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1. Introduction

In the early 1930s, in order to generalize the formula of quantum mechanics, Jordan et al. in-
troduced an important commutative non-associative algebra [1], which was initially called “r-order
digital system”. In 1947, Albert renamed this kind of algebra Jordan algebra and studied their struc-
tural theory [2]. Since then, Jordan algebras have attracted extensive attention. Particularly, Jacobson
developed the representation theory of Jordan algebras [3,4]. Jordan superalgebras were first studied
by Kac, who classified simple finite dimensional Jordan superalgebras over an algebraically closed
field of characteristic zero [5]. Jordan superalgebras also have significant applications in quantum
mechanics [6,7]. More results on Jordan superalgebras are available in [8,9].

Hom-type algebras were first introduced to study the g-deformation of Witt and Virasoro alge-
bras [10, 11], which played an important role in physics, mainly in conformal field theory. Bihom-
type algebras are generalizations of Hom-type algebras, which were presented by Graziani et al.
from the categorical point and applied to study certain deformations of quantum groups [12]. Up
to now, the (Bi)hom-structures of various algebras have been intensively investigated. The construc-
tion relationship between Hom-type algebras and the module structure on them can be found in the
literature [13—17]. Naturally, the construction between Bihom-type algebras is studied in the litera-
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ture [18, 19], and the results of representation and deformation can be found in [20-22]. In this paper,
we first generalize bimodules and representations of Bihom-Jordan algebras [23,24] to Bihom-Jordan
superalgebras and then develop the theory of representations and OQ-operators on Bihom-Jordan super-
algebras.

The outline of the paper is presented as follows: In Section 2, we review some basics about Bihom-
superalgebras, Bihom-Jordan superalgebras; we study Bihom-super modules and give some easy con-
structions of Bihom-Jordan superalgebras. In Section 3, we mainly study super-bimodules on Bihom-
Jordan superalgebras and obtain some new constructions under the view of module. In Section 4,
we study the representation of Bihom-Jordan superalgebra and give the definitions of O-operator and
Rota—Baxter operator. At the same time, we also give the definition of Bihom-pre-Jordan superalgebra.
Finally, the relationship between O-operator and Bihom-pre-Jordan superalgebra is studied. Actually,
on the basis of this section, we can also continue to study cohomology theory.

Throughout the paper, all algebraic systems are supposed to be over a field of characteristic 0. Let
A be a linear superspace over K that is a Z,-graded linear space with a direct sum A = A5 ® A7. The
elements of A;, j = 0,1, are said to be homogenous and of parity j. The parity of a homogeneous
element x is denoted by |x|. In the sequel, we will denote by H(A) the set of all homogeneous elements
of A. In this paper, we need to use the elements, all of which are not specified, are homogeneous.

2. Preliminaries

In this section, we recall some basic definitions about Bihom-Jordan superalgebras, provide some
construction results. A Bihom-superalgebra is a quadruple (J,u,a,f5), where u : J® J — J is an
even bilinear map and @, : J — J are even linear maps such that oy = yoaandBou =uop
(multiplicativity).

Definition 2.1. [25] Let (J, u, a, B) be a Bihom-superalgebra.
The Bihom-associator of J is an even trilinear map as, g : J*> —> J defined by
asag=pHo UL —au). 2.1)
Forany &,y,6 € H(J), asqp(€,7,06) = u(u(e,y), f6)) — p(a(e), u(y, o).

In particular, when @ = § = Id, Bihom-superalgebra is to degenerate to the superalgebra, so is
Bihom-associator degenerates to the original associator. If @ = 8, Bihom-associator degenerates to the
Hom-associator.

Definition 2.2. Let (J, u, @, 8) be a Bihom-superalgebra. Then

* A Bihom-sub-superalgebra of J is a Z,-graded linear subspace B C J, which satisfies u(e,y) €
B, a(e) € B and B(e) € B, for all e,y € H(J). Furthermore, if u(e,y),uly,&) € B, for all
(g,y) € J X B, then B is called a two-sided Bihom-ideal of J.

» J is regular if @ and B are algebra automorphisms.

e J is involutive if a and 8 are two involutions, that is o* = p* = 1d.

Definition 2.3. Let (J,u, a,B) and (J', /', a'B") be two Bihom-superalgebras. If a homomorphism f :
J — J’ satisfies the following conditions:

fou=po(f®f), foa=a'ofand fop=pof.

Electronic Research Archive Volume 32, Issue 10, 5717-5737.



5719

Then f'is called Bihom-superalgebra morphism. And we call the setT'; = {e + f(e)le e H(J)} Cc J & J’
the graph of f.

Proposition 2.1. Let (J,u,, ay,8;) and (B, ug, ag,Bp) be two Bihom-Jordan superalgebras. Then an
even linear map f : J — B is a morphism if and only if its graph I'; is a Bihom-subalgebra of

(J®B,u=p;+up,a=a;+agf=p;+pPp).

Proof. Suppose that f is a morphism of Bihom-Jordan superalgebras. Clearly, I'; is a subspace of
J @ B, we only need to prove the I'; is closed under the u, @, 8. For all £,y € H(J),

ule+ f(@),y + f(y) = wi(e,y) + us(f (&), f(¥) = wi(e, y) + fru(e, y).
Moreover, by fa; = apf and B8, = Bsf,

a(e + f(&)) = ay(e) + ap(f(e) = ay(e) + fay(e),
B(e + (&) = B,(€) + Bs(f (&) = Bs(e) + [Bs(8).

It follows that I'; is a Bihom-subalgebra of J © B.
Conversely, I'; is a Bihom-subalgebra of J @ B, so

e+ f&),y + f(y) = uy(e,y) + up(f(e), f(y) € I'y,

which implies that ug(f(e), f(y)) = fuy(e,y). Similarly, we also obtain apf = fa; and Bgf = fB,
from a(I'y) C I'y and B(I'y) C I'y, respectively. Thus, f is a morphism of Bihom-Jordan superalgebras.

Definition 2.4. [25] A Bihom-associative superalgebra is a quadruple (J, u, a, ), where o, : J — J
are even linear maps and p : J X J — J is an even bilinear map such that a8 = Ba,ap = ua®?,
Bu = up®? and satisfying Bihom-associator is zero:

asqp(€,7,0) =0, forall g,y,6 € H(J). (Bihom-associativity condition)

Clearly, when a = 8, we obtain a Hom-associative superalgebra.

Definition 2.5. [19] A BiHom superalgebra (J,u, a,B) is called a Bihom-Jordan superalgebra if for
all g,y,6,t € H{J) :

(i) of = pa,
(ii) u(B(e), a(y)) = (=M u(B(y), a(e)), (Bihom-super commutativity condition)

(iii) Oy, (=D s, o(u(B(£), aB(y)), @°B(6), @ (1) = 0.
(Bihom-Jordan super-identity)

In particular, it is reduced to a Jordan superalgebra when a = g = Id.
Next, we give some common construction methods. Let (J, i, @, 8) be a Bihom-superalgebra. Define
its plus Bihom-superalgebra as the Bihom-superalgebra J* = (J, *, @, 8), where

1
exy = 3(ue,y) + (1)@ B), aB™ (&))).
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Note that product = is Bihom-supercommutative. In fact, for all €,y € H(J),

1
Be)  aly) = S (Be)a(y) + (—D"B(y)a(e))
1
= (—1)'8”7'5(,3(7)0(8) +B(e)a(y)) = (=DMB(y) x a(e).

Moreover, the plus Bihom-superalgebra J* = (J, *, @, 8) is a Bihom-Jordan superalgebra. Naturally,
we define

goy=pue.y) + (D@ By).af " (e),
the ¢ is also Bihom-supercommutative. Then J° = (J, ¢, @, B) is also a Bthom-Jordan superlagebra.
Besides that, Bihom-Jordan superalgebra (J, u,p = p(a ® B),a,f) can be obtained from Jordan

superalgebra (J, u). We also consider the quotient algebra obtained by modulo Bihom-ideal, given a
Bihom-Jordan superalgebra (J, 4, @, 8) and I is a Bihom-ideal. Define j1, @, 8 on J/I as follows:

Az, 7) = u(e,y). @) = a(e).BE) = f(&).
Then (J/1, i, @, ) is also a Bihom-Jordan superalgebra.

Example 2.1. Given a 3-dimensional Jordan superalgebra (J = J3 @ Ji, ) in [5], the bases of Jy and
Ji are {&} and {u, v}, respectively. The nontrivial multiplication is defined as follows:

1 1
(e, &) = €, u(e,u) = i u(e,v) = > u(u,v) = e.

We consider two even endomorphisms a and B, which satisfy a(e) = €, a(u) = —u, a(v) = —v, and
Ble) = —¢, B(u) = —u, B(v) = v. Then we obtain a Bihom-Jordan superalgebra (J, ' = u(a ® B), a, B).

Example 2.2. In [5], let (J = J5 @ Ji, 1) be a Jordan superalgebra with the nontrivial multiplication
as follows:
ue, e) =2¢e, u(e,u) = u, u(e,v) =v, u(u,v) =1 + kx,

k € K and k # % where {1, e} and {u, v} are bases of Jy and Ji, respectively. We define two even
endomorphisms a and B satisfies a(1) = 1, a(e) = &, a(u) = —u, a(v) = —vand (1) = 1, B(e) =

—&, B(u) = u, B(v) = v. Then we obtain a Bihom-Jordan superalgebra (J,1’ = u(a ® ), a, ).
Definition 2.6. Let (J, u, @, 3) be a Bihom-superalgebra.

1) A Bihom-super-module (V,$,¥) is called an J-super-bimodule if it is equipped with an even left
structure p; and an even right structure map p, on Z,-graded vector space V, p; and p, are given by

cp:(JV,a®e,RYy) = (V,0,¥),pa,v)=a-v,
cpr (Ve ¢@a,y®p) = (V,d,¥),p(v,a) =v-a.

2) An even linear map f : (V,¢,¢,p,0,) — (V',¢', ¥, p},p;) is a morphism of the Bihom-super-
modules such that the following commutative diagrams

J® Vigyor >V V® Jsgia, —V :
l j r and l l r hold.
Jov Lt vy Vel v
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3) Let (V, ¢, 4, p1, p,) be an J-super-bimodule. Then the module Bihom-associator asy,, of V is defined
as:

asv,, © ldveser = pro (0, ®B) —pro (P ), (2.2)
asy,, © ldseves = pr o (P1®B) = pio (@ ® py), (2.3)
asv,, ©1desey = pro WOY) = pro (@ ®p)). 2.4)

Definition 2.7. Let (J,u, a,8) be a Bihom-associative superalgebra and (V,$,y) be a Bihom-super-
module. Then

1) A left Bihom-associative J-super-module structure consists of an even morphism p; : JQV — V
satisfies asy,, = 0 in (2.4).

2) A right Bihom-associative J-super-module structure consists of an even morphismp, : V@ J — V
satisfies asy,, = 0 in (2.2).

3) A Bihom-associative J-super-bimodule structure consists of an even morphism p; : J® V — V and
an even morphism p, : V®J — V such that (V, ¢, ¥, p)) is a left Bihom-associative J-super-module,
(V. ¢, 4, pr) is a right Bihom-associative J-super-module, and satisfies asy,, = 0 in (2.3).

3. Super-bimodules

In this section, we introduce super-bimodules of Bihom-Jordan superalgebras and give some of
their constructions. Finally, we define an abelian extension in order to give an application in the next
section. For convenience, the sign will subsequently be omitted from the product operation of elements
in J.

Definition 3.1. Let (J, u, @, ) be a Bihom-Jordan superalgebra. For all g,y,6 € H(J), v € H(V),

* A left Bihom-Jordan J-super-module is a Bihom-super-module (V, ¢, ) that is equipped with an
even left structure map p; : JQV — V, p(a®v) = a-v such that  is invertible and the following
conditions hold:

Oeys (DMIB22(6) - (aPf(e)a’(y) - ¢°(v))
= Oy DB (£)?B(y) - (B (6) - ¢°(v)), (3.1)

Ba*(©6) - (BaP(y) - (&P(&) -y~ ¢’ ()
+ (—1)FrHele b RIg2 02 (g) - (Ba(y) - (2 (6) - ¥ (1))
+ (= 1)PHE((B2 (£)Ba(8))Ba? (7)) - $7(v)
=(-D)"PBa(y)Ba’(6) - (Ba’(e) - $°(v))
+ (=1)MPHERB2 0 (y)BaP (e) - (Ba®(6) - ¢ (v))
+ (- 1)AHEB2 0 (£)Ba(6) - (B (y) - (V). (3.2)
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* A right Bihom-Jordan J-super-module is a Bihom-super-module (V, ¢, ) that is equipped with an
even right structure map p, : V®J — V, p,(v®a) = v-a such that the following conditions hold:

Oeys (DN py?(v) - aB(e)a*(y)) - B’ (6)
= Oays (CDMU Gy v) - Ba*(6)) - PB(e)a’ (). (3.3)

(Y*(v) - Bale)) - B (¥)) - B’ (5)
+ (= DRI 2 (1) - Bar(6)) - B () - B’ (e)
+ (=DM (1) - (Ba(e)a*(6))a’ (y)
=(¢py°(v) - B’ (8)) - & B(y)a’’ ()
+ (= 1P Gy (v) - BaP(0)) - @’ B(y)er’ ()
+ (=DM (@y (v) - Bt (7)) - &P B(E)er’ (6). (3.4)

Theorem 3.1. Let (J, u, @, 8) be a Bihom-Jordan superalgebra, (V, ¢, &) be a Bihom-super-module and

pr:V®J = V,p,(v®a) =v-a be an even linear map, which satisfies the following conditions: for all
g,y € H(J),v e H(V),

o, = p(P ® @), Yp, = p, (Y ®P), (3.5)

$(v) - Be)a(y) = (v- B(&)) - Baly) + (=) - B()) - ap(e). (3.6)

Then (V,¢,¥,p,) is a right Bihom-Jordan J-super-module, called a right special Bihom-Jordan J-
super-module.

Proof. For any g,v,6 € H(J), v e H(V),

Oy (=DM (@) - Ba?(9)) - &’ Ble)a’ ()
= Opys (Do (v) - Ba(6)) - @*Ble)a’(y) (by (3.5))
= Oeys DU W) - Ba(6)) - B () - B (y)

+ Ogys (DM (2 - Ba(0)) - Ba* () - Ba’(e) (by (3.6))
= Oeps (DM@ (v) - Ba()a’(©)) - Ba* ()

— Qs (DRI (2 (1) . Ba(e)) - BaP(6)) - B’ (y)

+ Ogys (DN (2 0) - Ba(6)) - Ba*(y)) - Ba’ (&) (by (3.6))
= Ogys (DU gy () - Ba(e)a?(y)) - Ba*(9).

So Eq (3.3) holds. On the other hand,

(BYP(V) - Ba(£)) - B2 (7)a (8) + (= 1)M(gyP(v) - BaP(y)) - BaP ()’ (6)
+ (= DRI gy 2 (1v) - Ba?(6)) - Ba (y)a’ (&)
= (v) - Ba(e)) - B> ()’ (6) + (— DM () - Ba(y)) - BaP(e)a’ ()
+ (= 1) R g2 (v) - Ba(6)) - Bt (y) () (by (3.5))
=((*(v) - Ba(e)) - BA* () - B’ () + (=)W (v) - Ba(e)) - Ba*(6)) - B’ (y)
+ (= 1PN (g2 (v) - Ba(6)) - B’ (y)) - Ba’ (&)
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+ (=DM (2 (v) - B (6)) - B (&) - B’ (y)

+ (=DEM(@A) - Ba(y)) - B’ (e)) - Ba’ (5)

+ (=DFPHER (2 (1) - Ba(y)) - Ba*(6)) - Ba’ (&) (by (3.6))
=((Y*(v) - Ba(e)) - fa*(y)) - B’ (6)

+ (=D"Pl(py (v) - Ba(e)a*(6)) - @’ B(y)

— (=DMPHER (2 () - Ba(6)) - Ba () - B (y)

+ (= 1)PHRIHE (g2 (v) - Ba(6)) - Bt (y)) - Ba’ (&)

+ (=DM (2 (v) - B (0)) - B (&) - B’ (y)

+ (=DEM(@A) - Ba(y)) - B’ (&) - Ba’(5)

+ (= DFPHER (2 (1) - Ba(y)) - Ba*(6)) - Ba’ (&) (by (3.6))
=((Y*(v) - Ba(e)) - fa*(y)) - B’ (6)

+ (=D"Pl(py (v) - Ba(e)a*(6)) - & B(y)

+ (= D)PIEFPIHEN (2 (1v) - B (6)) - B (y)) - fa(e)

+ (=DM ) - Ba(y)) - Ba’(e)) - fa’ (5)

+ (=D)PPHER (P (v) - Ba(y)) - Ba(6)) - B (e)
=((*(v) - Ba(e)) - Ba*(y)) - B’ (6)

+ (=DMl (v) - (Ba(e)a?(6))a’ (6)

— (=D)"M(gy* (v) - B (y)) - BaP ()’ (6)

+ (= D)PIEFPIHEN (2 (1v) - B (6)) - B’ (y)) - B (e)

+ (=DM (@A) - Ba(y)) - B’ (&) - Ba’ (5)

+ (= DFPHER (2 (1) - Ba(y)) - Ba*(6)) - Ba’ (&) (by (3.6))
=((*(v) - Ba(e)) - Ba*(y)) - B’ (6)

+ (=DMl (v) - (Ba(e)a?(9))a’ (6)

+ (= 1Pl (2 (1) - Ba(8)) - BaP(y)) - B (e) (by (3.6)).

It follows Eq (3.4).
Similarly, we have the following result.

Theorem 3.2. Let (J, u, @, ) be a Bihom-Jordan superalgebra, (V, ¢, ) be a Bihom-super-module such
that s is invertible, and p; : J ® V. — V be an even linear map given by p/(a ® v) = a - v such that the
following conditions hold:

¢p1 = pia@ ® @), Ypi = p(BRY), (3.7)
BE)a(y) - (v) = Bae) - (a(y) - v) + (=D"Ba(y) - (a(e) - v). (3.8)
Then (V, ¢, ¥, p)) is a left Bihom-Jordan J-super-module called a left special super-module.

Proof. Similar to the proof of Theorem 3.1, the conclusion can be proved by repeatedly using Eqgs (3.7)
and (3.8).

Now, we give the definition super-bimodule of a BiHom-Jordan superalgebra.
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Definition 3.2. Let (J, u, @, ) be a Bihom-Jordan superalgebra. A Bihom-Jordan J-super-bimodule is
a Bihom-super-module (V, ¢, ¥) with an even left structure map p; : JQV — V, p(a®vVv) = a-v and
an even right structure map p, : V®J — V, p,(v® a) = v - a satisfying three conditions:

PB®P) = p,(¥ ® )Ty, (3.9)

Oy (=D Mgy (B (&), aB(y)), $*Y(v), a’(6)) = 0, (3.10)

(—D"lasy, @PW) - aB(e), Ba’(y), @ (6))
+ (—D)EHRlG s, P W) - @B(0), Bt (y), & ()
+ (MRl g, (B (), @B(6)), Ba*(y), ¢ (v)) = 0. (3.11)

Remark 3.1. /) Ifa = 5 =1d; and ¢ = = 1dy then V is reduced to the so-called Jordan supermodule
of the Jordan superalgebra (J, u).

2) Clearly, a Bihom-Jordan A-super-bimodule is a right Bihom-Jordan super-module. Furthermore, it
is a left Bihom-Jordan super-module if  is invertible.

Example 3.1. Here are some examples of Bihom-Jordan super-bimodules.

1) Let (J, u, a, B) be a Bihom-Jordan superalgebra. Then (J, a, ) is a Bihom-Jordan J-super-bimodule
where the structure maps are p; = p, = . More generally, if B is a Bihom-ideal of (J,u,a,p),
then (B, a, ) is a Bihom-Jordan J-super-bimodule where the structure maps are p,(a, €) = u(a, &) =
u(e, a) = p,(g,a), for all (a, &) € H(J) X H(B).

2) If (J,w) is a Jordan superalgebra and M is a Jordan J-super-bimodule in the usual sense, then
(M, 1dy, 1dyy) is a BiHom-Jordan J-super-bimodule where (J, u,1d;,1d;) is a Bihom-Jordan super-
algebra.

Theorem 3.3. Let (J,u, a,8) be a Bihom-Jordan superalgebra and (V, ¢, ¥, p;, p,) be a Bihom-Jordan
J-super-bimodule. Define even linear maps ji,& and B on J ®V,

cfi:(JeVE2 STV, i(e+u,y+v)i=ulEy)+e-v+u-vy,
ca,f:(JoV)>JaV,
ale +u) :=ae) + ¢(v) andﬁ(s+u) = L) + Yy(v).

Then (J®V, 1, @, ﬁ) is a Bihom-Jordan superalgebra.

Proof. We omitted the calculation process; it is straightforward to see Bihom-super commutativity
condition and Bihom-Jordan super-identity by Definition 3.2.

The next result shows that a special left and right Bihom-Jordan super-module has a Bthom-Jordan
super-bimodule structure under a specific condition.

Theorem 3.4. Let (J,u,a,B) be a regular Bihom-Jordan superalgebra, (V, ¢, ) be both a left and a
right special BiHom-Jordan J-module with the structure maps p, and p, respectively, such that ¢ is
invertible, and the Bihom-associativity condition holds

p20(P1®P) =p1o(a@®p). (3.12)
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Define two even bilinear maps p; : J®V — Vandp, : V®J — V by

pr=pi+pd @B ot and p, = p1(Bat @ ! o T, + py. (3.13)
Then (V, ¢, ¥, p1, p,) is a Bihom-Jordan J-super-bimodule.

Proof. p; and p, are even structure maps from p; and p,. We need to check out (3.9)—(3.11). First, for
any (g,v) € H(J) X H(V),

pi(BE), () = B(e) - p() + (=D My~ (d(v)) - o~ (B(e))
= B(e) - o) + (=1)™My(v) - a(e),

oW ® A)Ti(e®v) = (=)Mo, (Y (v), a(e))
= (-D“My) - a(e) + B (ale)) - gy (V)
= (&) - () + (=1)My(v) - a(e).

So pi(B® @) = p,(¥ @ a)T,. Next, for any &,y,5 € H(J), ve H(V)

asy,, (B ), af(y)), $*¥(v), @’ (6))
=0 (0B (£), aB()), > W (), Ba’(5)) — pi(aB*(€)a?BY), p (B Y (), &*(6)))
=p,(B*(&)af(y) - $*Y(v), B’ (5))

+ (=DM (V) - aBe)? (), Ba’(6))

— (=D)"Plp (@B (e)a’B(y), Ba*(5) - $* (V)

— pl(eB(©)B), $*Y(v) - a’(9)) (by (3.13))
=(B*(&)a(y) - "y (v)) - Bar’(6)

+ (= 1)PIEFRHIMG2B2(5) - (aB (o)’ (y) - ¢° (1))

+ (=M Mgy (1) - aB(e)a’(y)) - Ba (6)

+ (_1)|8IIVI+IVIIVI+|5IIVI+I5||8|+I5||7|a/2ﬁ2(6) X (¢2w(v) X 02(8)(}’3,3_1()/))

— (-D)"¥aB*(£)a?B(y) - (BaP(6) - ¢ (v))

_ (_1)IVH5I+|6||€|+|5||7|+IVII8\+IVI|7|(ﬁ2a(5) . ¢¢2(V)) . azﬁ(8)013()/)

— ap*(e)*B(y) - (P*Y(v) - ()

— (= MM (b (1) - ?B(6)) - a’Ble)a’(y) (by (3.13))
=(= DM M @guP () - aBe)a’(y)) - Ba’ (6)

_ (_1)|VH8|+IVI|7|+I<5II8I+I6||7|((pr(v) . 02,3(5)) . 02’3(8)a,3(y)

+ (= 1)PleHIMG282(6) - (aB(e)a?(y) - ¢° (v))

— (-D"¥laB*(e)a?B(y) - (BaP(S) - ¢°(v)) (by (3.12)).

So

Qs (~DNEHMasy (B2 (£)aBy), Y (v), a’(5))
=(= MO s (=D (YR (v) - aBe)a’(y)) - fa’ (5)
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= Oeys (CDPgy?v) - Ba?(6)) - @*Ble)a’ (y))

+ Ogys (=D Ma?B2(6) - (aB(e)’(y) - 4° (V)

— Oeys (D ¥ap()a’B(y) - (Ba*(S) - $*(v))
=(=1)Mle+i+lddgy 4 () = 0.

Finally, to prove (3.11), let us compute each of its three terms.

(=D"Vlasy, (0. (v), Ba(€)), Ba’ (y), @’ (5))
=(-D)"Vlasy, , () - Ba(e), B’ (y), a(6))

+ (=DM sy (B2 () - gy(v), BaP(y), @’ (6)) (by (3.13))
=(=1)"7lo, (0, (v) - Ba(€), Ba’ (¥)), &’ B(6))

— (=DMl (y’(v) - Ba’(e), Ba’ (y)a’ (6))

+ (=MW, (0,(B (&) - (v), Ba’ (1)), & B(6))

— (=DM, (@B () - $PY(v), BaP () (6))
=(=1)"Plo,(*(v) - Ba(&)) - B (y), @’ B(6))

+ (=PI (B a(y) - (py(v) - &P (€)), & B(6)

— (=DMl py? (v) - Ba(e)) - B’ (¥)a’(6)

_ (_1)IVI|r5|+|7|IVI+|7||8I+I5IIVI+|5||8|1320,(7)IBQ,2(5) . (¢21//(V) . a’3(8))

+ (=DMl (B2 (e) - pu(v)) - Ba’ (), &’B(5))

+ (=P (B2a(y) - (aB(e) - ¢°(v)), @’ B(6))

— (=MW (B2 (g) - $PY(1)) - Ba (¥)a’ (6)

_ (_1)|7||5|+ISIIVI+I)’II8I+IVIIVI+\5||8|+|5IIVIIB2Q,(7)ﬁa,2(6) . (CL’Z,B(’)/) X ¢3(V)) (by (3.13))

=(-=D"(WP () - Ba(&)) - B’ (¥)) - @’ B(S)
+ (=D)PEHM2B2(5) - (gy(v) - &P (e)) - @ ()
+ (=M (B2 o (y) - (gy(v) - @*(€))) - @’ B(O)
+ (_1)I?’IIVI+|8||7|+|5||V|+|5||8|a,2ﬁ2(5) . (,3&’2()/) X (¢2(v) . a3ﬁ_1(s)))
+ (=DM (&) - gy (v)) - BaP(y)) - a’B(O)
+ (=DM o282 (5) - ((aB(e) - ¢* (V) (7))
+ (_1)|7||6|+|SIIVI+|)’II8I+IYIIVI('820,(7) X (aﬁ(s) . ¢2(V))) . 0'318(5)

+ (_1)ISIIVI+|7||8|+|7|IVI+|5||8|+|5IIVIa,2132(5) . (a,Zﬁ(y) . (a2(8) . (;53!#_1(\/)))

~ (DMl GyP(v) - BaP(e)) - B (y)a’ ()
()OI ollel g2 () 8o (8) - (V) - @ (€))

B
— (~DMHEM (8% (g) - GPy(v)) - B (y)a (6)

J

_ (_1)|7||5|+|€|IVI+|7||8|+|J/IIVI+\5||€|+I5||V|ﬁ2a,(7)ﬁ02(5) . (02:8(7) . (]53(\/))

(by (3.13) and rearranging)
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Observe that

J =(=D)PMPHEN g B2 (&) - g (v) - Bl (7))@ (6))

=(=1)"PHEM((B(e) - pu(v)) - B (7)) - B’ (5)

+ (=D)PM((B* (&) - py(v)) - Ba(6)) - Ba’ () (by (3.6))
=(=1)"PHEM(B(e) - py(v)) - B (7)) - B’ (5)

+ (=D)*M(@B(e) - (dy(v) - *(6))) - B’ (y) (by (3.12))
= (=) (&) - py(v)) - Ba’ (7)) - B’ ()

Ji
+ (=DMa?B (&) - (Y (v) - @*(6)) - (7). (by (3.12))

)

B =(=1)PPrbMleoliolel g (o 8(y))a(aB(6)) - w(g?(v) - @B (e))
:(_])'7”5'+|7’||"|+|7’||£|+|5”V|+|5”8|a2ﬁ2(»y) . (Q,Zﬁ(é) . (¢2(v) . a/3ﬁ_1(8)))
+ (=Rl 252 (6) - (0?B(y) - (97 () - @B (£)) (By (3.8))
:(_1)|7||5|+IVIIVI+|7||8I+I5||VI+I5II€|0[2ﬂ2(y) . ((aﬁ(6)¢)2(v)) . a3(s))
+ (=1l 282 (6) - (@B(y) - () - @B () (by (3.12))
— (_1)|7||5|+|7||V|+|7||8|+|5IIVI+I5||8|(aﬁ2(,y) . (a,B(6) . ¢2(v))) . a’3ﬁ(8)
B

+ (DMTAEIEEY6) - (@FB) - () - @B (@) - (by (3.12)

B

We substitute J; + J, and By + B, for J and B to obtain

(—DMlasy, (0, (v), Ba(e)), B’ (), a’ (5))
=(=D"N(@* ) - Ba(e)) - BP(¥)) - @*B(S)
+ (= 1)PIEMG2B2(5) - (g (v) - @2 (8)) - @ (7))
+ (=PI B2y - (P (v) - @P(€))) - @ B(S)
+ (= 1)FIMHRIEEMG2B2(5) - (aB(e) - > (V) (7))
+ (_1)|7||5|+IEIIVI+|7||8|+|7||VI(520(),) . (a/ﬁ(s) . ¢2(v))) . a/3,8(6)
+ (_1)IelIvl+|7||s|+|7||v|+|6||s|+|6||v|a2ﬁ2(5) X (a'2,8(7/) . (az(s) . ¢3¢_1(V)))
= (=DM Py (v) - B (€)) - BaP(y)er' ()
-Bi -/
_ (_1)Iyl|6|+|£||v|+|7|Ial+|7|Ivl+|6||a|+|6||v|1320(y)13a2(5) X (a,2ﬁ(7) . ¢3(v)).

Similarly, we have

(—DlreWlg s, (0,07 (v) - Ba(6)), B (y), a’(¢))
=(-1)FPHER (2 () - Ba(6)) - BaP(y)) - & Be)
+ (=DM (&) - (g (v) - &*(5)) - @ (9))
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+ (_1)Iy||v|+|6||7|+Isllyl+ls||6|(BZOZ(),) . (¢'//(V) . az(d))) . 0/3,8(3)

+ (- DPMHEMa2B2 () - ((@B(8)* () - @ (¥))

+ (_1)|6||v|+|y||6|+|7||v|+|s|\6l+lslly|(1320/(7) . (aﬁ(é) . ¢2(v))) . a3ﬁ(8)
+ (_1)|6||v|+|y||6|+|y||v|+|s|\v|a2ﬁ2(8) . (azﬂ(y) . (a2(5) . ¢3¢1_1(v)))
= (=W by (1) - BaP(6)) - B (Y)a’ (e)

— (=]l o2 B2(5) - (Y (v) - &P () - @ ()

_ (_1)Iyllv|+|7||6|+|s||v|+|s||7|(aﬂz(y) . (aﬁ(s) X ¢2(v))) . a3,8(5)

_ (_1)IslIVI+I6||v|+Iyl|6|+Iyl\v|+|s||y|1320(y)012’8(8) . (0/2,8(6) . ¢3(v)).

In addition,

(— MRy 5, (B2 (£)Ba(6), Ba’ (), ¢ (v))
=(= ML (B2 (£)Ba(6))Ba (), ¢ ¥ (v))

— (=DMl (B2 ()Ba(6), pi(Ba* (), (1))
=(=DMEIEMRI (B2 (2)Ba(6))Ba’ (7)) - FPy(v)

+ "W (v) - (@B(e)a’(8))a’ ()

— (=DMl (B2 (£)Ba(6), BaP(y) - ¢° (v))

— (=DM (B2 a(e)Ba? (), e (v) - @ () (by (3.13))
=(= DM (B2 (£)Ba(6))Ba’ (¥)) - ¢ (v)

+ "W (v) - (@B(e)a’(8))a’ ()

— (=DMEHIEMR B2 0 (£)Ba (6)) - (Ba () - ¢° (V)

— (=DM B2 0 ()2 (v)) - Ba (£)a’ (6)

D
— (- D)MEFMPIBZ 0 (£)Ba* (6) - (Yd* (V) - @ (¥))
C

= (=DM o) - ?B(y)) - @’Ble)a’(6). (by (3.13))

The same way, we replace C and D as follows

C =(=1)"M0BaB(e))a(aB(6)) - Y(F*(v) - B ()
=(-MEHMIB202 () - (PB5) - ($7(v) - B~ (1))

+ (= )MEeEERlgZ a2 (5) - (@Ble) - ($P(v) - BT () (by 3.8)

= (=D)"MIB2 2 (e) - (aB(5) - $°(v) - (7))

Cy

+ (=1)"EEERIBZa2(5) - (aB(e) - 4P () - @ (y)), (by 3.12)

C

D =(—)MHEE Rl G 82 () - gy(v)) - Bl (e))a(a*(6))
=(= MR (B2 (y) - g(v)) - °B(E)) - B’ (6)
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+ (=Ml (B2 (y) - gy (v)) - @*B(6)) - Ba’(g) (by 3.6)
= (= MRl (0 B2 (y) - (p(v) - &P (&))) - Ba(S)

D

+ (= MR (B2 () - (Gy(v) - @*(6))) - Ba’ () . (by 3.12)

D;

Finally, we have

(—D)"lasy, @ (v) - af(e), Ba’ (), a’(6))

+ (=DEHERlg sy (P (v) - @B(6), Bt (y), ) (€))

+ (=DM Rl 5 (1B (8), aB(6)), B (), ¢ (V)
:(_1)|7||6I(3‘2) + (_1)|V||€|+b’||<9|+|7||V|+|5||€|+|5||V|(3.4) =0.

Hence, we prove that (V, ¢, ¥, p;, p,) 1s a Bihom-Jordan J-super-bimodule.

Lemma 3.1. Let (J,u,a,) be a Bihom-associative superalgebra and (V, $,¥) be a Bihom-super-
module.

1) If (V,¢,¥) is a right Bihom-associative J-super-module with the structure map p,, then (V, ¢, ) is
a right special Bihom-Jordan J°-super-module with the same structure map p,.

2) If (V,¢,¥) is a left Bihom-associative J-super-module with the structure map p; such that  is
invertible, then (V,¢,y) is a left special Bihom-Jordan J°-super-module with the same structure

map p.
Proof. 1t also suffices to prove Eqgs (3.6) and (3.8).

1) If (V,¢,¢¥) is a right Bihom-associative J-super-module with the structure map p, then for all

(&,7,v) € HI) x H) x HV). ¢() - (Ble) o a(y)) = () - (B&)a(y) + (~DFMB(y)ale) =
(v-B(&)) - aB(y) + (=) - B(y)) - a(e). Then (V, ¢, ) is a right special Bihom-Jordan J°-super-
module by Theorem 3.1.

2) Similarly, it is easy to obtain by Theorem 3.2.
End of lemma proof.
By Lemma 3.1 and Theorem 3.4, we obtain the following conclusion.

Proposition 3.1. Let (J, u, a,8) be a Bihom-associative superalgebra and (V, ¢, ¥, p1, p2) be a Bihom-
associative J-super-bimodule such that ¢ and  are inversible. Then (V, ¢, Y, p;, p;) is a Bihom-Jordan
J¢-super-bimodule where p; and p, are defined as in Eq (3.13).

That is, a Bihom-associative J-super-bimodule gives rise to a Bthom-Jordan super-bimodule for J°.

Proposition 3.2. Let (J,u,a,B) be a Bihom-Jordan superalgebra and V,, = (V,¢,¢,p1,p,) be a
Bihom-Jordan J-super-bimodule. Then for each n € N such that ¢" = " = 1dy, the maps

pE") =pro(@" ®y"), (3.14)
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and
W =p, 0" L") (3.15)

" pﬁ")) is given to be a Bihom-Jordan J-super-bimodule. Denoted it by

as structure maps, (V, ¢, ¢, p,",

(1)
Vm//'

Proof. p; and p, are easy to prove special left and right super-modules, respectively, which are also left
and right super-modules, and Eq (3.9) holds in V;”gb. By direct calculation, we can convert as,« in V;"l/),
> (2 ?

to asy,, in Vy,, that is
asyn (B (£)aB(y). g4 (v), @*(6)) = asy, (B (2" (€)@ (). $*Y(v). & (B"(5)))
, furthermore, we have

Oeys (=DM asyo (B ()af(y), ¢*Y(v), @ (6))

= Opneramppre) (D Masy (B2 (a"(€)aB@’ (), o*y(v), @ (B(6)))
=0.

Then we obtain Eq (3.10) in V). Similarly, Eq (3.11) also holds in V")

s> Which implies that Vé’z isa
Bihom-Jordan J-super-bimodule.

In the sequel, we present some results of Bihom-Jordan super-bimodules constructed by Jordan
super-bimodules via endomorphisms.

Theorem 3.5. Let (J, 1) be a Jordan superalgebra, (V,p;,p,) be a Jordan J-super-bimodule, a, 3 be
endomorphisms of J, which satisfies o8 = Ba and ¢, be even linear self-maps of V such that ¢ o p; =

pio(@®g¢), pop,=p,0(@@a), Yyop =poBY)andyop, =p,o Y ®pP). Denote J,z for the
Bihom-Jordan superalgebra (J, g = u(a ® B),a,p) and Vy, for the Bihom-super-module (V, ¢, ).
Define two structure maps as follows:

pr = pila®y) and p, = p(¢ ® ). (3.16)
Then Vyy = (V, ¢, ¥, p1, pr) is a Bihom-Jordan J, g-super-bimodule.

Proof. By direct calculation, it is easy to get asy,,(U.s(B*(&),aB()), $*Y(v),a’(6) =
asy(@B*(e)a’BA(y), *W*(v), @*B*(9)), So it is clear Eqs (3.10) and (3.11) hold in V,,. Thus,
(V,¢,¢, 1, p;) is a Bihom-Jordan J, g-super-bimodule.

From Proposition 3.2 and Theorem 3.5, we have the following

Corollary 3.1. Let (J,u) be a Jordan superalgebra, (V,p;, p,) be a Jordan J-super-bimodule, «, 3 be
endomorphisms of J, which satify a8 = Ba and ¢,y be even linear self-maps of V such that ¢ o p; =

pro@®¢), dop, =p,0(@®a)yop =poBOY) andyop, =p, oy ®P). Denote Jp for the
Bihom-Jordan superalgebra (J,pu,p = u(a ® B),a,B) and V,y, for the Bihom-super-module (V, ¢, ).
Define two structure maps as follows:

A" = pie™ @) and p," = p(p @ ™). (3.17)

Then Vi, = (V, ¢, ¢, 0™, p,") is a Bihom-Jordan J, g-super-bimodule for each n € N.
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Definition 3.3. An abelian extension of Bihom-Jordan superalgebra is a short exact sequence of
Bihom-Jordan superalgebra:

0 —> (Vi th) —> (it . Bs) — (B pip, g, B) — .

where (V,¢,¥) is a trivial Bihom-Jordan superalgebra, i and m are even morphisms of Bihom-
superalgebras. If there exists an even morphism s : (B, ug, ap,Bg) — (J,uy, @y, B,) satisfies mos = Idp.
Then the abelian extension is said to be split and s is called a section of m.

4. Representation and O-operator

In this section, we study the representation and O-operator. Meanwhile, we characterize Bihom-
pre-Jordan superalgebras by using O-operator.

Definition 4.1. Let (J,u, @, B) be a Bihom-Jordan superalgebra, V be a Z,-graded vector spaces, p :
J — End(V), ¢,y € Aug(V). Then (V,p,p,¥) is a representation of (J,u,a,p), if the following
conditions hold:

QY =y, 4.1)

P(u(u(B* (&), aB(y)), &*B(0))¢
+ (=)o@’ B () ey p(aB>(6) ¢y p(B> (7))
+ (=DMl @B )y p(aB(8))py (B (£))pwr
— p(u(ap’ (&), &’B()))p(a’B(6))’
— (= D)FPHE (@B (6), &P BN (B (¥)pwr
— (=) o (B (6), BN Y (B (£)) s
=0. “4.2)

Oeys (D)o@ BA(e)dy™ p((B* (), aB(0)) v
= Uays (=1 Wp(u(ap(e), ’By)))p(@*B(5))d. (4.3)

Example 4.1. Let (J,u, @, ) be a regular Bihom-Jordan superalgebra. Define ad : J — End(J), for
any g,y € H(J), ad(e)y = u(e,y). Then (J,ad, a,B) is a representation of (J,u, a,8), which is called
adjoint representation.

Proposition 4.1. Let (J,u,a,B) be a Bihom-Jordan superalgebra. (V,p,¢,¥) be a representation,
define an even bilinear map u and two even linear maps a and 3 on J ® V as follows: for any €,y €

H(), a,b e H(V),
W (e +a,y+b)=pu(e,y)+pEb+pla B¢y (a),

(@ + @) +a) = ae) + p(a), (B+Y)(e+a)=pa)+ya)

Then (J® V,u',a + ¢,B + ) is a Bihom-Jordan superalgebra, denoted by J <V and called semidirect
product.
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Proof. It can be verified directly by Definition 4.1.
We also consider the split null extension on J = V in Proposition 4.1.

Remark 4.1. Write elements a + v of J ® V as (a,v). There is an injective homomorphism and a
surjective homomorphism of Bihom-modules, respectively, as follows:

ci:VoJaV,iv) =(0,v),
ex:Jo®V — n(a,v) = a.

Moreover, i(V) is a Bihom-ideal of J ® V such that J @ V/i(V) = J. On the other hand, there is an even
morphisms o : J — J @V given by o(a) = (a,0), which is clearly a section of . Therefore, we obtain
the abelian split exact sequence:

0O—sV—JoVIEisj—s0.
~_ ~
f

Definition 4.2. A BiHom superalgebra (J,-, a,B) is called a Bihom-pre-Jordan superalgebra if for all
&,7y,6,t€e H(J):

1) aB = Ba, both a and 8 are reversible,
2)

(B*(&) - aB(y)) - @*B(©)) - &Bw) + (~1)M(B*(y) - aB(e)) - &*B(6)) - &’ B(w)
+ (=D (@B(6) - (aBe)a’())) - &’ B(w)
+ (=P (082(5) - (aB(y)a’(€))) - @’ B(w)
+ (=1)Ma?B (&) - (@?B(©) - (@ () - B~ (W)
+ (= 1)PIEH el Q282 () - (@°B(6) - (&P (&) - @B ()))
— (@B(&) - &?B)) - (@PBO) - &’ (W) — (=D M(aB*(y) - &’B(e)) - (°B(©) - &’ (W)
— (=P (B2(5) - @?B(e)) - (*B(y) - @’ (W)
- (=) M@pB(e) - a’B©)) - (7B(y) - (W)
— (=D (@82 (5) - 0?B(y)) - (@Be) - @’ (W)
— (=1)P el (0B (y) - ?B(6)) - (@?B(e) - @’ (W)
=0, 4.4)

3)

(=DM"Ma?BX(w) - ((eB(e) - &* (7)) - & (6))

+ (= D)FIM 282 () - ((aB(y) - &P (&) - @ (6))
+ (=DM (&) - (aB(y) - &F(w)) - @ (6))

+ (=252 (e - (W) - @P(¥)) - @ (6))
+ (=DM2B(y) - ((ef(w) - &*(8)) - & (5))

+ (D)2 () - (aB(e) - P (W) - @ (6))
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— (D" (e) - &’B(y)) - (@*B(W) - a(6))

— (- 1)FPME (B2 (y) - &PB(E)) - (PB(W) - @ (6))

— (-D)*"(aB(y) - BW)) - (@*B(e) - @ (6))

— (=DM (B2 (w) - a?B(y)) - (PB(e) - @ (6))

— (=DM (w) - *B(e)) - (°B(y) - & (6))

— (=DM @B (e) - @?B(W)) - (°Bly) - @ (6)). (4.5)

Actually, condition 3 is equivalent to

Oy {(=DM2B () - ((aB(y) - a*(W)) - @ (6))

+ (= D)FMHIMG 22 () - ((@B(W) - ¥ () - @ (6))}
= Opyu (DB () - 2B(y)) - (PB(W) - (6))

+ (=) (0B (y) - &2B(e)) - (PBW) - (6))}.

Theorem 4.1. Let (J,-, a,B) be a Bihom-pre-Jordan superalgebra, define an even bilinear operator yu:
forall g,y € H(J)

pey) = ey +(=DMaBy) - e (o), (4.6)

then (J, e, a, ) is a Bihom-Jordan superalgebra.
Proof. By Eq (4.6), we get
H(B(E), a) =B(e) - a(y) + (=DPB() - ale)
=(-D*Mu(B(y), ale)).

That is to say the Bihom-super commutativity condition holds. Next, by direct calculation,

(=MD @S, s(u(B(£), aB(y)), @’ B(6), @’ (w))
== (o) - aB(y)) - °B(6)) - a3ﬁ(W)®

+(=DM"Ma?B(w) - ((aB(e) - &*(¥)) - &’ (6))

+<—1>'W'<'8'+'5'>+'5'<'8'+'7'>Eaﬁﬂ(a) - (@f(e) - ) - @BW) 5
+ (=MD 282 () - (@B(S) - (P (e) - B (1))
(=)D (B (g) - a’B(y)) - (PBS) - a3<w>>@

_ (_1)IWI(Iél+|y|)+|6|(|sl+lyl)(aﬁZ((g) . ozzﬁ(w)) . (azﬁ(s) . 0[3(7))
—(-D)""l(aB(e) - &’B(y)) - (ZBW) - @ (6))

¥
— (- MR (B2 (w) - @?B(5)) - (°B(e) - @ (y))
+(= MR (B2 () - aB(e)) - a?B(6)) - a3/3<w>@

+(=)MPHEM2B2 () - ((B(y) - @ (e)) - @ (6))

3
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+(_1)|w|(|s|+|6|)+|6|(|sl+|7|)+Is||y|(QIBZ(é) . (CY,B(Y) . az(s))) . a3,3(w)@
+ (=MD 0282 () - (07B(S) - (@*(y) - @B (€)))

()M B ) - aPBe)) - (@BO) - (W) )

_ (_1)|w|(|5|+|y|)+|6|(|al+|y|)+ls|Iyl(aﬁ2(5) . azﬁ(w)) X (Ozzﬁ(y) . a3(8))
—(—=D)MEE (B2 (y) - ’Be)) - (PB(w) - @ (6))

&
_ (_1)IW\|7|+|5|(|8|+|7|)+|8||7|(aﬁ2(w) . a213(5)) . (Q,Zﬁ(,y) . a'3(8)),

(— DD Gs, s(uB (), aBW)), @*B(6), @’ (&)
=(=D)FIHD(B2(y) - af(w)) - @*B(6)) - a’B(e)
+H=DMa?B2 (&) - (aB(y) - &*(W)) - @*(6))

ps
+ (= 1) AOHDHEID (08%(5) - (aB(y) - &> (W))) - @’Ble)
+H(= D) 2E2 6) - (2B(6) - (2P (y) - 03,3_1(W)))@

— (= D)FOHP (B2 (y) - @?B(W)) - (°B(O) - @ (€))
_(_1)Isl(lél+|w|)+|6|(\7|+|w|)(aﬁZ((s) . a/zﬁ(g)) . (a2ﬁ(y) . a3(w))@

=(=1)""(aB’(y) - &’Bw)) - (°B(e) - &’ (5))

6,
—(=1)EHRIHD (052 (e) - PB(0)) - (a*Bly) - a3(w))®

+ (= )FOHDI((B2(w) - aB(y)) - @*B(6)) - @’Ble)
+(=DEMHIM2B2 () - ((@B(w) - (7)) - @ (6))

+ (_1)|s|(|7|+|6|)+|6|(|7|+|w|)+|77,||w|(aﬁz((g) . (a/,B(w) X az(y))) . a3ﬁ(8)
+ (_1)le\7I+I6I(Iyl+lwl)+lsllwlQZIBZ(S) . (azﬁ(d) . (a'z(w) . a3ﬁ_1(y)))
— (=DM (B2 () - @2B(y)) - (B - @’ (&)

_ (_1)|s|(|6|+|w|)+|6|(|7|+|w|)+|7||w|(aﬁz(é) X 0213(8)) X (a/z,B(w) X a3(y))
—(—=D)!"PHE (@B (w) - &?B(y)) - (PB(E) - @ (6))

Y
_ (_1)|W|\7|+|5|(|7|+|W|)+|8||W|(aﬁz(g) . Ckzﬁ((S)) . (azﬁ(w) . (1’3(’)/)),

(=MD G, s (B2 (W), aB(e)), &’ B(S), (7))
=(— DM (w) - aB(e)) - &’B(O)) - ’B(y)
+H=D"a?B2(y) - ((@Bw) - a*(€)) - @’ (6))

¥
+ (_1)|y|(|w|+I6I)+I6I(le+ls\)(aﬁ2(5) . (afﬁ(w) . 02(8))) . 03,3(7’)
+ (—1)ERHED o 282 () - (@PB(S) - (P (W) - @B ()
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— (=MD B2 (W) - ?B(e)) - (@PB(O) - @ (7))
_ (_1)Iyl(lél+Isl)+|6|(lwl+lsl)(QIBZ(é) . a/2,8(y)) . (a/z,B(w) . a3(s))
—(=D)"™ (@B (w) - &°B(e)) - (°B(y) - & (6))

107
— (= 1)PERPIHED (082 (y) - @PB(5)) - (@?B(W) - @ (€))
+ (= PHEDHEl (82 () - aB(w)) - a?B(6)) - @’ B(y)
+(= )Mo 282 () - ((aB(e) - P (W) - a*(6))

117

+ (_1)|y|(|w|+I6I)+|6|(Iw|+ls\)+|wlls|(0482(5) . (a,B(s) . az(w))) X 0/3,8()/)

+(— MDY 0 282 () - (a?B(6) - (@ (e) - a3/3—1(w)>>@
— (= 1)MHD el (082 () - P B(W)) - (@PBOS) - @ (y))
_(_1)|7|(|6|+|s|)+|6|(|w|+|e|)+|wlls|(aﬁz(é) X 0/2,8()/)) . (azﬁ(e) . a/3(w))@
—(~)ME (@B (e) - P BW)) - (°Bly) - @ (5))

12/

—(= DMIEHRIHEDHE (052 (y) - &2B(0)) - (PB(e) - a3(w>>@,

By Eq (4.4), we have D +- -+ (2 = 0, and by Eq (4.5), 1" +- - -+ 12" = 0, Analogously, the conclusion
that the sum is zero can be obtained by recombining the remaining unmarked formulas, which implies

Oyur (=DMEDGS, s(u(B2(£), aB(y)), &B(6), &’ (w)) = 0.
This completes the proof.

Definition 4.3. Let (J, u, @, 8) be a Bihom-Jordan superalgebra, and (V,p, ¢, ¥) be its representation.
If even the linear map T : J — V satisfies the following conditions: for all a,b € H(V),

u(T(a), T(b)) = T(p(T(@)b + (=1)Po(T (' y(b)¢y ' (@),
Top=aoT, Toy=L0T,
then T is called O-operator with respect to representation.

Definition 4.4. Let (J,u, a,B) be a Bihom-Jordan superalgebra and a, 8 be reversible, R € gl(J), R is
called Rota—Baxter operator on J, if for all €,y € H(J), the following conditions hold:

K(R(e), R(Y) = Ru(R(e),y) + (-1 MuR@™'B(y)), af ™ (e))),
Roa=aoR, Rof=F0oR.

Theorem 4.2. Let (J, u, a, ) be a Bihom-Jordan superalgebra, (V, p, ¢, ) be its representation, and T
be an O-operator with respect to representation. Define bilinear operation - on V:

a-b=p(T(a)b, Ya,b e H(V).
Then (V,-, ¢, ) is a Bihom-pre-Jordan superalgebra.

Proof. Actually, it can be calculated directly from Definition 4.1.
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