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Abstract: In this paper, we will establish a criterion for automorphisms of finite-dimensional algebras.
As an application, we will describe all automorphisms of the single-parameter generalized quaternion
algebra. Additionally, we will obtain all automorphisms of Sweedler’s 4-dimensional Hopf algebra.
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1. Introduction

The study of algebraic automorphisms on different algebraic systems is a classic direction in
algebra. Usually, it is very difficult to determine the automorphisms of an algebra. How to describe
the automorphisms in an algebra is still an open problem. A well-studied example is the
automorphism group of an incidence algebra [1,2]. Andruskiewitsch and Dumas studied the algebra
automorphisms and Hopf algebra automorphisms of the positive part of the quantum enveloping
algebra of simple complex finite-dimensional Lie algebras in [3]. For more works on the algebra
automorphisms of other algebras, please refer to [4—10].

The purpose of this paper is to find an effective method to determine the automorphisms of finite-
dimensional algebras. Using the method, we not only describe all automorphisms of low-dimensional
algebras, but also identify some good automorphisms of high-dimensional algebras.

The paper is organized as follows:

In Section 2, we establish a criterion for automorphisms of finite-dimensional algebras. In
Section 3, as an application, we give all automorphisms of the single-parameter generalized
quaternion algebra. As special cases of the single-parameter generalized quaternion algebra, all
automorphisms on the semi-quaternion algebra and the split semi-quaternion algebra are given. Since
Sweedler’s 4-dimensional Hopf algebra, as an algebra, is a split semi-quaternion algebra, all algebraic
automorphisms in Sweedler’s 4-dimensional Hopf algebra are described.
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2. The criteria for automorphisms on finite-dimensional algebras

Throughout the paper, R denotes the real number field. All algebras are over R, and linear refers to
R-linear. Given a matrix M, M" denotes the transpose of M.

Let
1 0 0
1 0
TI] - ] 772 - : ] 9 nn =
0 0 1

be the standard basis of R”.

Let A be a finite-dimensional algebra with unit 1 and generators g1, g2, - - - , gs wWhich are subject to
certain relationships. Assume that {a@; = 1, a5, -, @,} is a basis for A. Using the relationships among
the g;, we have

(041
an
(ai,az,- - ,a,) = Ujay + Usan + - - + Uy, (2.1)
ay,
where each Uj is a n X n digital matrix. By dividing U; into block matrices by the columns, we obtain
iuyj
iU2j
Ui = Yiva, siYn)s Y=
iUnj

Construct the following matrices

Wi = (I/Yi’zf)/i’.'. ’l’lyi)’i: 172"" , .

Definition 2.1. With the matrices U;(i = 1,2,--- ,n) as above. We call W;(i = 1,2, --- ,n) the matrix

induced from the i-th columns of {U j}7: -

Lemma 2.2. Let P be a linear transformation on A, and

a dip - dip
az dx - dy

P: : : : : :(61952’.'. ’é:n),
apl Ay - Apy

the matrix of P with respect to the basis ay,ay, -+ ,®,. Then we have

&
Pla)P(a;)) = (@, az, - ,a,) ¢ . Cc’g, (2.2)

&

T

foralli,j=1,2,---,n, where
C=U,,U---,0,).
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Proof. For all i, j, since

(03]

a2
T
é‘:i : (a/la (02 T an)gj

Pla)P(a j)

ay
& Uy + Usan + -+ U,a) €
Uy + EUnéjan + - + €] U a,
fj (03]

& @

Il
P

s

@

'fj @,

it follows that (2.2) holds.
Example 2.3. Recall that a single-parameter quaternion ¢ is an expression of the form
q=ap+ae; +ae; + ases,

where ay, a;, a,, a; are real numbers and ey, e,, e5 satisfy the following equalities:

2 2 2
e =—u,e; =0,e5 =0,e1e; = e3 = —eye;,ere3 = 0 = —ezey, €3] = e, = —eje3,

where 0 # u € R. The set of single-parameter quaternions is denoted by H, [8], and H,, is an
associative algebra. We call H,, an algebra of single-parameter quaternions (or single-parameter
quaternion algebra).

Observe that H,, is a 4-dimensional algebra with basis 1, e, e, e3. By computing

1 I e e e
el _ € —M ez —ue
e (19 €, €7, 63) - e —e; O O
€3 es ue, 0 0
1 0 0O 0100
3 0 —u 0 0 1 000
= 1o o0 o00|""oo0o0 o0l
0O 0 0O 0 0 0O
001 O 0 0 01
N 0 00 —u N 0O 0 10
100 01270 -1 00|
O u 0O O 1 0 0O
We have the corresponding U;(i = 1,2, 3,4) as follows:

1 0 00 0100 001 O
{0 = 00 {1 00O 0 0 0 —u
U=t 0 00|% o000 100 0}

0O 0 00 0 0 0O O u 0 O
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U4 =
Thus we have
1 0 0 0 01
C = O —u 0010
10 0 00 00O
O 0 00O0OO

Let # be a linear transformation on H,,, and

aps
an
asp
asg

the matrix of # with respect to the basis a;
compute P(e;)P(ey), i.e., Plaz)P(a3). Since

as 0 0 0

ans 0 0 0

ass 0 0 0

ays 0 0 0
0O a3z 0 O
0 ans 0 0
0 ass 0 0 [751)
0 as 0 O cr| @2
0 0 a3 0 asp
0 0 ans 0 aqn
0 0 ass 0
0 0 aqs 0
0 0 0 ans
0 0 0 ans
0 0 0 ass
0 0 0 ags

by Lemma 2.2, we have

Ple)P(ez) = (1, e1, 2, €3)

Electronic Research Archive

0 0 01
0O 0 10
0O -1 0 O
00000 -x00 10
001000 0-100
0 00 M 0 0 1 0 00
aiz daig
a3 das |
az; azy | (1,62,63. ),
sz  Aaq
= l,a; = ej,@3 = ey, 4 = e3. For instance, we aim to

appagz — dxnd;i
ap3ax + apdss
—ana43f + drapni + apzdz + apnds;
—ax3azy + axazz + ajzds + appdys

ajpdiz — dxdysu
ap3ay + apans
—Qxd43l + Axdqpi + dj3az; + djpdss
—ax3a3x + axdaszz + ajzds + a12043
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Theorem 2.4. With notation as shown in Lemma 2.2. Then P is an automorphism if and only if &, = n
and the matrix P is an invertible matrix and satisfies the following equation:

Po 0 0) PO 0O O
O P O O r O P O O
(Wi, Wy, ,W,) _ =P C _ K, (2.3)
0 O . 0 0 0 .0
0O 0 0 P 0O 0 0 P
where C is shown in Lemma 2.2 and
m 0 -« 0, O -« 0 -~ 7, O -~ 0
0 0 - 73y 00 -+ g -+ 0 0 - n,
Proof. From (2.1), it follows that
1Uij
2Uij ..
;= ()| 0 LV, j=12,--- ,n. (2.4)
nUij
For a fixed j, by using (2.4), we have
1Uij
2U;j
Plaa;) = (a1, az, -+ ,a,)P
nlij
Since P(a;a ;) = P(a;)P(a;), for all i, it follows that
T
&j Ui
¢ C'&=pP ZL.[U ,
‘fj nUij
which is equivalent to
T
fj Uy lUzj 0 1Upj
-fj c’p=p 2bflj 2’/ij Tt Uy :PWJT.
fj a1y nplU2j 0 plpj

Thus

Electronic Research Archive Volume 32, Issue 11, 6140-6152.



6145

P O O O
W, W W) O P 0 O
1s 25 s n 0 O 0
0 0 P
&0 0 & 0 -+ 0 - & 0 -+ 0
0 0 O . 0 0 &, 0
I )4
0 O & 0 0 &L - 0 0 - &
P O O O
0O P O O
= PIC K.
00 . 0
0O 0 o P

From #(1) = 1, we obtain & = n;. The proof is completed.

Example 2.5. Let U;(i = 1,2,3,4) and C be given in Example 2.3. By Definition 2.1, we can obtain
the desired W;(i = 1,2, 3, 4) as follows:

1000 0 1 0 0 0010
o100 |-« 00 0 0001
Wistoot10l'™ 000 -1|"™ o000l
000 1 0 0 u O 0000
00 0 1
100 —u 0
W“‘oooo
00 0 0
Thus, we have
1000 0 10 0 001000 0 1
10100 - 00 0 000100 —u 0
Wi WoWa W) =10 0100 001000000 0 0
0001 0 0u 0 000000 O O
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and

00000O0O0OO0OO0OO0OO0OO0OO0OO0O
0000OT100O0OO0OO0O0O0O0O0OO0OO0OO
0000O0O0OO0OO0OT1TO0OOOOOOO

1

0000O0OO0OO0OO0OO0OO0OO0OO0OT1TO0®O0OO

01 00O00O0O0OO0OO0OO0O0O0O0OO0O®O0OO
0000O0OT1O0OO0O0O0O00O0O0O0O0OO0OO0O
0000O0OO0OO0OO0OO0O1O0O0OO0OO0OO0OTSO

0000O0OO0OO0OO0OO0OO0OO0OO0OO0OT1IO0OO

001000O0OO0OO0OO0OO0OO0OO0OO0OO0OO
0000O0O0OT1O0OO0OO0OO0OO0OO0OO0OO0OO
0000O0O0OO0OO0OO0OO0OTO0OOOOO

0

0000O0OO0OOO0OOO0OOO0OO0OQO0T1

000100O0O0OO0OO0OO0OO0O0O0OO0O®O0OO
0000O0O0OO0O1O0O0OO0OO0OO0OO0OO0OO
0000O0O0OO0OO0OO0OO0OO0O1O0O0OO0OO

1

0000O0OO0OO0OO0OO0OO0OO0OO0OO0OO0ODPO

K

3. Application to H,

In this section, we consider the application of Theorem 2.4 to H,. To describe all automorphisms

on H,,, we need to determine the matrices P that satisfy the condition (2.3). Let

—_—

<t < < <

— N o0 <t

I I TS

oo o0 on

— o on <t

T I T

a4 A Q T\|/

— o o <t

I I T oo o A,

— O O O

. S O RO
O R OO

R

AL oo o

(Wl > WZ’ W3a W4)

|

LHS of (2.3)
Electronic Research Archive

Since

l]

10 0 0O0O10O0O0O0
—u 0
-1 0000O0O0O O O
O Oug O O0OO0OOO0OO OO

-« 00 0 00O01O0O0

1 000 O
0100
0010 0 0O
0 001
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1 ajpp a1z aig 0 0 0
0 arxyy dryz dyg 0 0 0
0 asy dzz3 dzg 0 0 0
0 a4y A43 Ayq 0 0 0
0 0 0 0 1 dpp adps
0 0 0 0 0 drxy dx3
0 0 0 0 0 aszpy dsj
0 0 0 0 0 dgy A3
O 0 0 0 0 0 O
O 0 0 O 0 0 o
O 0 0 0 0 0 O
O 0 0 0 0 O O
O 0 0 O 0 0 O
O 0 0 0 0 0 O
O 0 0 0 0 0 O
o 0 0 0 0 0 O
- (MlaMZ’M3aM4)a
where
1 0 0 O
M, = ap dxp d4zxn dg
apiz dzz dszz dq43
aijs Qg Q34 Ayg
a3 dpz A3z 443
| 414 aGz4 Qzq Q44 _
Mi=t o 0 0 o |[MeF
O 0 0 O
and
RHS of (2.3)
P O 0 O
O P O O
= PI'C K
0O 0 . 0
0O 0 0 P
1 djp a1z aig ! 1 0 0
_ 0 ax ax an 0 —u O
0 asy dzz dig 0 0 O
0 aqy a4z ayq 0 0 O

Electronic Research Archive

o 0 o 0 0 0 0 0 O
o 0 o 0 0 0 0 0 O
o 0 o 0 0 0 o0 o0 o
o 0 0o 0 0 0 o0 o0 o
as 0 0 0 O O O O O
as 00 0 0 0 0 0 O
agz2 0 0 0 O O O O O
ag, 0 0 0 O O O O O
0 1 ajpp a1z aig 0 0 0 0
0 0 arxyy dyz dpg 0 0 0 0
0 0 asy dzz dzg 0 0 0 0
0 0 a4y A43 Ayq 0 0 0 0
0 0 0 0 0 1 dpp a3 apg
0 0 0 0 0 0 arxy drxz3 dpg
0 0 0 0 0 0 aszp d3zz d3y
0 0 0 0 0 0 dgny  A43 Ayq
ap an asp aqn
M= 000
—ai4 —dy4 —A34 —As4
apy  dp dsp dqsgd
ais asy aszq ayq
ai3(—u) axn(—u) az(—u) agp(—w)
0 0 0 0 ’
0 0 0 0
001 00O0OO0OT1 O OO 01
01 0000O0OO0O-x0012P0
0000O0OO0O1O0TO0OTO0-100
0000000 01T 0 O0O0
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1 ap a3 ag 0 0
0 ap ax ay 0 0
0 ax a3 au 0 O
0 ap asz ay 0 O
000016112
000006122
0O 0 0 0 0 asm
00000042
O 0 0 0 0 O
O 0 0 0 0 O
O 0 0 0 0 O
O 0 0 0 0 O
O 0 0 0 0 O
O 0 0 0 0 O
O 0 0 0 0 O
O 0 0 0 0 O
1 00 0O0O0OO
000O0OT1O0O0TO0
00 0O0O0O0OO0OO O
00 0O0O0O0OO0OO
01 00O0O0O0OO
000O0OO0OTUOO
00 0O0O0O0OO0O O
00 0O0O0O0ODO0OO
001 0O0O0O0OO
000O0OO0OO0OT1FPO
00 0O0O0O0OO0OO O
00 0O0O0O0ODO0OO
0O000T1TO0O0O0OO
00 0O0O0O0OO 01
00 0O0O0O0OO0O
00 0O0O0ODO0OO
= (N1, N2, N3, Ny,
where
Ny
ap ax
N ) = ‘1%2 - aizﬂ 2ap,an

apayz — axdxp

Electronic Research Archive

b
Qj3dy + dpazs  —ax3dafl + dpassil + a3asy + apdsz  Axzdsy — dxndszsz + d;3ds + A12a43
Q12014 — a4l G140 + A12024  —A2404f + A22G44d + Q14032 + Q12034 A24032 — 22034 + A14042 + Q12044

o O o O

as
a3
ass
ass

S O O OO OO

eleloBoNoloBoBeohole e l=Nail =l
eleloBoNoloNeoBeol el =N =Nelollollw)

an
as
ajg

o O OO

ajy
ary
asq

Q
S OO OO R OO OO O OO0 OOOOOOOOJ_;

S OO O OO OO

apn
an
asp

SO OO OO O OO0 O COCOoO0o

O — OO OO OO OO oo o oo
eleoloNoNolNoNoNeoloNoReNel =l =N
S OO OO O OO~ OO OO OO0

0O O
ay das
azs  dsz
g Azg

as
2apaz

S OO O OO oo

SRS
N
D W

ass

S OO O R O OO OO OO0 oo 0o OOOO§

0
(277
ass
asq

e eNeoNoNeolelolel

S
=

ary
azq
[2%v

o o O

el elelelelelele oo loleoBeheole)

S OO R OO OO OoOOoCo o oo

N eoNoNoNeoBolololoRoleNe)

ap
an
asp
ag

S OO OO O OO oo oo

S Q
N —
wow

ass
ass

agp
2aa4p

eNeNeloBeoNeoloBeolaohoRoNe}

Q
o =
£

asq
agy
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as ans ass aq3
N3 _ | Giaiz —axnaxpi ajzdxn +appd —adxndgpp t+ dxpdspi t apdz tanpazs —asas tanass t+apdsa + apndss
- 2 2
aj; — dyi 2a3a;3 2a3az; 2a13a43

apzdis — axdaoad

Q4023 + a13dz4

—aud3 + axassd + ajaazs + a3aza

24033 — A23034 + 414043 + 413044

(27}
—A4a3 + A034 + 414042 + Q12044
—a24033 + A23034 + A14043 + A13044
2014044

aig (L2 asy
N4 — | G214 — anauft a14a2 + A1 —Adndul + ddpi + 41403 + 12034
aj3a14 — A304L  A1ado3 + 413024 —A23044ld + A4Aa3 + A14033 + A13034

at, — ayu 2a14a:4 2a14a34

we have M; = N;(i = 1,2, 3,4), and obtain the following system of equations:

dppt = ay, —p = 0,
—2apaxn =0,
—2apazxn =0,
—2aya4 =0,

ananpp — apaz + ayy =0,

—a3ay — apdys + dxy =0,
—axappt + dnagf — apzazy — apasz +az =0,
303> — A 0a33 — A1304 — A12043 + dgq = 0,
a3(—p) + ananpt — appays = 0,

—Ay3p — Q140 — A12a24 = 0,

—A33L — Qr4upfl + AxGasfl — A14G3) — A12a34 = 0,
—Q43ll + (24037 — AxA34 — Q1404 — Q12044 = 0,
ananpp — apa;z — ajy =0,

—ai3ay — apdys — dyg = 0,
anamppl — anagp — a13a3 — a12az — az = 0,
—a3a3) + a3 — a;3ds — d1pas3 — age = 0,
a§3,u - 0%3 =0,

—2ap3ay; =0,

—2ay3a3 = 0,

—2apza,3 = 0,
axpayp — apag =0,

—a14a3 — azaos = 0,

—Qo443pl + Ar3aaspl — A14a33 — a13azs = 0,
(24033 — 423034 — A14043 — Q13044 = 0,

apzp + axpanp — apayy = 0,

Electronic Research Archive

(al)
(a2)
(a3)
(a4)
(a5)
(a0)
(a7)
(ad)
(a9)
(al0)
(all)
(al2)
(al3)
(al4)
(al5)
(al6)
(al7)
(alB)
(al9)
(a20)
(a21)
(a22)
(a23)
(a24)
(a25)
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axpl — 140 — apdyy = 0, (a26)

aszfl + AraQapfl — Aop0asfl — 1403 — Apazs = 0, (a27)
Qg3 — Ar403) + A2A34 — Q14047 — Q12044 = 0, (a28)
axapp — ayzays =0, (a29)

—a14a23 — apdyy = 0, (a30)

Ao4Q43lL — A23044fl — A14a33 — a3az4 = 0, (a31)
—A4a33 + 43034 — Q14043 — 13044 = 0, (a32)
ap—a, =0, (a33)

—2a4a24 = 0, (a34)

—2ay4a34 = 0, (a35)

—2asa44 = 0. (a36)

All automorphisms on H,, can be described as follows:
Theorem 3.1. Each automorphism P on H,, has one of the following forms:

(i) P(1) =1, Ple)) = —e; +aep +des, Pley) = bey + §e3, P(e3) = ces — bes,
(ii) P(1) =1, P(e;) = e; +aey +des, P(ey) = be, — /563, P(e3) = cey + bes,

b2+ 2
where a, b, c,d are parameters and ”T‘ # 0.

Proof. From (a6) and (al4), we obtain a,4 = 0. Therefore, from (a33), we have a4 = 0. Taking a4 = 0
and a4 = 0 1in (a25) and (a26) yields a;3 = a3 = 0.

If a1, = 0, then, from (al), we have a,, = 1 or —1. If ay; = 1, then the system of Eqs (al)—(a36) is
equivalent to the following system of equations

agp +azs = 0,a44 —azz = 0.

Thus, we obtain the desired P as follows:

a3
u

1
0
0 ax a3 axu
0

agn ass

which is just the (ii) of Theorem 3.1. If ay; = —1, then we get the (i) of Theorem 3.1.
If a;; # 0, from (a34)—(a36), one has as;, = aq4 = 0, which makes P degenerate.

If 4 = 1, then H,, is the algebra of semi-quaternions. If u = —1, then H, is the algebra of split
semi-quaternions. By applying Theorem 3.1 to these special cases, we have the following:

Corollary 3.2. Each automorphism P on the algebra of semi-quaternions has one of the
following forms:

Electronic Research Archive Volume 32, Issue 11, 6140-6152.
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(i) P(1) =1, Ple)) = —e; +aep +des, P(ey) = bey + ces, Pes3) = cey — bes,
(i) P(1) =1, Ple)) = e + ae, + des, P(ey) = bey — ces, Ple3) = cep + bes,

where a, b, c,d are parameters and b>+c* #0.

Corollary 3.3. Each automorphism P on the algebra of split semi-quaternions has one of the
following forms:

(i) P(1) =1, Ple)) = —e; +aep +des, Pley) = bey — ces, Pe3) = cey — bes,
(i) P(1) =1, Ple)) = e + ae, + des, P(ey) = bey + ces, Ples) = cep + bes,

where a, b, c,d are parameters and t-b*#0.

Corollary 3.3 gives us an extra surprise. Using Corollary 3.3, we can determine all automorphisms
on Sweedler’s 4-dimensional Hopf algebra. First, recall that Sweedler algebra H, is generated by two
elements g and v subject to

g =1,=0gv+vg=0.

The comultiplication, antipode, and counit of Hj are given by
Al®) =g®gA)=g@v+v®le(g) =180 =0,5() =gS5W =—g

Note that the dimension of Hy is four with 1, g, v, gv forming a basis for H,. By setting e; = g, e, =
v,e3 = gv, we see that H as an algebra is a split semi-quaternion algebra. Thus, by Corollary 3.3, we
have the following result.

Corollary 3.4. Each automorphism P on Sweedler’s 4-dimensional Hopf algebra has one of the
following forms:

(i) P(1)=1,P(g) =—-g+av+dgv, P(v) = bv—cgv, P(gv) = cv— bgv,
(ii) P(1)=1,P(g) =g+av+dgv, P(v) =bv+cgv, P(gv) =cv+bgv,

where a, b, c,d are parameters and c* — b* # 0.
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