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Abstract: Parkinson’s disease is associated with bursting of the thalamic (TC) neuron, which receives
the inhibitory synaptic current of the basal ganglia composed of multiple nuclei; deep brain stimulation
(DBS) applied to the basal ganglia can eliminate the bursting to recover to the normal state. In this paper,
the complex nonlinear dynamics for the appearance and disappearance of the bursting are obtained in a
widely used theoretical model of a neuronal network. First, through a bifurcation analysis, isolated TC
neurons exhibit paradoxical bursting induced from the resting state by enhanced inhibitory effect, which
is different from the common view that the enhanced inhibitory effect should suppress the electrical
behaviors. Second, the mechanism for the appearance of bursting is obtained by analyzing the electrical
activities of the basal ganglia. The inhibitory synaptic current from the external segment of the globus
pallidus (GPe) induces a reduced firing rate of the subthalamic nucleus (STN); then, an excitatory
synaptic current from the STN induces the bursting behaviors of the GPe. The excitatory current of STN
neurons and the inhibitory current of the GPe cause bursting behaviors of the internal segment of the
globus pallidus (GPi), thus resulting in an enhanced inhibition from the GPi to the TC, which can induce
the paradoxical bursting similar to the isolated TC neurons. Third, the cause for the disappearance of
paradoxical bursting is acquired.The high frequency pulses of DBS induces enhanced firing activity of
the STN and GPe neurons and enhanced inhibitory synaptic current from the GPe to the GPi, resulting
in a reduced inhibitory effect from the GPi to the TC, which can eliminate the paradoxical bursting.
Finally, the fast-slow dynamics of the paradoxical bursting of isolated TC neurons are acquired, which
is related to the saddle-node and saddle-homoclinic orbit bifurcations of the fast subsystem of the TC
neuron model. The results provide theoretical support for understanding the mechanism of Parkinson’s
disease and treatment methods such as DBS.
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1. Introduction

Parkinson’s disease (PD) is a common neurodegenerative disease caused by a dopamine deficiency
in the substantia nigra of the midbrain [1, 2]. It has been found that dopamine deficiency affects the
electrical activity of the striatum, which, in turn, affects the electrical activity of the network composed
of the basal ganglia (BG) and the thalamic (TC) neuron. In addition to pharmacological and surgical
treatments [3], deep brain stimulation (DBS), which modulates the electrical activity of the basal ganglia
through high-frequency electrical stimulation [4], is also an important therapeutic tool [5,6]. Identifying
the complex dynamics of electrical activities of the thalamic and basal ganglia networks are important
for understanding PD and DBS [7].

Figure 1. Topology of a network composed of basal ganglia, thalamus and cortex related to
PD. (a) mapping of nuclei connectivity; (b) neuronal network connection diagram.

A network model consisting of the basal ganglia (including four nuclei: subthalamic nucleus (STN),
the globus pallidus (GPe), the internal segment of the globus pallidus (GPi), and the striatum), TC
and cortex has been widely used to study PD [8, 9], as shown in Figure 1. The “+” represents the
excitatory effect and the “-” represents the inhibitory effect. The effect of the striatum is treated as
a constant negative current acting on the GPe, and the cortical effect on the thalamus is modeled as
a periodic positive pulse current. In the normal state, the thalamus faithfully responds to incoming
sensorimotor signals (pulse stimulations) from the cortex, that is, each sensorimotor signal induces one
action potential of the thalamus, which turns into a PD state when the thalamus is no longer able to
faithfully relay the sensorimotor input [10]. For example, some sensorimotor signals induce bursting of
the thalamus. When DBS is applied to the STN, its subsequent firing will be enhanced. The increased
firing rate of the STN will lead to an increase in GPe firing and a decrease in GPi firing. Consequently,
this reduction in the inhibitory effect from the GPi to the TC will result in the cessation of thalamic
bursting and the restoration of firing corresponding to pulse stimulation. This signifies the therapeutic
effect in the context of PD. Although recent studies have begun to model the striatum and cortex to study
β-oscillations related to PD [11], thalamic firing, especially bursting, remains an important indicator of
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PD. It is well known that bursting in the nervous system is associated with numerous brain functions
and brain disorders [12–15]. In general, the generation of bursting involves complex fast-slow variables
and numerous bifurcations, which are regulated by multiple factors [16–20]. Therefore, revealing the
mechanism of bursting generation in the thalamus is important for understanding and treating of PD.

On one hand, thalamic bursting can be induced by positive impulse stimulation, which is in line
with conventional knowledge that positive impulse stimulation enhances firing [21]. On the other
hand, thalamic bursting could also be induced by inhibitory synaptic currents from GPi via the post
inhibitory rebound (PIR) mechanism. PIR is a paradoxical phenomenon in which inhibitory pulse
stimulation induces firing associated with a variety of brain functions or disorders [22–27]. Theoretically,
PIR is related to the Hopf bifurcation and the saddle-node bifurcation on an invariant cycle. In
neurophysiology, PIR is related to the either T-type calcium current or hyperpolarization-activated
cation current. Experimentally, TC neurons have been found to produce bursting after receiving
inhibitory currents [28] and is mediated by T-type calcium currents [29]. In addition to the PIR,
recent experimental and theoretical studies have found many other paradoxical phenomena such as the
enhancement of bursting induced by inhibitory effects and the reduction of bursting induced by excitatory
effects [18, 30–34]. Furthermore, the intricate bifurcations of these paradoxical bursts are uncovered
by dissecting the fast and slow variables [16, 35–37]. This provides novel theoretical insights into the
bursting phenomenon and its modulation mechanisms. To date, there are relatively few studies on the
fast-slow variable dissection for multiple types of bursting in mathematical models of the thalamic
neurons, and there are few analyses of the fast-slow variable dissection variables for PIR bursting.
Consequently, it becomes crucial to investigate whether the bursting of thalamic neurons is triggered by
positive impulses, is induced by the PIR mechanism, or is associated with complex bifurcations. Such
investigations hold great significance in deepening our understanding of PD and exploring effective
therapeutic methodologies.

In this paper, for the model of the coupled system shown in Figure 1(a), we simulated the firing
activities within the network level corresponding to PD and DBS treatments. By combining the
bifurcations of isolated thalamic neurons, we found that the occurrence of thalamic bursting in relation
to PD is not triggered by PIR but is induced by inhibitory synaptic currents. This finding challenges the
conventional belief that negative currents suppress neuronal firing. Furthermore, our study also examined
the responses of isolated neurons and those receiving different types of inhibitory and excitatory synaptic
currents within the neural network, as well as the dissection of fast-slow variables. The inhibitory
synaptic current of the GPi in the network to the thalamic neurons was the reason for the paradoxical
bursting of TC neurons in the network. After the stimulation of the STN by DBS, the inhibitory synaptic
current disappeared through the network dynamics, which led to the disappearance of the abnormal
bursting of TC neurons. Moreover, the fast-slow dynamics and the bifurcation mechanism of the
paradoxical bursting in the TC neurons were further revealed. The results of this study revealed the
dynamics of the paradoxical bursting of thalamic neurons and provided a new viewpoint on the thalamic
bursting associated with PD, which can help to understand the treatment of PD and DBS.

2. Network models and methods

The neuron and network models used in this paper are from the literature [9], which have been
widely used to study electrical activity associated with PD.
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2.1. Single neuron model

2.1.1. Neuronal model of the thalamic neurons

The thalamic neuron is modeled as follows:

C
dV
dt
=
∑
TC

I = −IL − INa − IK − IT + IS M + Iapp (2.1a)

dh
dt
=

h∞(V) − h(V)
τh(V)

(2.1b)

dr
dt
=

r∞(V) − r(V)
τr(V)

(2.1c)

The three variables are membrane potential V , the inactivation variable for sodium channel h, and
the inactivation gating variable related to the low threshold calcium current r. IL = gL(V − EL),
INa = gNam3

∞h(V − ENa), IK = gK(0.75(1 − h)4)(V − EK) and IT = gT p2
∞r(V − ET ) represent the leakage

current, the sodium current, the potassium current, and the low-threshold T-calcium current, respectively.
IS M represents sensorimotor input current from the cortex, and Iapp is an external constant current used to
regulate the firing of neurons. C represents the membrane capacitance of the neuron. τh and τr represent
the time constants of INa and IT , respectively. gL, gNa, gK and gT are the corresponding maximum
conductances, and EL, ENa, EK and ET are the corresponding reversal potentials. The expressions
for the functions m∞, h∞, p∞ and r∞ are m∞ = 1

1+exp(− V+37
7 ) , h∞ = 1

1+exp( V+41
4 ) , p∞ = 1

1+exp(− V+60
6.2 ) and

r∞ = 1
1+exp( V+84

4 ) , respectively. The time constants τr and τh are expressed as follows: τr = 28+exp(−V+25
10.5 )

and τh =
1

0.128 exp(− V+46
18 )+ 4

1+exp(− V+23
5 )

.

The parameter values of the TC model are as follows: C = 1µF/ cm2, gL = 0.05 mS/cm2, EL =

−70 mV, gNa = 3 mS/cm2, ENa = 50 mV, gK = 5 mS/cm2, EK = −90 mV, gT = 5 mS/cm2, ET =

0 andmV.

2.1.2. Subthalamic nucleus (STN) model

The subthalamic nucleus (STN) is modeled as follows:

dV
dt
=
∑
STN

I = −IL − INa − IK − IT − ICa − IAHP + IDBS + Iapp (2.2a)

dn
dt
= ϕn

n∞(V) − n(V)
τn(V)

(2.2b)

dh
dt
= ϕh

h∞(V) − h(V)
τh(V)

(2.2c)

dr
dt
= ϕr

r∞(V) − r(V)
τr(V)

(2.2d)

dCa
dt
= ε(−ICa − IT − kCa ·Ca) (2.2e)

There are five variables in this model: the voltage variable V , the activation variable of the potassium
channel n, the activation variable of sodium channel h, the inactivation gating variable related to low
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threshold calcium currents r, and the calcium-activated potassium gating variable for the calcium-
activated potassium current Ca. IL = gL(V − EL), INa = gNam3

∞h(V − ENa), IK = gKn4(V − EK),
IT = gT a3

∞b2
∞(V − ECa), ICa = gCas2

∞(V − ECa), and IAHP = gAHP(V − EK)(Ca/(Ca + k1)) represent
the leakage current, the sodium current, the potassium current, the low-threshold T-calcium current,
the calcium current, and the calcium-activated potassium ion current, respectively. Iapp represents the
external excitation current, usually expressed as a constant current, which is used to regulate the neuron’s
firing behavior; IDBS is the periodic current acting on the STN, which is used to change the neuron’s
firing frequency. C represents the capacitance of the neuron, τh, τn and τr represent the time constant
of INa, IK and IT current, respectively. gL, gNa, gK , gT , gCa and gAHP are the corresponding maximum
conductances, and EL, ENa, EK , and ECa are the corresponding reversal potentials. The functions m∞,
n∞, a∞, s∞, h∞, r∞ and b∞ are expressed as m∞ = 1

1+exp(− V+30
15 ) , n∞ = 1

1+exp(− V+32
8 ) , a∞ = 1

1+exp(− V+63
7.8 ) ,

s∞ = 1
1+exp(− V+39

8 ) , h∞ = 1
1+exp( V+39

3.1 ) , r∞ = 1
1+exp( V+67

2 ) and b∞ = 1
1+exp( r−0.4

−0.1 ) −
1

1+exp(4) , respectively. The time

constant functions τh, τn, and τr are τh = 1 + 500
1+exp( V+57

3 ) , τn = 1 + 100
1+exp( V+80

26 ) , and τr = 40 + 17.5
1+exp( V−68

2.2 ) ,
respectively.

The parameter values for the STN model are as follows: C = l pF/µm2, gL = 2.25 mS/cm2,
gNa = 37.5 mS/cm2, gK = 45 mS/cm2, gT = 0.5 mS/cm2, gCa = 0.5 mS/cm2, gAHP = 9 mS/cm2,
EL = −60 mV, ENa = 55 mV, EK = −80 mV, ECa = 140 mV, ϕn = 0.75, ϕh = 0.75, ϕr = 0.2,
ε = 3.75 × 10−5, and k1 = 15, kCa = 22.5.

2.1.3. The external segment of the globus pallidus (GPe) and internal segment of the globus pallidus
(GPi) model

The GPe and GPi models are identical, except for the external stimulus current Iapp. The model is as
follows:

C
dV
dt
=
∑

GPe/GPi

I = −IL − INa − IK − IT − ICa − IAHP + Iapp (2.3a)

dn
dt
= ϕn

n∞(V) − n(V)
τn(V)

(2.3b)

dh
dt
= ϕh

h∞(V) − h(V)
τh(V)

(2.3c)

dr
dt
= ϕr

r∞(V) − r(V)
τr(V)

(2.3d)

dCa
dt
= ε(−ICa − IT − kCaCa) (2.3e)

The model has five variables: the membrane potential V , the activation variable of potassium
channel n, the inactivation variable of sodium channel h, the inactivation gating variable related to low-
threshold calcium current r, and the gating variable related to calcium-activated potassium current Ca.
IL = gL(V−EL), INa = gNam3

∞h(V−ENa), IK = gKn4(V−EK), IT = gT a3
∞r(V−ECa), ICa = gCas2

∞(V−ECa),
and IAHP = gAHP(V−EK)(Ca/(Ca+k1)) represent the leakage current, the sodium current, the potassium
current, the low-threshold T-calcium current, the calcium current, and the calcium-activated potassium
current, respectively. Iapp represents the external excitation current used to modulate the neuronal firing
behavior. To more closely match the experiment, the Iapp for the GPi is higher than the Iapp for the GPe.
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C represents the capacitance of the neuron, τh, τn, and τr represent the time constant of the INa, IK , and
IT currents, respectively. gL, gNa, gK , gT , gCa, and gAHP are the corresponding maximum conductances,
and EL, ENa, EK and ECa are the corresponding reversal potentials. The functions m∞, s∞, a∞, n∞,
h∞ and r∞ have the following expressions: m∞ = 1

1+exp(− V+37
10 ) , n∞ = 1

1+exp(− V+50
14 ) , a∞ = 1

1+exp(− V+57
2 ) ,

s∞ = 1
1+exp(− V+35

2 ) , h∞ = 1
1+exp( V+58

12 ) , and r∞ = 1
1+exp( V+70

2 ) . The time constants τh, τn, and τr are as follows:

τh = 0.05 + 0.27
1+exp(− V+40

12 )
, τn = 0.05 + 0.27

1+exp(− V+40
12 )

, and τr = 30.

The parameter values used for the GPe and GPi neuron models are as follows: C = l pF/µm2,
gL = 0.1 mS/cm2, gNa = 120 mS/cm2, gK = 30 mS/cm2, gT = 0.5 mS/cm2, gCa = 0.15 mS/cm2,
gAHP = 30 mS/cm2, EL = −55 mV, ENa = 55 mV, EK = −80 mV, ECa = 120 mV, ϕn = 0.1, ϕh = 0.05,
ϕr = 1, ε = 1 × 10−4, k1 = 30, kCa = 15, Iapp = 2.2µA/cm2 in GPe neurons and Iapp = 3µA/cm2

in GPi neurons. Because GPe receives inhibitory action from the striatum, the GPe is chosen to be
Iapp = 2.2µA/cm2, which is lower than the GPi.

2.2. Network model

2.2.1. Coupling

The network model shown in Figure 1(a) contains 16 STN neurons, 16 GPe neurons, 16 GPi neurons,
and two TC neurons. Each STN neuron received inhibitory inputs from 2 GPe neurons. Each GPe
neuron received excitatory inputs from three STN neurons. Each GPi received excitatory inputs from
one STN neuron and inhibitory inputs from two GPe neurons. Each TC neuron received inhibitory
inputs from eight GPi neurons. Each GPe neuron received inhibitory inputs from two other GPe neurons,
as shown in Figure 1(b).

2.2.2. Network models

C
dVTC

dt
=
∑
TC

I + IGPi→TC + IS M (2.4a)

C
dVS T N

dt
=
∑
S T N

I + IGPe→S T N + IDBS (2.4b)

C
dVGPe

dt
=
∑
GPe

I + IGPe→GPe + IS T N→GPe (2.4c)

C
dVGPi

dt
=
∑
GPi

I + IGPe→GPi + IS T N→GPi (2.4d)

VTC , VS T N , VGPe , and VGPi represent the membrane potentials of TC, STN, GPi, and GPe neurons,
respectively. IGPi→TC represents the inhibitory synaptic currents received by the thalamus from GPi,
and IS M represents the excitatory input from the cortex to thalamus. IGPe→S T N represents the inhibitory
synaptic current from the GPe to the STN, and IDBS represents the positive and high-frequency stimula-
tion applied to the STN. IGPe→GPe represents the inhibitory synaptic current from the GPe neuron to the
other GPe neurons, and IS T N→GPe represents the excitatory synaptic current from the STN to the GPe.
IGPe→GPi represents the inhibitory synaptic current from the GPe to the GPi, and IS T N→GPi is excitatory
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synaptic current from the STN to the GPi. It should be noted that each model of the network should
be given a subscript to show the number of neurons; however, the models with subscripts look more
complex, the model descriptions in this paper are relatively simple to be easily understood.

The excitatory input from the cortex to the thalamus IS M is a periodic pulse current (see the second
half of the red solid line in Figure 6), and the function is IS M = iS MH(sin(2πt/ρS M))×[1−H(sin(2π(t +
δS M)/ρS M))], where H is the Heaviside function:

H(x) =


0, x < 0

0.5, x = 0
1, x > 1

ρS M, δS M, and iS M are the period, the duration, and the amplitude of the pulse, respectively.
IDBS is the high-frequency pulse current applied to the STN and the deep brain stimulation (see the

second half of the red solid line in Figure 7(a)), and the function is IDBS = iDBS H(sin(2πt/ρDBS )) × [1 −
H(sin(2π(t + δDBS )/ρDBS ))], where H is the Heaviside function, ρDBS is the period of the pulse, δDBS is
the pulse duration, and iDBS is the amplitude.

2.2.3. Synapse model

The synaptic current function is expressed as Iα→β = gα→β(Vβ − Eα→β)
∑

j
s j
α, where α represents a

presynaptic neuron, β denotes a postsynaptic neuron, Iα→β represents the synaptic current from the
presynaptic neuron α to the postsynaptic neuron β, gα→β is the maximum synaptic conductance, Vα is
the membrane potential of the presynaptic neuron, Vβ is the membrane potential of the postsynaptic
neuron, Eα→β is the inverse synaptic potential, j represents the number of presynaptic neurons and

∑
j

s j
α

corresponds to the sum of the gating variables of the j presynaptic neurons. The expression of the s
function is as follows:

dsα
dt
= Aα(1 − sα)H(Vα − θα) − Bαsα (2.5a)

H is the Heaviside function, Aα and Bα denote the rate of activation and deactivation of the synaptic
currents,respectively,and θα is the synaptic threshold of the presynaptic neuron (a presynaptic neuron
with a membrane potential higher than θα induce the synapse activated). The parameters of the synaptic
variable sα and the synaptic current Iα→β in the network are shown in Tables 1 and 2.

Table 1. Parameters of synapses in the network.

Aα Bα θα
AGPi = 2 BGPi = 0.08 θGPi = −20
AGPe = 1 BGPe = 0.1 θGPe = −20
AS T N = 1 BS T N = 0.05 θS T N = −30
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Table 2. Parameters of synaptic connections between individual neurons in the network.

Synaptic current (µA/cm2) Conductance (mS/cm2) Reversal potential (mV)
IGPe→S T N gGPe→S T N = 0.9 EGPe→S T N = 0.9
IS T N→GPe gS T N→GPe = 0.3 ES T N→GPe = 0.3
IGPe→GPe gGPe→GPe = 1 EGPe→GPe = 1
IS T N→GPi gS T N→GPi = 0.3 ES T N→GPi = 0.3
IGPe→GPi gGPe→GPi = 0.75 EGPe→GPi = 0.7
IGPi→TC gGPi→TC = 0.1 EGPi→TC = 0.1

2.3. Fast-slow variable dissection to the bursting of thalamic neurons

In the thalamic neuron model, τr, which represents the time constant of variable r, is much larger
than τh, and the time constant of the variable h. Then, r is the slow variable and Eqs (2.1a) and (2.1b)
are the fast subsystems. First, bifurcations of the fast subsystem are obtained with respect to r. Second,
the phase trajectory of the bursting of the whole system (Eqs (2.1a)–(2.1c)) with different Iapp values
are superimposed on the bifurcations of the fast system. Finally, bifurcations related to the beginning
and the ending phases of the bursting are identified.

2.4. Methods

In this paper, the fourth-order Runge-Kutta method is used to solve the equations with an integration
step of 0.01 ms, and the bifurcation calculations are obtained through MATLAB and its MATCONT
subroutine package software [38] .

3. Results

3.1. Electrical behavior of isolated neurons

3.1.1. Resting state, paradoxical bursting, and bifurcations of isolated thalamic neuron

Using Iapp as the bifurcation parameter, the bifurcation of the TC neuron is obtained, as shown
in Figure 2(a). The equilibrium curve is “S” shaped and divided into upper, middle, and lower
branches. The lower branch consists of stable nodes (red solid line) and unstable foci (blue dashed
line). With the increase of Iapp, the stable node of the lower branch loses its stability through a
subcritical Hopf bifurcation (SubH1, Iapp ≈ −0.59969µA/cm2). The system undergoes an unstable
focus, which then turns into a stable node again through a second subcritical Hopf bifurcation (SubH2,
Iapp ≈ −0.10138µA/cm2). The middle branch consists of saddle points (magenta dashed line). The
upper branch consists of the focus. As Iapp increases, the unstable focus (blue dashed line) is transformed
into a stable focus (red solid line) by the supercritical Hopf bifurcation SupH (Iapp ≈ 39.19564µA/cm2).
The stable node of the lower branch meets the saddle point of the middle branch and disappears to
form the saddle-node bifurcation SN1 (Iapp ≈ 0.56239µA/cm2), which is located in the lower right
of Figure 2(a). Additionally, the boundary between the upper and middle branches is the saddle-node
bifurcation SN2 (Iapp ≈ −1.755587µA/cm2), which is located at the upper left of Figure 2(a). The
stable limit cycle emerges via the SupH bifurcation on the upper branch, and between the SupH

Electronic Research Archive Volume 32, Issue 1, 109–133.



117

( Iapp ≈ 39.19564µA/cm2) and Iapp ≈ 0.32504µA/cm2; its maximum amplitudes and minimum
amplitudes are indicated by the upper and lower green lines, denoted by Vmax and Vmin, respectively. The
stable limit cycle corresponds to the firing. The two subcritical Hopf bifurcations in the lower branch,
SubH1 and SubH2, give birth to two unstable limit cycles (green dashed lines).

Figure 2(b) is a magnification of Figure 2(a) near Iapp = 0µA/cm2. At Iapp = 0µA/cm2, there is a
coexistence of the resting state and stable firing. The upper and lower purple curves indicate the maxi-
mum and minimum of the membrane potential corresponding to the firing, which is acquired through a
numerical simulation. The parameter region for the coexisting firing is very narrow. Unfortunately, the
bifurcation related to the firing and resting states has not been acquired. The electrical activity of the
pre-coupled TC neurons studied in this paper at a resting state at Iapp = 0µA/cm2.

Unstable limit cycles emerge from both SubH1 and SubH2, as shown by the green dashed curves
in Figure 2(b). The unstable limit cycles encounter the saddles on the middle branch to disappear via
a saddle-homoclinic orbit bifurcation. Then, an unstable equilibrium point appears between SubH1

and SubH2, as shown by the blue dashed curve on the lower branch. With a numerical simulation, a
stable firing between Iapp ≈ −0.61674µA/cm2 and Iapp ≈ −0.102µA/cm2 (the upper and lower purple
curves correspond to the maximum and minimum values respectively) is acquired. The firing is stable
bursting, as shown in Figure 3. Unfortunately, the bifurcations related to the firing and resting states
remain unclear. The firing corresponds to a type of paradoxical bursting. There are two reasons for
calling it paradoxical bursting. The first reason is that the Iapp value of the bursting is lower than that of
the resting state, thereby suggesting that the bursting is paradoxical, contrary to the traditional notion
that an increase in Iapp induces a firing from the resting state. The second reason is that the number
of spikes within a burst decreases as Iapp decreases, as shown in Figure 3(a)–(d). As Iapp decreases,
the bursting exhibits a period-adding bifurcation, as shown by the interspike intervals (ISIs) in Figure
3(e). The correlation between this paradoxical bursting and the bursting of TC neurons in the network is
explained in the following sections.

Figure 2. Bifurcations of membrane potential of TC neuron with respect to Iapp. (a) Global
view; (b) Magnification of panel (a) around Iapp = 0µA/cm2.The red solid line represents
stable node, the blue dashed line represents unstable focus, the purple solid line represents a
stable firing corresponds to a type of paradoxical bursting, the green dashed line represents
unstable limit cycle, the green solid line represents stable limit cycle, and the magenta dashed
line represents saddle points.
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Figure 3. Membrane potentials of TC neuron bursting at different values of Iapp and bifurcation
of ISIs with respect to Iapp. (a) Period-2 bursting for Iapp = −0.45µA/cm2; (b) Period-3
bursting for Iapp = −0.47µA/cm2; (c) Period-4 bursting for Iapp = −0.5µA/cm2; (d) Period-7
bursting for Iapp = −0.61µA/cm2; (e) Bifurcations of ISIs of the bursting with respect to Iapp.

3.1.2. Electrical activity of isolated STN, GPe and GPi neurons

Figure 4(a) illustrates the bifurcation of the isolated STN neuron influenced by Iapp. The equilibrium
curve presents an “S” shape comprised of the lower branch as stable nodes (solid red line), the middle
branch as saddles (illustrated by a magenta dashed line), and the focus on the upper branch. As
Iapp increases, the unstable focus is transformed into a stable focus (solid red line) by a subcritical
Hopf bifurcation (SubH, Iapp ≈ 151.51554µA/cm2). A saddle-node bifurcation on an invariant cycle
(SNIC), occurs at Iapp ≈ −5.45555154µA/cm2(SNIC), via which the stable node from the lower branch
meets the saddle from the middle branch. The boundary that separates the middle (saddle) from the
upper branch corresponds to a saddle-node bifurcation (SN). This bifurcation occurs at approximately
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−33.83116µA/cm2 of Iapp.
As Iapp further increases, an unstable limit cycle emerges around the upper branch (maximum ampli-

tude Vmax and minimum amplitude Vmin delineated by upper and lower dashed green lines, respectively)
via the SubH bifurcation. Concurrently, a stable limit cycle (solid green lines) also emerges from the
SNIC and intersects with the unstable limit cycle. This intersection point forms either a saddle-node or
a fold bifurcation of the limit cycle(LPC, Iapp ≈ −205.01926µA/cm2).

Figure 4. Bifurcations of membrane potentials with respect to Iapp (a)STN neuron; (b)GPe and
GPi neurons (Iapp in the interval [−5, 7]). The insert in the up-left represents the bifurcations
over a wide range of Iapp. The red solid line represents stable node, the blue dashed line
represents unstable focus, the green dashed line represents unstable limit cycle, the green solid
line represents stable limit cycle, and the magenta dashed line represents saddle points.

Figure 4(b) shows the bifurcations of the GPe and GPi neurons with respect to Iapp, and the
insert panel represents the global view of the bifurcation. The changes of the equilibrium curves
are monotonical, which are divided into three segments by the subcritical Hopf bifurcation (SubH,
Iapp ≈ −0.65538µA/cm2) and the supercritical Hopf bifurcation (SupH, Iapp ≈ 603.4613µA/cm2,
shown in the insert panel). The red solid curve represents the stable node and the blue dashed curve
represents the unstable focus. As Iapp changes, the stable limit cycle (green solid line) induced by the
SupH bifurcation intersects with the unstable limit cycle (green dashed line) caused by SubH to form
the fold bifurcation of limit cycle (LPC, Iapp ≈ −0.44753µA/cm2).

3.1.3. Firing activity of four types of neurons before coupling

According to the bifurcation diagrams, the neuronal firings before coupling are shown in Figure 5.
Figure 5(a) shows the fast-spiking of the STN neuron (Iapp = 25µA/cm2), Figure 5(b) shows the
spiking of the GPe neuron (Iapp = 2.2µA/cm2), Figure 5(c) shows the firing activity of the GPi neuron
(Iapp = 3µA/cm2 ), and Figure 5(d) shows the resting state of the TC neuron (Iapp = 0µA/cm2). These
firing activities are not far from the bifurcation point; therefore, it can be surmised that the complex
firing can be evoked when subjected to oscillating synaptic current within the network. When the
synaptic current is positive (excitatory), the firing is enhanced; when the synaptic current is negative
(inhibitory), the firing is weakened or even stopped, and then bursting may be formed.

Electronic Research Archive Volume 32, Issue 1, 109–133.



120

Figure 5. Electrical activities of four types of neurons before coupling (a) Periodic spiking of
STN neuron for Iapp = 25µA/cm2; (b) Periodic spiking of GPe neuron for Iapp = 2.2µA/cm2;
(c) Periodic spiking of GPi neuron for Iapp = 3µA/cm2; (d) Resting state of TC neuron without
cortical input for Iapp = 0µA/cm2.

Figure 6. Spiking (t >1500 ms) induced by positive periodic current IS M (red) from the
resting state (t <1500 ms) of isolated TC neuron.
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3.2. Electrical behavior of single neurons with external stimulations

3.2.1. Spiking of thalamic neuron in response to IS M

For the resting state (Iapp = 0µA/cm2) of a TC neuron, after being stimulated with a periodic pulse
current IS M (iS M = 5µA/cm2, ρS M = 50 ms, δS M = 5 ms ) from the cortex (t > 1500 ms), spiking
induced by the stimulus pulses is evoked that corresponds to the normal state, as shown in Figure 6. The
solid red represents the pulse stimulation. The spiking associated with the limit cycle is shown by the
green solid lines in Figure 2(a),(b).

3.2.2. High-frequency electrical activity of STN neurons in response to DBS stimulation

As shown in Figure 7(a), the STN neuron exhibits a fast-spiking state at Iapp = 25µA/cm2 (t <
4400 ms). When a high-frequency periodic pulse current IDBS (red, iDBS = 200µA/cm2, ρDBS = 6 ms,
δDBS = 0.6 ms) is applied to stimulate the STN neuron at t = 4400 ms, the firing frequency becomes
faster. Figure 7(b) is a magnification of Figure 7(a), after which corresponds high-frequency DBS
stimulation, the firing frequency of the STN neuron becomes higher, which corresponds to the frequency
of IDBS . Within the network, IDBS induced high-frequency spiking of the STN neuron to eliminate
bursting of the TC neuron corresponding to PD, which will be investigated in Section 3.3.4.

Figure 7. Response of isolated STN neuron to DBS stimulation. (a) Increased frequency of
periodic spiking evoked by stimulation IDBS (iDBS = 200µA/cm2, ρDBS = 6 ms, δDBS = 0.6 ms)
applied at t = 4400 ms; (b) Magnification of part of the panel (a).

3.2.3. PIR firing of thalamic neuron in response to the inhibitory pulse

A TC neuron at a resting state, receives a negative pulse of 100 ms for a duration of 1000 ms (red),
and exhibits a PIR spike (black), as shown in Figure 8. A relatively weak (−0.195µA/cm2) negative
pulse induces a PIR spike, as shown in Figure 8(a), and a relatively strong (−0.21µA/cm2) negative
pulse induces a PIR burst, as shown in Figure 8(b). Obviously, the negative pulse first causes a decrease
in the membrane potential; after the end of the stimulation, the membrane potential increases, thereby
resulting in a PIR spike. An increase in the membrane potential after the end of the stimulation is caused
by the activation of a positive T-calcium current (first decrease and then increase), which is induced by
the decrease in membrane potential during the stimulation period, as shown by the green solid line in
Figure 8. After the end of the stimulation, the positive T-calcium current continues to exist and increases,
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thus causing the membrane potential to rise before the spike or burst.
Therefore, the decrease in membrane potential induced by negative stimulation, which occurs before

the PIR spike, is an important feature of the PIR spike. In this paper, we will use this to determine
whether the bursting of TC neurons in the network is a PIR spike or not (see Section 3.3.2). The stronger
the negative current stimulation is, the larger the positive T-calcium current is. The long decay time
caused the burst with more spikes in it, as shown in Figure 8(b). Therefore, the slow-varying factor
that determines the generation of bursting is the slow decay of the T-calcium current. Although the TC
neurons have the capacity to produce a PIR spike, and TC neurons in the network are also influenced by
an inhibitory synaptic current, this paper will reveal that the bursting of the TC neuron in the network
corresponding to PD is not a PIR spike (see Figure 9(d),(e)), because the spike is not preceded by a
negative pulse.

Figure 8. Negative pulse (Duration 100 ms) stimulation induces PIR firing in isolated TC
neurons. (a) Weak pulse intensity (−0.195µA/cm2) induces a PIR spike; (b) Strong pulse
intensity (−0.21µA/cm2) induces a PIR burst. The green solid line represents the curve of
T-current over time, the red solid line represents the inhibitory pulse current, and black solid
line represents the membrane potential of TC neurons.

3.3. Bursting of thalamic neurons in network for Parkinson’s disease

3.3.1. Bursting of thalamic neurons and electrical activity of other neurons

Before coupling, STN, GPe and GPi neurons are in spiking (Figure 5), and the TC neuron receiving
the corresponding cortical stimulation IS M also exhibits spiking corresponding to the stimulation IS M

(Figure 6). The firings of the coupled neurons are shown in Figure 9. The black solid curve represents
the neuronal membrane potential, the red solid curve indicates the IS M stimulation received by the
thalamic neuron, and the blue solid curve is the inhibitory synaptic current IGPi→TC from the GPi neuron
to thalamic neuron.

Since the STN neuron mainly receives an inhibitory synaptic current from the GPe neuron, STN
firing is suppressed to sparse firing, as shown in Figure 9(a). The inhibitory synaptic current is strong
in the duration of no spiking (quiescent state). The GPe neuron receives two synaptic currents, which
are the inhibitory current of other GPe neurons and the excitatory current of STN neurons. When the
inhibitory current is stronger than the excitatory current, the spiking is suppressed to form a quiescent
state; when the excitatory current is stronger than the inhibitory current, the firing is enhanced. Then,
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Figure 9. Electrical activities of neurons in the network for PD. (a) STN neuron; (b) GPe
neuron; (c) GPi neuron; (d) TC neuron(short time duration); (e) TC neuron(long time duration).
The black solid curve represents the membrane potential, the red solid curve denotes the
stimulation IS M, and the blue solid curve represents the inhibitory synaptic current received
by the TC neuron.

bursting with alternations between the quiescent state and firing appears, as shown in Figure 9(b). GPi
neuron is subjected to an inhibitory synaptic current from the GPe neuron and the excitatory current
from the STN neuron; similarly, bursting is generated, as shown in Figure 9(c).

In particular, the TC neuron receives an inhibitory synaptic current from the GPi neuron. Under this
inhibitory synaptic current, the TC neuron no longer produces spiking in response to each spike of the
input current IS M (red), as shown in Figure 9(d),(e) (Figure 9(e) is longer), with the inhibitory synaptic
current in blue. At this time, TC neurons respond to the IS M pulse stimulation in three ways:

1) No action potential is generated, as shown in the first stimulation in Figure 9(e), which should be
caused by the strong suppression of the inhibitory synaptic current at this time;

2) A Spike is still generated, as shown in the fifth stimulation in Figure 9(e), which is caused by the
insufficiently strong inhibitory synaptic current at this time; and

3) Either a double-spike or multiple-spikes bursts are evoked, as depicted in the third stimulation in
Figure 9(d),(e). The mechanism for the generation of either a double-spike or multiple-spike bursts is
very complex, which has not yet been understood. This is the core of this paper, which is obtained by
analyzing the joint action of the inhibitory synaptic current IGPi→TC and the cortical IS M.

3.3.2. Thalamic bursting is not PIR bursting

The amplification of the bursting and inhibitory synaptic current in Figure 9(e) is shown in Figure
10(a). Corresponding to the action potential, the inhibitory synaptic current generates a large negative
pulse, which is due to the expression of the synaptic current as IGPi→TC = gGPi→TC(VTC−EGPi→TC)

∑
j

s j
GPi.
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Therefore, when the postsynaptic membrane potential VTC (action potential of TC neuron) is higher,
then a stronger synaptic current is received by the postsynaptic neuron, because the size of synaptic
current is related to VTC . The fact is that the large negative synaptic current pulse does not precede the
action potential; moreover, it indicates that the spikes are not caused by the negative synaptic current.
On the contrary, the negative synaptic current pulse is caused by the action potential. Therefore, the
bursting is not PIR bursting.

The blue and red colors in Figure 10(b) are the inhibitory synaptic current and the IS M stimulation,
respectively. It can be found that, except for the large negative synaptic current pulse corresponding to
the action potential, the blue pulse corresponding to a IS M below the black dashed line (−2µA/cm2),
the inhibitory synaptic current between the neighboring red pulse is weaker than that the black dashed
line, −2µA/cm2, for most of the time, as shown in Figure 10(b). Therefore, two speculations can be
made. One is that the bursting of TC neurons should be generated by the combined effect of a relatively
weak inhibitory synaptic current and a positive pulse IS M, which will be illustrated by the response of
isolated TC neurons to an external negative stimulation and a positive pulse (see Section 3.3.2); and the
other is the elimination of the inhibitory synaptic current can induce spiking of TC neurons in response
to the IS M pulses recovered, which will be illustrated by the DBS stimulation to eliminate an inhibitory
synaptic current to recover the spiking of TC neurons by removing the inhibitory synaptic current (see
Section 3.3.4).

Figure 10. Relationship between burst of TC neuron in network and inhibitory synaptic current
received by the TC neuron for PD. (a) Membrane potential (black), IS M (red), and inhibitory
synaptic current (blue); (b) IS M (red) and inhibitory synaptic current (blue). The inhibitory
current pulses below the black dashed line are caused by the peak of action potentials.

3.3.3. Thalamic bursting is caused by both inhibitory current and IS M

The results in Figure 11 corroborate that the bursting of the thalamic neuron within the network
is induced by the combined action of an inhibitory synaptic current and an excitatory pulse current
(iS M = 5µA/cm2, ρS M = 50 ms, δS M = 5 ms ). A thalamic neuron stimulated with Iapp = 0µA/cm2

exhibits spiking, as shown in Figure 11(a). Currents of −1µA/cm2 and −1.3µA/cm2 are selected to
simulate an inhibitory synaptic current weaker than −2µA/cm2. The introduction of a negative current
of −1µA/cm2 (as shown by the blue solid line in Figure 11(b)) to Figure 11(a) induces bursting, as
shown in Figure 11(b), and the introduction of a negative current of −1.3µA/cm2 (as shown by the blue
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solid line in Figure 11(c)) to Figure 11(a) also causes a bursting, as shown in Figure 11(c). The negative
currents in Figure 11(b),(c) correspond to the inhibitory synaptic current in Figure 10(b). Therefore, the
bursting of TC neurons that correspond to PD is induced by an inhibitory current. Considering that the
paradoxical bursting in Figure 3 is also induced by a negative current, the bursting of TC neurons in the
network that correspond to PD also correspond to the paradoxical bursting of TC neurons.

Figure 11. Inhibitory current and IS M together evoke bursts of TC neuron. (a) One-to-one
spikes induced by IS M; (b) Negative current with amplitude −1µA/cm2 (blue) introduced to
(a) induces burst; (c) Negative current with amplitude −1.3µA/cm2 (blue) introduced to (a)
induces burst. Black denotes membrane potential, and red represents IS M.

3.3.4. DBS stimulation remove thalamic bursting to recover normal firing

The results shown in Figure 12 confirm another speculation proposed in Section 3.3.1, that removing
inhibitory synaptic currents can eliminate bursting of the TC neuron and restore the spiking correspond-
ing to the pulses IS M (blue solid lines). For the state corresponding to PD shown in Figure 9, a DBS
current is applied to each STN neuron in the network, as shown in Figure 12(a), with the black solid
curve representing the neuron membrane potential and the red solid curve denoeting IDBS . Under the
high-frequency stimulation IDBS , the STN neurons become high-frequency spiking, as shown in Figure
12(a),(e); Figure 12(e) is a magnification of Figure 12(a). The high spiking frequency of the STN neuron
causes the excitatory effect from the STN neuron to the GPe neuron enhanced. Then, the GPe neuron’s
spiking enhances and the spiking frequency increases, as shown in Figure 12(b),(f); the magnification
of Figure 12(b) is shown in Figure 12(f). Each GPi neuron receives an inhibitory effect from two GPe
neurons and an excitatory effect from one STN neuron. Then, the inhibitory effect of the GPe neuron
becomes strong, which makes the activities of the GPi neurons either weak or nonexistent to become
resting state, as shown in Figure 12(c). Therefore, the inhibitory synaptic current from the GPi neuron
to the TC neuron is either weak or nonexistent, and Figure 12(d) corresponds to the disappearance of
the inhibitory synaptic current. At this time, the TC neuron only receives IS M stimulation and recovers
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spiking in response to the IS M current, which corresponds to the normal state. This suggests that DBS
stimulation is a treatment measure for PD.

Figure 12. Application of DBS stimulation to STN neurons (red solid line) induces changes
in the electrical activities of neurons within the network. (a) High-frequency firing of the STN
neuron; (b) High-frequency firing of the GPe neuron; (c) Resting state of the GPi neuron;
(d) Firing of TC neuron recovers to one-to-one spikes induced by pulse (blue solid line); (e)
Enlargement of panel (a); (f) Enlargement of panel (b).

3.4. Fast-slow dynamics of paradoxical bursting in isolated thalamic neuron

The paradoxical bursting of a thalamic neuron in the network related to PD is matched by a similar
bursting (i.e., the paradoxical bursting) in an isolated thalamic neuron. In this section, the fast-slow
dynamic of the four bursting patterns depicted in Figure 3 is analyzed. In the equilibrium bifurcation of
the first kind of bursting ( as shown in Figure 3(a) featured in Figure 13(a)), an exemplified “Z”-shaped
equilibrium curve is divided into three parts: the upper, middle, and lower branches. The upper branch
is made up of the focus. With the steady rise of the bifurcation parameter, the unstable focus (black
dashed line) morphs into a stable focus (red solid line) via a supercritical Hopf bifurcation (SupH,
r ≈ −0.15645). The saddle point (blue dashed line) characterizes the middle branch while the lower
branch is formed by the stable node (red solid line). Both the lower and middle branches intersect to
create a saddle-node bifurcation (SN2 at r ≈ 0.19231)(i.e., a fold bifurcation), with another saddle-node
bifurcation (SN1, r ≈ −0.00605) formed by the intersection of the upper and middle branches. An
upper branch-emerging stable limit cycle is introduced (The maximum amplitude Vmax and minimum
amplitude Vmin are indicated by the upper and lower green lines, respectively), via the SupH bifurcation.
This stable limit cycle coincides with the saddle point on the middle branch to produce a saddle-
homoclinic orbit (SH) bifurcation (r ≈ 0.06868) as the bifurcation parameter decreases. An overlying
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phase trajectory of the bursting (purple solid line) on Figure 13(b) leads to Figure 13(c). Figure 13(d)–(f)
similarly detail the dissection results of the bursting from Figure 3(b)–(d), each in regards to fast-slow
variable, respectively.

Figure 13. Fast-slow dynamics of paradoxical burst of TC neuron (a) Bifurcations of equi-
librium points of fast subsystem for Iapp = −0.61µA/cm2; (b) Bifurcations of equilibrium
points and limit cycle (Green) of fast subsystem for Iapp = −0.61µA/cm2; (c) Phase trajectory
of bursting for Iapp = −0.61µA/cm2 superimposed on panel (b); (d) Fast-slow dynamics of
period-3 bursting for Iapp = −0.5µA/cm2; (e) Fast-slow dynamics of period-4 bursting for
Iapp = −0.47µA/cm2; (f) Fast-slow dynamics of period-7 bursting for Iapp = −0.45µA/cm2.

The first spikes in the bursting in Figure 13(c)–(f) start at the SN bifurcation(i.e., a fold bifurcation),
and the phase trajectories jump from the lower branch to the stable limit cycle, and then become spiking
around the stable limit cycle. After two or more spikes, the phase trajectories reach the homoclinic (SH)
bifurcation to jump down to the stable node in the lower branch, and a period of burst is completed.
Therefore, the burst begins at the fold (SN) bifurcation and ends at the homoclinic (SH) bifurcation,
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resulting in the “Fold/Homoclinic” bursting. This result is different from the results of other models of
thalamic neurons in the literature [39], wherein the fast subsystem produces a saddle-node bifurcation on
an invariant cycle. This suggests a future comprehensive study of different thalamic models of neurons.

4. Discussion and conclusions

The pathogenesis and treatment of PD have been extensively studied in experimental and theoretical
models [5–12]. The basal ganglia regulates the electrical activity of the thalamus, and bursting of TC
neuron is one of its manifestations. Through DBS of different nuclei of the basal ganglia, such as the
subthalamic nucleus, bursting can be eliminated to restore normal firing, which can effectively used to
treat PD [4,40,41]. Although there have been numerous studies conducted, the exact mechanism behind
the generation and elimination of thalamic bursting remains unclear, due to various responses under
excitatory and inhibitory modulation [21, 28, 29, 42, 43]. In this paper, we investigated the nonlinear
dynamics of generation and elimination of PD-related thalamic bursting [8]. By identifying different
responses under excitatory and inhibitory modulation, and combining them with a number of existing
electrophysiological experiments [5, 14, 44–47], the following conclusions were obtained.

First, the single thalamic neuron exhibits paradoxical bursting, which refers to the phenomenon
that inhibitory effects induce bursting from a resting state. This contradicts the traditional belief
that inhibitory effects suppress the firing activity, hence being named “paradoxical bursting”. In
this paper, we utilized a thalamic neuron model that was extensively documented in the existing
literature [8]; through a bifurcation analysis and a numerical simulation, we found that the bursting
phenomenon can be triggered from a resting state by reducing the transmembrane current from 0. The
occurrence of paradoxical bursting, as well as the occurrence of recent paradoxical bursting triggered
by enhanced excitatory/inhibitory effects [18, 48], offer valuable insights into bursting dynamics and
excitatory/inhibitory modulations.

Second, an isolated thalamic neuron possesses the capability to generate post-inhibitory rebound
bursting when subjected to an inhibitory pulse stimulus. However, the bursting behavior of thalamic
neurons within a network is not characterized by rebound bursting. At a resting state of the thalamic
neuron, the application of an inhibitory pulse stimulation activates the positive T-type calcium current to
trigger a PIR, which corresponds to the rebound firing found in experimental studies [18]. Rebound
firing represents a significant paradoxical electrical activity of the nervous system [48, 49], and its
relationship with epilepsy and PD has been well-established [5, 15, 25, 50, 51]. This contradicts the
conventional understanding that inhibitory effects suppress firing. One necessary characteristic of
the rebound spike is that the incoming inhibitory pulse stimulation should precede the rebound itself.
However, in the network examined in this study, the inhibitory synaptic current pulse appears after the
spike or burst, thereby leading to the conclusion that the bursting of thalamic neurons in this context is
not rebound bursting.

Finally, the bursting of thalamic neurons in the network associated with PD is a paradoxical form of
bursting initiated by the inhibitory synaptic current. However, a DBS applied to the STN eliminates the
inhibitory synaptic current received by the thalamic neuron, thus resulting in the restoration of a regular
spiking pattern. In the normal state, the thalamic neuron faithfully responds to the excitatory input from
the cortex IS M. Within the network, the frequency of STN spiking is reduced by the inhibitory effect of
GPe. Therefore, the firing with high frequency changes to bursting alternating between a quiescent state
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(inhibitory effect is strong) and burst (exciatory effect is strong). GPi inhibitory synapses to the thalamic
neurons also exhibit time-varying properties. As a result, there are three types of firing response to a
pulse: no spiking, spiking, and bursting. The former two scenarios are easily understood because the
inhibitory synaptic current is either strong enough to suppress the spiking or is not strong enough to
affect the spiking. However, the last scenario, in which the inhibitory effect induces a bursting, has been
difficult to be understand up to now. The present study reveals that the bursting is a paradoxical bursting
induced by the inhibitory synaptic current from the basal ganglia, which presents a plausible theoretical
explanation for the thalamic bursting. When a DBS stimulation is applied, the STN firing rate is
increased, the activity of GPe is enhanced, and GPi is inhibited by the enhanced GPe; thus, the electrical
activity of GPi is weakened or even becomes the resting state. Then, the inhibitory synaptic current to
the thalamus either reduces or disappears, and the thalamus resumes simple spiking corresponding to
normal state. This result reveals the principle of DBS stimulation in the treatment of PD at the level of
network, which is the interrelationship between the excitatory and inhibitory modulations to electrical
activities of the nuclei in the basal ganglia. In the future, we can continue to study the mechanism of
DBS stimulation of other nuclei, such as GPe, in the treatment of PD.

By elucidating the intricate and paradoxical nonlinear dynamics of individual neurons and the
complex dynamics of the network influenced by both excitatory and inhibitory effects, this research
offers a new theoretical comprehension of the mechanisms underlying the emergence and disappearance
of thalamic bursting in PD. The bursting activity observed is a result of paradoxical behavior induced
by inhibitory modulation rather than by rebound bursting. The amplification of spiking activity in the
thalamic nucleus can decrease the inhibitory synaptic current originating from the GPi to the thalamus
and eliminate the paradoxical bursting, thereby yielding therapeutic effects. Our findings contribute
to the expansion of examples of paradoxical nonlinear phenomena, improve our understanding of
inhibitory regulation, and propose a new mechanism underlying thalamic bursting in PD. In the future,
bursting related to PD should be studied in multiple thalamic models and network models containing
more parts related to PD, with more modulations being considered.
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