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Abstract: This study investigates the global well-posedness of a coupled Navier—Stokes—Darcy model
incorporating the Beavers—Joseph—Saffman—Jones interface boundary condition in two-dimensional
Euclidean space. We establish the existence of global strong solutions for the system in both linear and
nonlinear cases where porosity depends on pressure. When dealing with the time-dependent porous
media, the primary challenge in obtaining closed prior estimates arises from the presence of complex,
sharp interfaces. To address this issue, we employ the classical Trace Theorem. Such space-time
variable coupled systems are crucial for understanding underground fluid flow.
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1. Introduction

We begin by providing a comprehensive explanation of the simplified Navier-Stokes-Darcy system
within the open strip domain Q C R?, as illustrated in Figure 1. The incompressible free fluid flows
within the confined conduit region Q; c R?, which is interconnected with a time-dependent porous
medium region Q,, C R?. These two regions are separated by an interface denoted as I';, where the two
types of fluid flow interact. The boundaries I'y = 0Q, \ I'; and I', = 0, \ I'; represent the upper and
lower boundaries, respectively.
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Figurel. Q=0,0Q,. I, =Q;NQ,.

The porous medium flow in the conduit €,, is governed by the continuity equation and Darcy’s law,
as stated in [1-6]:

0p(p) —divv=0, inQ,,
K 1.1
v=-"Vp. Q. a-b
H2
where p = p(x,t) denotes the pressure, u, is the constant viscosity of the fluid, and the real constant
symmetric matrix K = kI represents the permeability of the porous medium. Here, k is a positive
constant satisfying 0 < 4 < k < A, where A and A are known constants, and I is the identity matrix.
Additionally, ¢ = ¢(p) denotes the pressure-dependent porosity. Combining the two equations in (1.1),
we obtain the heat equation for the porous medium flow:

8,(p) — diV('uEVp) =0, in Q,. (1.2)
2

The flow in the conduit Q, is described by the Navier-Stokes equations [7]:
du —div(T(u, ps)) +u-Vu =0, inQy,
. . (1.3)
diva =0, in Qy,

where u = u(x, 1) and p; = ps(x, 1) denote the velocity and pressure of the free flow, respectively, and
is the constant viscosity. The stress tensor is given by T(u, py) = 2u; D(u) — p¢I, where D(u) = %(Vu +
Vu”) represents the rate of strain tensor. The Lions condition in (1.4), (see [8,9]) describes the balance
of forces in the normal direction, while the Beavers—Joseph—Saffman—Jones interface condition in
(1.4), (see [10,11]) explains the relationship between shear stress and tangential velocity. Furthermore,
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we require the continuity of velocity at the interface as follows:

1
_nT(u9pf)n+ §|u|2 =p, on ria

—7-T(u, py)n = %T ‘u, onT, (1.4)

u-n=v-n, onl’,

where n denotes the unit normal vector to €, 7 is the tangential unit vector to I';, and the constant G
relates to the trace of the matrix K and experimental data used in the numerical analysis. Additionally,
we impose a no-slip condition at the top boundary I'; and an impermeable condition at the bottom
boundary I';:

u=0, only,
(1.5
v-n=0, onIj.
The initial conditions are as follows:
u(x, 0) = uy(x), in QX {t = 0}, (1.6)
p(x,0) = po(x), in Q,, x {r = 0}. '

Due to the extensive application of the Navier—Stokes—Darcy equation in modeling porous media
coupled with free fluid flow in industrial contexts, its mathematical analysis has garnered significant
attention from scholars, particularly in the field of numerical analysis. This research has yielded a
wealth of results [12-21] for the case of steady porosity. When the system incorporates temperature
variability, results for the Stokes—Darcy—Boussinesq equation can be found in the literature [22, 23].
Recently, a series of numerical results [11,24-27] have been obtained for the Cahn—Hilliard—Navier—
Stokes—Darcy equation, which addresses a two-phase miscibility phenomenon at the interface.

Although there is an abundance of numerical analysis on the time-dependent Navier-Stokes-Darcy
equation, results on fundamental theories, particularly the well-posedness of strong solutions, remain
limited. The strong coupling of the interface involving convection phenomena is evidently more
complex than that in a single fluid (see [28-30]), making high-order estimates more challenging
to obtain.

A comprehensive review of the selection of interface conditions for this system of equations is
provided by M. McCurdy et al. [31]. This review indicates that the relationship between shear stress
and tangential velocity in (1.4), can be replaced by the Beavers—Joseph (BJ) condition [32] or the
Beavers—Joseph—Jones (BJJ) condition [33] on I';. Additionally, the balance of forces in the normal
direction of the interface in (1.4), can be replaced by Rankine—Hugoniot interface conditions:

-n-T(u,psn=p, in I} (1.7)

Here, we highlight several results and corresponding references related to the mathematical analysis
of the coupled Navier—Stokes and Darcy equations. For the flow system involving non-deformable
porous media with constant porosity ¢(p) = C and a permeability tensor K that is either a constant
matrix or satisfies ellipticity conditions, typical mathematical analyses include those by Layton [18]
and Discacciati [19]. The analysis of underground mixed-phase displacement problems has been
addressed by H. Alt and S. Luckhaus [34], as well as P. Fabrie and M. Langlais [35], P. Fabrie and T.
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Gallouét [36], and F. Marpeau and M. Saad [37]. P. Liu and W. Liu [38] obtained global well-posedness
results for the strong solution of the porous medium fluid coupled with free flow in the two-dimensional
case with the BJSJ-Lions interface condition. Subsequently, M. Cui et al. [39] achieved global well-
posedness results for the strong solution of the porous media fluid coupled with free flow system under
BJSJ-Rankine-Hugoniot interface conditions with periodic boundary conditions, and demonstrated
the attenuation of the solution. L. Tan et al. [40] extended this result to the three-dimensional case with
flat domains, removing the assumption of periodic boundary conditions.

The paper is structured as follows: in Section 2, we provide the necessary definitions, hypotheses,
main theorems, and preparatory lemmas. Section 3 introduces the a priori estimates and their proofs.
Finally, Section 4 presents the proofs of the main theorems.

2. Preliminaries and main results

For the convenience of notation in this article, we make the following conventions:

1) The function B(p) € L*(0, T; L'(Q,,)) satisfying:

P
B(p) = f rg’(r) dr. 2.1
0
2) For any T € (0, +o0], we first define a function space X(0,T') as

X(0.7) = {(u.p) | w € L (0. T: H*(Q)) 0 L(x, T: H*(Qy)),
u, € L0, T; L*(Q) N L*(0, T; H'(Q) N L=(7, T; H(Qy)),
u, € Lo, T; LX(Qp) N LA (7, T; H(Q))),

peL™0,T; H(Q,)) N L (1, T; H(Q,)),

p, € LX0,T; H/(Q,) N L=(t, T; H*(Q)),

Py € L¥(1, T; L2(Q,) N L*(7, T; H'(Q,,)), Y 7 € (0, T)},

then (u, p) € X(0,T) is called the strong solution of (1.2)—(1.6), if it satisfies systems (1.2) and
(1.3), and a.e. in Q X (0, T'), and fulfills the conditions (1.4)—(1.6).

3) Letl-llp.r =1 Nlr@ps - Npon = 1+ e,y T+ llpi = 1l - ey, for any p, 1 < p < 4o,

Assumption 2.1. Suppose that ¢ € C*(R), and

o™ (p)
&' (p)"

<€, l<m<n<4, neN*, 2.2)

0<t<T

co,m

where € is small enough depends only on A, [, Q, ||u0||§1,2 @ ||VP0||§11 ) and ||B(po)llo,,)-

Assumption 2.2. At least one of the following two equations is true:

lim sup ¢'(p) < co. (2.3)
p—oo

liminf ¢’(p) > 0. (2.4)
p—ooo
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2.1. Main results
We are now ready to present the main results of this paper.

Theorem 2.1 (Global existence). Foruy € H*(Qy), B(po) € L'(Q,,), Vpo € H' (Q,), if Assumptions 2.1
and 2.2 hold, then there exists a sufficiently small constant €, depending only on p, o, A, Qf, and
Q,,, such that if

0le o, + Vol , + 1B < 60,
the coupled time-dependent Navier—Stokes—Darcy flow system (1.2)—(1.6) has a unique global strong
solution (u, p) in X(0, +00).

A few remarks are in order:

Remark 1. This paper studies two cases of ¢(p): both linear and nonlinear dependencies. For the
linear dependency, as addressed in [41-44], we consider

¢(p) = Cip+Cy,  (linear) (2.5)

where C\ and C, are constants. As is well known, if (2.5) holds, the Eq (1.2) is equivalent to
. (K :
o0,p — div (—Vp) =0, inQ,, (2.6)
H2

which simplifies to a typical parabolic equation. According to [41-44], research on this model has
thus far been limited to global existence results for weak solutions.
The nonlinear relationship, as described in [45], is given by

¢(p) = ¢rexp{Cr(p — py)},  (nonlinear) 2.7

where ¢, is the critical value of porosity when the pressure p reaches the pressure limit p,, and Cg
is a constant representing the deformability of the rock components, if (2.7) holds, the Eq (1.2) is
equivalent to

8,p(p) — div(IuEVp) =0, in Q. (2.8)
2

It appears that this is the first exploration of the theoretical results for the incompressible Navier—
Stokes flow coupled with the time-dependent Darcy flow (2.8), particularly concerning the global well-
posedness of strong solutions. It is noteworthy that the constraint (2.2) is applicable to both (2.6)
and (2.8). When the condition n > 2 is satisfied, ¢V = 0 becomes sufficiently small. Consequently, it

. . . . ™ L .
is reasonable to disregard the term involving H(z—) due to its insignificance, thereby ensuring that
oo,m

our estimation process effectively encompasses this scenario.

Remark 2. Note that the Assumption 2.2 is consistent with the system that concerns the physical
significance of the rock compressibility ratio Cg, as described in (2.7). Thus, we have

Pp(p)™
¢ (p)"

if and only if Cr < €, which is consistent with the slight compressibility of actual underground rocks.

= ¢y "Cr " expl(1 - m)Cr(p — p)} < &, 1<m<n<4,
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3. A priori estimates

As is well known, the global strong solution to nonlinear partial differential equations can be
obtained by combining local solutions with global a priori estimates. The local solution can be derived
through higher-order regularity estimates, which are omitted here. Instead, we present the necessary a
priori estimates crucial for establishing the global well-posedness of the coupled problems (1.2)—(1.6).

Let (u, p) be the strong solution to (1.2)—(1.6) satisfying uy € H*(Q;), B(po) € L'(Q,,), and Vp, €
H'(Q,,). The basic energy estimate is stated in the following lemma.

Lemma 3.1. Under the conditions of Theorem 2.1, it holds that

T
24

sup (|[ul3 s + 2B(p)ll1m) + f (4ui D)3, + N—IIVplli,m) dr < |uoll3 ; + 2B(pollim- (3.1

0<t<T 0 2

Proof. Multiplying (1.3); by u and integrating the resulting equation with respect to x over €,
we obtain

1d
Sl + 2 D@+ -, + f p(u-m)ds <0, (3.2)
t G L

where we have used the interface-boundary conditions and the vector decomposition of free flow
velocity at the interface I';:
u=(u-nn+@- N1 3.3)

Simultaneously, we multiply (1.2) by p and integrate the resulting equation with respect to x over
Q,,. Using (2.1), we obtain

d A
— f B(p) dx — f plu-n)dsS + —IIVpIIim <0. (3.4)
dt Jg, r; M2

Adding (3.2) and (3.4), and then integrating the resulting equation over (0, 7) gives:

! 2 22
l[ull3 ;- + 2Bl + f (4 ID)I3 ;- + %Ilu -7l + M—IIVplli,m) ds < |lugll3 ; + 2lIB(po)llim-
0 2
(3.5)
The proof of Lemma 3.1 is complete.

The second-order estimate is obtained under the a priori assumptions.  We have the
following proposition.

Proposition 3.1. There exist positive constants €, depending only on A, u,, and ., such that if (u, p)
is a smooth solution of (1.2)—(1.6) on R? x (0, T satisfying:

sup (IVpllai@,) + 1Plleom) < 2M, (3.6)
0<t<T
the following estimates hold:
sup (IVpllaq,) + 1Pllcom) < M, (3.7)
0<t<T
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and
2 2 2 2 2 2
sup (s g, + Il + VPR + IVI# DB, + V@ TPAR,, + IN# Pl
0<t<T
T
2 2 2 2 2
+ ‘fo (”ut”Hl(Q/,) + ||Vu||H1(Qf) + ”Vp”Hl(Qm) + ” |¢,|pt||2,m + ||th||2,m
2 2 2
+ I VIF |pilla, + D@5 + IV Piidl3 ) dt < Ce, (3.8)
provided

||u0||H2(Qf) + ||VP0||H1(Qm) + ||B(P0)||1,m < &,

where M = max{1, Ce}, and C depends only on u;, o, A, G, Qy, and Q,,,.
Proposition 3.1 is a direct consequence of the following lemmas, from Lemma 3.2 to Lemma 3.5.

Lemma 3.2. Under the conditions of Proposition 3.1, it holds that

sup (D@5 + IV, + 1VI¢'IpAll3,)

0<t<T

T
+f (i3 + 1V 1P, + IV PR, + IDWOIS ) di < Ce, (3.9)
0

where C depends only on ui, p, A, G, Qf, Q,,.

Proof. To estimate the second derivative term of the fluid velocity with respect to space, one must
consider the fact that

IVull, s < CUID)Il, s + [yl 5). (3.10)
Next, we focus on [luyy|l> s. From the Eq (1.3);, we know
llayyllo,r < Clagllo,y + [lw- Vully p + IVpslls + 0l f)- (3.11)

It is straightforward to derive, using Holder’s inequality, Young’s inequality, and the Gagliardo—
Nirenberg inequality [46], that

1 1 1 1
lu- Vullo,; <Cliully /[Vulla,r < Cliull; AIVall; AIVall; NIVl )

<&l|Vullo,s + Cellullo fIVulf3 . (3.12)
where ¢ is sufficiently small. For |[Vp¢|l, ¢, taking the divergence of (1.3); and using (1.2), we can derive

—Apy=div(u-Vu), inQ,x(0,7), (3.13)

due to (1.4),, we have
Pr= ()9 on I_‘U X (O’ T)’

1 3.14)
pf =p- §|u|2 - axula on Fi X (O, T)
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According to the standard results (Lemma 2.5, [39]) for the Dirichlet—Neumann problem, and
using Young’s inequality with & (where ¢ is sufficiently small), the Trace theorem, and Poincaré’s
inequality [47], we have

VPl < &llV2ully + CellullfIVull3 , + C(IVplla.s + D)l f)- (3.15)
Combining (3.11), (3.12), and (3.57), we obtain
IV?ully.s < Clluly + Ml VAl f + IVl + 1D, ). (3.16)

Next, we will estimate it sequentially.

Step 1. (L? estimate of D(u))

Multiply (1.3); by u, and integrate the resulting equation with respect to x over Q. Similarly,
multiply (1.2) by p, and integrate the resulting equation with respect to x over €,,. Adding the two
resulting equations and applying Green’s formula yields

el + 1R, + (,ulllD(u)Ilz s+ Al + ||Vp||2m)
2
IVu—u Vu| - u, dx—fp(ut-n) a’S+fp,(u-n)dS. (3.17)
Qf 2 I; I;

Now, integrating (3.17) over (0,7) and applying (3.19), Young’s inequality, and Gronwall’s
inequality, we obtain

A 1 ("
mlID@);  + mllvpllﬁ,m +3 f (I3 s + 11 VIg' 113 ) ds
2 0

! !
= f ID@IE, ds + Ce + C sup [lul IDwo)I3; expf f ID@o)I3, ds)
0 0

0<t<T
!
5% f ID@IR , ds + Cey, (3.18)
0

where we have used the following estimates (3.19), derived from Holder’s inequality, Korn’s inequality,
Young’s inequality, the Gagliardo—Nirenberg inequality, (3. 1), and (3.16):

[uf? 2
f IV— —u-Vul-u dx <[l lulls £ Vally,; < ”ut”2f + Cllully [Vl /1Vull, s

Sglluzllz,f + Cllullo A1Vl (s + llllo A1Vl - + IVl + D@2, )

1
<l DI, + 191 ) + S ID@IE , + ZlluilB (3.19)

and the following estimation obtained by Green’s formula and Lemma 3.1:

' d
f(dtf p(u-n)ds — 2f p(u, - n)ds)ds
fpr u,dxds+pr udx — pr-udx
Qr

<- wl?,d +—V 2 4+ Ce.
4f(;ll 3 s ds 4#2” Pl + Ceo

t=0
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Step 2. ( L? estimate of D(u,)).

Differentiate (1.3); with respect to x, multiply by u,, and then integrate the resulting equation with
respect to x over Q. Similarly, differentiate (1.2) with respect to x, multiply by p,, and integrate the
resulting equation with respect to x over €2,,. Adding the two equations, we obtain

1d

; H A
Ezmmﬁj+Hw¢mmﬂﬂ+%uMXmNQﬁ~iW-ﬂé+ﬁ%Wmﬁm
2

2
f@(VE—u Vu) - u, X——f ¢ pup? dx. (3.20)
Qf 2 l)l

Thus, applying Holder’s inequality, Young’s inequality, the Gagliardo—Nirenberg inequality, and
Korn’s inequality [48], we derive that

2
f X(Vu —u-Vu)-u,dx
Q, 2

. 2
<llalls, fllala, IVl s + [Vl ellodly ,
1 1 1 3
<C(lhull; AIVull; Aglly AVl o+ [Vl g, A Vo, )

<EHID@IE ; + Cllull, + DID@WIE - (3.21)

We know from (2.2), (3.6), Holder’s inequality, Young’s inequality, and the Gagliardo—Nirenberg
inequality that

f ¢" pip? dx < |||:;| lleomll Vg’ IPilloml P21

NIP—‘

CEO
ST” || pello il P lloml | Pl @,
SC‘MEO” |¢/|pt”2,m(|lvpx||2,m + ”px”Z,m)

A 1
Sﬂllvpxllim +5l Vig'Ipill3,, + CIIV RIS, (3.22)
2

where ¢ is suﬁiciently small. We then substitute the estimates from (3.21) and (3.22) into (3.20) to
A
1 i
2d (Iqullzf + 1 VI¢'psli3,) + :ul”D(ux)HZf IIU'TIIii + _2,u2”Vpx”§»m

<C(llull3 s + DID@)l5  + EII ¢/ Ipdl,, + CIVPIES,,s (3.23)

summing it up to (3.17), and integral the resulting equation over (0, ¢), using Gronwall’s inequality
and (3.18), we obtain

A 1
mlIDW3 ;- + mllellim + E(HuxH%J +11VI¢' P13,
2

‘1 1 A
+ fo(illutllg,f + 5l ' |pl2, + 2—Hz||Vpx||§,m + DIl () ds
SCE().

Therefore, the proof of Lemma 3.2 is complete.
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Lemma 3.3. Under the conditions of Proposition 3.1, it holds that
T
sup (w3, + 1VI¢'1pl3,,) +f (D@ s + IV pi3,,) di < Ce, (3.24)
0<t<T 0
where C depends only on ui, p, A, G, Qf, Q,,.
Proof. We have, given that ¢(p) € C*(R) and (3.6):

| VI¢' lleon < ClIplloon < 2CM. (3.25)

Differentiating (1.3); with respect to ¢, multiplying by u,, and integrating the result with respect to x
over Q, and differentiating (1.2) with respect to ¢, then multiplying by p,, and integrating with respect
to x over Q,,, we obtain:

1d
2dt

<[, (o055 ) -ow vl [ S
< (— | —0,(u-Vu)|u,dx + —p; dx. (3.26)
Q 2 o, 2

We deduce from Holder’s inequality, Young’s inequality, Gagliardo—Nirenberg inequality, and
Korn’s inequality [48] that:

, f A
(Il + 1 VI il ) + 2 IDCIE 7 + =l 7l + VP,
2

|u|2 2
(V@T = 0,(u- V), dx < [lully IVullo s + llalls A1Vl gl ¢
Q;
1 1 1 3
<C(IIVull, gl o, /IVuillo, ¢ + llully AIVull; gl AIVull; ()

<l ID)I  + Ceollu 5 - (3.27)

Based on Young’s inequality, we obtain

¢ 5 ¢ ) Ce )
dx < oo,m ’ m ’ < — ! m ’ m
fgm > P ||2|¢,|%|| all VI 1P ALl V1@ 1Pila s < == VI Pl VI& Pl
<C(ellVI¢'1pd3 IV Pl @, + Mol VI8 1Pl NIV Pl + €ll VI8 1pil1,,)

A
<Call IR (INFTPA,, + VP + 1)+ 5 VPR (3.28)
2

For || |¢’|p,||im, applying Holder’s inequality, Young’s inequality, Gagliardo—Nirenberg
inequality [46], and Korn’s inequality [48], we have:

INI¢1PAE < CUVIG Ll VNI 1Pl + VI 1P,
€
<Cl| \/|¢’|pt”2,m(50”VP”4,m” VI pillam + MUV l2m) + 1V A1,

1
<C(&ll VI¢'|pilB IV Pl + MU I 1Pl Vo dl2m) + 13I8 1P, + oL PG, (3:29)
From V2p = {pyy, Dxys Pyy), We can derive, using (1.2) and (3.25), that
IV2pI3,, < CUIVPAIB,, + 16 Pill3,) < CAIV AL, + M| 1P, (3.30)
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Therefore, recalling (3.1) and (3.9), we obtain

! !
fo IVPIEq,, ds < C fo IV2pI,, + IV pI3,) ds
!
<C f VPR, + MINIF PR, + I9pIB,,) ds < Ceo(M + 1). (3.31)
0

Then, by integrating (3.26) over (0, ¢) and utilizing (3.31), (3.27), and Gronwall’s inequality,

1 ! A
—(IIutllﬁ,f+||V|¢'|Pt||§,m)+f(,ulIID(ut)llif+—IIthllﬁ,m) ds
2 : 0 2u,
! !
SCeollutlz:ollﬁ,feXp{f IID(U)Ilﬁ,deHCEofII 8’| pAll3,, ds
0 0

! !
+ Call \pleollexpl [ IN@IpIR, ds)+ [ 9P g dsl < Ca (332)
0 0

The proof of Lemma 3.3 is complete.

Lemma 3.4. Under the conditions of Proposition 3.1, it holds that

T
sup (IV2ull3, + IV2pl,,) + f (sl + 11Tl df < Ce, (3.33)
0

0<t<T
where C depends only on u,, ps, A, G, Qf, Q,,.

Proof. Step 1. (L? estimate of D(u,))

Differentiating (1.3); with respect to x, multiplying by u,,, and then integrating the resulting
equation with respect to x over r, we apply Holder’s inequality, Young’s inequality, the extension
theorem [7], Gagliardo—Nirenberg inequality, and Korn’s inequality [48] to obtain

d M1
lul3 - + zt(mllD(ux)II%,f + %Ilux -l3,)

2
u
< - f px(u; - ) dS +f (9,C(Vu —u-Vu)-u,dx
L Qr 2
<IVPlamlsdl + [l IValla plladllz,f + lalle, Vol fllagdl, ¢

1
<Ml + CAVPIR,, + IDQIE NID@IE ; + 1ull; DI ; + 1Vl )

1
<Ml + CAVPAIR,, + D@ NID@IE ; + llull; DI, + i,
+ IlB AVl + IV pIZ + ID@IB). (3.34)

Next, integrating (3.34) over (0,¢), and using (3.1), (3.9) and (3.24), along with Gronwall’s
inequality, we obtain

!
1
ﬁ EH“tx”%,f ds + mlIDIl; ; < CGo(lonllf,z(Qf) +1). (3.35)
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By substituting (3.1) and (3.9) into (3.16), for any ¢ € [0, T'], we obtain:

sup IVl < C(lulR , + Il JIVully, + IVplE,, + IDWIE,) < Cep. (3.36)
0<t<T

Step 2. (L? estimate of Vp,)

Differentiating (1.2) with respect to x, multiplying by p,,, and then integrating the resulting
equation with respect to x over €,,, with Holder’s inequality, Gagliardo—Nirenberg inequality, Young’s
inequality and the extension theorem [7] to obtain:

A d
2 2
N ¢’ . + — V ; <

Qi

&' pipxpix dX + f (u, -m)p,, dS
I
1 1
<Cell VI |Pllamll Pl 1P 2 o, IV 1Pecllom + f (u, -m)p,, dS
I;

1 d
SE” VI¢' |3, + Ceoll VIg! Pl Pl Pl o, + 7 f p«(u, - m) dS
I;

+ CUIV Pl + 0l ) (3.37)

with (3.9), (3.24) and (3.29), we have

VI8 1P 12 Ip o mll Pl @,y
<CMe& || VI8 |pdloml IV pdlom(IV Pl 20, + IPAI20,) + CellV DI g

<ClINIF PR, + CMPlV B, VPl , + CMP&IV P, + CallVPIE ¢, -

Then, integrating (3.37) over (0, 7), and utilizing (3.9), (3.35), the extension theorem [7], Young’s
inequality, and Gronwall’s inequality, we obtain:

1 (" A
Ef I VIg'|puxll3,, ds + Ellvpxllim <C(1 + M?e + IV poll3,, + [IVuo|l3 ;) < Cep. (3.38)
0 2
From (3.30), (3.32), and (3.38), we have

sup IV2pli3,, <CUIVPAl3,, + MIII¢|pi3,,) < Ce.
0<t<T

Thus, the proof of Lemma 3.4 is complete.

We are now in a position to prove (3.7). If (2.3) in Assumption 2.2 holds, then [|¢'(P)llcow < C
naturally follows, and so does ||p|lcn < C. If (2.4) holds, we employ truncation techniques to ensure
that the fluid domain in the porous medium region €,, satisfies:

Q. > 1,
m:{ w 1P (3.39)

Q) Ipl<1.
Applying L'Hopital’s rule, we have

e mdr L pp)
lim N S = lim —= = lim
p—0 p p—0 D p—00

¢;p)zc, ol > 1.
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Thus, by (2.4), it follows that

Py, = [ Pdr< [ Bp)dx< ClBGIL,

m

Using the Gagliardo—Nirenberg inequality, we obtain

11, <CIV2pllzslipllzs + 1P1R,, < C (1 +1IpIEsy ) < Ceo.

Thus, the proof of (3.7) is complete, and Proposition 3.1 is established by synthesizing (3.9), (3.24),
and (3.33).

Lemma 3.5. Under the conditions of Proposition 3.1, it holds that
T
sup (Il + 1l Vig' a3, + f (ID@IE  + IVpal3,) dt < Ceo, (3.40)
0<t<T 0
where C depends only on u, ps, A, G, Qf, Q,,.

Proof. Differentiate (1.3), twice with respect to x, multiply both sides of the resulting equation by u,,
and integrate over  with respect to x. Similarly, differentiate (1.2) twice with respect to x, multiply
both sides of the resulting equation by p.,, and integrate over €2, with respect to x. Then, summing
the two resulting equations yields:

1d 2 2 2 Hi 2 A 2
——(||u, + P x + 2 ||IDu )5 - + = |uy - i+ —=Vpudlls,,
2dt(” 1.7 + V1@ [Pxsllz ) + 201D 4 GII 7lf5, ,u2” Pl

|u|2 1 1244 17 144
< f ai(V—z —u- Vo) ugdx -S| (¢ PiDE+ 20" pups+ @ PiPrx) - Pax dX. (3.41)
Q Q

Applying Holder’s inequality, Young’s inequality, the Gagliardo—Nirenberg inequality, and Korn’s
inequality [48], we obtain:

5 |u|2
0, (V——-u-Vu) - u,, dx
Q, 2

e
<C(lully (Vs f + llolls AIVall il s + lalla A1Vl gl )
1 5 3 3
2 2 2 2 2
SC(HD(llxx)llz,flllll|Hz(Qf) + ||D(llxx)||2,f||l1||Hz(Qf) + ||D(uxx)||2’f”u”H2(Qf))

10
3

<Dl ;- + C(Ilullﬁlz(g_f) + [[ull} ol )- (3.42)

Using Holder’s inequality, Young’s inequality, and the Gagliardo—Nirenberg inequality, we can
derive that
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1 244 44 144
~3 f (8" PP’ + 20" pixps + ¢ PiPxx) - Pax dX
Qp
2 1
SC(” V|¢,|pt”2,m”px”ill(gm)(||Vpxx”23’m”px”]3_11(gm) + ”pxx“Z,m)
1 1
+ C” \' |¢’|ptx||2,m”px||H1(Qm)(||vpxx||§’m”px||12_11(gm) + ”pxx”Z,m)
+ CIIVI® 1PV paal ol Pl ey + 11Psxl13,0)
A
<3 VPl + CUNG Pl + NP, + NP, + 1P, + 120
Pl )- (3.43)
Then, integrating (3.41) over (0,¢), and using (3.1), (3.9), (3.24), (3.33), (3.42), and (3.43),

we obtain:

1 2 i 2 t A 2
E(Huxxllz,f + ” |¢’|pxx||2,m) + (,ulllD(uxx)”%,f + ZHVPxtz,m)
0 2
! 10
SCf (il ) + Ml + 1l ) + NI Pl + V19 1P,
0 !

2 14 6 4
+ ” |¢/|pt”27m + ”px”Hl(Qm) + ”pX”Hl(Qm) + ”px”Hl(Qm)) ds S CEO‘

Thus, we can successfully complete the proof of Lemma 3.5.
It is time to obtain the high-order estimates. We have a refined version of (3.29) given by:

I VI¢' | pillam <C (1 + IV Pill2m) - (3.44)

3.1. Higher-order estimation
Let o(t) = min{1, t}. Then, we obtain the following higher-order estimates.

Lemma 3.6. It holds that

sup o()(IV3ull}s g, + VI, + IID@I ; + VP13,

0<t<T
T
+f O3 s + 1 VIF | Prsslls e + 0al13 ;- + 1 V16| P4l3,,) di
0
<C(1 + oz, + IPolling,) = N1, (3.45)

where C depends only on py, pr, A, G, Qp, Qu, |lWoll2@p, 1Poll2a,)-

Proof. By considering ||Vullp,, = {U, Uy, Uy, Uy}, we have

IV3ull 20y < CIDQIL.s + Vg lla f)- (3.46)

To estimate ||Vu,, ||, s, we differentiate (1.3), to obtain

IVl < C(ID@)IB ; + IV - V)3, + IV2p R, + D@ ,)-
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It follows from Holder’s inequality, Young’s inequality, and the Gagliardo—Nirenberg inequality that

1 3
V@ V)l < C(llull; IV2ull; ; + [IVully ) < Cllulzg . (3.47)

For ||V?p ¢ll2,, using results from the Dirichlet-Neumann problem (Lemma 2.5, [39]), along with
Young’s inequality, the Trace theorem, and Poincaré’s inequality [47], we have

2
IVPrllos <lppllreg,) IV - (- V)l +lp - 2/110xu1||H%(r,)
2
<Clfzq, * Pll@,) + IV llm@,)

<C(lullfp g, o TP, + gyl s + 1D, 5)- (3.48)
Combining (3.46)—(3.48), we derive that

IV2ull3  <CUID@I; ; + Il ot [wgyll3 ; + 1D, + P12, )- (3.49)

Next, we will estimate ||[D(u,)||, ¢, [[Wyyyll2, 7, and [|[D(uy,)ll2, s step by step.

Step 1. (L? estimate of D(u,))

Differentiating (1.3); with respect to ¢, multiplying the resulting equation by u,, and integrating the
equation with respect to x over Q, simultaneously, differentiating (1.2) with respect to ¢, multiplying
the resulting equation by p,, and integrating the equation with respect to x over €2,,, and summing up
the two resulting equations, we get

“

d
Il + VI TPall + = GliDI + T

pl
T2+ =—|IVpill?
”uz T”z,l 2,“2” pt”z,m)
uf® "
sf a,(v—2 —u-Vu)-u,dx - f p.(u, - m) dS + f pu(u, -m) dS — f ¢ ppydx.  (3.50)
Qf r[ Fi Qm

We have the following inequalities: Holder’s inequality, Young’s inequality, Gagliardo—Nirenberg
inequality, and Korn’s inequality [48]:

lul?
f 6t(v7 —u-Vu) - u, dx < C(l|ulls f[IVually g + [[alleo Va2, ollwgllo, ¢
Qf

1 1
<Cllul; D@3 Ml + Tl ol o)l

1
<l + CANIE  + Nl , + D@, + 1), (3.51)

and we obtain, using Holder’s inequality, Young’s inequality, Gagliardo—Nirenberg inequality, (2.2),
and (3.44):

77 ¢’,
—f ¢"pipndx < || ol VI 1PAIIZ 1 VIO Pisllo.m
Q Vie'l

1
<5l VI |pall3,, + CUNI Pl IV Pl ) + IV, + VI DAL, (3.52)
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Multiplying (3.50) by o(s) and integrating the result over (0, 7), we obtain, using Young’s inequality,
Holder’s inequality, Gagliardo—Nirenberg inequality, Gronwall’s inequality, and (3.51)—(3.54), that

1
a(UD@)I5 s +11VpdL,,) + f a($)(Ilugll3  + I VI¢'1pall3 ) ds
0

!
<C sup (Il g, + 0, + D) + 1Dl expl f IDIE ; ds)
0<t<T ’ 0

!
+C sup [VIFIpAE, VPl + 1) + IV pdicol 3, expl f IVpdB,) ds
0

0<t<T

!
+ C( sup [l +f o()IVpE,, + IIUIIIi,l(Qf)) ds)

0<t<T 0 g
<C(1 +uolls g, + 1Polls ) (3.53)

where we have used the extension theorem [7] to estimate the interface term as follows:

f a(s)(— f piuy - m) dS + f pulu, - 1) dS)ds
0 I; I

!
<oO(@IVpiR,, + Clwl3,) + € f VPR, + IwlB , + VPR, + llugdB) ds,  (3.54)
0

where ¢ and 7 are sufficiently small.
Step 2. (L? estimate of u,y)
We differentiate (1.3); with respect to x to obtain:

gyl < Ciul2 + IV p sl + 10.0a - VW), + 1D IR ): (3.55)

We know from Young’s inequality, the Gagliardo—Nirenberg inequality, and Korn’s inequality [48]
that

19:(u - Vwl; ; <C(IVully ; + IVl VUl ) < Cllullieg ) + 0l ) ID@I,- (3.56)

For |[Vpy.llor, by taking the partial derivative of (1.3); with respect to x and then applying the
divergence operator, and using the incompressibility condition (1.2), we obtain

— Apysy = div(0,(u-Vu)), inQ,x(0,7). (3.57)
Due to (1.4),, we have the following boundary conditions:
prx =0, onTy x(0,7),
Ppx=pi= %axmlz — &', on T x (0.7). 29

Similarly to the method used to obtain (3.57), and based on the typical results (Lemma 2.5, [39]) for
the Dirichlet-Neumann problem, as well as the Trace theorem and Poincaré’s inequality [47], we have
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I1Vpll s <CAGI@. 0 Tl + Il + 50l o+ 0y )

<19, - VWlloy + IVl + 182 i)
<CIVul ; + Nl AVl + 19l + 1026 )
<C(MIE: ) + IV Pl + 1D ). (3.59)

By applying the gradient to (1.2) and using (2.2), we obtain

”Vpx”Hl(Qm) < C(”VpxxHZ,m + ”pry”Z,m + ”Vpx”Z,m) < C(”V((p/pt)”lm + ”Vpx”Z,m)
<C ol Pl + -

Vig'l

<CIVpillom + 11V Pl g I VIE 1P A2 + IV Pl @, 1V Pill2m
+ VPl @l VI IPdlom + IV Pl @), (3.60)

||oom||Vp||4m|| |¢,|pt”4,m + ||Vpx||2,m)

where we have utilized Holder’s inequality, Young’s inequality, Gagliardo—Nirenberg inequality, and
(3.44). Thus, combining (3.55), (3.56), (3.59), and (3.60), we conclude that

115, <CMllyz g,y + Ml ID@DIE ; + ID@DIE  + Il f + VPR, + VPl

FIVPIE o VPR, + IV DI o IV PR, + IV DI o 19,
4 4 2 2 2 8
<C(Mlleqq ) + DI -+ il + VPl g VP + IV P

+ IV Ipdis,, + 1) (3.61)

In this case, the term ||D(uxx)||‘2" f is not sufficient to close the estimate. We should proceed to the
next step for now.

Step 3. (L? estimate of D(u,y))

Differentiating (1.3); twice with respect to x, multiplying the resulting equation by wu,,,, and
integrating over  with respect to X, and simultaneously differentiating (1.2) twice with respect to
x, multiplying the resulting equation by p,.,, and integrating over €,, with respect to X, we obtain:

d A
ell3 - + 1 VI9 [Prsll3, + (#1||D(llxx)||2f 2Gllllm Tll3, + ||Vpxx||§,m)
7%}
| |2 17 124 44
f BZ(VT u- Vll) Ll dX - (¢ pipt + ¢ PxxPt + 2¢ pxptx)ptxx dX
Q; Q,
- f pxx(utxx : Il) dsS + f ptxx(uxx ' ll) ds. (362)
I; I

We employ Holder’s inequality, Young’s inequality, Gagliardo—Nirenberg inequality, Korn’s
inequality [48], and (3.61) to obtain:
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2
f (VE —u-Vu)-u,, dx
Qy

1 2 3 2 2
< gl p + Cllulle o ) (D@ l.p + gy llo.p) + Cllulf g ) ID@IR, ¢

1
4IIuWII2 7+ CUlle g, + ID@IL f + 0l + IVPIG o IV P,
+IVpl o, + IV AL, + 1). (3.63)

Similarly, with the help of Holder’s inequality, Young’s inequality, Gagliardo—Nirenberg
inequality [46], (2.2), and (3.65)—(3.68), we obtain

- f (¢N,p)25pt + ¢ DPxxPt + 2¢prptx)ptxx dX
Qy

1
=5l VI |Pecell3 e + CIp I VIE DA, + 1l | VIS PR + 1Pl VI P 3,0

1
=5l VI8 1Pl 3+ CUV Pl g ) + VI 1P, + VPR, + DIVIE P,

+ ClIV Pl (VP INIF AR, + VPR, + 1N PR,
+ CUVPIE o, + INVIFTPALE, + 19p4l3,, + 1), (3.64)

The proofs for (3.65)—(3.68) are as follows. By applying the Gagliardo—Nirenberg inequality,
we have

Ip.llg, < Cllpxllé,,,IIPXIIHI(Q L < ClIVPllpq, (3.65)

Using the Gagliardo—Nirenberg inequality, Young’s inequality, Holder’s inequality, along with (2.2)
and (3.44), we obtain

4
IVI¢'Ipdle,. < CllVIg ptll WV IS, + 11 P,
4 2 4
<C(lvl¢’ szISmIIVPIIijI 9 1pdl;,, + 11 P15, IV R, + 11 IPl3,,,)
<CUIVI¢'|pAI5,, + IV Pl + IV PAI,, + 1) (3.66)

Using Young’s inequality and Holder’s inequality, we obtain

1Pz, <ClPaclbomllPadllng,y < CUVPIG o )+ IVPl3,)- (3.67)

By applying the Gagliardo—Nirenberg inequality, Young’s inequality, and Holder’s inequality
to (1.2), we obtain

”px”oom SC‘”Vzp)c”Zm”prZ,m + ”px”%’m < C”V(|¢l|pt)||2,m||px||2,m + “px”%,m
<C(||VPIIHI(Q =l VISP, + VP, + D (3.68)
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Next, by multiplying (3.62) by o(s) and integrating with respect to ¢ over (0, ), and applying (3.63),
(3.64), and Gronwall’s inequality, we obtain

t
TV Pz, + DI /) + f TSNS 1Pz, + il ) ds
0
!
<C | o (llsgq, + 1D ; + il  + IVPIF o VRS, + 1IVPIG,
o H2(Qp) 2.f 2.f H Q) 2,m H'(Qu)
!
+ VI Ipil,, + 1) ds + Cf a($)UIVPIlG g, + IV 1P, + VP, + DIVIE il ds
0
!
+CfU(S)IIVpxxllg,m(IIVplli,l(Qm)|| (' |pAll3,, + IV P, + VI 1PAI3,,) ds
0
t
+C f FSOUVPIE i, + I VIFIPALE, + I9p1,, + 1) ds + Cey
0

!
+ f (VPR + IDIE ) ds
0
SC(I + ”uO”iI}(Qf) + ||p0||i13(gm))a (369)

where we have also utilized the result derived using the extension theorem [7], given as follows:

f O-(S)( - f pxx(utxx : n) ds + f ptxx(uxx : n) dS) ds
0 I; I;

!
<T@V, + CllunlB,) +C f T OUIVPalB + M2 + VPR, + 7llucdB,) ds
0

t
<a(OellVpull,, + nf ()l ds + Ce,
0

where € and 1 are small enough.
Therefore, with (3.8), (3.53), (3.61), (3.69), and Korn’s inequality [48], we obtain

2 4 4 2 2 2 8
T Oyl ; <Co) Il + 1D, + ID@)IE ; + IV P16 IV 2AB,, + 1Pl

PR, + 1) < CO+ ol ) + IpollGa g, ) (3.70)

so combine it with (3.49), we have:

oIVl , <Co@(ID@)I3  + ||ll||i,z(gf) + [y ll3 , + 1D, + ”p”iﬂ(gm))
<C(1+ ol g, + 1Pollia, ) (3.71)

Knowing from (1.2), (3.8), (3.24), (3.30), (3.53), and (3.44), we can derive, with the aid of the
Gagliardo—Nirenberg inequality, Young’s inequality, and Holder’s inequality, that
oIV pll3,, < Co@IV(@ pIl3,, < CO’(I)(IIjﬁllimllvpllimlll 1| pilI3 0 + 167112, 1V PR )
<CaIV Pl IV PG, + VDI IV PG, + VP o VI DA, + IV A1)
H' Q) 2m HY(Q,) t12,m HY(Q,) t12,m tl2,m
SC(l + ”u0||3H3(Q_/) + ||p0||§13(9m))

Therefore, the proof of Lemma 3.6 is complete.
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We can establish Lemma 3.7 before deriving the fourth-order estimates.

Lemma 3.7. It holds that

2 2 2 2 2
sup o (O(dlz2iq,) + 1V 1Pl + VI PG, + lly f + TV Pl )
L () ; . f ,

0<t<T
T
+ f T (OUD@N G2, + IVl + VI il + 1PN ;- + IV Paill3,,) dt
0
<C(+Ny)). (3.72)

Proof. Step 1. (L? estimate of u,,)

Apply 0,0, to (1.3),, then multiply the resulting equation by o ()u,, and integrate over Q. Similarly,
apply 0,0, to (1.2), then multiply the resulting equation by o (¢) p;, and integrate over €,,. Summing the
two resulting equations, we obtain the following result using Holder’s inequality, Gagliardo—Nirenberg
inequality, and Young’s inequality:

1d A
——U(I)(Ilumlli,f + VI8 | pall3,) + G(t)(ZﬂlllD(utx)Ili,f + 'ﬂllum i3, + =V pull3,)
2 dt - - G Mo
|U|2 7" 2 3 1 _2 17
<o(1) (9f0x(V7 —u-Vu)- u, dx-o(t) (@ pap; Pix + §¢ DDt + @ puprpix) dX
o Q

1 2 2
+ Sl p + 11V 1Pl )
2
<Co@lullz (IVulleo,r + lNlla lIVoylla flloedl,p + [l IVl ol ¢
1 2 2
* lleo. IVl l0ell2 ) + S Ceelly  + VI 1Pl )

+ Co@(lIpsllcomll VI 1Pl VI 1Pixlloim + | VIS | Pexllz ol VI [Pl L2
+ ”px”oom” \Y |¢’|ptt”2m” V|¢’|ptx”2,m)

A
<Co () ID(u, Il ; + ﬂllvpmllg,m) + Co-(t)(l|utx||§,f||u”§_13(gf)
2

6 2 2 8 8 / 4
+ ”ul”Hl(Qf)”u”HS(Qf) + ”ulx”z,f + ”Vp”HZ(Qm) + ” |¢,|pt”4,m + ” |¢,|ptx||2’m
1
2 2 2 2 2
+IVPlp ) | VIEPalls, + VI Py, + 1) + E(Ilutxllz,f + VI parllz ) (3.73)

where we have utilized (3.74) and (3.75), which were derived using Holder’s inequality, Gagliardo—
Nirenberg inequality, and Young’s inequality.

VIS 1Pesll3 e SCUNI Dol VA1 1P + 1| VI | Pesl]3,)
SC‘(” \Y |¢,|ptx||2,m||vp”4,m” V |¢’|ptx”4,m + ” \Y |¢,|ptx”2,mllvplx”2,m + ” \Y |¢’|sz||§,m)
<&l VI¢/|pialli + MV Pixll,, + CAll \/|¢'|P¢x||§,m||Vpllz.(Qm) + IV 1Pz, (374)

where € and 7 are small enough. Based on (3.8) and (3.53), we can obtain that

TV Pz, <C@OUNI 1P IVPI g, + IVPE,, + 1VIEIpil,) < N (3.75)
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Thus, integrating (3.73) over (0,¢), and using (3.8), (3.74), (3.75), and Gronwall’s inequality,
we obtain

A
FOUunlB , + I VI# Il + f F(UDWIE ; + IVl ds
0

t
< Sup ||u||H3(Q )f O-(s)”utXHZf ds + Sup ”uHH?(Q ) Sup ||ut||Hl(Qf)
0<t<T 0<t<T

+ sup (Il ; + IV, + 1 VI# 1P,
0<t<T

+ | V1@’ | Pixle= o||2meXPf0'(S)||\/ ¢'|punll3,, ds)

+ sup [IVpllF.e, )f (VI |pull3,, ds + Ny

0<t<T

<C(1 + N)). (3.76)

Additionally, based on equations (3.74) and (3.76), the following results can be derived:

t !
fU(S)IIVIfﬁ’IPmIIim ds SCfU(S)(IIVszllﬁ,m+||\/|¢’|pzx||§,mllelli,l(Qm)+||\/|¢’|Pu||§,m)ds
0 0

<C(1 + N)). (3.77)

Step 2. (L? estimate of )

By differentiating (1.3), three times with respect to x, multiplying both sides of the resulting
equation by o (#)u,,,, and integrating over £, with respect to X, and similarly, by differentiating (1.2)
three times with respect to x, multiplying both sides of the resulting equation by o (f)p,., and
integrating over Q,, with respect to x, we obtain:

37 Cf(t)(llllxxxllzf + VI Paxall3 ) + T2 ID I ;- + ”Vpxxtzm)

— o (t) f (@ pip: + 36 popaxpi + 380 D2pis + 30" prxPix + 38" Dalixx + 8 DaePi) Prx AX
lul?
+ O-(t)f 83(V_ —u- Vll) Wyxx dx + (”uxxxllzf + ” V ¢, pxxx”zm (378)

Applying Holder’s inequality, Young’s inequality, the Gagliardo—Nirenberg inequality, and Korn’s
inequality [48], we obtain:

3o lal
0 (VT —u-Vu) - u,, dx
Qy
2
SC‘(||uxxx||4,f||vull2,f + ||uxx||4,f||vux||2,f||uxxx||4,f + ”uxl|4,f||Vuxx||2,f||uxxx”4,f

+ ||u||4fllvuxxx”2 f”uxxx||4 f)
<C(IID)ll2, flllllle(Q - “D(uxxx)”2 ,clllllng(Q , ”D(uxxx)”2 ,clllllng(Q N
<ui|Due)ll3 ;- + C(llllllh,z(Q ,+ D). (3.79)
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And we obtain with (2.2):

- f (¢(4)pipt + 3¢(3)pxpxxpt + 3¢(3)p)2cplx + 3¢”pxxplx + 3¢”pxptxx + ¢”pxxxpt)pxxx dX
Qy

SC‘(”px”Zo,m” \Y |¢,|pt”2,m”pxxx”2,m + ||px||00,m||pxx”4,m” \Y |¢/|pt”4,m“pxxx”2,m
+ ”px”Zo,m” \Y |¢,|ptx||2,m”pxxx||2,m + ||pxx||4,m|| \Y |¢,|ptx||4,m”pxxx||2,m
+ ||px||00,m|| \Y |¢,|ptxx”2,m”pxxx”2,m + ”pxxx”zzl,m” |¢,|pt”2,m)- (380)

It can be derived with Gagliardo—Nirenberg inequality that

1 1
1Pellcom SCUPL, IV Pally,, + 1Pillm) < Cliplis,), (3.81)

similarly, we obtain

1 1
IPxallam CUIPaally IV Pxxlly,, + 1Pasllom) < Cllpllas,)- (3.82)
By applying the Gagliardo—Nirenberg inequality and Young’s inequality, we obtain
”pxxx”im SC‘(l|px)cx||2,m”Vpxxx”2,m + “pxxx”%,m)- (383)

Then, integrating (3.78) over the interval (0, t) and utilizing (3.8), (3.75)-(3.77), (3.79), (3.80), as
well as Gronwall’s inequality, we obtain:

1
O (NMeeel 3 + 1 VIF Pl ) + f (DI ; + IV pacill3 ) ds
0

t
Sf (3 s + 11paxsll,,) ds + sup Cf(t)(llulle(Q) 1)

0<t<T

+ sup oOlIpllys g, ) Sup IVIg'Ipdl3,, + sup c@OlIpllpq,, Sup IVIg'pil: .

0<t<T 0<t<T
+ sup o @lIpllys, f I Vig'|pusll3,, ds + sup oOlIplls, f I VIg! | peall3,, ds
0<t<T 0<t<T

+ sup O, f INI@ Pl ds + sup Ol

0<t<T 0<t<T
+ sup [ VI¢'|pdl3,, sup o(1)(1 + ||1D||Hz(Q )
0<t<T 0<t<T
<C(1 + NY).
Thus, the proof of Lemma 3.7 is complete.
Next, it is time to get the fourth-order estimates.

Lemma 3.8. It holds that

sup o ()*(IV*ull; ; + VWl ; + lugll3 - + IV*pli5,,, + IV pill3,, + I VI¢'1pull5,.)

0<t<T
T
+ f (O (IDWI5 f + 1V Prxcel 3, + 1 VIO Picalls, + ID@IG ; + IV Pll3,,) i
0
<C(1 + Ny +1Ipollf, , eXPINT ). (3.84)
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Proof. Tt follows from the fact that
IV*ll3 ; < CUD@IS f + Va3 ). (3.85)

Clearly, by applying Holder’s inequality, Young’s inequality, the Gagliardo—Nirenberg
inequality [46], Poincaré’s inequality [47], Sobolev inequality, and Korn’s inequality [48] to (3.11),
we obtain:

IV, 2, <CUVwlE , + IV - VIR, + IV psl2 f + IVl )
<C(IV?ullz ; + IIUIIHZ(Q NIV3ull s + 1V Dl ¢+ IDW)ll f + eyl )
<C(IV*ull3 , + IIUIIHg(Q/.) + V2ol s + ID)I f + Wy f)- (3.86)

For ||V3 Prllar, by leveraging the typical results (Lemma 2.5, [39]) of the Dirichlet-Neumann
problem, (3.56), Young’s inequality, the Trace theorem, and Poincaré’s inequality [47], we have:

IV3psll3 ;< C(IlullHa(Q y+ IIPIIHz(Q )+ DI + VU l13 - + [gyll3 - + 1. (3.87)
Combining (3.85), (3.86) and (3.87), we have

IV*ulB < CUDWWIIE + IVWIE  + V8 1B + gy + lull (3.88)

H3(Qf) + ||p||H3(Q ) 1)
Next, we will estimate ||[D(.)ll2, f, ||V2ut||2, £ VU o, r, and [[uyyyllo, ¢ step by step.
Step 1. (L? estimate of D(Uy))
By differentiating (1.3), three times with respect to x, multiplying the resulting equation by u,,.,,
and integrating with respect to x over £, we obtain:

d
||utxxx||2f + E(/ll ”D(uxxx)llzf + 2G||uxxx T||21)
2
f (VE —u- Vll) Wyxxx dx — f pxxx(utxxx : n) ds. (389)
Q 2 T

We employ Holder’s inequality, Young’s inequality, the Gagliardo—Nirenberg inequality, and Korn’s
inequality [48] to obtain:

3 o lul?
0, (V— —u-Vu) - u,,, dx
Y 2

1
2 2 2 2 2 2 2 2 2
sanumuuuwumf Il VG + Tl VI + Tl V0l )+ 5 el
2 2
||utm||2f + CNG g ) + IDDIE ; + B + 1. (3.90)

Similarly, by differentiating (1.2) three times with respect to x, multiplying both sides of
the resulting equation by p;.,, and integrating with respect to x over (),, we obtain, using
Holder’s inequality:
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I VIp szxx||2m || pxxx”zm
—~ f (0@ pip, + 3¢(3)pxpxxpt + 300 P2 pic + 30" PrexDix + 30" DiPixx + & PP Pinar dX
Q,

+ f ptxxx(uxxx : Il) ds = Jl + f ptxxx(uxxx : n) ds. (391)

I L

Then, for Ji, using (3.81)—(3.83), along with Holder’s inequality, Young’s inequality, and the
Gagliardo—Nirenberg inequality, we obtain:

Ty <CUIpAS Wl Vi@ PR, + 1P Pl Bl VI8 DA, + 1Pl ol Vi 1Pl B,
+ 1P aalla | V10 1Pl + 1Pl 2l VI 111G, + 1Pl 1 VI 1Pel3 ) + €l VI D1l 3,
<CUIPISp 1N 1PAB + 1Pl o, IVIB PR, + 1PN, | VI Dol
+ 1P, I VI 1Dl + 1PN,y + IV Pl BN 1PAR 0 + 1, 1 VI8 Prasl3 )
+ &ll V1o | Prxsal B (3.92)

where we have used the fact

”pxxx”zz;,m S(j(l|pxxx||2,m”Vp)cxx”2,m + “pxxx”%,m) < C(||p||H3(Qm) + ||Vpxxx||2,m)- (393)

In this case, by summing (3.89) and (3.91), multiplying the resulting equation by o (s)?, and
integrating with respect to time over (0, ¢), and utilizing (3.90), (3.92), (3.8), (3.45), and (3.72), we
find that:

!
@O (1PN + IV Paasll3,) + f o (Y (IDWe)I3 - + IV prasell3,) ds
0
!
<C(1+N)+ f o () Myyy |13/ ds. (3.94)
. 4

In fact, we have applied the extension theorem [7] once more, as done in the previous steps,

as follows:
!
f 0-(S)2( - f pxxx(utxxx : n) ds + f ptxxx(uxxx : n) dS) ds
0 I; I

t
<o (O (&Pl + Cellwells ) + C f TSV Prarll3, + i3 ) ds
0

!
+ f O-(S)Z(Cnllvpxxx”%,m + nllutxxx”%,f) dS,
0

where ¢ and 7 are small enough.

Step 2. (L? estimate of V*u,)

For ”V2ut|l2 Vil aCCOrdlng to Vzut - {utxx’ utxya utyy} {Vutx’ ut)y} we have ”V2ut||2f = C(Hvutx”
||u,}y|| 5 f) Taking the derivative of (1.3), with respect to ¢ yields:
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3, <Clugl + 18w - VW, + 198, p,13 + 1D, )IE,)

2 2 2 2 2
<C(I0I ; + 1l g 10, + IO AR + ID@IE,),
and

16018 SCAV -0Vl g, + pd =Tl )

H'(Qp) . ,
<C(wl 0 000, + Pl + a3 s + ID)IS )
— t Hl(Qf) HZ(Q_f) pt Hl(Qm) xl2, f tx/JN2, f).
Thus, we have
2 2 2 2 4 2 4
Vw3 ; <CUD@IE ;- + Il + Il g ) + 1P, + 0l g, + 1)- (3.95)

For ||D(u,x)||§’ » we apply 0,0, to (1.3), and multiply by u,,, then integrate the resulting equation

by parts with respect to x. Similarly, applying 9,0, to (1.2) and multiplying by p,., we integrate this
equation by parts with respect to x. Summing the results of these two integrations, and then multiplying
by o (s5)? and integrating the resulting equation with respect to time over (0, ¢), using (3.75) and (3.77),
we obtain:

d M1 A
2 ’ 2 2 2 2
”utttz,f + | V | |pttx||2,m + E(ﬂl”D(utx)Hz,f + E”utx : T”z,i + %vatxllz,m)

2
< f @é&(V%—qu)ﬂm dx — f Dix(Wyy - M) dS + f DPux(Wyy - M) dS
Qf , .

¥ I

- f (¢(3)pz2px +2¢" pixDi + @ PiDut + & Pux) Pux dX. (3.96)
QI‘”

Thus, applying Holder’s inequality, Young’s inequality, and the Gagliardo—Nirenberg
inequality [46], we have:

Ll
0,0,(V— —u-Vu) - u,, dx
o 2

| 2 2 2 2 2 2 2 2 2
<C(NnlB VR, + B AVWE , + P VR + i, Va3 ) + ellugd?

<CUID@IE 0l g + 3 0l ) + 01 ID@WIE) + ellulB . (3.97)
and using (2.2), we derive that
- f @7 pips + 20" prpi + & DxPu + & Pux) Pux dX
Qn

<&l V16 |pusll3 . + CUIPIlp 0, IV 1P, + 118 Pl I VI8 DL,
+ 1Pl 0, | V16 1Pal3,). (3.98)

Thus, we can derive
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!
o (ID@ ; + IV Pl3,) + f o () (Isll3 5 + 1 VI8 |Pusll3,) ds
0
Scf O'(S) (”D(utx)llzf”u”[_ﬁ(g ) + ||ut||2f||u||H3(Q ) + ||u||H3(Q )”D(ut)”%,f) dS
0

c f TSPl o I VI PR, + NG TPl TP,
0
11 I VTGl + 19 Pl + Nl ) dis

!
+Cf o ($)(IVpislls,, + Mad3 ;- + ID@I /) ds
0

<C(1 + N9, (3.99)

where we have used the following estimates

f o7 - f Pu(Uine 1) dS + f Pt m) d ) ds
0 T; I

f
<oty (ellVpull3,, + Cllunll3 ;) + C f TSIV pul,, + ugll3 ) ds
0

t t
+ Cf O-(S)levptxHZ,m ds + f T’O-(S)zllu"x“g»f ds,
0 0

where ¢ and 7 are small enough.

To complete this step, we need to estimate [Juy|[3 - We apply d? to (1.3), and multiply by o(¢)*u,,,
then integrate the resulting equation with respect to x over Q. Similarly, we apply 7 to (1.2) and
multiply by o(f)?*p,, then integrate the resulting equation with respect to x over Q,,. Finally, summing
these results yields:

d
—0'(t)2(||u,,||§f + | V|¢/|Pn”§ f) + O'(S)z(llD(lln)H%f + ”tht”% m)
2
<Co(s)* f 02(Vu u-Vu) - u, dx - Co(s)’ f (@7 p; +2¢" pupe)pu dx

+ Ca(s)(uall3 s + I Vie'Ipul3, ). (3.100)

We obtain from (3.95), Gagliardo—Nirenberg inequality, Holder’s inequality, Young’s inequality,
and Korn’s inequality [48] that

2
f (92(Vu u-Vu)-u,dx
o 2

3 1
s
<Clullo AVl + 01 g V20 gl + [z V8 gl )
<ellD@IE ; + CUPWWIE ; + Il + 1P, + Il ) + 1)

+ Cllugll3 (il g, + leq,, + 1) (3.101)

H'\(Qf) HX(Qy)
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Applying the Gagliardo—Nirenberg inequality, Holder’s inequality, Young’s inequality, and (2.2),
we obtain:

f @VP} +2¢" pupe)pu dx <CUIVIF PR N1 1Pl + 11De1Z ol V16 1PAl30)
Qn
<C(1 + P2 N1 1Pall3 0 + V18 1P, (3.102)

For || v/I¢’|p:ll6.m» using the Gagliardo—Nirenberg inequality, (3.8), (3.45), and (3.72), we can derive:

aOIVIg' g, <Co@IVIg'Ip, IV (Vi Pl + Vi@ 1pdS,,)

<Ca@OIpllys g, I VI 1A, + 1V PAS,, + 11 IpIS )
<C(1 + N).

For ||p,||% ,,, we have with (3.8), (3.45), (3.72), and (3.75) that

OO,m’

! !
ffT(S)Ilptlli,,m ds SCf TS Pillaml V2 pllom + IpA13,,) ds
0 0
!
SCf o)1 |pOI . + IV Pl + 1P, ds
0

!

<C f UV P + 1NV 1Pull3,, + VP, + Ipil13,,) ds
0

<C(1 + N)).

Therefore, by integrating (3.100) with respect to ¢ and applying Gronwall’s inequality, with the
assistance of (3.45) and (3.72), we obtain:

‘
O'(t)z(”utt”%,f +| \/|¢’|p”||%’f) + f O-(S)Z(HD(UU)”%J + ”Vp””im) Js
0
t
SC‘fO‘ U(s)2(||D(u;x)||§,f + ”ll“‘;.]z(gf) + Hpt”?—ll(gm) + Huf”‘[‘-]l(gf) +1)ds
¢
+ IV puliolls expt f ()1 + IpiE,,) ds)
0

t
+CfG(S)(Ilunlli,f+||V|¢’|pn||§,f) ds
0
<C(1 + N} + lIpolle g, , eXPINT D). (3.103)

Thus, we can substitute (3.8), (3.45), (3.99), and (3.103) into (3.95) to obtain:
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o IVull; ; < C(1 + N} +[Ipoll7 q, , eXpINT ). (3.104)

Step 3. (L? estimate of Vu,,,)

For ”Vuxyylli ;> by differentiating (1.3), with respect to x and applying the gradient operator V to the

resulting equation, and utilizing Korn’s inequality [48], we obtain:

IV IZ , <CUIVUAIE  + V2Pl + V8w - VW, + Vu )
<CUID@IE ; + 9Pl + Il g ) + 1PN -

From (3.87), using the typical results (Lemma 2.5, [39]) of the Dirichlet-Neumann problem, along
with (3.56), Young’s inequality, the Trace theorem, and Poincaré’s inequality [47], we have:

2 2 2 2 2 1112
IVpridly s Sprallzeg,, < CUIV - Ox(u - Va)lly ; + llpx = 20160 IIH%(F_))
4 2 2
SC(”u”H}(Qf) + ||p||H"$(Qm) + ”u””HZ(Qm))

4 2 2 2
<C(Illp g + 11 ) + IDIB  + eI, (3.105)

so we have with (3.45), (3.72), (3.94), and (3.99) that
(V|3 <o(@)’(ID@I5 , + IIUII}‘p(Qf) + ||p||§,3(9m) + IDW)I ;- + ey 13.,,)

!
<C(1 + N?) + f T () Myyll3 f ds + (1) ayyl13,,- (3.106)
0

For [, ll3 ., by applying 6% to (1.3), and using (3.45) and (3.72), we obtain:

2.m?

; !
f O-(S)leuxxyy”;f ds SCf O'(S)z(“utxxllg,f + ”foxx”%,f + ||axx(ll . VU)”%’f + “uxxxx”%,f) ds
0 0
3
Scf O'(S)z(llD(utx)Hg,f + ”foxx”%,f + ||u||;‘{3(gf) + ”D(uxxx)”%,f) ds
0
!
<C(1+N}) + f o—(s)2||foxx||§,f ds
0

t
<C(1+N)+C f () (Il g, + 1PIq, ) + IDWLIE ) ds
0

<C(1 +N}), (3.107)
where we have used the following result:

2 2 2 2 31912
IVl <Py, < CUV - G- VW g + pre = 2idu' I )

<C(llys g, + 1PI7s @, + 1P, ). (3.108)

Thus, we apply (3.107) into (3.94) to obtain
!
o> (DI + IV Prall3,) + f o ()’ (IDWee I3 + IV Praall3,) ds < C(L+ N7, (3.109)
0
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Using (3.108) and (3.109), it can be derived that:

TP IVplly ; <Co@ (g, + 1P g, + IDWIE ) < C(1+NY). (3.110)

Applying ('))26 to (1.3),, with (3.45), (3.72), (3.99), and (3.109) gives
0 ()| eayll3 ; SCo @ (IDIG  + IVPsalls f + IIUII}‘,s(Qf) +ID(uellz ) < CA+NY).  (3.111)
And with (3.106), (3.107), and (3.111), we have

(@’ IVuy,l3 , < C(1 + NY). (3.112)

From (1.2), we know V*p = {piees Prveys  Pavyys Puwy)s VoPi = {Pixvs Prxys  Pryy)- Using the
Gagliardo—Nirenberg inequality, Young’s inequality, (3.45), and (3.99), we can derive

a@IV*pll,, < Co@’(IV?pally,,, + 1V pyll3,,) < Co@ (V¢ IpoII3 )
<Ca@*(IVplly 1613 + IV PI 1613, + IV PIB IV PR, + IV PR,
<Co@* (1PN}, I VIB' A5, + 1P, NI DA, + 1PN o, IV AL,
+ I 1P, + IV pili3,,) < C(1+ NY). (3.113)
Thus, with (3.45) (3.88), (3.99), (3.103), (3.104), (3.109), and (3.111)—(3.113), the proof of
Lemma 3.8 is complete.

4. Global well-posedness

According to Lemmas 3.1-3.5, the local existence and uniqueness of the solution to the
systems (1.2)—(1.6) on some interval 0 < 7, < T is established. The focus of this study is now to
verify the continuity of the strong solution in order to achieve global well-posedness.

In fact, since uy € Hz(Qf) and py € H*(Q,,), there exists T, € (0, T,] such that (3.6) holds for
T = T;. Next, we set:

T* = sup{T | (u, p) is a strong solution on Q X (0, 7] and (3.6) holds}. “4.1)

For T* > T, > 0, applying Proposition 3.1, Lemmas 3.6-3.8 implies that for any bounded time 7,
ie,0<1t<T<T,, wehave:

ue L, T; H(Q))), u, € L¥(r, T; HX(Q))), p € L(7, T; H(Q,.)), p: € L(7, T; H*(Q,,)).
Therefore, it can be derived
ue C([r,T]; C*(Qp) N C([r, T]; H(Qy)), p € C([r, T1; C*(Q,)) N C([1, T1; H(Q,,)), (4.2)

since
L1, T; HH Q) N Wh(7, T; H*(Qy)) = C([r, T1; C*(Q))) N C([7, T1; H*(Qy)).

Now, we set
T < o0. 4.3)
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By Proposition 3.1 and (3.6), with the Bootstrap principle ! we know T = T* holds.
Additionally, (4.2) implies that:

ux, 7% := lirp ux,?) € Hz(Qf), “4.4)
t—T*
p(x,T") := tlil}l* p(x, 1) € HX(Q,), (4.5)

which means there exists 7** > T such that (3.6) holds for T = T**. This contradicts the definition of
T*in (4.1), thus T* = oo.

5. Conclusions

In this study, we address the global well-posedness of a coupled Navier—Stokes—Darcy model
in two-dimensional Euclidean space, incorporating the Beavers—Joseph—Saffman—Jones interface
boundary condition. We establish the existence of global strong solutions for both linear and nonlinear
cases where porosity depends on pressure. For the linear case, with a porosity function ¢(p) = C,p+C,,
the Darcy equation simplifies to a standard parabolic equation, aligning with existing research on
weak solutions. In the nonlinear case, characterized by ¢(p) = ¢, exp{Cr(p — p,)}, we introduce
a novel analysis of the time-dependent Darcy flow, demonstrating that our results are applicable
even under complex interface conditions. The constraints considered ensure that our estimations are
robust, highlighting the importance of these coupled systems for understanding underground fluid flow
and providing a rigorous foundation for future research in porous media modeling and simulation.
This research contributes to a deeper understanding of fluid flow phenomena in complex geological
formations, offering valuable insights for both theoretical developments and practical applications in
hydrogeology and related disciplines.
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