solution and the behavior of the normal derivative of the
solution at the boundaries of the domain.

The initial boundary conditions are

u(x1,0,6) =0 x;>0,t>0, (1.3)
ux,h,t) =0 x;>0,t>0, (1.4)
u(0,x5,1) = g1(x,1) 0<x <h,t>0, (1.5
u1(0,x2,1) = g2(x2,1) 0<x, <h,t>0, (1.6)
and
u(x;,%,00=0 0<x,<hx >0, (1.7)

where g;(x,,1) and g,(x, t) are given functions.

In this paper, the spatial behavior of solutions of quasi-static heat conduction within the second
gradient of type III is studied. Apart from paper [1], we have not found any research on the Saint-
Venant principle in the context of quasi-static heat conduction with the biharmonic operator. Due to
the complexity of deriving second-order differential inequalities, there is a scarcity of existing literature
that utilizes this method to obtain Phragmén-Lindelof type theorem. The results of growth or decay
estimates are established associating some appropriate cross-sectional lines and area integral measures.
Since the a priori decay assumptions may not always hold true in practical applications, we eliminate
these assumptions in order to allow for a broader range of solutions that more accurately reflect the
physical and mathematical complexities of the system being studied. The main difficulty in this paper
is how to construct the energy expression without the assumption that the solution tends to zero at
infinity. What is more, it is difficult to obtain the result that the energy expression can be bounded by its
second-order differentiation. The method of the proof is based on a second-order differential inequality
leading to an alternative of Phragmén-Lindel6f type in terms of an area measure of the amplitude in
question. The Phragmén-Lindelof theorem is particularly useful in the study of partial differential
equations that arise in physics and engineering. For instance, in potential theory, it can be employed
to derive bounds on solutions of Laplace’s equation, which is fundamental in electrostatics and fluid
dynamics. These bounds help in understanding the behavior of electric and magnetic fields, as well as
fluid flow patterns. The estimation of spatial decay of solutions plays an important role in mathematics
and physics, especially when analyzing solutions to partial differential equations. This estimation can
help us understand the behavior of solutions at different spatial positions, especially the properties of
solutions that are far from certain specific points or regions. The exponential growth of the solution
tells us that at this point, the solution has great instability and may blow up. These results provide the
theoretical bases for further in-depth research on the stability of solutions and numerical simulations.
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In the present paper, we are concerned with the Phragmén-Lindel6f alternative for quasi-static heat
conduction within the second gradient of type III in a semi-infinite channel. We formulate the energy
expressions and derive a second order differential inequality, which is useful in deriving our main
result in Section 2. In Section 3, we obtain the Phragmén-Lindelof alternative results for the solution
which can be seen as a version of Saint-Venant principle. The comma is used to indicate partial
differentiation, and the differentiation with respect to the direction x; is denoted as , k, thus u , denotes
a%’ and u, denotes %. The usual summation convection is employed with repeated Greek subscripts

2
2

a summed from 1 to 2. Hence, u,, = ), 27’2’ .
a=1 "7

2. The definitions of the energy functions

In this part, we will derive some energy expressions that are useful in deriving our results. The
definitions of the energy functions can be divided into the following lemmas. In the following
discussions, w is an arbitrary positive constant, and we will give some restriction later. A is an area
element on x; — x; plane. dA = dx,d¢.

Lemma 2.1: Let u be the classical solution of Eq (1.2) and satisfy the initial boundary value
problems (1.3)—(1.7), we define a function

1 t t
Ei(z,1) = 5 f f exp(—wn)u?ndxzdn— f f exp(—wn)u ,u 11dx,dn
0 JL. 0 JL.

! !
+ f f exp(—wn)u gyt oy dx,dn — f f exp(—wn)u yu 11,dx>dn.
0 Jr, 0 Jr,

E(z,1) can also be expressed as

! ¥4 1 Z
El(Z, t) = %) f f f eXP(—(UU)(Z - g)u,a/u,rydAdn + E f f eXP(_U)t)M,aM,adA
0 Jo JL; 0 JL.
! 4 w t Z
+ f f f exp(—wn)(z = &) oyt oy dAdn + 0} f f f exp(-wn)(z — §Hu apitopdAdn
0 JOo JL 0 Jo JL;
1 Z ! 4
+ 5 f f exp(_wt)(z - f)u,aﬂu,aﬁdA + f f f eXP(—wU)(Z - é:)u,aﬁr]u,aﬁr]dAdn (22)
0 JL¢ 0 JOo JL;
i3 4 i3 7
-2 f f f eXP(—wU)M,(mM,ladAdU - f f f CXP(—wU)(Z - f)u,,]udAdn
0 Jo JL; 0 Jo JL
! 74
—f f f exp(—wnuu1dAdn + fi(z, 1),
0 JO JL

where fi(z, t) will be defined later.
Proof: From (1.2), we have the equality

2.1

4 Z
0= f f f exp(—wn)(z — Oty (U ga + Waa — Ugaps — W aops — w)dAdD. 2.3)
0o Jo Ji,
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We now begin to deal with items on the right side of (2.3). Integrating by parts and using the initial-
boundary conditions (1.3)—(1.7), we can obtain

t ¥4
f f f exp(—wn)(z = §)u yu o0dAdn
0 Jo JLe
t 7 t 4
:—f ffexp(—wn)(z—f)u,anu,adAdn+f f f exp(—wn)u ,u dAdn
0 Jo Jre 0o Jo Jre
!
-z f f exp(—wn)u u dx,dn 2.4)
0 Ji,
w (M ¢ 1 (*
:__f f f CXP(—wU)(Z—f)M,aM,adAdU_—f f eXp(_wt)(Z_‘f)u,au,adA
2 Jo Jo L 2o L
t 4 !
+f f fexp(—wn)u,nu,ldAdn—zf f exp(—wn)u ,u dxdn.
0 0 L¢ 0 Lo
The second term on the right side of (2.3) can be expressed as
! Z
fffeXP(—wU)(Z—f)M,nu,aandAdﬂ
0o Jo Jr,
1 4 ! 74
= - f f f exp(—wn)(z — &) gyt oy dAdn + f f f exp(—wnu ,u.1,dAdn
0 Jo JI, 0o Jo Jr,
t
—Zf f exp(—wn)u ,u 1,dx,dn (2.5
0 Ji,
! ¥4 1 t
:_f f f eXP(—(UU)(Z—f)u,anu,andAdU‘*'EffeXP(—wﬂ)u,zndxzdﬂ
0o Jo Jre 0o JL.
1 ! !
——f f exp(—wn)u,zndxzdn—zf f exp(—wn)u ,u 1,dx,dn.
2 Jo Ji, 0 Ji
The third term on the right side of (2.3) can be expressed as
! Z
_f f feXP(—CL”?)(Z—f)”,nu,aaﬁﬁdAdU
0o Jo Jr.
! %4 ! ¥4
:fffeXP(—CUU)(Z—f)u,anu,aﬁﬁdf\d’?_f f f CXP(—CUU)M,qM,lﬁﬁdAdU
0 Jo Jre 0 Jo Jre
!
+z f f exp(—wn)u ,u 15dx,dn
0 Ji,
! ¥4 ! 4
:_f f f CXP(—CUU)(Z—f)u,aﬁnu,aﬁdAdU+f f f CXP(_CUU)M,(mM,mdAdU
0 Jo JLe 0 Jo Jre
! t 74
-z f f exp(—wn)u ayit 10dx2dn + f f f exp(—wmn))u gyu.15dAdn
0 Ly 0 0 L
! !
- f f exp(—wmnu ,u 11dx,dn + f f exp(—wmnu ,u 11dx,dn
0 JL. 0 Ji,
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!
+z f f exp(—wn)u yu 158dx>dn
0 Lo

w t 74 1 Z
=5 f f f eXP(_wﬂ)(Z - f)u,aﬁu,aﬁdAdn A5 f f eXP(_CUf)(Z - é‘:)u,aﬁu,aﬁdA
2 Jo Jo Le 2 Jo Le
t 4 t
+2 f f f exp(—wm oyt 1odAdn — z f f exp(—wmnu oyt 1odx2dn (2.6)
0o Jo Jr. 0 JI,
t !
- f f exp(—wmnu ,u 11dxodn + f f exp(—wmn)u ,u 11dx,dn
0 JIL, 0 JL

!
+z f f exp(—wn)u ,u 155dx,dn.
0 Ji,

The fourth term on the right side of (2.3) can be expressed as

! Z
_f f f eXp(_wn)(Z_g)u,qu,aaﬁﬁndAdn
0o Jo Jrg
! 4 t Z
= f f f exp(—wn)(z — E)u gnt oppydAdn — f f f exp(—wn)u yu 158,dAdn
0 Jo Jre 0o Jo Jre
!
+z f f exp(—wmn)u i 158,dx2dn
0 JLy
! ¥4 t Z
:_f f f exp(_wn)(z_f)u,a/ﬁr]u,aﬁndAdn+f f f exp(_wn)u,anu,landAdn
0o Jo Jr, 0o Jo Jr,
t ! 74
-z f f exp(—wmut oyt 10ndx,dn + f f f exp(—wmn)u gyu 15,dAdn
0 JL 0o Jo Jr,
! !
—ffexp(—wn)u,,,u,u,,dxzdn+f f exp(—wn)u ,u 11,dx,dn
0 JIL, 0 JILo
!
+z f f exp(—wn)u ,u 15s,dx,dn
0 JLy
! 4 1 !
:_f f f eXp(_wn)(Z_é:)u,(xﬁr]u,aﬁndAdn+Effexp(_wn)u,anu,(deZdn
0o Jo Jre 0 JL,
1 ! !
__f f exp(_wn)u,anu,ar]dedn_Zf f eXp(_wn)u,anu,landXZdn
2 0 Ly 0 Lo
1 [ 1 [
+§ f f exp(—wn)uﬁnuﬂndxzdn—i f f exp(—wn)u g,u g,dx,dn
0 L, 0 Ly
! !
—ffexp(—wn)u,,]u,u,]dxzdn+f f exp(—wmn)u yu 1 1,dx,dn
0 JL, 0 JI,

A
+Zf f exp(—wn)u i 15s,dx,dn.
0 JLy
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If we define new expressions E;(z,t) and fi(z,?) as

! 4 1 Z
El (Z’ t) = 2 f f f eXP(—wﬂ)(Z - f)u a/u,a/dAdr] + = f f eXp(—wt)u,au adA
2 Jo Jo Ji, ’ 2 Jo Ji, ’
t 4 w ! 4
+ f f f eXP(—wU)(Z - g)u,cmu,ozndAdn + = f f f eXP(—wﬂ)(Z - f)u,aﬁu,aﬁdAdn
o Jo Jr 2 Jo Jo Ji,

1 4 ! x4
+ z f f CXP(—(UI)(Z - f)u,aﬁu,aﬁdA + f f f CXP(—WTI)(Z - f)u,aﬁnu,aﬁndAdn (28)
0o Ji, 0 Jo Ji,
! 4 1 Z
-2 f f f exp(—wm oyt 1odAdn — f f f exp(—wmu u, 1 dAdn
0 Jo Jr 0o Jo Jr,

—fffexp(—wn)(z—f)u,,,udAdr]+f1(Z,t),
0o Jo Jr

and

! 1 !
filz,H) =z f f exp(—wmn)u ,u 1 dx,dn + 5 f f exp(—wn)u?ndxzdn
0 Ly 0 Lo
f t
-z f f exp(—wmnu yu 1,dx,dn + z f f exp(—wmnu oyt 1,dx>dn
0 Ji 0 Jio
! !
- f f exp(—wmu yu 1 1dxdn — z f f exp(—wmn)u ,u 155dx,dn (2.9)
0 Ly 0 Ly
! t
+ f f exp(—wmn)ut gyt oy dxodn + 2 f f eXp(—wmn)ut oyt oydxodn
0 Jio 0 Ji

! !
- f f exp(—wmu i 11,dx,dn — z f f exp(—wm)u ,u155,dx,dn.
0 JL 0 JLy

A combination of (2.3)—(2.9) gives

1 ! !
Ei(z,t) = 3 f f exp(—wn)u?ndxzdn - f f exp(—wn)u ,u 11dx,dn
0 JL, 0 JL.

t f
+ f f exp(—wn)u oyt oy dx,dn — f f exp(—wn)u yu 11,dx>dn.
0 JL 0o Ji,

Lemma 2.2: Let u be the classical solution of Eq (1.2) and satisfy the initial boundary value
problems (1.3)—(1.7), we define a function

(2.10)

1 [ 1
E>(z,t) = = f f exp(—wmu 4u odx,dn — < f f exp(—wn)uzldxgdn
2Jo Ji 2 Jo Jr. '
1 w\ [ 1 w\ [
+=+ — exp(—wnu 1 U 1odxdn + | = + = exp(—wn)u qpit opdx,dn
2 2 0 JL, o 2 2 0 JL, o

t 1 t
—(w+1) f f exp(—wnu 1t 10dx2dn — (— + 2) f f exp(—wn)u,1pu,15dx2dn
0 Jr. 2 2)Jo Jr.

Electronic Research Archive Volume 32, Issue 11, 6235-6257.



6242

!
+(w+l)ffexp(—wn)u’z“dxzdn+%fexp(—wt)u,lau,mdxz
0 JL, L
w
+§ f exp(—whu gt opdxs — w f exp(—whu 1,1 1,dx,
L

L.

—gfexp( Wi 1pU, 1ﬁdx2+a)fexp( wt)u”dxz

f f exp(—wmn)u oyt o dx,dn — f f exp(—wmnu i,u 1dx,dn
+ = f f exp(—wn)u gyt opdx,dn — = f f exp(—a)n)uzlndxzdn
2 Jo Ji. 2 Jo Jr, ’
1 [ 1 [
+ = f f eXp(—wnu 1oyl 10pdxodn + = f f eXP(—wn)U opnl opp,dxodn
2Jo Ji, 2Jo Ji.
t 1 !
_ f f exp(—wn)u,lm,u,lm,dxzdn—5 f f EXP(—wMU 1 aplh 10ydx2dn
0o JL. 0 JL.
1 t !
-3 f f exp(—wn)u,ig,u,15,dx,dn + f f exp(—wn)u?llndxzdn.
0 JiL, 0 Ji,

E(z,1) can also be expressed as

f Z 1 Z
E2(Z9 t) = f f f eXP(_wU)(Z - f)u,lau,ladAdn + 5 f f eXP(_CUf)(Z - é‘:)u,lau,ladAdn
0 0 L¢ 0 L
t oz Z
r@ D) [ [ [ expwnic - upnipdadn+ o [ [ expl-onunda
0o Jo Jr, 0 Ji,
w ! Z 1 Z
+ 5 f f f exp(—wn)(z — §)u 10U, 1,dAdn + = f f exp(—whu j,u,1,dA
2 Jo Jo JrL. 2Jo Ji,
t 4 t Z
+ f f f exp(_wn)u,lanu,landAdn + f f f CXP(—CUU)(Z - g)u,laﬂnu,laﬂndAdn (212)
0 Jo Jre 0 Jo JLe
! 4 ! 4
_f f f eXP(_wU)M,lzu,zndAdU +f f f CXP(—U)U)M,m,M,mdAdU
0 Jo JL; 0 JOo JLg
! ¥4 ! 74
_f f f exp(—wn)u 1,u11dAdn —f f f exp(—wn)u 1 udAdn
0o Jo Jr, 0o Jo Jr,
t oz
- f f f exp(—wnu 11,udAdn + f2(z,1),
0o Jo Jr,

where f>(z,t) will be defined later.

(2.11)

Proof: From (1.2), we have the equality

t 74
f f f eXP(—U)U)(Z - é:)u,ll(u,(m + Ugan — Uaaps — Uaappy — u)dAdU =0. (213)
0o Jo JL
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The first term on the right side of (2.13) can be expressed as

! 74
f f f eXP(—wﬂ)(Z - f)u,llu,(mdAdn
0o Jo JrL,
t 4 ! Z
=—fffeXp(—wn)(z—f)u,nau,adAdn+fffexp(—wn)u,nu,ldAdn
0 Jo JrL 0o Jo JL,
!
—Zf f exp(—wmnu 1 1u dx,dn
0 Ji,
t 4 ! Z
:fffCXP(—(UU)(Z—f)u,lau,ladAdU—fffeXP(—wU)M,lau,adAdU
0 Jo JrL 0o Jo Jr,
! ! "z
+zf f exp(—wn)u,muﬂdxzdn+f f fexp(—wn)u,llquAdn
0 Ji, 0o Jo Ji,

‘ (2.14)
—Zf f exp(—wn)u 1 u,1dx,dn
0 Lo
! 4 1 !
= f f f eXP(—wﬂ)(Z - éj)u,lau,ladAdn A5 f f eXP(—wﬂ)M,au,adxsz
0 0 L¢ 2 0 L,
1 (" » 1 ("
+ = exp(—wn)uidx,dn + = exp(—wnu u dx,dn
2 Jo Ji. ’ 2 Jo Ji
1 ! !
- = f f exp(—a)n)uzldxzdn +z f f exp(—wnu 4u ,dx,dn
2 Jo Ji, ’ 0 Ji,
!
- Zf f exp(—wmn)u 1 u dx,dn.
0 JILy
The second term on the right side of (2.13) can be expressed as
t
f f f eXP(—wU)(Z - é‘:)u,l 1 u,aandAdn
0o Jo JLe
! 4 ! Z
= _f f f exp(—wn)(z — E)u g 10U opdAdn + f f f exp(—wnu 11u,1,dAdn
0o Jo Jre 0o Jo Ji,
!
—Zf f exp(—wn)u i 1u 1,dx,dn
0 Ly
! 4 ! Z
= f f f eXP(—wﬂ)(Z - é:)u,lau,landAdn - f f f eXP(—wﬂ)M,mu,m;dAdU
0o Jo Jrg o Jo Ji, 2.15)

t ! 4
+Zffexp(—wn)u,mu,m,dxzdn+fffexp(—wn)u,“u,l,,dAdn
0 Jio 0o Jo Ji,
73
_Zf f exp(—wmu i 1u,1,dx,dn
0 Ji
1 Z t 74
=3 f f exp(—wi)(z — §)ujo1t,1.dA — f f f exp(—wn)u 12U 2,dAdn
0 L‘f 0 0 L§

!
+z f f exp(—wn)u 1ou 2, dx,dn.
0 Jiy
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The third term on the right side of (2.13) can be expressed as

! 74
- f f f exp(—wn)(z — E)u 11U q0ppdAdn
0o Jo JrL,
f ¥4 ! Z
=f f f eXP(—wTI)(Z—f)u,lmu,aﬁﬂdAdU—f f f exp(—wmu,11u,155dAdn
0 Jo JL 0 JO JL
!
+zf f exp(—wmnu,11u,158dx2dn
0 JLy
t 4 ! Z
=- f f f exp(—wn)(z — Eu 1oU,10ppdAdn + f f f exp(—wnu, 1o oppdAdn
o Jo JL. 0o Jo Ji,
i ! 74
-z f f exp(—wnL, 1ot oppdxadr + f f f exp(—wnu,1p11,156dAdn
0 Ji, o Jo Ji,
! ! t
_ffexp(—wn)u,uu,“dxzdn+f f exp(—wn)uﬁldxzdn+zf f exp(—wmu 1 1u,153dx2dn
0 JL, 0 JLy 0 JLy
f ¥4 ! 4
=f ffeXP(—(UTI)(Z—f)u,mﬁu,mﬁdAdU—fffexp(—wﬂ)u,mu,mldAd’I
0 Jo JL 0 JO JL
i3 ! ¥4
+Zf f GXP(—wU)M,mM,laldxszI—f f f exp(—wmu, 1apit opdAdn
0 Ji, 0o Jo Ji,
! !
+ f f exp(—wnu,1qu,1.dx2dn — f f exp(—wnu,1qt,1.dx2dn
0 JL. 0 JL,
! l !
—Zf f exp(—wn)u,lauﬂﬁﬁdxzdn+—ffexp(—wn)u,lﬁu,lﬁdxzdn (2.16)
0 Ji, 2 Jo Ji,
1 ! !
——f f exp(—wn)u,lﬁu,wdxzdn—ffexp(—wn)u,”u,”dxzdn
2 Jo Ji, 0 JL.
! 13
+f f exp(—wn)u’z”dxzdn+zf f exp(—wmu 1 1u,155dx2dn
0 Ji, 0 JL,
3 ¥4 1 !
= f f f eXp(—wn)(z—§)u,1aﬁu,laﬁdAdn—5 f f exp(—wn)u,1aU 1odx2dn
0 Jo JL 0 JL,
1 [ 1
+—f f exp(—wn)u,mu,mdxzdn——ffexp(—wn)u,aﬁuﬂﬁdxzdn
2 Jo Ji, 2 Jo Ji,
1 t !
+ = f f exp(—wmiu qpit opdxodn + f f exp(—wn)u 14U 1odx2dn
2 Jo Ji, 0 JL.
! 1 !
—f f exp(—wn)u,mu,mdxzdn+§ffexp(—wn)u,lﬁu,wdxzdn
0 Ji 0 JrL.
1 i3 i3
_Ef f exp(—wn)u}lﬁu’lﬁdxzdn—f f exp(—wn)u,z“dxgdn
0 JL, 0 JiL,
! 15
+f f exp(—wn)u?lldxzdn+zf f exp(—wnu, 14U, 101dx2dn
0 Ji, 0 Ji,

! !
-z f f exp(—wnu 1o oppdxrdn + 2 f f exp(—wmu,i1u,158dx2dn.
0 Ji, 0 JL,
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The fourth term on the right side of (2.13) can be expressed as

! 4
- f f f exp(—wn)(z — &) 111 gapp,dAdn
0o Jo Jr,
t Z t 74
= f f f exp(—wn)(z — E)u 117U qappdAdn — wf f f exp(—wn)(z — E)u 11U qoppdAdn  (2.17)
0o Jo Jre 0 Jo Jre
"z
- f f exp(_wt)(z - é:)u,llu,cmﬁﬁdA~
0o Ji,
From (1.2), we also have the equality
t Z
f f f exp(—wn)(z - éj)u,lln(u,aa + Ugoy — Uaaps — UaapBy — l/l)dAdﬂ =0. (218)
0o Jo Jr,

The first term on the right side of (2.18) can be expressed as

! Z
fffexp(_wn)(z_f)u,llnu,aadAdn
0o Jo Jr,
f 4 ! 74
=—fffeXp(—am)(Z—f)u,“m]u,adAdn+fffeXp(—wn)u,unu,ldAdT]
0o Jo Jr, 0o Jo Jr,
!
+2 f f exp(—wn)(z — &)u 11,u,1dx2dn
0 JL
t ZO ! 4
:fffexp(_wn)(z_‘f)u,lanu,ladAdn_fffexp(_wn)u,lanu,adAdn
0o Jo JL. 0 Jo Jre
! ! 74
+Zffexp(—wn)u,lanu,ldxzdn—fffexp(—wn)u,lnu,ndAdn
0 Jig 0 Jo Ji
t !
+ffexp(—wn)u,lnu,ldxzdn—f f exp(—wn)u i,u1dx,dn
0 JiL, 0 Jiy
!
+Zf f exp(—wn)(z — Eu g 1,u,1dxdn
0 JL
w t ’ 74 1 74
=—fffexp(—wn)(z—§)u,mu,mdAdn+—ffexp(—wt)(z—g)u,mu,mdA
2 0 0 Lg 2 0 Lg
t ¥4 !
+f f f exp(_wrl)u,m]u,ladAdn_ffexp(_wn)u,anu,adXZdn
0o Jo Jr, 0o JL.
t !
+ f f exp(—wn)u gyt o dx,dn + 2 f f exp(—wmu,jqpu,1dx,dn
0 Ji, 0 Ji,
t 74 !
—f ffexp(—wn)u,lnu,ndAdn+ffexp(—wn)u,l,,u’ldxzdn
0 Jo JL 0 Ji,
t t
—ffexp(—wn)u,mu,ldxzdn+zffexp(—wn)u,nnu,]dxzdn.
0 Jiy 0 Ji,
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The second term on the right side of (2.18) can be expressed as

! Z
fffeXp(_wn)(Z_é:)u,llnu,aar]dAdn
0o Jo Ji,
! 4 ! "z
:—fffeXP(—wn)(Z—f)u,llmyu,m;dAdU“‘fffeXP(—wU)M,nnu,mdAdU
0o Jo Ji, 0 Jo Ji,
t
—Zf f exp(—wmu 11,1, 1,dx,dn
0 JL
! 74 t Z
:fffeXP(—wﬂ)u,mnu,mndAdﬂ—f f f exp(_wn)u,lanu,andAdn
0o Jo Ji, 0o Jo Ji,

t 1 !
+z f f eXp(—wmt 1 qnU ondx,dn + 3 f f exp(—wn)u,zlndxzdn
0 JLo 0 JL,

. . (2.20)
-3 f f exp(—wn)u?lndxzdn -z f f exp(—wn)u j1,u,1,dx,dn
0 Lo 0 Lo
! 7 1 !
= f f f exp(—wn)(z = &)U 10q4 1andAdn — 3 f f U U amdx2dn
0 Jo Jre 0 JL.
1 ! !
+ = f f exp(—wn)u gyt opdx,dn + z f f eXP(—wWU janlU ondx>dn
2 Jo Ji, 0 Ji,
1 (" 5 1 [ 9
+ 3 exp(—wnu’y, dxdn - 3 exp(—wnu;,dx,dn
0 Jr, 0 Ji,
!
- Zf f exp(—wn)u 11,u,1,dxdn.
0 JLy
The third term on the right side of (2.18) can be expressed as
! Z
- f f f eXP(—wﬂ)(Z - g)u,llr]u,aaﬁﬁndAdn
0o Jo Jrg
! 74 1 f
= f f f exp(—wn)(z — E)u 1apptt.10p,dAdn — 3 f f eXP(—WIMU 14t 10y dx2dn
0o Jo Jr, 0 JrL.
1 [ 1 [
+ 3 f f exp(_wn)u,lanu,landXZdn A f f exp(_wn)u,aﬁnu,aﬁndedn
2 Jo Ji, 2o Ji
1 ! !
+ — f f exp(—wn)u opnlt opndxodn + f f exp(—wnu 1gnU, 10ndxodn
2 Jo Juy 0 VL (2.21)

t 1 t
_f f CXP(—WU)M,anM,landxsz + Ef f exp(_wn)u,lﬁnu,lﬁndXZdn
0 Lo 0 L,

1 ! t
-3 f f exp(—wmn)u 1,1t 1,dx2dn — f f exp(—wn)uﬁlndxzdn
0 Ly 0 L,

! t
+f f exp(—wn)u?u,]dxzdn+zf f eXp(—wnU 1yl 101,dx2dn
0 Jio 0 Jio

t t
-2 f f EXP(—WMU 1anlh appydX2dn + 2 f f exp(—wmu 11,u,158,dx2dn.
0 Jio 0 Jio
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6247

We define a new function E,(z, t) as

1 ([ 1 ([

Ey(z,1) = = f f exp(—wmu 4u odx,dn — = f f exp(—a)n)u?ldxzdn
( )f f exp(—wnu 1o U mdxzdﬂ"'( )f f exp(—wn)u qpit opdx,dn
—(w+1) f f exp(—wniu 141, 10dx2dn — ( ) f f exp(—wnu 15u,15dx2dn

+(a)+1)ffexp(—wn)u?lldxzdn+5fexp(—wt)u,mu,ladxz
0o Ji, L,
w
+§ f eXp(—wHu qput opdx; — w f exp(—whu 1oU 1,d X2
L, L,

w
——f exp(—wt)u i1, lﬁdxz+wfexp( wt)u“dxz (2.22)

f f exp(—wn)u gyt odx,dn — f f exp(—wnu ,u 1dx,dn
+ — f f exp(—wn)u gyt opdx,dn — = f f exp(—a)n)uzlndxzdn
2 Jo Ji, 2 Jo Jr, ’
1 (" 1 [
+ = f f exp(—wmt 1gnU 105dx2dn + = f f eXp(—wmn)ut opnU opydx2dn
2 0 L, 2 0 L,
Tt l A
_ffexp(_wn)u,lmju,landedn__ffexp(_wn)u,lm]u,lm]dXZdn
0 Ji. 2 Jo Ju
1 ! !
_Effexp(—wn)u7wnu,1ﬁ,,dx2dn+ffexp(—wn)u?llndxzdn.
0 Jr, 0 JrL,

A combination of (2.13)—(2.22) gives

! 4 1 74
EZ(Z’ t) = f f f CXP(—(UT])(Z - f)u,l(xu,ladAdn + 5 f f eXP(_(Ut)(Z - é:)u,lau,ladAdn
0 Jo Ji, 0o Ji,
! Z 74
+(w+1) f f f exp(—wn)(z — &) 14pu,10pdAdn + wf f exp(—wiu 1qpU 10pdA
0 Jo JrL. 0 JrL.
w ! 4 1 Z
+ 5 f f f exp(—wn)(z — §)u.u,1,dAdn + = f f exp(—whiu 141,1,dA
2 Jo Jo Ji, 2 Jo Ji,
! 4 ! ¥4
+ f f f eXp(_wn)u,lwnu,lwndAdn + f f f CXP(_CUU)(Z - f)u,lwﬁnu,laﬁndAdn (223)
0o Jo Ji, 0o Jo Ji,
! 74 ! 74
_f f f eXP(_wﬂ)u,lzu,zqudU +f f f CXP(—CUU)M,anM,ladAdU
0o Jo Jr, 0 Jo Jr,
! Z ! 74
- f f f exp(—wnu 1,u11dAdn — f f f exp(—wnu, 1 udAdn
0 0 Lf 0 0 Lg
! 74
- f f f exp(—wnu ;1,udAdn + f>(z,1),
0 Jo JLe
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with

!
iz, 1) = f f exp(—wmu 4u odx,dn — = f f exp(— wn)u dx,dn
+zf f exp(—wnu u. dxzdn—zf f exp(—wmnu 1 1u dx,dn
+2 f f exp(— wn)ulzuzndndn+( ) f f exp(—wnu 1t 10dx2dn

+(—+—)f f exp(—wn)u,aﬁu,aﬁdxzdn—(w+1)f f exp(—wmu 1,u 1,dxdn
22}y Ji 0 Jio

1 ; ’
_(_+2) f f exp(—wmu, it 1pdxdn + (@ + 1) f f exp(—wn; dxady
2 2)J)0 Ji, 0 Ji, ’

! !
+ (w + l)zf f exp(—wmu 14U 141dxdn + (w + 1)zf f exp(—wn)u iU opsdx,dn (2.24)
0 Jio 0 Jio

! 1
+(w + 1)zf f exp(—wnu 11u,155dx,dn + 3 f exp(—whu 14U 1,dx2
0 Jio

Ly

1
+ = f eXp(—whu qput opdx, — f exp(—whu 14U 1,dx;
2 Ji, L

1
+—fexp(—wt)u,lﬁu,wdxz—fCXP(—wt)u,211dx2

+Zf exp(—wt)uylau,laldx2+zf exp(—whu 14Ut opedxs

Lo Ly

+zf exp(—wh)u j1u,155dx;.

Ly

We define a new function
E(Z, t) = EI(Z$ t) + EZ(Z7 t)

From (2.2), we have

O*E,(z,t 1
I(Z ) ffexp( wMu o dx,dn + — fexp(—a)t)uau dx,

f f exp(— wn)um,um,dxzdn+— f f exp(—wn)u qpu opdx,dn
+ = > f exp(—whu qpit opdxs + f f eXp(—wmn)ut opnU op,dx2dn
—2ffexp(—wn)u,lanu,ladxzdn—2ffexp(—wn)u,lalu,(mdxzdn

0 JL, 0 JL,
! !
—ffexp(—wn)u,l,,u,ldxzdn—ffexp(—wn)u,,,u,“dxzdn
0 JL 0 JiL,
!
- f f exp(—wmn)u ,udx,dn.
0 JL.

(2.25)

(2.26)
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From (2.12), we obtain

0°E;(z,t ! 1
# = f f exp(—wmu U 1,dxdn + —f exp(—whHu 1,1 1,dx,
(9Z 0 L. 2

L,

!
+(w + 1)f f eXp(_wn)u,laﬁu,laﬂdXZdn+wf eXp(—wnu 145U 105d X2
0 L, 4

L

! 1
+gffexp(—wn)u’mu,mdxzdn+—fexp(—wn)u,mu’mdxz
2 Jo Ji. 2 UL,

! t
+f f exp(_wn)u,lanu,landXZdn+ffexp(_wn)u,laﬁnu,laﬂndXZdn
0 JL 0 JL,
! !
—ffeXp(—wn)u,mu,szden—ffeXp(—wn)u,lzu,lzquzdn
0 JL, 0 JL,
! !
+ffexp(_wn)u,lanu,ladedn+ffexp(_wn)u,myu,laldedn
0 JL, 0 JIL,
! !
—ffeXP(—wU)u,nnu,ndxzdﬂ—ffexp(—wﬂ)u,lnwudxzd’l
0 JL, 0 JL,
! !
- f f exp(—wmn)uu ;dx,dn — f f exp(—wn)u i 1,udx,dn.
0 JL, 0 JL,

In the following discussions, we will use the following well-known Wirtinger-type inequality
(see (3.1)in [12])

(2.27)

t h2 s
f f exp(—wn)u*dx,dn < =) f f exp(—wn)u 4u ,dx,dn, (2.28)
0 JL, ™ Jo JL,

and the Schwarz inequality

! ! 1 !
f f abdxydn < < f f Pdxydn + — f f P dx,dn, (2.29)
0 JL, 2 Jo L. 2e Jy L.

with € an arbitrary positive constant.
We now begin to bound terms in (2.27). Using the Wirtinger-type inequality (2.28) and Schwarz
inequality (2.29), we can obtain the following estimates:

! ! 1 !
2f f CXP(—wU)M,lcmM,mdxzdﬂ <€ f f CXP(—wU)M,lanM,laqusz + — f f exp(_wn)u,lau,ladXZdn»
0 JL, 0 JL, €1 Jo JL.

! ! ] !
zf f exp(_wn)u,lal M,(mdx2d7] < EZf f CXP(—CUU)MJM M,lald-XZdn +— f f exp(_wn)u,anu,and-XZdn’
0 JL, 0 JL, € Jo JL.

3 ! 1 3
ffexp(—wn)u,l,,u,ldxzdn < E3f f exp(—wn)u 1,u 1,dxodn + —f f exp(—wn)u?ldxzdn,
0o JiL. o Ji. 26 Jo Jr.
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6250

exp(—a)n)u,,,u,l 1dx,dn

! 1 !
< Ef f exp(—wn)u?ndxzdn+—f f exp(—wn)u?lldxzdn
L,
2/1 ffexp( wn)um]uandxzdn+—ffexp( wn)undxzdn,
1

& (7 1 ("
exp(—wmu 1121 2,dxodn| < = f f exp(—wn)uzllzdxzdn+ — f f exp(—wn)u22ndxzdn,
L, 2 0 L, ’ 265 0 L, ”

! € ! 1 !
ffexp(—wn)u,”u,”,,d)@dn < ff f exp(—wn)u?lldxzdn+ 2—[ f exp(—wn)u?ll”dxzdn,
0 JL, 0 JL, € Jo JL.

! € ! 1 !
ffexp(—wr])uyg,]uylzldxgdn < —7f f exp(—wn)u,zzndxzdn+—f f exp(—wn)uﬁmdxgdn,
0 JrL. 2 Jo Ji, 2e7 Jo Jr.
€3 ! 2 1 ! 2
> exp(—wnu’,dx,dn + e exp(—wn)u’y;dxadn,
0 JL, € Jo JL.

where €, 6, 6, &, €, €, €, and € are arbitrary positive constants; we will define them later.

=
=L

Using the Schwarz inequality (2.29) and the Wirtinger-type inequality (2.28) again, we can obtain

1 1
<= f f exp(—wn)u,aﬁu,aﬁdxzdn+— f f exp(—wn)u*dxdn
f f exp(— wn)uaﬁuaﬁdxzdn+ f f exp(—wnu U odx,dn,

IA

exp(—wmu, 1,1 11 1dX2dTI‘
LZ

exp(—wn)u 11udxydn
Lz

I/\

1 [ 1 [
—ffexp(—a)n)u,lmlu,l,,,,dxzdn+—ffexp(—a)n)uzdxzdn
ffexp( WU 1gnlt, lm,dxzdn+ ffexp( wni g odx,dn,

exp(—wn)u 1,,udx2d77|
L.

I/\

4h2ffexp( wn)u dx2d77+—ffexp( —wn)udx,dn
_f f exp(—a)r])u,m]u,(mdxzdn+—4f f exp(—wn)u ou ,dx,dn.
4 Jo L, ™ Jo JL.

&=, 6=66=2,6=1i6=1 wehave

!
‘ffexp(—a)n)u,,,udxzdn
0 Ji,

IA

If we choose € = 1,6 = 4,6 =

I
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0*E(z,t 11
a(i )2(____ )ffexp( WU qplt opdx>dn
Z

h 1
+ (g -2-—== —)f f exp(—wnu ou ,dx,dn + = f exp(—whu u ,dx;

ffexp( WU gyt oydx2dn + 2'fexp( WU opU opdXo

ffexp( wn)uaﬁnuaﬁndXZdn+f f eXP( 0)77)” la!, ladXZdn

(2.30)
+ = ) f eXP( wt)u lal, lwdx2 + (a) - 11)f f eXP( CU?])M lagU, laﬁdxldn
+w f eXP(—wHU 1opU 10pd X2 + £} f f exp(—wmu .U 1,dx,dn
L 0o Jr.

1 1
+—fexp(—wt)u,lau,mdx2+—ffexp(—wn)u,lanu,mndxzdn
2 Ui, 2 Jo Ji,

!
+ f f EXP(—WNU 10yl 10p,dX2d7.
0 JiL,

We choose w large enough, we have

O’E(z,t
(Z ) f f exp(—wm st opdxdn

1
+ — f f exp(—wmu 4u odx,dn + = f exp(—whu u ,dx;

1
f f exp(—wn)u oyt opdx,dn + = > f exp(—whu qpit opdx,

ffexp( wn)uaﬁnuaﬁndXZdn-i'f f exp( 0”7)14 loU, ladXZdn

+2fexp( wt)ulau]adx2+—ffexp( — WU 105U, 10pdX2d1

(2.31)

+wfexp(—wt)u7laﬁu,mﬁdx2+5ffexp(—wn)u,mumdxgdn
L, 0 JL,

1 1 ("
+ = f exp(_wt)u,lau,ladXZ + = f f exp(_wn)u,lanu,lar]dXZdr]
2 L. 2 0 JL;

A
+ f f eXP(—wWNU 1oyl 10pndX2d1.
0o JrL,

Using the similar procedure, we can also obtain
O E(z,t
(Z ) f f exp( w’?)u (xﬁu aﬁdXZdn
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+wf f exp(—wmu 4u odx,dn + = fexp( —WhHU U ,dx;
1
f f exp(—wnu gyt opdx,dn + = > f exp(—whu qput opdx,
ffexp( wn)uaﬁnu(lﬂndXZdn+ffeXp( CUU)M laU, ladx2d77
+2fexp( —WhHU 14U, mdx2+—ffexp( —WN)Ut 145U, 10pdx2d7 (2.32)
+wfexp(—wt)u,]aﬁu,mﬂdx2+§ffexp(—wn)u,lau,]adxzdn
L, 0 L,
1 !
+‘feXP(—wl‘)M,mu,ladXz*'ffCXP(—CUU)M,hmu,l(mdxzd’]
2L, 0 Jr.

t
+ f f exp(_wn)u,lafﬁnu,lafﬁndXZdn'
0 JL.
Combining (2.1), (2.11), (2.25), and (2.31), we easily obtain

O’E(z,t
Bl < k20, (2.33)

with k is a computable positive constant.
3. Phragmén-Lindel6f alternative results

In this section, we will derive the Phragmén-Lindelof alternative results. We will discuss the two
cases for (%E(z, t) > 0or %E(z, 1 <0.

Case 1: For any fixed 7, we suggest that there exists a zo > 0 such that [%E(zo, 1 > 0.

From (2.31), we have E(z, tp) > 0. We thus obtain the result

0 0
_E(Z’i) 2 _E(Zo’f) > O’ (31)
0z 0z

for each z > z,.
We can also obtain

E(z,1) > E(zp,1) + (.%E(ZO’ N(z - 20), (3.2)

for all z > z.

From (3.2), we can obtain the result that E(z, f) must eventually become positive.

Combining (3.1) and (3.2), we have the result that there must exist a z; > zy such that (,%E (z1,5) >0
and E(z;,1) > 0.

Inequality (2.33) can be rewritten as

{e_kZ [QE(z, )+ kE(z,7)
0z

} >0, (3.3)
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or
(e fern- T
e | —E(z,1) - kE(z,D|p 20, (3.4)
0z

with k = ﬁ
Integrating (3.3) and (3.4), we have the following results:

0 - ; 0 - ]
—E(z,0) + kE(z, 1) > " | —E(z1,1) + kE(z1, )|, 3.5)
0z 0z |
a - _];( _ ) a - |
—E(z,1) —kE(z,1) 2 e | =E(z1,1) — kE(z1, 1) |. (3.6)
0z 0z |
We obtain for any z > z;

P o k(z—z1) —k(z-z1) k(z—z1) _ a—k(z—z1)

CE@D 2 —E(, D 4 kE(, DS < 3.7)

0z 0z 2 2

Integrating (2.32) from z; to z, we have

OE(z,1)  0E(z1,1) f’fzf
- <w exp(—wnu 4gu ozdAd
oz oz o )L p(—wnu qpu opdAdn
f ¥4 l Y4
+wf f f exp(—wn)u,au,adAdn+—f f exp(—whu ou odA
0 21 L 2 21 L
3 ! ¥4 1 74
+ = f f f exp(—wni oyt opdAdn + = f f exp(—wh)u qpit opdA
2 0 21 Lf 2 21 Lg
3 s ¥4 ! ¥4
+§f f f exp(_wn)”,aﬁnu,(tﬁndAdn+f f f eXP(—wﬂ)M,mM,mdAdU
0 Jz JL; 0 Jz JLg
Z ! ¥4
+1ffexp(_Wt)“,lau,lrydA+3_wfffexp(_wn)u,laﬂu,laﬁdAdn (3-8)
2 2 Vg 2 0 Jz JLg
Z w ! 74
+wf f exp(—wt)uyl(,ﬁu,mﬁdA+§f f f exp(—wnu j4u,1,dAdn
71 JLg 0 Jzi JLg
1 4 ! 4
+_f f exp(_wt)u,laru,ladA"'f f f CXP(—wU)M,lanM,laqudﬂ
2 1 Vg 0 Jz JL
¢z
+f f f exp(_wn)u,laﬁnu,laﬁndAdn
0 2] L

=F(z,0).

Inserting (3.8) into (3.7), we obtain

lim {e"_‘ZF(z, r)} > C,(D, (3.9)

7—00

where C(7) = %e"—‘“ [‘%E(m, )+ kE(zy, f)].
Case 2: For every z > 0, (%E(z, 1) < 0, we suggest there exists a zo > 0, such that E(zy,7) < 0.
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Since %E(z, f) < 0, we obtain

E(z,1) < E(20, 1), (3.10)
for all z > z,.
Form (2.33), we have
0 0 1
—E(z,1) — —E(z0,1) = ——E(20, 1)(z2 — 20)- (3.11)
0z 0z k

For z large enough, we have ‘Z—‘ZEE (z, f) can not remain nonposotive, this is a contradict to %E (z,5) <0.
We thus have the following result:

0
If 8—E(z,f) <0, then E(z,t) 20, for all 7> 0. (3.12)
Z
We now integrating (3.6) from O to z,
) _ _
—o E@D +KE@D < Co(De™, (3.13)
Z

where Co(f) = —£E(0,7) + kE(0, 7).
Since %E(z, f) > 0and E(z,7) > 0 for all z > 0, we have

OE
E(z,f) and — 6—E(z,f) decay exponentially as z — oo.
Z

From (2.31), we have

a t 0o
~ZE@h > 2 f f f exp(—wn)u qptt opdAdn
az 4 0 z L

w ! 00 1 00

+ — exp(—wn)u 4u ,dAdn + = exp(—whu 4u ,dA
4 0 Z Lg 2 Z L{:
1 ! 00 1 00

+ = exp(—wnu oyt oy dAdn + — exp(—wh)u qput opdA
4 0 Z Lf 2 Z Lé:
1 t 00 A 00

+ _f f f exp(_wn)u,aﬁnu,aﬁndAdn + f f f exp(_wn)u,lau,ladAdn
2 0 Z Lf 0 Z Lf
1 00 ! [ee]

+ —f f exp(—whu 1ou 1,dA + gf f f exp(—wniu, 105U, 105dAdn (3.14)
2 Zz Lg 2 0 Z L‘f

00 ! 00
+ wf f eXp(_wl)u,laﬁu,l(zﬁdA + Q f f f eXP(—wU)M,lau,mdAdU
Zz L§ 2 0 Z Lf

1 00 1 ! 00

+= exp(_wt)u,lau,ladA + = eXp(_wn)u,l(mu,l(mdAdn
2 z L 2 0 z L¢

f oo
+ f f f exp(_wn)u,laﬁnu,laﬁndAdn
0 Z Lg

=G(z,1).
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Inserting (3.14) into (3.13), we have
G(z, 1) < Cy(De ™. (3.15)

Summarizing all the above results, we get the following results.

Theorem: If u is the classical solution of the initial boundary value problem (1.2)—(1.7), we can
obtain the following results: either the energy function F(z, ) defined in (3.8) satisfies
lim {e ™ F(z, )} = C1(d), (3.16)

/00

or the energy function G(z, t) defined in (3.14) satisfies
G(z, 1) < Cy(De ™. (3.17)

Our work presents significant results concerning the spatial growth and decay estimates of
solutions to a particular equation, captured by inequalities (3.16) and (3.17), respectively.
Inequality (3.16) demonstrates that the solution can grow exponentially as the distance from the entry
section tends to infinity, while inequality (3.17) reveals that the solution can decay exponentially
under the same conditions. These findings are analogous to the Saint-Venant principle and provide
valuable insights into the behavior of solutions in the context of our study. A key contribution of this
work is the establishment of these spatial growth and decay estimates, which are crucial for
understanding the behavior of solutions in unbounded domains. These estimates have potential
applications in various fields, such as engineering, physics, and beyond, where understanding the
behavior of solutions to partial differential equations is essential. When exploring the quasi-static
version of Eq (1.1), our primary focus is on the behavior of the equation under static or nearly static
conditions. However, when considering the second-order derivative term of time, i.e., when the
equation becomes dynamic, its complexity and difficulty in solving increase significantly. This is
because, compared to the first-order derivative (typically representing velocity or rate of change), the
second-order derivative (representing acceleration or the rate of change of the rate of change)
introduces more dynamic characteristics and potential oscillatory behavior. In physics and
engineering, controlling energy through second-order derivatives is indeed a challenge. Traditional
energy methods often rely on first or lower-order derivatives to define and solve problems. Therefore,
when the equation includes a second-order derivative term, we need to seek new mathematical tools
and methods to effectively handle this dynamic behavior. The method of differential-integral
inequalities provides us with a possible solution. This method combines the ideas of differentiation
and integration, and considers inequality constraints, thereby enabling more flexible handling of
complex equations containing higher-order derivatives. Through this method, we may be able to
capture the dynamic behavior in the equation and find solutions that meet our needs. To further
illustrate our findings, we will present a numerical simulation of the solution to this equation. This
simulation will provide a visual representation of the solution and its behavior as the distance from
the entry section varies. In addition to our current results, there are several promising directions for
future research. One area of interest is the structural stability of the equation in an unbounded
domain. Understanding the stability of solutions to this equation is crucial for developing robust and
reliable numerical methods and for ensuring the accuracy of solutions in practical applications. We
plan to investigate this topic in a subsequent paper, leveraging the insights and methods developed in
our current work.
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