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Abstract: In the paper, we focus on the local existence and blow-up of solutions for a time fractional
nonlinear equation with biharmonic operator and exponentional nonlinear memory in an Orlicz space.
We first establish a L” — L estimate for solution operators of a time fractional nonlinear biharmonic
equation, and obtain bilinear estimates for mild solutions. Then, based on the contraction mapping
principle, we establish the local existence of mild solutions. Moreover, by using the test function
method, we obtain the blow-up result of solutions.
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1. Introduction

Fractional differential equations have garnered significant interest owing to their extensive utiliza-
tion across various scientific and engineering disciplines [1,2]. Fractional differential equations serve
as a modeling tool for anomalous diffusion processes, characterize Hamiltonian chaos, and various
other phenomena, as detailed in the references [3—5]. In recent years, more and more papers study
the properties of solutions for fractional differential equations; see [6—11] and references therein.
For example, in [7], the local well-posedness and existence of blow-up solutions for a fourth-order
Schrodinger equation with combined power-type nonlinearities were established by applying Banach’s
fixed point theorem, iterative method, modified Strichartz estimates, and variational analysis theory for
dynamical systems. Zhang et al. [9] proved the local and global well-posedness for a higher order
nonlinear dispersive equation with the initial data in the Sobolev space H*(R) by using the Fourier
restriction norm method, Tao’s [k, Z]-multiplier method, and the contraction mapping principle.

In this paper, we consider the local existence and blow-up of solutions to the following fractional
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biharmonic equation

[V]]3

Oy u+ Nu=1Jy "), t>0, xeR", (L1)
(0, x) = uo(x), u(0, x) = u; (x) x € R”, '

where | < <2,0<vy <1, 561, is @ order Caputo fractional derivative, A? denotes the biharmonic

operator, and Jéljy(e”) is the left Riemann-Liouville fractional integral of order 1 — y for ¢“, defined by

1 !
Iy (") = f (t— 5)7e"Vds,
o Il =y Jo
and the initial data ug, u; € exp Lg (R™), where exp Lg (R™) is the so-called Orlicz space, and its definition
will be presented in Section 2.
There are many papers that studied equations in the Orlicz space. For example, Ioku [12] derived
the global solutions to the following problem

ou—Au= f(u), t>0, xeR", (1.2)
M(Oa x) = M()(X), X € Rn’ ’
where u is small enough in exp L*(R") and
|fw) = fO)] < Clu = vi(lu™ '™ + p"'e™), f£(0) =0, (1.3)

foru,v e Rwithm =1+ %. Then, Ioku et al. [13] obtained the results of local existence of (1.2) in
exp L§(R?), which is a subspace of exp L*(R?) if

lf@) = fO)I < Clu—v|e™ + ™), £(0) =0, (1.4)

for u,v € R. When the nonlinearity f(u) = |u|%ue“2, Furioli et al. [14] derived the asymptotic behavior
and decay estimates for global solutions of (1.2) in exp L>(R").
In [15], Majdoub et al. studied the following biharmonic equation

2., _ n
{atu+Au—f(u), t>0, xeR", (1.5)

u(0, x) = up(x), x € R".

They studied the local existence of solutions in exp L3(R") and the global existence of solutions when
uy is small enough in exp L>(R"). Later, [16, 17] obtained the local solutions in exp Lg(R”) and the
global solutions of (1.2) exp LP(R"). In [18], the authors generalized [16, 17] to the case of fractional
laplacian.

In [19], Tuan et al. studied the following fractional biharmonic equation

agllu+Azu:f(u), t>0, xeRY, (1.6)
u(0, x) = up(x), x€R", '
where 0 < @ < 1 and f satisfies (1.3). They first proved the generalized formula for the mild solution
as well as the smoothing effects of resolvent operators by using the Fourier transform concept. Then,
by some embeddings between the Orlicz space and the usual Lebesgue spaces, they obtained the global

solutions and the blow-up solutions with the initial data uy € LP(R" N Cy(R")). They also proved the
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local existence of mild solutions with u, € exp L”(R") and the global well-posedness of mild solutions
with uy € exp Lj(R"). Later, In [20], Tuan et al. studied the case of fractional laplacian corresponding
(1.6) and obtained the local solutions with initial data in L”(R") N L*(R") and the global solutions with
small initial data in an Orlicz space by using the Picard iteration method and some L”-L9 estimates
of fundamental solutions associated with the Mittag—Leffler function. In [21], the authors studied the
solvability of the Cauthy problem of (1.6) with an irregular initial data u, and proved the presence of a
strongly continuous analytic semigroup.
For time fractional diffusion-wave equation

(1.7)

Bgltu—Au:f(u), xeR" t>0,1l<a<?2
u(0, x) = up(x), u,(0, x) = u1(x) x € R",

Wang et al. [22] first obtained a nonlinear estimate and L” — L9 estimates for the nonlinearity and the
solution operators, respectively, and then by applying the contraction mapping principle, they proved
the local existence of solutions in exp L*(R") when the nonlinearity of (1.7) possesses an exponential
growth. Furthermore, with some additional assumptions on the initial data, the authors proved the
global existence of solutions in the high dimension case where n > 3.

For the type of the nonlinearity in (1.1), we also give an overview. Fino and Kirane [23] considered
the following space fractional diffusion equation with a nonlinearity memory

{ e+ (~A)2u = Iy (uP '), xeR", 1>0,0<a <l (1.8)
u(0, x) = up(x), x € R",

where 0 < 8 < 2. They proved the local and global well-posedness of solutions and studied the time
blow-up profile in Cy(R"). Ahmad et al. [24] considered another case that the nonlinearity in (1.8) is
replaced by J(l)lj‘*(e”). They proved the local well-posedness of solutions in Cy(R") and obtained the
blow-up solutions with some conditions on the initial data. They also studied the time blow-up profile
of the solutions. In [25], the authors generalized [24] to a time—space fractional equation and obtained
similar results.

Motivated by the above papers, our purpose in this paper is to consider the local existence and
blow-up of solutions for (1.1) involving the time fractional operator, the space biharmonic operator,
and the nonlinearity of the form Jé‘zy(e“) with 0 <y < 1 under the assumption that u, u; € exp Lg R™M).
Compared with [24,25], our paper also obtains the local existence of the mild solutions and the blow-
up result. However, we must emphasize that our paper is not a simple generalization of [24, 25].
We study the mild solutions in exp LS(R”), while [24,25] is in Cy(R"). Moreover, there are many
differences between the equation we study in this paper and the equation in [24,25]. The equation
study in this paper involves the time fractional operator with 1 < @ < 2 and the space biharmonic
operator while [24,25] involves the time integer operator or fractional operator with 0 < @ < 1 and
the space fractional operator. Also, we do not set the parameter in the time fractional operator and
the parameter in the nonlinearity as the same, which is different from [24, 25]. To the best of my
knowledge, there are few papers to deal with fractional biharmonic equations with 1 < @ < 2. Note
thatif O < @ < 1, the estimating L” — L are available for the corresponding solution operator. However,
some estimates of the form L” — L9 are not available on the domain R” for the case of 1 < & < 2. So, the
main difficulty is to establish the estimates of L” — L? for the solution operator. By using the definition
of Orlicz space and the L” — L7 estimate, we obtain bilinear estimates for both the nonlinear and linear
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parts within the representation of mild solutions. Then, based on the contraction mapping principle,
we proved the local existence and uniqueness of mild solutions in exp L{(R"). Finally, we obtain the
blow-up result in exp Lg (R™) that when uy > 0, uy # 0, u; = 0, then the solutions of (1.1) will blow up
in a finite time if 4 —a +y > 0.

The structure of this paper is outlined in the following manner. Section 2 presents some prelimi-
naries. In Section 3, we state some properties and estimates of the related operators. In Section 4, we
establish the local well-posedness of solutions for problem (1.1). In Section 5, we prove the blow-up
of solutions to problem (1.1).

2. Preliminaries

First, we present the definition of Orlicz space on R". Readers can refer to [26,27] for more details.
Let us define a convex increasing function w : R* — R* and

w0)=0= lirél w(z), lim w(z) = oo,
z—0* 7—00
The Orlicz space

(R")

LR = {u el

loc

ety :jnf{/1>0‘ f W(Iu(x)l)dxg 1}.
R’l ﬂ.

We also denote another Orlicz space

f w(lu(;)l)dx < 0o, for some A > O},
RVL

with the norm

Ly(R") = {u el

loc

(R")

f w(@)dx < oo, forevery A > 0}.
Rﬂ

It has been shown in [13] that Lj(R") is the closure of C'(R") in L"(R").

(L"@R"), || - [|lp#@ny) and (L (R™), || - ||z#&n)) are Banach spaces. Therefore, we can easily get that L"(R")
is exp LP(R") and Lj(R") is exp LS(R”) if w(z) = ¥,1 < p < co. Moreover, for u € L and S =
l|zt]| Lvrmy > 0O, by the definition of the infimum, we can easily obtain that

{/l >0 ‘ fR w('u(;)l)dx < 1} S, ool

Then, we present two Lemmas involving Orlicz space and Lebesgue space.

Lemma 2.1. [16] For 1 < g < p, we have the embedding L!(R") N L*(R") — expLg(R") —
exp LP(R") and the estimate

1
llutllexp Loy < T (lullze + llullz). 2.1)
(In2)»

Lemma 2.2. [16] For 1 < p < g < oo, we have the embedding exp LP(R") — LI(R") and the estimate

lul, < (r(% " 1))"||u||expmm. 2.2)
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Next, we present some properties concerning the fractional derivatives and integrals. For more
details, readers can refer to [1,28].
Let f € C*([0,T]), a € (1,2). Then the Caputo fractional derivative of order @ can be written as

1 !
Oy S (@) = e-o fo (t— )" f"(s)ds.

The left-sided and right-sided Riemann—Liouville fractional derivative of order « are defined by

Dl 0 = g (=) s,
2 T
Dt )=t || =0 0uds

Let f,g € C*([0,T])), then if Dy, f, D, exist and are continuous, we have the formula of integration
by parts

T T
f gD, f(Ddt = — f FOD g0yt
0 0
For given T > 0 and 7 >> 1, if we put
t
e1(1) = (1 - T)'l,

then for @ > 0, we have

_ Tw+D e te
Dijrei(1) (n—a+1)T 1 T)+ ) (2.3)
and ,
. T+
fo Dirpr(dt = =T (2.4)

The following are Riemann-Liouville fractional integrals:

1 d 1 T
J&,f(t)=@ fo (t—s)“‘lf(s)ds,Jffo(t)=@ f (s =D f(s)ds.

are bounded on L7((0,T)) (1 < p < +oo). JoJ? f = J*F fand Jo J° f =

a @
The operators J§, and J ool o ardir

[V]]3 v

JEPFif £ e L0, T)).

tlT
The Mittag—Lefller function is defined for complex z € C as

k

- Z
Eop5(2) = ; Farsgy WP EC Re@ >0,

It satisfies
I3 (7 Eqo(A1%)) = tE,0(A1%) for A€ C, 1 <a <2,

T3 (P Eq a1 (A1) = Eq (A1°) for A€ C, 1 <a <2,
Jo (Eq (A1) = 177 Eq o (") for A€ C, 1 < <2,

d
E[z“-‘Ew(M’)] = 1" ?Eqq1(At") for1€C, 1 <a <2,

Jou(Ea1(A1%)) = tE2(At") for A€ C, 1 <a < 2.
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3. Some properties and estimates of operators

This section mainly presents properties and estimates of solution operators.
First, we state the definition. Ley -1 denote the Fourier inverse transform. For anyu € L(R"), p >
1, we define

Xo1Ou(x) = [, Fed [Ear (=1EM0u(x = y)dy,
Xoo(Ou(x) = [, Fol 1177 Eq o (—1"1ED]0)ux = y)dy,

Xz (OU(x) = 5= [}t = D) X2 (Du(x)dr,

which is a generalization of the operator semigroup.

Remark 3.1. From Proposition 2.1 in [21], we can get A* is a sectorial operator in LP(R"), so the
above definition is equivalent to Definition 3.1 in [29].

Then, combining [6] Theorems 3.1 and 3.2 and Remark 1.6, one has the following lemma that will
help us prove the continuity of solution operators.

Lemma 3.1. X, (1), 179X, ,(f), 1! )_(a,z (t) is bounded linear operators on LY(R"), p > 1 and t —
Xo1(t),t = tl‘“X(,,z(t), t— 1! )_((,,2 (1) is continuous function from R* to LP(R").

The following theorem is L? — LY estimates for X, ;(f)u and X, ,(f)u, which plays a great role in
deriving the estimates for solution operators in Orlicz spaces.

Theorem 3.1. Let 1 < p < g < 00, p < oo. Then, there exists a positive constant C such that for t > 0,
the following assertions are satisfied.

@) If}% - 3 < 4, for u € L?(R") we have
Xo 1 (Dudlle < CrE Gl 3.1)

(>i1) If}ﬂ7 - g < 8, for u € LP(R") we have

_qyancl_1
1Xo2(Oullze < CE 5G| . (3.2)

Proof. If one lets the operator A = A? in [29] Lemma 3.3 and then uses the same method, we can
obtain the following estimates; for any u € L”(R"),

X1 Dutllr < Cllullzr » |1A* X1 @llr < CElull, (3.3)

X2y < CE M tllir , NA* X2 (@llr < Ctlud] o (3.4

Then, using the Gagliardo—Nirenberg inequality, we obtain
1 Xe1 (Dullze < CIA* X 1 (Oull} 1 X1 (ull
where a € [0,1) and | = a(; — %) + £¢. Therefore, by (3.3) we obtain
ancl_ 1
X1 ulle < CEudllf llull 134 = Cr 5% ul| .

We omit the proof of (ii), which is similar to that of (i). |
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Remark 3.2. For 1 <a <2, 1 < p = g < oo, we have better estimates. In fact, noting that the Fourier
transform evaluated at ¢ = 0 equals the integral of the function, we can get the following estimates:

|F  Ea 1 (—t" 1€l = Eay(—t70%) = E,1(0) = 1,

1
”7:_][ta_lEa,a(_ta|§|4)]|lL' = ta_lEa7a(_taO4) = ta_]Ea,a(O) = _ta_l-

I'a)
Then, for any u € L?, using Young’s convolution inequality, we have
1 Xea (Dutllr = |IF " [Eaa (=111 # ullr < llullz, (3.5)
—1r.— a 1 a—
I Xe 2@ty = IF 117" Eqo(=1"1E] * ully < =—1""Julo. (3.6)

I'(a)

Next, we give a proposition that is important for the proof of the local existence of mild solutions
in the next sections.

Proposition 3.1. (i) If 1 < p < oo, then fort > 0, u € exp L?, we have

1Xa, 1 Dttllexp o < Ntllexp e, (3.7

-1
”Xa,Z(t)u”expLP < 1 ”u”exp Lp- (38)

(@)

(i1) Ifg—§<4,1<q§p<00, then fort > 0, u € L9, we have
Xt (Dillexpzr < CE 5 (I + D177 el (3.9)

_l-an _an _1
1Xe2(Otllexprr < Ct* "4 [In(E™ % + D] 77 fuall . (3.10)

(i) Ifdr>n 1 <g<p<oo,1 <r<oo, thenfort>0, ue L NLI we have

1 an
1Xo, 1 (Dtllexp 1r < T (Ct o |l + Mullza), (3.11)
(In2)7
1 a—1-42 1 a-1
1Xa 2(Dtllexp 1r < T(CE ullr + =1 lull o). (3.12)
(In2)» (@)

Proof. (1) Let A > 0, by (3.5) and Taylor expansion, it follows

o0 k
X1 (£)utl? o Xea @l
fRn (eXp( v )_ l)dx =2 KAk
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Then
{/l>0' ﬁéﬂ(exp(ﬁ—f)— l)dxs 1}
- {/l> 0 fn(exp(w)— l)dxs 1},

and so

Xo1(tul?
X ot (Dtllexp 17 = nﬁﬁ>o'j‘ ' IUM) Q
R?

|M|p
< inf /l>0 —l)dxgl}
R»

= ”u”expLP-

deI}

Similarly, using (3.6) and Taylor expansion, we can obtain

1 1
”XaZ(t)u”expLP = < —t" ||u||expL1’-

['(a)
(i1) For 4 > 0, by (3.1) and Taylor expansion, one obtain

) k
| Xo, 1 (D)ul” > Xaa(0ullf,
fRn (eXp( I )_ l)dx = ;Z‘ G

ane L 1y,p k
o CPe

k! APk

Ct i P
— tT(exp (—q/lIIuIILq) - 1).

As an

rf( (Ct ””””“) 1) <1

A

is equal to

A2 Cron(® + 1) lullo,
then

{/l >0 ‘ e [Cria(In( ¥ + 1))_;|Iu||Lq;00[}
Xo1(Dul?
/l>0'f | 1()M|) l)dxsl};
R}‘l

whereupon

X, (ul’
||Xa,1(t)u||expm:inf{bo‘f(exp(—l 1 (Dl )—l)dxgl}
R}l ﬁp

<inf {/1 >0 ‘ Ae[Cria(n(r 7 + 1))‘%|Iullm; oo[}
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vn

= Cr%InG Y + D] 77 |lull .
Similarly, using (3.2) and Taylor expansion, we can obtain

X2 (Ottllexp 1 < C 5 [In( % + 1] [l 0.

(iii) We use (2.1) and obtain

1
1Xa, 1 (Dtllexp r < T (IXo 1 (Dullzs + [[Xe1 (Dullz=).
(In2)»

Using (3.1) and (3.5), we obtain

1 _an
1 X1 (Dttllexp Lr < T (lullee + Cr 4 flullr).
(In2)»

Similarly, using (2.1), (3.2) and (3.6), we can obtain

1 w 1,
1Xo2(Dutllexp 1r < S(CE T o+ =177 lull o)
(In2)» @)

We also need the following continuity results for proving local existence.

Proposition 3.2. If u € exp L{(R"), then X, (H)u, )_(a,z (Hu € C([0, TT; exp L{(R™).

Proof. By using the similar method in [19] Proposition 2.1, we stress that we can easily get the re-
sult that for @ € (1,2), X, ,(Hu € C([0,T];exp Lg(R”)). So, we only need to prove )_(a,z (Hu €
C([0, TT; exp Li(R™).

Since u € exp Lg (R"), there exists {u,},en S Cy’(R") such that u, converges to u in exp LP(R") norm.

And therefore, for ¢t > 0, )_((,,2 (t)u,, converge to )_(a,g (t)u. In fact, considering the definition of )_(a,z (Hu,
we can apply (3.8) and get

- _ 1 4
” on,2 (t)un_ Xa/,Z (t)u”expLP = m' f(l - T)l_aXa,z(T)(I/ln - I/t)dT
- 0

exp LP

1 ' 1 1
< ——— | =" ity — tllexp1rd
" T(@IQ2 - a) fo( T e = llesp T

L

T T(@LQ2—a) M ™ e l?
Bla,2 — a)

< mTﬂun — Ullexp 17

< T”Mn - u”expLP

where 8 denotes the beta function. Therefore, when n — oo, we obtain
” Xa,2 (t)un_ Xa/,Z (t)u”expLI’ < T”un - u”expLP — 0. (313)
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Next, for any 7,1, > 0, we use the triangle inequality to obtain

| Xa2 (2)u— Xao (t1)UllexpLr
S” X(Y,Z (t2)un_ X(x,Z (IZ)u”expLP + ” Xa,Z (tl)un_ Xa/,Z (tl)u”expLI’
+ ” X(l,Z (tZ)Mn_ X(t,Z (tl)un”exle’-

Then, for the sequence {u,},ciy € C°(R"), by applying Lemma 3.1, we can easily obtain

thn}” XQ,Z (t2)un_ Xa,2 (tl)un”Ll’ = 09
21

Timl| Xo2 (t2)u0= X2 (t)wall = 0.
21
By using the embedding (2.1), we have

” Xa,Z (t2)un_ Xa,z (tl)un”expo’

1 — — — —
S(l 2 (I Xo2 @)un— Xop @)unllrr + || Xo2 (2)utn— Xa2 (t)U]2=) — O,
n2)r

when t, — t;. Moreover, by (3.13), we immediately obtain

I}Ln;” Xa,Z (tl)un_ Xa,2 (tl)u”expLP = O,

21_{2)” X(I,Z (t2)un_ Xa,Z (t2)u||expLP =0.

Therefore, if we choose an appropriate n, then we can draw the desired conclusion of this proposition
easily. O

Proposition 3.3. If f € L9((0,T),exp L{(R")),1 < g < oo, then

t
f Xopo(t — 1) f(1)dT € C([0, T], exp L{(R™)).
0
Proof. Since « € (1, 2), the dominated convergence theorem tells us that the conclusion holds. O
4. Local existence

In this section, we establish the local existence and uniqueness of mild solutions to the problem
(1.1). First, we define the mild solutions of (1.1).

Definition 4.1. Given uy,u; € exp Lg(R”), l<a<2,0<y<landT > 0. Then u is a mild solution
of (1.1) if u € C([0, T]; exp L{ (R")) satisfying

u(t, x) = f Fe s [Eaa (1" IEMNI0uo(x — y)dy +t f Fe [Ean(—1"1EMI0)u1 (x — y)dy
R7 R2
+ f Fe [t = D Eq o=t = D D = 7.3)J5 7 (e )dydx. (4.1)
0 Rll
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Similar to the representation of mild solutions in [28], we can rewrite (4.1) as

u(t, %) = Xoa (Ouo(0)+ Xo2 (011 (x) + f KXot = g ().
0

Readers can refer [29, 30] for more details.

In the following proof, we will use the Banach fixed-point theorem to find the desired solution.
Moreover, we also use a decomposition argument, which is used in [13, 15, 16]. The concrete idea is
that in view of the density of C;°(R"), we can respectively split the initial data ug, u; € exp L{(R") into
a small part in exp L”(R") and a smooth part in C’(R").

Let up, u; € exp Lg (R™). Then, for every € > 0 there exists vy, v; € C;’(R") such that ||wollexp @ <
€ llwillexp rrry < €, Where wy = ug — vo, w1 = u; — vi. Now, let us split (1.1). One is:

oy v+ A% =J ("), xeR", >0,
v(0) =vp € CF(R"), x €R", 4.2)
v(0) =v; € CF(R"), xeR".

The other one is:
O w+ A =Jg () = (), xeR", >0,
w(0) = wo, llwollexpr < €, x € R, (4.3)
w/(0) = wy, ”wlllexpLP <€ xeR.
After comparing the above two problems with problem (1.1), we can easily find that u = v+ w i1s a mild
solution of (1.1) if v is a mild solution of (4.2) and w is a mild solution of (4.3). We now prove the
local existence results concerning (4.2) and (4.3), which are necessary to establish the essential result
of the section.

Lemma4.1. Let 1 <a <2, 0<vy <1, p>1,andvy,v, € LPR") N LY(R"). Then, there exists a
T =Ty, vy) > 0 such that (4.2) has a mild solution v € C([0, T]; exp Lg(R”)) N L*0,T; L=R")).

Proof. We first define the following space
Er ={ve L¥0,T; L*(R") N C([0, TT;exp LER™) | Vllg, < 2lvollerazs=}s

where [|Vl[raze = [Vl + VI and |Vlg, = [Vllw©,7:0) +VIlo@0,7:0) . For v € E7, we define a mapping
® on Er as

_ !
D) = Xy 1 ()Vo+ Koo (V) + f Xoa(t — T)ngj(e@)dr.
0

We will prove that @ is a contraction from E7 into itself if 7 > 0 is small enough.
First, we show @ maps E7 into itself. Let v € Er. For ¢ = p or oo, we have

1 !
17,7 (€l = f (t—s5)7e"Vds
o r I'd-yitdo L
1—
< r Vil
I'(l-7)
1—
< 7 s, (4.4)
-y
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Therefore, Jélty(ev(’)) € L?(R") N L=(R™). Since vy, Vi, Olty(ev(t)) € LP(R")N L*(R"), by Lemma 2.1, we

can obtain vy, vy, J, o ty(ev(’)) €expL! o(R"). Then, combining Propositions 3.2 and 3.3, we deduce that
®(v) € C([0, T]; exp Lp RM). Moreover using (3.5), (3.6) and (4.4), we can obtain

2T~ . ' o
IPWle, < Ivollrazs + Tlvillzrazs + mezn ollzror f(;(f -7 ldr

2T
< v w + Ty o + e2ollzrare
Vol Ivillerar NI )

< 2/vollzrars,

2T1 —y+a

Choose T > 0 sufficiently small satisfying T'||v{|[zpnr= + R )€

dv) € E7.
Let v,,v3 € Er. For g = p or g = 0o, we have

e?Mollerar= < |yollrn. This proves

1 !
1 v 1 v =11 ,v2(5) v3(s)
||J0|,7( e?) — J0|,y(€ Iize < F(l——y) L (t—5)7|e™ — €™ ds

1-y
< e - ev3(s)||L°°([o T1.L9)
ra-y

T'=
< -
I'(l-v)

[[Ava($)+uv3(s)ll g0 .
eSO vy — V3| o0, 7):9)

< 2|vollLparee _ 45
< R = vl (4.5)

where we have used the following equality
e — "] = OO y(s) —w(s)l, 0 <a,b< 1, a+b=1. (4.6)

Then, using (3.6) and (4.5), we have
!
[|D(vy) — (D(V3)||ET < f | Xo2(2 = T)(JélTy(ew(T)) 0|T (evs(r)))”ETdT

<t f (1 = 7Y (@) — T (@O dr
2T 17+
= Fra-y

< §||V2 - wllg,,

62|Ivo||LPnL°° [lva — V3||ET

by choosing T > 0 sufficiently small satisfying F?ﬁ;ﬁy)ez”v"””ﬂw < 1. Therefore, according to the

contraction mapping principle, we conclude that ®@ has a unique fixed point v € E7. O
Lemmad4.2. [let]l <a<2,0<y<lnx>1p>1l, ﬁ < 8 and wy, w; € eXpLg(R”). Suppose
v € L*(0,T; L*(R")) be obtained in Lemma 4.1. Then, for ||wollexprr < €, llwillexprr < € with € <<'1
sufficiently small, there exists a Ty = T (wy, w1, v, €) > 0 and a mild solution w € C([0, T} ]; exp LS(R”))
to problem (4.3).
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Proof. For T\ > 0, we define
Qr, = {w € C(0, T11; exp LR™) | llwllzorpexpr) < 4e}.
For w € Qr,, we define a mapping G on Qr, as
_ !
G(w) = X, 1 (Dwo+ Xeo (Dw) + f Xoo(t = T)(Jy . (™) = I3 V("))
0

We will prove that G is a contraction map from Qp, into itself if € and 7 are small enough.
First, we show that G is a contraction. Let w,, w3 € Qr,. Using (2.1), we have

1G(w2) = G(w3)llexprr < (IG(w2) = G(w3)llr + [IG(w2) = G(w3)l|z). 4.7

(In2)7
Then by (2.2),(3.2) and (4.6), we obtain
IG(w2) = Gws)llz= < fo Xt - (g (€20 = Jy Y (@ OO dT
<C fo - D) (@2 0O) = J 7 (OO | pdr
<C fo - D (@ OO) = T (@0 lep odT

! T
<C f (l _ T)a_l_:TP f (T _ S)—y||ew2(s)+v(s) _ ewg(s)+v(s)”exprdsdT
0 0

!
< C f (t — T)a_l_ETliydT||€w2+v - €w3+v||Lm([07T1];epr;)
0
I-y+a—¢2
4 o
< CettMie T, 7 |lwz = W3llze 0.7 rexp L)+ (4.8)
On the other hand, applying the same estimate above, we can easily obtain
4 oo A l—y+
IG(w2) = G(w3)llr < Ce* M= T ™ wy — Wil (o, 1exp L) 4.9)

Using (4.8) and (4.9) into (4.7), we finally obtain

4 o l—y+ I=y+a=37
”G((UZ) - G((US)HeXpLP < Ce el (Tl (AR Tl 4P )||a)2 - w3||L°°([O,T]];expr)
< §||w2 — W3|lz=0, 7, 1:exp L7)s (4.10)

. . — 1_ + _M
where T << 1 is chosen sufficiently small such that C e‘“*”V”L“(Tl1 LT, T %

Now, we prove G maps Qp, into itself. Let w € Qp,. Then, using the similar proof as in Lemma
4.1, we conclude that G(w) € C([0,T,]; exp LS(R”)). Moreover, by using (3.7), (3.8), and (4.10) with
wr = w, w3 =0for T) << 1, we have

IG(Wlla,, < llwollexprr + Tillwillexprr + zllWllz=o, 11 :0xp 1) < € + € + = - 4€ = 4e.
! 2 2
This proves that G(w) € Qr,. O
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With the above two lemmas, we are able to prove the local existence and uniqueness to mild solu-
tions of the problem (1.1).

exp LS(R"). Then, there exists a T > 0 such that the problem (1.1) has a unique mild solution u €
C([0, TT; exp L (R™).

Theorem 4.1. Let 1 < a < 2, 0<vy <1, n2>1 p>1and % < 8. Suppose that uy,u; €

Proof. First, we prove the existence. Let % < 8 and 0 < € << 1. Then, we split the initial data
uy = vo+wy, u; = vi+w; withvy, vy € C(R") and [|wollexprr < €, llwillexpzr < €. By Lemma 4.1, there
exists atime 0 < T, = T5(vo, v;) << 1 and amild solution v € C([0, T>]; exp L{(R"))NL*(0, T»; L*(R"))
such that |[V||z<0.7,:0r00%) < 2|[Vollrare. By choosing T > 0 small enough satisfying 7, < T, and

an
1-y+a— e

1

e+2|vollpare (1-v+a
Ce4 +2lvollp (Tl LALNS T] ) < 5,
and using Lemma 4.2, there exists a mild solution w € C([0, T]; exp Lg (R™)) to problem (4.3). Then,
we can draw the conclusion that # = v + w is a mild solution of problem (1.1) in C([0, T;]; exp Lg RM).

Next is the proof of uniqueness. Let u, v € C([0, T']; exp Lg (R™)) be two mild solutions of (1.1) with
u(0) = v(0) = up, u;(0) =v,(0) = u;. Then, using (3.8) and (4.6), we have

lu()) = v(D)lexprr < fo Xt = D) — @O
<C fo t(r—r)“‘1||<13‘3<e““>) T (@ llexp rdT
<C ft(t — )t fT(T —5)7||e"® — eV(S)HexprdeT
0 0
< el f t(t -7 f T(T — )7 llu(s) = v()llexp rdsdT
0 0
< el f t(z — )T u() = V(D lexp o dT.
0
Hence, according to Gronwall’s inequality, we conclude that u = v. O
5. Blow-up of solutions

In this section, we prove the blow-up results of (1.1) by using the test function method. First, we
give the definition of weak solution of (1.1).

Definition 5.1. Letl <a<20<y<l,p>2landT > 0. Forug,u; € L) (R")and T > 0, we call
u€ LP(0,T), LY (R") is a weak solution of (1.1) if

> loc

T
f (o + 1)) (1, x)dxdt + f f 07 (@it, x)dxdt
Rn

f f u(t, X)A*y(t, x)dxdt + f f u(t, )85, 0(t, x)dxdt,
R” R”
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for every test function y € sz([o, T] x R") and ¢, € Cgf([o’ T1 x R") with supp . cC R" and
(T, x) = YT, x) = 0, where

CP2[0, TIX R") = {f(t, %) | £, fu froxs [is fir € CUO, TR, i = 1,2,...,n},
CO2([0, TIXR") = {£(t, ) | f, fo» o € CUO, TLR"),i = 1,2,...,n).

Lemma 5.1. Let T > 0 and ug, u; € exp Ly (R"). Ifu € C([0, T1; exp Ly (R™)) is a mild solution of (1.1),

then u is also a weak solution of (1.1).

Proof. According to the embedding exp L7 (R") — LP(R") for 1 < p < oo, we can use similar proof of
Lemma 5.2 in [29] to deduce that u is also a weak solution of (1.1). O

Then, we present some auxiliary functions that are needed for the blow-up result of solutions.
Let ¢ € C;2([0, T] x R") and ¢, € C2([0, T1 x R") such that

(1, %) = p(DPy(x), [>>1,

where ;

901(l)=(1—? 1on>>1,

Pa(x) = 5(%),

and £ is a regular function such that
1, x<1,
=5 15y
and monotonically decreasing if 1 < x < 2.

Remark 5.1. From [31] Lemma 14, we know that if we make a slight modification to the independent
variable of &, then for | > 4, the following estimate holds by direct calculation

IA5] < CoT ™5, (5.1)
for some Cy = Cy(l) > 0.

Next, we present the main blow-up result in the space exp L{ (R").

Theorem 5.1. Let uy € exp L{(R") and ug > 0, ug # 0, uy = 0. If 4t — a +y 2 0, then the solutions of
(1.1) blow up in a finite time.

Proof. First, let us assume that u is a global mild solution of (1.1). Then, u € C([0, T']; exp Lg (R™)) for
all T >> 1 such that |u(7)] > O for all r € [0, T'].
Let y(t, x) = aj|;7¢(t, x). Then, by Definition 5.1, we have

T T
f f uo(x)DZ; " o(t, x)dxdt + f f e"o(t, x)dxdt
0 R? 0 R

T T
= f f u(t, )N’ D, o(t, x)dxdt + f f u(t, )D;7 (1, x)dxd.
0 n 0 R
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We notice that if we set Q = {x € R" | |x| < 2T} and let Q; = [0, T] x Q, we can obtain the following

equation:
T

f Uo(x)gh (x)dx f DZ;I_ycpl(t)dt+ f e"o(t, x)dxdt
Q 0 Qr

= f u(t, )N’ @y (x)D, o1 (t)dxdt + f u(t, )@h (D oy (Hdxd.
Qr

Qr
Using (2.4), we have
T f uo(x)ph(x) + f e"““Io(t, x)
Q Qr
= f u(t, )N (x)D, 7 o1 (1) + f u(t, x)ph () D 7 0 (1),
QT QT
where
I'p+1)
C] = .
IF'p—a+y+1)

Then, using (5.1), we obtain

C,\ T f ug(x)golz(x)+ f e"““p(t, x)
Q Qr

[ ueondone|+| [ utodwy e
QT QT

<CoT™ f ju(t, 5 (D, 01 () + | lult, Dleh (DD 1 (1)
QT QT

<CoT™ | lu(t, 0)IDy @1 (1) + f Ju(t, )LD 7 0 (1)
QT QT

:C()T_all + 12. (52)

Next, by using Young’s inequality

b
ab < e +bln—, fora,b>0, €>0,
ee

' (t,x), a = u(t, )] and b = D}y

constant satisfying " — 2 > 0, then we have

ACoT ™D oi(t)y €T
1, Sf Dtll;ycp](t) ln( 1z )+ €0 f "1, x).
QT QT

with € = Y1(¢) in I}, where € is an appropriately small positive

e€ph (X)e1 (1) 4C
For I, with € = 2¢(1, x), a = |u(t, x)| and b = Dj;l_ygol(t), we obtain
405 1 (1)
L < f Dﬁ;l_ygol(t) ln(ﬂi—) + 2 f "z, x).
Qr eEOQDQ(x)QDI(t) 4 Qr
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Using (2.3), we obtain
C Ty—a—l 1= t n+y-1 T
I < f Dy pi(1) ln( — : tT); )+ - f " (t, x),
o e = 5% 4Co Jao,
and e
G711 = 5T~ €
L< f D7 (t)ln( ! )+— f ", x),
27 g, T e = L) 4 Jo,
where
4G + 1) AT+ )
T ealn+y) T eal(p—a+y)
then
CT7 V1 =L T
I < f D'~ 0 (¢) ln( r )+ f It x), (5.3)
1=y, T #() 4Co Jo, ¢ ¥
and 1 |
_ CsT7 ' (1= £ &
L < D10 ()1 ( L )+—f W@l (1, x). 5.4
2 fQT 1T @1(1) In 9012(35) 4 QT€ @(t, x) (5.4)

Applying (5.3) and (5.4) into (5.2), we deduce that

2
QP”*U—%Y»
@5 (x)

C\T " f uo(x)cplz(x)+ f (e”(t’x)—@e‘”(t’x)‘)go(t, 9
Q Qr

<CoT™ f Dy (0 In (5.5)
Qr

CiTY--1(1 — Ly
+f Dj;lfygal(t)ln( : E ),
Qr ‘pz(x)

Then, if welet7 = £ and y = Ti%, T >> 1, we have
dxdt = T dydr,

D;?‘PI(I) = C4T7_1(1 — T)Ty_l,
and
Daﬂ_ysol(t) = C5T7_“_1(1 _ T):I——tHy—l’

T

where
T+ . T+ 1)

YTy Th-a+y)
Let Q, =[0,1] x {y € R", |y| <2}. Then we obtain

€
(eu(t,x) _ _Oelu(t,x)l)(p(t, X)
Qr 2

§C0C4T%_a+7 (1 - T)T—y_l ln(
Q

171 - 1)) )

. 5.6
¢ (Tiy) -0
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CT7 (1 - o))
©5(T%y)

By the definition of ¢,, we have a bounded function ¢, in €, and

" CST{Z"—rHyf (1— 7)ot ln( ) -7 f o (X)¢h(x).
Q °

=1 as T — +co.

Finally, according to the Lebesgue’s dominated convergence theorem, we can get that if %' —a+y > 0,
then the right side of (5.6) will diverge to —co if T — +o00, while the left is positive. This is a
contradiction, and we prove the theorem. O

6. Conclusions

In this paper, we study the local existence and blow-up of solutions of the Cauchy problem to a
time fractional biharmonic equation with exponentional nonlinear memory. We first establish a L”-
L7 estimate for solution operators and obtain the bilinear estimates for mild solutions. Then, based
on the contraction mapping principle, we prove the local existence and uniqueness of mild solutions
in exp L (R"). Finally, with some conditions on the initial data and parameters, a blow-up result is
derived.
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