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Abstract: In this paper, we define non-lightlike framed rectifying curves. They may have singularities.
We give equivalent definitions and a construction method for non-lightlike framed rectifying curves.
Moreover, we also study the relationship between the non-lightlike framed rectifying curves and
the non-lightlike framed helices, as well as the properties of the centrode of non-lightlike framed
rectifying curves.
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1. Introduction

Rectifying curves have been studied a lot in three-dimensional Euclidean space. Rectifying curve
whose definition and equivalent definitions are provided in [1]. Chen and Dillen revealed the
relationship between the center point of the spatial curve and the rectifying curve in [2]. Rectifying
curves have many properties in Euclidean space [3]. In four-dimensional Euclidean space, isbilir and
Tosun [4] studied rectifying curves. Many scholars studied the properties of multiple curves in
three-dimensional Minkowski space [5, 6]. There have also been studies about rectifying curves, such
as three-dimensional Minkowski space [7, 8], three-dimensional hyperbolic space [9], and
three-dimensional spheres [10]. There is a new article about rectifying curves [11]. These are all
valuable geometric information obtained by analyzing the curvature and the torsion of the regular
rectifying curve and the Frenet-Serret formula. If the curve has singularities, then other methods need
to be used for research. The definition of framed curves has been given in [12]. Framed curves are
spatial curves that have moving frames. The framed base curve may have singularities. Next, the
rectifying curve was studied by the adapted frame in [13].
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Inspired by the above work, we study non-lightlike framed rectifying curves. We define the non-
lightlike framed rectifying curves, study the construction of the non-lightlike framed rectifying curves,
and obtain valuable geometric information.

In Section 2, we review the basic knowledge of non-lightlike framed curves. In Section 3, the non-
lightlike framed rectifying curves are defined and their equivalent definitions are given. In Section 4,
a method for constructing non-lightlike framed rectifying curves is provided, and examples of regular
curves and singular curves are also provided. In Section 5, we define non-lightlike framed helices
to obtain the relationship between them and non-lightlike framed rectifying curves. The centrodes of
non-lightlike framed rectifying curves are also studied.

All maps and manifolds considered here are differentiable of class C*.

2. Preliminary

Let Ri be Minkowski 3-space with the pseudo scalar product ¢, ), the pseudo vector product A, and
the norm || ||. The pseudo scalar product is equipped with the signature (—, +, +).

For any nonzero vector a € R3, it is called spacelike, timelike, or lightlike if (a, a) is positive,
negative, or zero, respectively. We say the regular curve y : [ — R? is spacelike, timelike, or lightlike
if the vector ' (¢) is spacelike, timelike or lightlike for all ¢ € I, respectively. For n € Rf\{O}, define
aset P = {a € R}|{a, n) = 0}. It is obvious that P is a plane in R;. The vector n is called the pseudo
normal vector of the plane P. The plane P is called spacelike, timelike, or lightlike if the vector n is
timelike, spacelike, or lightlike, respectively.

There are three pseudo spheres in R;:

St =1{a eRiKa,a) =1},

LC* = {a € R}\{0}[(a, a) = 0}

and
H;i = {a e R}(a,a) = -1}.

We call them de Sitter 2-space, (open) lightcone, and hyperbolic 2-space, respectively. Let
A ={(B1,B) € R? X Rﬂ(ﬁ],[)’z) =0,/ = 1LI|B2ll=1}and y : I — R? be a non-lightlike curve.

Definition 2.1. We call (y,$:,8;) : [ — R? x A a non-lightlike framed curve if {(y'(¢), B:(¢)) = 0,
()/(t), Po(t)y =0foranyr e l. Wecally : I — R:f a non-lightlike framed base curve if there exists
(B1,B2) : I — A such that (y, B, B>) is a non-lightlike framed curve.

Define u(f) = Bi(t) A B»(t). There exists a function & : I — R satisfying y' (1) = a()u(?).
{B1(1), B2(2), u(?)} is a moving frame along y. Frenet-type formulas are

B, 0 L)y L® \( Bi®)
B5(1) ol (1) 0  L@® || BAD) |,
(1) —o6h(r) L) 0 p(0)

¥y (1) = a(Hu(),
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where

o = (D), (1)), 8 = (B1 (1), B (1)), i () = =B, (1), B2(1)),
L(1) = o(By (1), u(1)), I3(t) = o (B, (1), u(1)), a(t) = oy (t), u(t)).

(I1, 1, 3, @) : I — R*is called the curvature of (y, 81, 8,). If u(t) is spacelike (timelike) , we call y a
spacelike (timelike) framed base curve.
We know ¢ is a singular point of vy if and only if a(#) = 0.

Proposition 2.2. y : [ — R? is a non-lightlike regular curve, and (y, 81,8,) : [ — R? X A is a non-
lightlike framed curve. The relations between the curvature (/, [, I3, @) of (y, B1,B>) and the curvature

k and the torsion 7 of y are
(lalk)(r) = /15 = oBl(®),

(=6a(B3 — cB)T)(0) = (Lls = Ll + ol B — LE)(®).
We assume 5(¢) # ol3(¢) and denote & = sgn(l5 — ol3)(7).

Definition 2.3. (y,81,8,) : [ — R-;’ X A is a non-lightlike framed curve, and its curvature is (/, [, [3, @).
Let

(@(t))_ ! (8lz(t) sl (1) ) (ﬁl(t))
ﬁz(t) L‘)(l%—o‘l%)(l‘) _13(t) lZ(l) ﬁZ(t) ’

We callﬁ1 direction the principal normal direction of (y, 81, 8,) and Bz direction the binormal direction

of (v, B1,82).

We have u(t) = Bl(t) A Bz(t). {Bl(t),ﬁz(t), p(1)} is called the Frenet-type frame along y. Frenet-type
formulas are

B |=| Lo 0 0 |l Bo |

Bi(0) [ 0 L L2<r>] B.(0)
ﬂ,(t) —0eo0ly(1) 0 0 u(t)

¥y (1) = a(Hu(),

where

O (|

l% - 0'l§

La(t) = Je(B(0) — B0,
Then (L;, L,, 0, @) is the curvature of (y,Bl ,[_32).

Remark 2.4. (y,8:,82) : [ — Rf X A is a non-lightlike framed curve, and its curvature is (/1, 5,0, @).

If 1,(#) > 0, then B, (1) = B1(¥) and B,(1) = Ba(1). If Lr(1) < 0, then B, (1) = —B1 (1) and B, (1) = —Ba(0).

In this article, we only study the non-lightlike framed curve (y, B.,B,) and its frame is the Frenet-
type frame {3, (), B, (1), u(1)}.
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Remark 2.5. y: [ — R‘? is a non-lightlike regular curve and (y,ﬁl ,Bz) - R? X A is a non-lightlike
framed curve. Let /3 = 0 be in Proposition 2.2. We have the relations among the curvature «, the torsion
7 of y and the curvature (L, L,,0, @) of (y, B,,5,) are

L,

(0, 7(0) = o5 (1)
|| a

k() =

For a non-lightlike framed curve (y, 8,,,) : I — R? x A, the rectifying plane of y at 1, is the plane
through y(#y) and spanned by Bz(to) and u(t).

3. Non-lightlike framed rectifying curves

Definition 3.1. (y,ﬁl,Bz) 1 - R:l‘ X A is a non-lightlike framed curve. We call (7,51,52) a non-
lightlike framed rectifying curve if vy satisfies

y(t) = (Y + ¢B,)(t)

for two functions y(#),¢(¢r) : I — R. v is called a base curve of a non-lightlike framed rectifying
curve (Figure 1).

15 binormal vector

rectifying plane

0.5

Figure 1. y is a base curve of a non-lightlike framed rectifying curve.

We call f(¢) = (y(¢), y(¢)) the distance squared function of a non-lightlike framed curve ()/,BI,BZ).

Theorem 3.2. (y,[_il,ﬁz) - R‘? X A is a non-lightlike framed curve. The following statements
are equivalent.

(1) (y (), p(0))" = ald).

(2) The distance squared function satisfies
() = o {y(t), u(0))* — p*oed.
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(3) (1), B (1)) = p&6, ¢ € R\{0}.

(4) y(¢) is a base curve of a non-lightlike framed rectifying curve.

Proof. Let y(t) be a base curve of a non-lightlike framed rectifying curve. We know there exist two
functions ¥(¢) and ¢(¢) such that

Y() = Wp + 6B 1) (3.1)
According to the Frenet-type formulas and deriving (3.1), we have
(ap)(t) = p + (—oe6Y Ly + TPL1)B, + ¢ B,)(0).
Then
Y (1) = a(D), (cedy L)1) = (pLi)(t), ¢ () = 0. (32)

From the first equation of (3.2), we obtain (y, u) () = o/ (t) = oa(t). This proves the statement (1).
By (3.1) and (3.2), we can obtain that

(7, ¥)(1) = (09> — $*ed)(t) = (o, p)* — p*oed)(0),

If ¢ = 0, then ¥(¢) = 0 and (¢) is a point. So ¢ # 0. This proves statements (2) and (3).
Conversely, we assume the statement (1) holds , then

(o) (1) = Cap, 1) + (y, oS Lo ))(t) = oald).

By assumption, we obtain (y(t),ﬁl (1)) = 0. So y(?) is a base curve of a non-lightlike framed rectifying
curve.
If the statement (2) holds, then

@) = (0(y, p)* — $°oed)(0).
Then, _
Xy, aqu)(t) = Qoy, wyoa + (y, —oedL,)(1).

So we get (y(t),/_31(t)) =0.y()1is al)ase curve of a non-lightlike framed rectifying curve.
If the statement (3) holds, (y(?), B,(¢)) = ¢oeo. By taking the derivative, we have

(ap, Bo) + (v, o LiB)))(1) = 0.
So (7(t),Bl(t)) = 0. () is a base curve of a non-lightlike framed rectifying curve. O

Remark 3.3. (y,,,8,) is a non-lightlike framed rectifying curve. If the base curve of a non-lightlike
framed rectifying curve vy is singular at #,, then from Eq (3.2) and the statement (2) in Theorem 3.2,

we have

Ly = 00 (L) — oo
L—z(t)— p (t),(Lz(t))— p ().

’

So (Ll(fo)

) = 0. Moreover, we know
L (1)

f® = Qaly, m)t).
So f'(t) = 0.
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4. The construction of non-lightlike framed rectifying curves

Theorem 4.1. (y,Bl,BZ) : 1 - R} X A is a non-lightlike framed rectifying curve. y() is a base curve
of a non-lightlike framed rectifying curve if and only if y(#) can be expressed as one of the following
two equations

¥(1) = p(sec( f Iy @llds + M))y(t),
where M is a constant, p € R\{0} and y(¢) is a spacelike framed base curve on S % Or

’ 1
o Il Ollde+3 M

y(@®) =2¢ @),

’ y
11— o2/ @ldren)

where M is a constant, ¢ € R\{0} and y(¢) is a spacelike (timelike) framed base curve on Hé (S %).

Proof. First, we prove the first equation. Let y(¢) be a base curve of a spacelike framed rectifying
curve, which has a spacelike rectifying plane. So (y,y)(t) = (J*(t) + p*)(¢), where p € R\{0}. Let

1
y(@) = [—17] (7) be a spacelike framed base curve on § f We have
2 +p?)2
, a 1,
Y (1) = [w—ly + (Y +p7)2y )(t)-
W2 +p?)2

Since ¥ (f) = a()u(t) and y'(¢) is orthogonal to y(¢), we can obtain

r Yot 2 o,
(v, y)0) = Ve + W+ )Y,y @).
So ool
, [ lpa
ly' 0l = ( = +p2) (®).

We only consider pa(f) > 0, and it is similar for pa(t) < 0. Then

flly'(t)lldt + M = arctan ?
That is

W(1) = p tan( f ly @)lldz + M).
So

¥(2) = p(sec( f lly @)lldz + M))y(®).

Conversely, let (y, By, By,) be a spacelike framed curve and y(¢) be defined by
10) = plsec [ I 0l + M.
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Let y(1) = p(tan?( [ |ly' ()llds + M)) and @(r) = ¥ (). Then

v = (@ +125) 0,

Y () = {w—ay L@ 4Py )(t)-
W +p)2

Since y(¢) is also a spacelike framed curve, we define that y'(¢) = Y(t)py (1), where p,(t) = By, (1) ABy,(1).

We can obtain

0]

flly ()||dt + M = arctan —=
0

Iy @Il = [ lpa ](t)
l// +p?

and

Therefore, we denote that y () = [ pa ;1)) (1). Thatis y(¢) = (_LJ (¢). Then we have
0+ v (1) +p?
Y= [a - luy] (1) = @)
@+ @ +p)2

Hence, we can calculate that (y, u)*(¢) = ¥(¢). Since (y, y)(f) = @2 + p?)(f), we have

P = Ky ) + pH)().

It indicates that the function satisfies the statement (2) in Theorem 3.2. So y(¢) is a base curve of a
spacelike framed rectifying curve.

Next we prove the second equation. Let y(¢) be the base curve of a spacelike framed rectifying
curve, which has a timelike rectifying plane and a spacelike position vector. (We only prove this case,
and the proof for other cases is similar to it.) So (y,y)(#) = (> — ¢*)(¢), where ¢ € R\{0}. Let

1
y() = [—ly] (#) be a spacelike framed base curve on § ? We have
Y? — ¢%)2

: = 1,
YO =|—2 P -y |0,
W

— ¢2)§
Since y'(f) = (au)(f) and y'(¢) is orthogonal to y(t),
, , lpZ 2
&y =) = (lﬁZ pe + W =)y )) (.

So

Iy ()l = (t)

o
Y(1)? — ¢?

Electronic Research Archive Volume 32, Issue 10, 5914-5925.
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and
f Iy Ollde + M = 3 In %LZ
Then,
1 4 &2 /Iy Oldrem
v = ¢ — 2 Y ol
So

1
oJ Y 0llde+ 3 M

¥(0) =2¢ y(@).

1 — e2J Iy @drem|

Conversely, we can obtain the proof of this section by referring to the proof of the first equation. O

Remark 4.2. If y(¢) is a base curve of a spacelike framed rectifying curve, which has a timelike
rectifying plane and a lightlike position vector, then (y(¢), y(#)) = 0. That means y/*(¢) = ¢*, a(t) = 0
then y(¢) is a point. So y(f) does not exist.

22
have ||y'1(t)|| = V7. Letp =1 and M = 0. We have the curve

R
2

7
Example 4.3. Let y(r) = ( V3 V7 cos 2t, \/_sin2t),t € (——ﬂ ,—ﬂ )be a curve on S%. We
7
y1(t) = (sec V7 t)( cos 2t, 7\/_ sin Zt)

is a base curve of a non-lightlike framed rectifying curve in Rf (Figure 2).

-0.85
-0.9

-0.95 +

-1.05 +

1.1

-115 4 135

Figure 2. The curve y,(¢) is a non-lightlike framed rectifying curve.
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Example 4.4. Let y2(1) = (sinh £, cosh %, 0),1 € (-2, % be a curve on §3. We have [y,(0)] = 20l Let
p =1and M = 0. We have the curve

v,(t) = sec A(sinh 72, cosh 2, 0)

is a base curve of a non-lightlike framed rectifying curve with a singular point R} (Figure 3).

0.8
0.6
0.4

0.2

Figure 3. The curve y,(¢) is a base curve of a non-lightlike framed rectifying curve
with a singular point. The black point is the singular point of the curve, whose two
segments coincide.

5. Non-lightlike framed rectifying curves versus non-lightlike framed helices and centrodes

Definition 5.1. (y,Bl,Bz) I - R? X A is a non-lightlike framed curve. vy is called a non-lightlike
framed helix if there exists a fixed unit vector 7 satisfying

(), m) = p,

where p € R\{0}.

Remark 5.2. For a non-lightlike framed curve (y, 81, 8,), we can also call y a non-lightlike framed
helix if there exists a fixed unit vector 7 satisfying

(), = p,
where p € R\{0}.

Electronic Research Archive Volume 32, Issue 10, 5914-5925.
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(y,Bl,BZ) 1 - R? X A is a non-lightlike framed curve with the curvature (L, L,,0,a). 7y is a

non-lightlike framed helix. We consider the ratio 28
Since _
() (1) = (~oesLafy, (1) = 0.
Then

B0, 1) = 0. (5.1)
7 is located in the plane, and the plane has basis vectors u(#) and Bz(t). Since (u(t),n) = p, we have
(Bz(t), i) 1s a constant, denoted by p;. If p; = 0, then u(r) = gn. At this point, y is a segment of a
straight line. So we always assume p; # 0. We take the derivati\ee of (5.1), so
(Lopt + LB, 1)() = 0.
Then

By Theorem 3.2, we can obtain y(t) is a base curve of the non-lightlike framed rectifying curve if and
only if

L
(O =c f a(n)dt + ¢,
L,

where ¢1,¢c0 € R, ¢; #0.

Proposition 5.3. (y,ﬁl,ﬁz) : I - R} x A is a non-lightlike framed curve and its curvature is
Li(n\
= 1).
ure s Lz(t)) cra(r)
(1) If ¢; =0, then (y, /_31, [_32) is a non-lightlike framed helix.
(2) If ¢; # 0, then (y, B, B,) is a non-lightlike framed rectifying curve.

(Ly, Ly, 0, @). The curvature satisfies (

Definition 5.4. (y,Bl ,Bz) - Ri’ X A is a non-lightlike framed curve and its curvature is (L, L,, 0, @).
We call d(r) the centrode of (y,B,,,) if

d(t) = (L + LoB,)(2).

Proposition 5.5. (y,ﬁl,,l_fz) : I — R} x Ais a non-lightlike framed curve, and its curvature is
(Ly, L,,0,@). Where L(¢) is a nonzero constant and L,(#) is a nonconstant function.

(1) Let d(t) = (L + Lzﬁz)(t) be the centrode of (7,51,52). Then d(t) is a base curve of a non-
lightlike framed rectifying curve.

(2) The base curve of any non-lightlike framed rectifying curve in R? is the centrode of some non-
lightlike framed curve.

6. Conclusions

Future research could extend the concept of non-lightlike framed rectifying curves to
high-dimensional Minkowski space or it could study lightlike framed rectifying curves. This provides
assistance in studying the properties and classification of higher-dimensional non-lightlike framed
rectifying curves.
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