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Abstract: The notion of generalized quantum cluster algebras was introduced as a natural gener-
alization of Berenstein and Zelevinsky’s quantum cluster algebras as well as Chekhov and Shapiro’s
generalized cluster algebras. In this paper, we focus on a generalized quantum cluster algebra of Kro-
necker type which possesses infinitely many cluster variables. We obtain the cluster multiplication
formulas for this algebra. As an application of these formulas, a positive bar-invariant basis is explic-
itly constructed. Both results generalize those known for the Kronecker cluster algebra and quantum
cluster algebra.
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1. Introduction

Cluster algebras were invented by Fomin and Zelevinsky [1, 2] in order to set up an algebraic
framework for studying the total positivity and Lusztig’s canonical bases. Quantum cluster algebras, as
the quantum deformations of cluster algebras, were later introduced by Berenstein and Zelevinsky [3]
for studying the dual canonical bases in coordinate rings and their g-deformations. An important
feature of (quantum) cluster algebras is the so—called Laurent phenomenon which says that all cluster
variables belong to an intersection of certain (may be infinitely many) rings of Laurent polynomials.

Generalized cluster algebras were introduced by Chekhov and Shapiro [4] in order to understand
the Teichmiiller theory of hyperbolic orbifold surfaces. The exchange relations for cluster variables of
generalized cluster algebras are polynomial exchange relations, while the exchange relations for cluster
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algebras are binomial relations. Generalized cluster algebras also possess the Laurent phenomenon [4]
and are studied by many people in a similar way as cluster algebras (see for example [5-9]). As a
natural generalization of both quantum cluster algebras and generalized cluster algebras, we defined
the generalized quantum cluster algebras [10]. It was not surprising that the Laurent phenomenon also
holds in these algebras [11].

One of the most important problems in cluster theory is to construct cluster multiplication formulas.
For acyclic cluster algebras, Sherman and Zelevinsky [12] first established the cluster multiplication
formulas in rank 2 cluster algebras of finite and affine types. Cerulli [13] generalized this result to
rank 3 cluster algebra of affine type A(zl). Caldero and Keller [14] constructed the cluster multiplication
formulas between two cluster characters for simply laced Dynkin quivers, which was generalized to
affine types by Hubery in [15] and to acyclic types by Xiao and Xu in [16, 17]. In the quantum case,
Ding and Xu [18] first gave the cluster multiplication formulas of the quantum cluster algebra of the
Kronecker type. Recently, Chen et al. [19] obtained the cluster multiplication formulas in the acyclic
quantum cluster algebras with arbitrary coeflicients through some quotients of derived Hall algebras of
acyclic valued quivers. Cluster multiplication formulas play an important role in constructing bases of
(quantum) cluster algebras with nice properties (see for example [12-14, 18,20]). In cluster theory, a
basis is called positive if its structure constants are positive. Several positive bases such as the atomic
bases and the triangular bases of some (quantum) cluster algebras have been found (see [21,22]). So
far, no similar results have been obtained in generalized quantum cluster algebras. It becomes natural
to think whether one can give an explicit treatment of the above mentioned problems for generalized
quantum cluster algebras.

In this paper, we study a generalized quantum cluster algebra of Kronecker type denoted by
A,(2,2), in which the exchange relations are trinomial while binomial in the usual quantum cluster
algebra of the Kronecker type. We recall the definition of generalized quantum cluster algebras in
Section 2, provide the cluster multiplication formulas of A,(2, 2) in Section 3, and explicitly construct
a positive bar-invariant Z[qi%, h]-basis of A,(2,2) in Section 4.

2. Preliminaries

In this section, we mainly review the definition of generalized quantum cluster algebras [10].
Throughout this section, m and n are positive integers with m > n. Let B = (b;;) be an m X n in-

teger matrix whose upper n X n submatrix is denoted by B and A = (4;;) a skew-symmetric m X m
integer matrix.

Definition 2.1. The pair (A, B) is called compatible if forany 1 <i <mand 1 < j < n, we have
P @
for some positive integers 471 (1<j<n).
Note that the skew-symmetric matrix A gives a skew-symmetric bilinear form on Z™ defined by
A(a,b) = a’Ab

for any column vectors a, b € Z".
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Let g be a formal variable and Z[qi%] C Q(q%) the ring of integer Laurent polynomials in q%. One
can associate to (A, g) a quantum torus algebra as follows.

Definition 2.2. The quantum torus 7 over Z[qi%] is generated by the symbols {X(a) | a € Z"} subject
to the multiplication relations
1
X(@)X(b) = g>"®PX(a + b), (2.2)

forany a,b € Z".

The skew-field of fractions of 7 is denoted by ¥. On the quantum torus 7, the Z-linear bar-
involution is defined by setting

g*X(a) = ¢ *X(a)
for any r € Z and a € Z".

Let ¢, be the k-th standard unit vector in Z™ and set X; = X(e;) for 1 < k < m. An easy computation

shows that
L3 Qjiaia;

X@=q 5" XUXP. X0

fora = (a,as,...,a,)" €Z". B B
For any 1 < i < n, we say that B’ = (b;,) is obtained from the matrix B = (by) by the matrix
mutation in the direction i if B’ := u;(B) is given by

b = _bkla if k=i or [= i,
= bbb i
by + —'b’“lb’l;b bl otherwise.

Denote the function

Xl x, if x>0;
xl. =
"o, if x<O.

Forany 1 < i < n and a sign € € {+1}, denote by E, the m X m matrix associated to the matrix
B = (b;;) with entries as follows

5/([’ if [ * l;
(Eg)kl: —1, lfk:l:l,
[—ebiili, itk #1=1i.
Proposition 2.3 ( [3, Proposition 3.4]). Let (A, E) be a compatible pair,_ then t}ff pair (N, §’) is also
compatible and independent of the choice of &, where N’ = ELAE, and B’ = u;(B).

We say that the compatible pair (A’, B’) is obtained from the compatible pair (A, B) by mutation in
the direction i and denoted by p;(A, B). It is known that y; is an involution [3, Proposition 3.6].
For each 1 <i < n, let d; be a positive integer such that Z—’ are integers for all 1 </ < m and denote

by ' = +b’, where b’ is the i-th column of B. Denote by

h; = {hio(g?), hit (@D, ... hia (gD} 1 <i<n,

where . (q7) € Z[g*] satisfying that k. (q?) = hiq_i(q?) and hio(q?) = hia(q?) = 1. We set
h:= (h;,h,,....h,).

Electronic Research Archive Volume 32, Issue 1, 670-685.



673

Definition 2.4. With the above notations, the quadruple (X, h, A, B)is called a quantum seed if the pair
(A, B) is compatible. For a given quantum seed (X,h, A, B) and each 1 < i < n, the new quadruple

(X',W,A,B) := ui(X,h, A, B)
is defined by
X(ek)’ l.fk * l’

X'(er) = pi(X(ep)) = (2.3)

di
D @)X B, + (di = - = e, ifk = i
r=0

and N N
h’' = y;(h) =h and (A’,B’) = u;(A, B).
We say that the quadruple pu;(X, h, A, E) is obtained from (X, h, A, E) by mutation in the direction i.

Proposition 2.5 ( [10,~Proposition 3.6]). Let the quadruple (X,h, A, E) be a quantum seed, then the
quadruple p(X,h, A, B) is also a quantum seed.

Note that y; is an involution by [10, Proposition 3.7]. Two quantum seeds are said to be mutation-
equivalent if they can be obtained from each other by a sequence of seed mutations. Given an initial
quantum seed (X, h, A, E), let (X’,h',A’, E’) be mutation-equivalent to (X, h, A, E). Denote by X’ =
{X{,...,X,} which is called the extended cluster and the set {X],..., X} is called the cluster. The
element X7 is called a cluster variable for any 1 < i < n and X] a frozen variable forany n+1 < k < m.
Note that X; = X; (n + 1 < k < m). For convenience, let P denote the multiplicative group generated
by X,+1,...,X,, and q%, and ZP the ring of the Laurent polynomials in X, 1,.. ., X,, with coefficients
in Z[g*1].

Definition 2.6. Given the initial quantum seed (X, h, A, E), the associated generalized quantum cluster
algebra A(X, h, A, B) is the ZP-subalgebra of ¥ generated by all cluster variables from the quantum
seeds which are mutation-equivalent to (X, h, A, E).

The following Laurent phenomenon is one of the most important results on generalized quantum
cluster algebras.

Theorem 2.7 ([11, Theorem 3.1]). The generalized quantum cluster algebra A(X, h, A, E) is a subal-
gebra of the ring of Laurent polynomials in the cluster variables in any cluster over ZP.

3. The cluster multiplication formulas of A,(2,2)

In the following, we will consider the generalized quantum cluster algebra associated with the initial
seed (X,h, A, B), whered = (2,2),h; =h, =(1,h, 1) with h € Z[qi%] and h = h,

0 1 0o 2
A—(_l O)andB—(_2 O)'

Note that ATB = ( 2 ), and the based quantum torus is

0 2

+1 + +
T =ZIg* 1IX:, XX, X, = ¢Xo X, ).

Electronic Research Archive Volume 32, Issue 1, 670-685.



674

The quiver associated to the matrix B is the Kronecker quiver Q:
le —=e92

We call this algebra a generalized quantum cluster algebra of Kronecker type, denoted by A,(2,2). By
the definition and the Laurent phenomenon, A,(2,2) is the Z[qi%]—subalgebra of 7~ generated by the
cluster variables {X; | kK € Z} which are obtained from the following exchange relations:

Xio1 Xee1 = X2 + ¢ hX; + 1.
Recall that the n-th Chebyshev polynomial of the first kind F,(x) is defined by
Fo(x) = 1, Fi(x) = x, Fa(x) = x* = 2, Fy1(x) = F(x)x = F, (%) forn > 2,

and F,(x) =0 forn < 0.
Denote
1 1 1 1
X5 :=q*XoX3 — q*(q* X, + h)(q2 X5 + h),

thus X5 € A,(2,2).
Lemma 3.1. For each n € Z., F,(X;) is a bar-invariant element in A, (2,2).

Proof. An direct computation shows that
Xs =X(-1,-1)+ hX(-1,0) + hX(0,-1) + X(-1,1) + X(1,-1),

thus X; is a bar-invariant element in A (2,2). According to the definition of the n-th Chebyshev
polynomial F,(x), one can deduce that F,(Xs) belong to Z[X;]. Thus the proof is completed. O

We define an automorphism denoted by o on the generalized quantum cluster algebra A, (2, 2) as
follows
k k
o(Xi) = Xip1 and o(g?) = g2,

for any k € Z. Then we have the following result which will be useful for us to prove the cluster
multiplication formulas.

Lemma 3.2. For each n € Z.o, o(F,(X;)) = F,(Xs).

Proof. Note that
1 1 1 1
o(Xs) = 2 X1 X4 — q2(q2 X2 + W)(q> X3 + h),

X;=X(-1,2) + hX(-1,1) + X(-1,0)

and

Xy =X(=2,3) + (¢ + gHhX(=2,2) + (¢ + I + @)X(=2, 1) + (g% + ¢*)hX(=2,0)
+X(=2, -1 + hX(-1,1) + B2X(~1,0) + hX(-1,-1) + X(0, -1).

Thus

X1 Xy =X (~1,3) + (g + hX(=1,2) + (1 + gh* + )X(~1,1) + (1 + )hX(~1,0)
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+ X(-1,-1) + ghX(©0,1) + cﬁh2 + hX(0,-1) + X(1,-1)
and

42 (2 Xz + )(g* Xz + h) =" X(=1,3) + (g + ¢IhX(~1,2) + ghX(0, 1)
+ (gh* + X (=1, 1) + ghX(=1,0) + ¢* 1%,
We obtain that
o(Xs) = X(—-1,1) + hX(-1,0) + X(—=1,-1) + hX(0,-1) + X(1,-1) = X;.
Then the proof follows from the induction on n and the definition of the n-th Chebyshev polynomial
F,(x). O

For a real number x, denote the floor function by | x| and the ceiling function by [x]. The following
Theorem 3.3 and Remark 3.4 give the explicit cluster multiplication formulas for A, (2, 2).

Theorem 3.3. Let m and n be integers.

(1) For any m > n > 1, we have
Fm(Xé)Fn(Xé) = Fm+n(X6) + Fm—n(X(S)a Fn(X(S)Fn(Xé) = F2n(X6) +2. (31)
(2) Foranyn > 1, we have

n k
X Fo(X5) = G X + @3 X + Z DT RE, (Xs). (3.2)
k=1 I=1

(3) For anyn > 2, we have

n—1 min(k,n—k)

n -1
XnXomin :quijm+%JX|'m+%'| + Z( Z q 2+l)th+n—k
k=1 =1

n—1
n=1-1

+ ) g 7 oF (X)), (3.3)
=1

where ¢, = 1, ¢; = h* and for k > 2,

k-1

Co = [Z ai(g " + ¢ + a1

i=1

and

[STE

. Z( q—(k+1—2i) n qk+1—2i), if k is even;

Cok-1 = Z[Z bi(g % + ¢ + bW + ’:
i=1 . .

Z(q—(k+l—2l) +qk+l—21) + 1, if kis odd;

i=1
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with a; = @ and

, If iisodd,
by 4

— if iiseven.

Proof. (1) The proof is immediately from the definition of the n-th Chebyshev polynomial F,(x).
(2) By using the automorphism o repeatedly, it suffices to prove the following equation

n k
_n n _ktl
XiFo(Xs) = ¢ X0+ @3 X + Y (O a7 HF, 4(X,),
k=1 I=1

forn>1.
Whenn =1,
X, Xs =X(1,0)(X(=1, 1) + hX(~1,0) + hX(0, —1) + X(=1, 1) + X(1, - 1))
= 2X(0,-1) + h + ¢ 2hX(1,-1) + g2 X(0, 1) + ¢ 2 X(2, - 1).

Note that Xy = X(2, -1) + hX(1, —1) + X(0, —1). Thus X; X5 = ¢ 2 Xy + g X> + h. It follows that
XmX(S = q_% m-1 T q%Xm+l +h

for all m € Z.
Whenn = 2,

X, F>(Xs) =X, (X2 = 2) = ¢ 2 XX, + ¢* XoX; + hX; — 2X,
:q_lX_l +gX3 + (q_% + q%)h + hX;.
t t ‘ k +
When n > 3, assume that X1 F(X5) = ¢ 2 X1, + q2 X1 + 2, (D] q‘%”)hF,,_k(X(;) fort<n-1.

k=1 i=1
If t = n, then

X1 Fu(Xs) = Xi(Fpe1 (X5)Xs — Frpa(X5)) = X1 Fm1(X5)Xs — X1 Froa(Xs).
By induction, we have

X F,1(X5)Xs
n-1 k

_n-l n=1 _ktl
=07 XouXs + 4T XX+ D (O g7 D, i(Xo)Xs
k=1 I=1

:q_%Xl_n + ql_%Xg,_n + q%_lX,,_l + q%XnH + (q_% + q%)h

n-1 k
_ kel
+ D O T DhE (X)X,

k=1 I=1
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n-2 k
and X, F, 2(Xs) = ¢" 3 X3, + 8 X, + 23 ¢~ F HRF, 5 1(X5). Note that
k=1 i=1

L n-2 k
(D4 = DhF s X)Xs = 3 (Y™ DhE0i(Xo)

k=1 =1 k=1 =1
n

k n=2
= 20 T OE e Xo)Xs = Faad X)) + (477 (K] = 2)

k=1 [=1 =1

n—1
+OQ g T+ O g X,
=1

n-2

k
=Y O a T HE, LX) + (Y g h

k=1 I=1 =1

n+l

n-2 _ e e n
and ¥, g2+ (g7"T +q"T)h =Y g T h.
=1 =1

n k
It follows that X1 F,(Xs) = ¢ 2 X1on + ¢2 Xoet + 3 (O ¢ 2 "OhF,_1(X5).
k=1 I=1
(3) In order to prove (3.3), it suffices to show that

n—1 min(k,n—k)

n—1
n _1 _n=1-l
X1 X1 = ¢ X108 Xr1m + Z( Z q > hX i + Z g 7 aF-(Xs)
k=1 =1 =1

forn > 1.
When n = 2, it is the exchange relation. When n = 3, by (3.2), we have that

X, X,
=X1(61_%X3X5 - C]_le - ‘]_%h)

=q 2 (gX} + ¢ hXs + X5 — ¢ X1 Xo — g 2hX,

= Xo(q 2 X1 + @2 Xs + W)+ W@ X, + G X5 + )+ X — g7 X Xo — g 2hX,
=gXoXs + ¢*hXs + g hXs + g X5 + H2.

Assume that

t—1 min(k,r—k) t—1
I3 _lyy
Xi X1 = ¢ X e Xy + Z( Z q Xk +

- =1-1
k=1 =1 =1

q 7 oF1.(Xs)

forallt <n-1.
Note that X, X1 = ¢ 2 X1 X, X5 — ¢ X1 X1 — ¢ 2hX,.
When 7 is even and n > 4, then

n—2 min(k,n—1-k)

n-2
n_ -1 _n=2-l
Xi Xy = q ' Xy Xai + Z( Z q "X, + ZCI > aFua-(Xs),
=1 =l =1

Electronic Research Archive Volume 32, Issue 1, 670-685.



678

n—3 min(k,n—-2-k)

n-3
— n_ _3 _n=1-l
q ' Xi X1 = ¢ 2X§ + § ( § g X + E q 7 aF,3(Xs)
=1 =1 I=1

and
a2 X1 X, Xs
n—-2 min(k,n—1-k) n-2
n=3 — _n=1-1
=q ? Xy XuXs + Z( Z g "X, X5 + Zq > crF - 1(Xs)Xs
k=1 =1 =1
n—2 min(k,n—1-k)
n n n—1 n n-3 3
:qz—ng + qzxg-{-] +q 7 hXs +q2 " +q' 7 hXy + Z( Z q X1k
k=1 I=1
n—-2 min(k,n—1-k) n—-2 min(k,n—1-k)
_1 _
NI e 1> AT G S o Vs
k=1 =1 k=1 =1
n-2
_n=1-1
+ Zq 2 F 0 (X5)X5s.
I=1
Note that

kSn—Z—kﬁlsksg—h
k>n—2—hﬁgsk3n—$
k<n—1—kﬁlsksg—h
k>n—1—hﬁgsk3n—&

k<n—k Hlsksg—h

k>n—k ﬁgskSn—L

It follows that

n—-2 min(k,n—1-k) n—-3 min(k,n—2-k)
3 _3 _1
Z( Z g X1 — Z( Z q X1 — g X,
k=1 I=1 k=1 I=1
n-3 n—1
5 1
— q—§+n—thn_1_k — Z q_§+n_thn+1—k-
k=1 k=142
Hence
n—1 min(k,n—k)
-
DD a X
k=1 =1
n—2 min(k,n—1-k) n—2 min(k,n—1-k)

DD I 51010 TS G D i 1 AR ey b Y

k=1 I=1 k=1 =1
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n—-3 min(k,n—2-k)

+ q%hX% - Z( Z G DX 1k — g 2hX.
k=1

=1
Note that
n=2 min(k,n—1-k) n—-2
%—1 -1+ hz —%H F X X
q*  + ( qg THh+ q ciFuo-(X5)Xs
k=1 =1 =1
n-3
_n=1-1
—ZCI > oF3-1(Xs)
=1
n=2 min(k,;n—1-k) n-2

n_ _ _ e
="' + Z( Z g "+ q e + Zq > e Fno1-1(Xs),

k=1 =1 =1

it suffices to prove that ¢z~ S S W +qg! =
prove thatg>™ + > (X ¢ "h +q ch3 = Cpore
k=1

=1
We have that
1]

1 =) bil@ "+ @+ b2 + (T + g STV + L+ T+ g0,
i=1

n
12

g lens =| Y big T + g + byg |22
i=1

1

+ (@O VgV r gt g2
and bk - bk_2 =k —1. Thus

n—2 min(k,n—1-k)

ot = e =g = [ Y- g = 3 Y g
k=1 k=1

=1
Therefore

n—2 min(k,n—1-k) n-2

2_ — _ _n=1-1
q’ 14‘2( Z g " +¢q 1Cn—3+261 > oF o 1-(Xs)

=1 =1 =1
_n=1-1
:Zq > oFp12(Xs)

n—1 min(k,n—k)

n—1 e
and X; X110 = ¢2 X5, + (% G X1k + 2 G F o i(Xs).
2 k=1 =1 =1

When n is odd and n > 5, we have

n—2 min(k,n—1-k) n-2

nt 1 w2
XiX,=q7 X, + Z( Z q X, 4 + ZCI > F o (Xs)

k=1 =1 =1
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and
q X1 X
S n-3 min(k,n—-2-k) X n-3 o
=q * X1 Xua + Z( Z g X + Z q 7 aF,3.(X5).
=1 =1 I=1
Then
0 X1 X, Xs
n-2
:C]%_IXLEI(‘]_%X% + CI%X# +h) + Z 4 eF a0 (X5)Xs
=1
n-2 min(k,n—1-k)
_ 1 I
+ Z( Z g "G I X1 + @2 X1 + 1)
=1 =1
n—2 min(k,n—1-k)
n=3 n=1 n_ _3
=7 Xun Xt + 7 Xon Xuws + q3 7 WX + Z( Z G X,
=1 =1
n—2 min(k,n—1-k) n—2 min(k,n—1-k)
1 _
U 1> T S G S A U
=1 =1 =1 =1
n-2 o
+ Zq_ > oF - (X5) X5,
=1
Note that
. n-3
k<n-2-kifl1 <k< 5 ;
-1
k>n-2-kif X~ <k<n-3;
-1
k<n-1-kifl <k<Z——;
+1
k>n—1-kif Xt <k<n-3;
-1
k<n-k ﬁlsksnz;
+1
k>n—k, ﬁ"z <k<n
Hence
n—-2 min(k,n—1-k) n-3 min(k,n—2-k)
2 3
Z( Z q 2+l)th—l—k - Z( Z q 2+l)th_1_k
o =1 =1 =1
1 3 5
:q_thl + Z q”_i_thn_l_k + q%_2hX%
k=141
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n-3 n
:q_%th + Z "3 hX, = Z qn_%_thnH—k-

k=13t k=133
Note that
q2 1hXTl + q_7+th% = q_f”hX%
=1 =1
and
n-3 n—1
3k, n=kpx
q° n—-1-k = q n—1-ks
k:% k_n-g?a
then we obtain that
n—-2 min(k,n—1-k) n—2 min(k,n—1-k)

th+1+2( Z q‘3+l>hxn_1_k+;( ZZ; G DXt

n-3 min(k,n—-2— k)

- Z( Z 6]_%+1)th—1—1< - q_%hxl
k=1 =1
n—1 min(k,n—k)

= ( Z q_%+l)th+l—k .

k=1  I=1
Since
n-2 n-3

n—1-1 _n=1-1
Z q 7 clF o (Xs)Xs — Z q 7 calFy3(Xs)
=

=1

n—1-

=) q ? Can—l—l(Xa) +q cps,

n—-2 min(k,n—1-k)
we only need to show that g 'c, 3+ X (X g "Hh* =c,_,.
=1 =l
Note that a; — ay_» = 2k — 1 for k > 3, then

-1
Ch-1 =4 Cp-3

=[(n-2+(-dg+ (-6 +...+5¢7 +3¢7 +47 |
n—2 min(k,n—1-k)
_ Z( q_l”)hz.
=1 =1
Therefore
n—1 min(k,n—k) n—1
_1 _n=1-1
X1 X1 = q 7 Xon Xuss Z( Z G T X+ Z q 7 aF1(Xs).
=1
The proof is completed. O

Remark 3.4. According to [10, Proposition 4.6] and Lemma 3.1, all cluster variables and F,(Xs) (n €
Zsq) are bar-invariant. Therefore, the cluster multiplication formulas for F,(X5)F,,(Xs), F,(X5)X,, and
XninXm can be obtained by applying the bar-involution to all formulas in Theorem 3.3.
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4. A positive bar-invariant basis of A,(2,2)

In this section, we will explicitly construct a positive bar-invariant Z[qi%, h]-basis of A,(2,2).

Definition 4.1. A basis of A,(2,2) is called a positive Z[qi%, hl-basis if its structure constants belong
0 Zsolg*?, ]

Denote
B={q = XUX2 |m €Z,(ar,a,) € Z2,} U{Fu(Xs)n € Zo).

m““m+1

Lemma 4.2. All elements in B are bar-invariant.

Proof. According to [10, Lemma 4.3, Proposition 4.6], the following equations hold for any m € Z:

Xme+1 = quHXm’ )Tm = Xm

2

20> We have

Thus, for any m € Z and (a;,a,) € Z

_a12a2 Xt”xdz _ %Xaz Xa1 _ —%Xalxaz
q mpmel T q - q m

m+1°"m m+1

which assert that all elements in the set {q‘%X,‘;l Xf;{rl m € Z,(ay,a,) € Zio} are bar-invariant. Together

with Lemma 3.1, we know that any element in 8 is bar-invariant. O

In order to prove that the elements in B are Z[qi% , h]-independent, we need the following definition
which gives a partial order < on Z°.

Definition 4.3. Let (r, 1) and (s\, s,) € Z. If r; < s; for each 1 < i < 2, we write (r1,r2) < (s1, 52).
Furthermore, if r; < s; for some i, we write (ry, r;) < (51, $2).

Theorem 4.4. The set B is a positive bar-invariant Z[qi%, hl-basis of A,(2,2).

Proof. According to Theorem 3.3 and Remark 3.4, we can deduce that the generalized quantum cluster
algebra A,(2,2) is Z[qi% , h]-spanned by the elements in B.

Note that X; has the minimal non-zero term X(—1, —1) associated to the partial order in Definition
4.3, and thus by Theorem 3.3, we deduce that the element F,(Xs) has the minimal non-zero term
X(—n, —n) foreach n € Z.,. According to Theorem 3.3 (2), we have X, Xs = q%XnH +q‘%Xn_ 1+h. Thus,
for each n > 2, we obtain that the cluster variable X, has the minimal non-zero term @, X(—n+2, —-n+3)
where a, € Z[q’—'%], and for each n > —1, the cluster variable X_, has the minimal non-zero term
b,X(—n,—n — 1) where b, € Z[qi%]. Hence, there exists a bijection between the set of all minimal
non-zero terms in cluster variables and F,(Xs) (n € Z.() and almost positive roots associated to the
affine Lie algebra sl,. Using the same discussion as [12, Proposition 3.1], we have that there exists a
bijection between the set of all minimal non-zero terms in the elements in B and Z?, which implies that
the elements in B are Z[qi%, h]-independent.

It is easy to see that the structure constants of the cluster multiplication formulas in Theorem 3.3
and Remark 3.4 belong to Zzo[qi%,h], 1.e., positive. Thus by using Theorem 3.3 and Remark 3.4
repeatedly, one can deduce that the structure constants of the basis elements are positive. Together
with Lemma 4.2, the proof is completed. O
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Remark 4.5. If we set h = 0 and q = 1, then the set B is exactly the canonical basis of the cluster
algebra of Kronecker quiver obtained in [12].

Definition 4.6. An element in A, (2,2) is called positive if the coefficients of its Laurent expansion
associated to any cluster belong to Zs [qi%, h).

Remark 4.7. Using the same arguments as [24, Corollary 8.3.3], it is not difficult to see that every
element in B is positive: According to Theorem 2.7, for any element b € B and any cluster (X,,, X,,41),
we have

PXIXE = D by X)X

n+1 n+1
(my,my)
where d,,d,, my, m, are nonnegative integers and the coefficients by, , € Z[qi%,h]. Note that B is
a positive basis by Theorem 4.4, thus b, ,,, € Zzo[qi%,h]. In particular, we obtain that all cluster
variables of A,(2,2) are positive, which is a special case in [23].

5. Conclusions

We study a generalized quantum cluster algebra of Kronecker type A,(2,2). We prove the cluster
multiplication formulas of A,(2,2). For this, we define the element X in A,(2,2), and then use the
n-th Chebyshev polynomial of the first kind F,(x) (n € Zsy) which naturally arises in cluster theory
associated to quivers of affine type and surface type. As an application of the cluster multiplication
formulas, a positive bar-invariant basis of this algebra is explicitly constructed. We hope the combi-
natorics developed here will be used to study generalized quantum cluster algebras for any rank in a
future study.
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