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Abstract: For a hybrid stochastic system, most existing feedback controllers need to observe modes 
at continuous times, which is feasible when the system’s mode is observable and does not incur any 
cost. However, in most cases, the mode is not readily apparent, and identifying it always incurs a 
certain expense. Therefore, in order to reduce control costs, when designing a feedback controller, both 
the state and the mode should be observed at discrete moments. This paper introduces an intermittent 
feedback controller for stabilizing an unstable hybrid stochastic system through discrete delayed 
observations of state and mode. By utilizing M-matrix theory, intermittent control approach, and the 
comparison principle, we propose sufficient conditions for the stabilization theory of hybrid stochastic 
systems. An illustrative example is taken to validate the proposed theory. 
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1. Introduction  

Stochastic systems have occupied significant positions in diverse fields. Hybrid stochastic 
differential equations (SDEs) are an important class of stochastic systems, which can effectively 
describe sudden changes in structures and parameters. Therefore, many scholars have conducted 
research on hybrid SDEs. 

In the study of hybrid SDEs, stability analysis is one of the important research topics [1–8]. 
Feedback control is referred to as an important approach to ensure the stability of stochastic systems. 
However, conventional feedback controllers are rooted in the continuous observations of the system’s 
states. Due to practical limitations, data can only be observed at discrete moments, even if the 
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underlying system is continuous. To address this issue and reduce control costs, Mao [9] proposed a 
feedback control approach for stabilizing a hybrid SDE through discrete-time state observations. 
Unlike continuous-time controllers, feedback controllers rooted in discrete-time state observations have 
significant advantages in terms of accuracy and cost. Therefore, discrete-time control strategies [10–17] 
have been widely studied. Moreover, a delay is frequently present between the state observed moment 
and its actual time. Thus, delayed feedback control strategy [18–27] has also received extensive 
attention. Therein, Zhu et al. [22] considered both discrete and time-delay issues in designing the 
controller. They studied exponential stabilization for hybrid SDEs through feedback control rooted in 
delayed and discrete observations of the state. In addition, Li et al. [26] developed a delayed feedback 
controller for stabilizing the switching diffusion system by discrete observations of state and mode. 

Moreover, intermittent control strategy has attracted extensive attention from scholars [28–35], 
particularly been applied in multiagent systems [32,33], complex networks [34] and other fields. 
Intermittent control splits time into work and rest periods. The controller switches on during the work 
period and turns off during the rest period, effectively switching the controlled system between closed-
loop and open-loop modes. Compared to classical continuous control strategies, intermittent control 
strategy is more easily acceptable, which can reduce controller wear, extend the controller’s lifespan, 
and lower costs. 

To enhance control performance, a growing number of scholars have used hybrid control 
strategies, which involves the simultaneous use of multiple control strategies. In particular, Jiang 
et al. [35] considered discrete delayed observations of state and intermittent control method to design 
the controller. Inspired by these aforementioned works, this paper employs a hybrid control strategy to 
achieve stabilization, which involves discrete, time-delayed and intermittent components in controller 
design. Particularly, in this paper, not only the state but also the mode is observed at discrete times. 
When designing a controller, if the mode is readily apparent (meaning it can be observed without any 
cost), it can be observed in continuous time. For instance, within a financial system where the mode is 
referred to as interest rate, this is entirely feasible. However, in most cases, the mode is not evident, 
and identifying it incurs costs. To lower control expenses, observations pertaining to the state and mode 
should occur at discrete times. Therefore, our aim is to develop an intermittent feedback controller, 
rooted in discrete delayed observations related to state and mode, to stabilize an unstable hybrid SDE. 

2. Model description and main results 

2.1. Symbol explanation 

Consider a complete probability space (𝛺,ℱ, {ℱఓ}ఓஹ଴, 𝑃) satisfying the usual conditions. Let 𝑤(𝜇) = (𝑤ଵ(𝜇) ⋯ 𝑤ூ(𝜇))்  be an 𝐼  dimensional Brownian motion defined on the aforementioned 
probability space. In this probability space, consider a continuous-time Markov chain 𝛤:ℝା → 𝑆 =൛1,2，⋯ 𝑁ൟ, whose generator 𝛬 = (𝛾௨௩)ே×ே is provided by 

 𝑃(𝛤(𝜇 + 𝛥) = 𝑣|𝛤(𝜇) = 𝑢) = ൜ 𝛾௨௩𝛥 + 𝜊(𝛥)      𝑢 ≠ 𝑣,1 + 𝛾௨௩𝛥 + 𝜊(𝛥)    𝑢 = 𝑣,  

in which 𝛥 > 0, 𝛾௨௩ represents the rate of transition from state 𝑢 to state 𝑣, and 𝛾௨௨ = − ∑ 𝛾௨௩௩ஷ௨ . 
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Let 𝑤(𝜇) be independent of 𝛤(𝜇). 
Let 𝜐଴ be a positive number, 𝐶(ሾ−𝜐଴, 0ሿ, ℝ௡) represent the family of continuous real-valued 

functions 𝜉: ሾ−𝜐଴, 0ሿ → ℝ௡ with ‖𝜉‖ = supିజబஸఏஸ଴|𝜉(𝜃)| . 𝐿ℱഋ௣ (ሾ−𝜐଴, 0ሿ; ℝ௡)  denotes the family 

of all ℱఓ  measurable 𝐶(ሾ−𝜐଴, 0ሿ, ℝ௡)  valued random variables 𝛾 = {𝛾(𝜃): −𝜐଴ ≤ 𝜃 ≤ 0} with 𝐸‖𝛾‖௣ < ∞ , where 𝐸 represents the expectation for probability 𝑃. 

2.2. Model description 

Consider an unstable hybrid SDE 

 𝑑𝜂(𝜇) = ℎ(𝜂(𝜇), 𝛤(𝜇), 𝜇)𝑑𝜇 + 𝑘(𝜂(𝜇), 𝛤(𝜇), 𝜇)𝑑𝑤(𝜇), (2.1) 

on 𝜇 ≥ 0 along with initial data 𝜂(0) = 𝜂଴ ≠ 0 and 𝛤(0) = 𝛤଴, where ℎ: ℝ௡ × 𝑆 × ℝା → ℝ௡ and 
:k ℝ௡ × 𝑆 × ℝା → ℝ௡×ூ . For system (2.1), our objective is to develop a discrete controller 𝜛: ℝ௡ × 𝑆 × ℝ → ℝ௡ with a time delay 𝜐଴ in the drift term to achieve stabilization. Additionally, an 

intermittent control strategy is incorporated. Thus, the controlled system is as follows: 

 𝑑𝜆(𝜇) = ቀℎ(𝜆(𝜇), 𝛤(𝜇), 𝜇) + 𝜛൫𝜆൫𝛿ఓ൯, 𝛤(𝛿ఓ), 𝜇൯Ι(𝜇)ቁ 𝑑𝜇 + 𝑘(𝜆(𝜇), 𝛤(𝜇), 𝜇)𝑑𝑤(𝜇), (2.2) 

in which 𝛿ఓ = ሾ𝜇/𝜐ሿ𝜐 − 𝜐଴, 𝜐 > 0 is the duration separating two consecutive discrete observations, ሾ𝜇/𝜐ሿ represents the integer part of 𝜇/𝜐 , and Ι(𝜇) = ∑ Ιሾఓ೗,ఓ೗ାఝ௱ሿ∞௟ୀ଴ (𝜇) , 𝜇௟ = 𝑙𝛥 , 𝑙 = 0,1,2, ⋯ , 𝛥 > 0  represents the control period, 𝜑 ∈ ሾ0,1ሿ  represents the control width, and Ιሾఓ೗,ఓ೗శభሿ(𝜇) =൜1,     𝜇 ∈ ሾ𝜇௟,𝜇௟ + 𝜑𝛥)0, 𝜇 ∈ ሾ𝜇௟ + 𝜑𝛥,𝜇௟ାଵ) . Namely, the controller will switch on during ሾ0, 𝜑𝛥),  ሾ𝛥, (1 + 𝜑)𝛥), ሾ2𝛥, (2 + 𝜑)𝛥), ⋯, switch off during ሾ𝜑𝛥, 𝛥), ሾ(1 + 𝜑)𝛥, 2𝛥), ሾ(2 + 𝜑)𝛥, 3𝛥), ⋯. 
The original system (2.1) has initial data only at 𝜇 = 0, while the controlled system (2.2) requires 

initial data 

 {𝜆(𝜃): −𝜐଴ ≤ 𝜃 ≤ 0} = 𝜉 ∈ 𝐶(ሾ−𝜐଴, 0ሿ;ℝ௡), {𝛤(𝜃): −𝜐଴ ≤ 𝜃 ≤ 0} = 𝜍 ∈ 𝑆. (2.3) 

To address this issue, set 𝜆(𝜃) = 𝜂(0),  𝛤(𝜃) = 𝛤(0),  𝜃 ∈ ሾ−𝜐଴, 0ሿ. 
To study the properties of system (2.2), we introduce the auxiliary system as follows: 

 𝑑𝜎(𝜇) = ൫ℎ(𝜎(𝜇), 𝛤(𝜇), 𝜇) + 𝜛(𝜎(𝜇), 𝛤(𝜇), 𝜇)I(𝜇)൯𝑑𝜇 + 𝑘(𝜎(𝜇), 𝛤(𝜇), 𝜇)𝑑𝑤(𝜇) (2.4) 

The system (2.4) is continuous and has no delay term with initial values 𝜎(0) = 𝜎଴ = 𝜂଴ ≠ 0 and 𝛤(0) = 𝛤଴. 

2.3. Preliminary knowledge and main result 

Assumption 1. There are three positive constants 𝐾ଵ, 𝐾ଶ and 𝐾ଷ such that 

 |ℎ(𝜆, 𝑢, 𝜇) − ℎ(𝜎, 𝑢, 𝜇)| ≤ 𝐾ଵ|𝜆 − 𝜎|, 
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 |𝜛(𝜆, 𝑢, 𝜇) − 𝜛(𝜎, 𝑢, 𝜇)| ≤ 𝐾ଶ|𝜆 − 𝜎|, 
 |𝑘(𝜆, 𝑢, 𝜇) − 𝑘(𝜎, 𝑢, 𝜇)| ≤ 𝐾ଷ|𝜆 − 𝜎|, 
for ∀(𝜆, 𝜎, 𝑢, 𝜇) ∈ ℝ௡ × ℝ௡ × 𝑆 × ℝା. Additionally, 

 ℎ(0, 𝑢, 𝜇) = 0, 𝜛(0, 𝑢, 𝜇) = 0, 𝑘(0, 𝑢, 𝜇) = 0, 
for ∀(𝑢, 𝜇) ∈ 𝑆 × ℝା. 

This assumption implies the linear growth condition 

 |ℎ(𝜆, 𝑢, 𝜇)| ≤ 𝐾ଵ|𝜆|, |𝜛(𝜆, 𝑢, 𝜇)| ≤ 𝐾ଶ|𝜆|, |𝑘(𝜆, 𝑢, 𝜇)| ≤ 𝐾ଷ|𝜆|, (2.5) 

for ∀(𝜆, 𝑢, 𝜇) ∈ ℝ௡ × 𝑆 × ℝା. 
Remark 1: Under Assumption 1, from the reference [3], it can be inferred that the system (2.2) has a 
unique solution 𝜆(𝜇; 𝜉, 𝜍, 0) on 𝜇 ≥ 0 and 

 𝐸|𝜆(𝜇; 𝜉, 𝜍, 0)|௣ < ∞, 𝜇 ≥ 0, 𝑝 > 0. 
Similarly, under Assumption 1, the auxiliary system (2.4) also has a unique solution denoted by 𝜎(𝜇; 𝜎଴, 𝛤଴, 0) for 𝜇 ≥ 0. 
Remark 2: Under Assumption 1, here we emphasize the important property from Lemma 2.1 of [1], 
for ∀𝜎଴ ≠ 0 , 𝑃{𝜎(𝜇; 𝜎଴, 𝛤଴, 0) ≠ 0: 𝜇 ≥ 0} = 1.  Specifically speaking, when any initial data of 
system (2.4) is nonzero, almost all trajectories will never reach the origin. 
Assumption 2. There exist 𝑚 > 0, non-negative numbers 𝜏௨, 𝛽௨ and 𝑐௨, 𝑢 ∈ 𝑆, satisfying 

 𝜆்𝜛(𝜆, 𝑢, 𝜇) ≤ −𝜏௨|𝜆|ଶ, 
and 

 ଵ|ఒ|మ ቀ𝜆்ℎ(𝜆, 𝑢, 𝜇) + ଵଶ |𝑘(𝜆, 𝑢, 𝜇)|ଶቁ − ଶି௠ଶ|ఒ|ర |𝜆்𝑘(𝜆, 𝑢, 𝜇)|ଶ ≤ 𝛽௨, 
for ∀(𝜆, 𝑢, 𝜇) ∈ (ℝ௡ − {0}) × 𝑆 × ℝା, and 𝛽௨ − 𝜏௨ ≤ −𝑐௨. 
Assumption 3. Let 𝑚 be a positive constant, and 𝑁 × 𝑁 matrix  

 𝒜(𝑚) = 𝑑𝑖𝑎𝑔൫𝛼ଵ(𝑚), 𝛼ଶ(𝑚) ⋯ 𝛼ே(𝑚)൯ − 𝛬, (2.6) 

be a non-singular M-matrix, in which 𝛼௨(𝑚) = 𝑐௨𝑚. 
Define 

 (𝑏ଵ, ⋯ 𝑏ே)் = 𝒜ିଵ(𝑚)(1, ⋯ ,1)ே், (2.7) 

and let  

 𝑏௠௜௡ = 𝑚𝑖𝑛௨∈ௌ 𝑏௨, 𝑏௠௔௫ = 𝑚𝑎𝑥௨∈ௌ 𝑏௨, 𝑀 = ௕೘ೌೣ௕೘೔೙,, 𝜒 = 𝑚𝑎𝑥௨∈ௌ (𝛽௨ + 𝑐௨). (2.8) 

Theorem 1. For a free parameter 𝜀 ∈ (0,1), let 𝛩 = ଵఞభ 𝑙𝑜𝑔 ଶమ೘య௕೘ೌೣ௕೘೔೙ఌ > 0, and 𝜐∗ > 0 be the unique 

root of Eq (2.9) with respect to 𝜐଴ ≥ 0, 
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𝜀(1 + 𝐾ଶ𝜐଴)೘మ 𝑒జబ௠൫௄భା଴.ହ(௠భିଵ)௄యమା௄మ൯ + 2௠య൫2௠య𝐿ସ(𝑚, 𝜐଴, 𝛩) + 𝐿ଷ(𝑚, 𝜐଴, 𝜐଴ + 𝛩)൯ = 1, (2.9) 

where 𝜒ଵ = − ቀ𝑚𝜒 − ଵ௕೘ೌೣ − 𝑚𝜒𝜑ቁ, 𝑚 > 0, 𝑚ଵ = 2 ∨ 𝑚, 𝑚ଷ = 0 ∨ (𝑚 − 1),      𝐿ଷ(𝑚, 𝜐଴, 𝛩)
=

⎩⎪⎨
⎪⎧൛3(1 + 𝐾ଶ𝜐଴)𝑒(௵ାజబ)ଶ൫௄భା଴.ହ௄యమା௄మ൯ × ൣ𝜐଴ଶ൫𝐾ଵଶ + 𝐾ଶଶ൯ + 4𝜐଴𝐾ଷଶ൧ൟ௠ଶ , 𝑚 ∈ (0,2),3௠ିଵ(1 + 𝐾ଶ𝜐଴)𝑒(௵ାజబ)௠ቀ௄భାଵଶ(௠ିଵ)௄యమା௄మቁ × ሾ𝜐଴௠(𝐾ଵ௠ + 𝐾ଶ௠)                                  + ቆ 𝑚ଷ2(𝑚 − 1)ቇ௠ଶ × 𝜐଴௠ଶ 𝐾ଷ௠,      𝑚 ∈ ሾ2, ∞).                                                                         

𝐿ସ(𝑚, 𝜐଴, 𝛩) =
⎩⎪⎪⎨
⎪⎪⎧൛3ଶ(𝛩 + 𝜐଴)ଶ𝐾ଶଶൣ𝐿ଷ(2, 𝜐଴, 𝛩) + 4൫1 − 𝑒ିఊෝజ൯𝑁𝐿ଵ(2, 𝜐଴, 𝛩)൧× 𝑒ଷൣ௄భమା(௵ାజబ)షభ௄యమାଷ௄మమ൧(௵ାజబ)మൟ௠ଶ , 𝑚 ∈ (0,2),3ଶ௠ିଶ(𝛩 + 𝜐଴)௠𝐾ଶ௠ൣ𝐿ଷ(𝑚, 𝜐଴, 𝛩) + 2௠൫1 − 𝑒ିఊෝజ൯𝑁𝐿ଵ(𝑚, 𝜐଴, 𝛩)൧

× 𝑒ଷ೘షభ቎௄భ೘ା൬௠(௠ିଵ)ଶ ൰೘మ (௵ାజబ)ష೘మ ௄య೘ାଷ೘షభ௄మ೘቏(௵ାజబ)೘,     𝑚 ∈ ሾ2,∞).
 

Under Assumptions 1–3, let 𝑁ା  be a positive integer, for ∀𝜐଴ ∈ (0, 𝜐∗) , an intermittent control 

period 𝛥 = (𝛩 + 2𝜐଴)/𝑁ା𝜐଴ and a control width 𝜑 ∈ ቀ1 − ଵ௠ఞ௕೘ೌೣ , 1ቁ can be selected to make the 

controlled system (2.2) almost surely exponentially stable. 
Remark 3: It is easy to see that the function 

 ℎ(𝜐଴) ≜ 𝜀(1 + 𝐾ଶ𝜐଴)೘మ 𝑒జబ௠൫௄భା଴.ହ(௠భିଵ)௄యమା௄మ൯ + 2௠య൫2௠య𝐿ସ(𝑚, 𝜐଴, 𝛩) + 𝐿ଷ(𝑚, 𝜐଴, 𝜐଴ + 𝛩)൯ 

on the left side of Eq (2.9) is continuous and increasing. Moreover, ℎ(0) < 1 and ℎ(+∞) = +∞. 
Therefore, Eq (2.9) has a unique positive root. 

To prove Theorem 1, a series of lemmas will be introduced in the following section. 

3. Lemmas 

Lemma 1. For ∀𝜇 ≥ 0, 𝑗 > 0 and 𝑢 ∈ 𝑆, if 𝑠 ∈ ሾ𝜇, 𝜇 + 𝑗ሿ, then 

 𝑃(𝛤(𝑠) ≠ 𝑢, |𝛤(𝜇) = 𝑢) ≤ 1 − 𝑒ିఊෝ௝, (3.1) 

where 𝛾ො = 𝑚𝑎𝑥௨∈ௌ (−𝛾௨௨). 

As for the proof, please refer to the Appendix. 

Lemma 2. Under Assumptions 1–3, when 0 ≤ 1 − ଵ௠ఞ௕೘ೌೣ < 𝜑 < 1 , the solution of the auxiliary 

system (2.4) has 
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 𝐸|𝜎(𝜇)|௠ ≤ 𝑀𝐸|𝜎଴|௠𝑒ିఞభఓ,  (3.2) 

 𝑙𝑖𝑚ఓ→∞
sup ଵఓ 𝑙𝑜𝑔|𝜎(𝜇)| < 0, 𝑎. 𝑠., (3.3) 

where 𝜒ଵ = − ቀ𝑚𝜒 − ଵ௕೘ೌೣ − 𝑚𝜒𝜑ቁ > 0. 

As for the proof, please refer to the Appendix. 
Lemma 3. Under Assumption 1, for ∀𝛩 > 0, 

 sup଴ஸఓஸ௵ାజబ𝐸|𝜆(𝜇)|௠ ≤ 𝐿ଵ(𝑚, 𝜐଴, 𝛩)𝐸‖𝜆(0)‖௠, (3.4) 

where 𝐿ଵ(𝑚, 𝜐଴, 𝛩) = ൝(1 + 𝐾ଶ𝜐଴)೘మ 𝑒(௵ାజబ)௠ቀ௄భାభమ௄యమା௄మቁ, 𝑚 ∈ (0,2),(1 + 𝐾ଶ𝜐଴)𝑒(௵ାజబ)௠ቀ௄భାభమ(௠ିଵ)௄యమା௄మቁ, 𝑚 ∈ ሾ2,∞). 
Proof. For simplicity, denote 𝐿ଵ(𝑚, 𝜐଴, 𝛩) = 𝐿ଵ . When 𝑚 ≥ 2 , for initial data 𝜉 ∈𝐶(ሾ−𝜐଴, 0ሿ, ℝ௡), apply the Itoො formula to |𝜆(𝜇)|௠, and have that 

 𝐸|𝜆(𝜇)|௠ ≤ 𝐸|𝜆(0)|௠ + 𝐸 ׬ 𝑚ఓ଴ |𝜆(𝑠)|௠ିଶ ቂ𝜆(𝑠)்ℎ(𝜆(𝑠), 𝛤(𝑠), 𝑠) + ଵଶ (𝑚 − 1)                                  × |𝑘(𝜆(𝑠), 𝛤(𝑠), 𝑠)|ଶሿ𝑑𝑠 + 𝐸 ׬ 𝑚|𝜆(𝑠)|௠ିଵ|𝜛(𝜆(𝛿௦), 𝛤(𝛿௦), 𝑠)Ι(𝑠)|ఓ଴ 𝑑𝑠. 
By Assumption 1, derive that 𝐸|𝜆(𝜇)|௠ ≤ 𝐸|𝜆(0)|௠ + ൬𝑚𝐾ଵ + 12 𝑚(𝑚 − 1)𝐾ଷଶ൰ 𝐸 න |𝜆(𝑠)|௠𝑑𝑠 + 𝐸 න 𝑚𝐾ଶ|𝜆(𝑠)|௠ିଵ|𝜆(𝛿௦)|𝑑𝑠ఓ

଴
ఓ

଴  ≤ 𝐸|𝜆(0)|௠ + ൬𝑚𝐾ଵ + 12 𝑚(𝑚 − 1)𝐾ଷଶ൰ 𝐸 න |𝜆(𝑠)|௠𝑑𝑠 + 𝐸 න 𝐾ଶሾ(𝑚 − 1)ఓ
଴

ఓ
଴ |𝜆(𝑠)|௠  +|𝜆(𝛿௦)|௠ሿ𝑑𝑠. 

Substitute ׬ 𝐸|𝜆(𝛿௦)|௠𝑑𝑠 ≤ఓ଴ ׬ supିజబஸఏஸ௦ఓ଴ 𝐸|𝜆(𝜃)|௠𝑑𝑠 ≤ 𝜐଴𝐸‖𝜆(0)‖௠ + ׬ sup଴ஸఏஸ௦ఓ଴ 𝐸|𝜆(𝜃)|௠𝑑𝑠  into 

the above, then 𝐸|𝜆(𝜇)|௠ ≤ 𝐸|𝜆(0)|௠ + ൬𝑚𝐾ଵ + 12 𝑚(𝑚 − 1)𝐾ଷଶ൰ 𝐸 න |𝜆(𝑠)|௠ఓ
଴ 𝑑𝑠 + න 𝐾ଶ(𝑚 − 1)𝐸|𝜆(𝑠)|௠𝑑𝑠ఓ

଴     +𝐾ଶ𝜐଴𝐸‖𝜆(0)‖௠ + 𝐾ଶ න 𝑠𝑢𝑝଴ஸఏஸ௦ఓ
଴ 𝐸|𝜆(𝜃)|௠𝑑𝑠.       

Using the Gronwall inequality, 

 sup଴ஸఏஸ௵ାజబ𝐸|𝜆(𝜃)|௠ ≤ (1 + 𝐾ଶ𝜐଴)𝑒(௵ାజబ)௠ቀ௄భାభమ(௠ିଵ)௄యమା௄మቁ𝐸‖𝜆(0)‖௠. (3.5) 

When 𝑚 ∈ (0,2), 

 sup଴ஸఏஸ௵ାజబ𝐸|𝜆(𝜃)|௠ ≤ ቆ sup଴ஸఏஸ௵ାజబ𝐸|𝜆(𝜃)|ଶቇ೘మ ≤ (1 + 𝐾ଶ𝜐଴)೘మ 𝑒(௵ାజబ)௠ቀ௄భାభమ௄యమା௄మቁ𝐸‖𝜆(0)‖௠. 
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Therefore, the inequality (3.4) is proven. 
Lemma 4. Under Assumption 1, for ∀𝛩 > 0, 

 𝐸 ቆ sup଴ஸఓஸ௵ାజబ|𝜆(𝜇)|௠ቇ ≤ 𝐿ଶ(𝑚, 𝜐଴, 𝛩)𝐸‖𝜆(0)‖௠, (3.6) 

where 

𝐿ଶ(𝑚, 𝜐଴, 𝛩) =

⎩⎪⎪
⎪⎪⎪
⎨⎪
⎪⎪⎪
⎪⎧൛൫3 + ൫6(𝛩 + 𝜐଴)൯𝐾ଶଶ𝜐଴൯ + ൣ൫6(𝛩 + 𝜐଴)൯𝐾ଵଶ + 12(𝛩 + 𝜐଴)𝐾ଷଶ + ൫6(𝛩 + 𝜐଴)൯

× 𝐾ଶଶሿ(1 + 𝐾ଶ𝜐଴) ൬𝑒(௵ାజబ)ଶቀ௄భାଵଶ௄యమା௄మቁ − 1൰ ቆ2 ൬𝐾ଵ + 12 𝐾ଷଶ + 𝐾ଶ൰ቇିଵൡ௠ଶ ,𝑚 ∈ (0,2),ቊቂ3௠ିଵ + ൫6(𝛩 + 𝜐଴)൯௠ିଵ𝐾ଶ௠𝜐଴ቃ + ቈ൫6(𝛩 + 𝜐଴)൯௠ିଵ𝐾ଵ௠ + 3௠ିଵ ቆ 𝑚ଷ2(𝑚 − 1)ቇ௠ଶ
(𝛩 + 𝜐଴)௠ିଶଶ 𝐾ଷ௠ + ൫6(𝛩 + 𝜐଴)൯௠ିଵ𝐾ଶ௠൨ (1 + 𝐾ଶ𝜐଴) ൬𝑒(௵ାజబ)௠ቀ௄భାଵଶ(௠ିଵ)௄యమା௄మቁ
−1) ቆ𝑚 ൬𝐾ଵ + 12 (𝑚 − 1)𝐾ଷଶ + 𝐾ଶ൰ቇିଵൡ ,                                               𝑚 ∈ ሾ2,∞).

 

Proof. Denote 𝐿ଶ(𝑚, 𝜐଴, 𝛩) = 𝐿ଶ. When 𝑚 ≥ 2, 

    𝐸 ቆ sup଴ஸ௦ஸఏାజబ|𝜆(𝑠)|௠ቇ 

≤ 3௠ିଵ𝐸|𝜆(0)|௠ + ൫3(𝛩 + 𝜐଴)൯௠ିଵ𝐸 න (|ℎ(𝜆(𝑠), 𝛤(𝑠), 𝑠) + 𝜛(𝜆(𝛿௦), 𝛤(𝛿௦), 𝑠)Ι(𝑠)|)௠𝑑𝑠௵ାజబ଴  

    +3௠ିଵ𝐸 ቆ sup଴ஸఓஸఏାజబ ቤන 𝑘(𝜆(𝑠), 𝛤(𝑠), 𝑠)𝑑𝑤(𝑠)ఓ
଴ ቤ௠ቇ 

≤ 3௠ିଵ𝐸|𝜆(0)|௠ + ൫3(𝛩 + 𝜐଴)൯௠ିଵ2௠ିଵ න (𝐸|ℎ(𝜆(𝑠), 𝛤(𝑠), 𝑠)|௠௵ାజబ଴  

    +|𝜛(𝜆(𝛿௦), 𝛤(𝛿௦), 𝑠)Ι(𝑠)|௠)𝑑𝑠 + 3௠ିଵ ቆ 𝑚ଷ2𝑚 − 2ቇ௠ଶ (𝛩 + 𝜐଴)௠ିଶଶ න 𝐸|𝑘(𝜆(𝑠), 𝛤(𝑠), 𝑠)|௠𝑑𝑠௵ାజబ଴  

≤ 3௠ିଵ𝐸|𝜆(0)|௠ + ቎൫3(𝛩 + 𝜐଴)൯௠ିଵ2௠ିଵ𝐾ଵ௠ + 3௠ିଵ ቆ 𝑚ଷ2𝑚 − 2ቇ௠ଶ (𝛩 + 𝜐଴)௠ିଶଶ 𝐾ଷ௠቏                        
    × න 𝐸(|𝜆(𝑠)|௠)𝑑𝑠 + ൫3(𝛩 + 𝜐଴)൯௠ିଵ2௠ିଵ𝐾ଶ௠ න supିజబஸఏஸ௦௵ାజబ଴

௵ାజబ଴ 𝐸|𝜆(𝜃)|௠𝑑𝑠 

≤ ቂ3௠ିଵ + ൫3(𝛩 + 𝜐଴)൯௠ିଵ2௠ିଵ𝐾ଶ௠𝜐଴ቃ 𝐸‖𝜆(0)‖௠ + ቂ൫3(𝛩 + 𝜐଴)൯௠ିଵ2௠ିଵ𝐾ଵ௠ + 3௠ିଵ 
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    × ቆ 𝑚ଷ2𝑚 − 2ቇ௠ଶ (𝛩 + 𝜐଴)௠ିଶଶ 𝐾ଷ௠ + ൫3(𝛩 + 𝜐଴)൯௠ିଵ2௠ିଵ𝐾ଶ௠቏ න sup଴ஸఏஸ௦௵ାజబ଴ 𝐸|𝜆(𝜃)|௠𝑑𝑠. 
By (3.5), have that 

     𝐸 ቆ sup଴ஸ௦ஸఏାజబ|𝜆(𝑠)|௠ቇ                                                                                                                       
≤ ቄቂ3௠ିଵ + ൫6(𝛩 + 𝜐଴)൯௠ିଵ𝐾ଶ௠𝜐଴ቃ + ቂ൫6(𝛩 + 𝜐଴)൯௠ିଵ𝐾ଵ௠ + 3௠ିଵ ቆ 𝑚ଷ2𝑚 − 2ቇ௠ଶ (𝛩 + 𝜐଴)௠ିଶଶ 𝐾ଷ௠ 

    +൫6(𝛩 + 𝜐଴)൯௠ିଵ𝐾ଶ௠ቃ (1 + 𝐾ଶ𝜐଴) ቀ𝑒(௵ାజబ)௠ቀ௄భାభమ(௠ିଵ)௄యమା௄మቁ − 1ቁ 

      × ቆ𝑚 ൬𝐾ଵ + 12 (𝑚 − 1)𝐾ଷଶ × 𝐾ଶ൰ቇିଵൡ 𝐸‖𝜆(0)‖௠.                                                                                  
When ( )0,2m∈ ,     𝐸 ቆ sup଴ஸ௦ஸఏାజబ|𝜆(𝑠)|௠ቇ                                                                                                                 

≤ ቆ𝐸 sup଴ஸ௦ஸఏାజబ|𝜆(𝑠)|ଶቇ௠ଶ                                                                                                                      ≤ ൛൫3 + ൫6(𝛩 + 𝜐଴)൯𝐾ଶଶ𝜐଴൯ + ൣ൫6(𝛩 + 𝜐଴)൯𝐾ଵଶ + 12(𝛩 + 𝜐଴)𝐾ଷଶ + ൫6(𝛩 + 𝜐଴)൯𝐾ଶଶ൧
  × (1 + 𝐾ଶ𝜐଴) ൬𝑒(௵ାజబ)ଶቀ௄భାଵଶ௄యమା௄మቁ − 1൰ ቆ2 ൬𝐾ଵ + 12 𝐾ଷଶ + 𝐾ଶ൰ቇିଵൡ௠ଶ 𝐸‖𝜆(0)‖௠.

 

Inequality (3.6) has been proven. 
Lemma 5. Under Assumption 1, for ∀𝛩 > 0, 

 sup଴ஸఓஸ௵𝐸 ቆ sup଴ஸఏஸజబ|𝜆(𝜇 + 𝜃) − 𝜆(𝜇)|௠ቇ ≤ 𝐿ଷ(𝑚, 𝜐଴, 𝛩)𝐸‖𝜆(0)‖௠, (3.7) 

where 𝐿ଷ(𝑚, 𝜐଴, 𝛩) can be seen from Theorem 1. 
Proof. Denote 𝐿ଷ(𝑚, 𝜐଴, 𝛩) = 𝐿ଷ, when 𝑚 ≥ 2, 
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 𝐸 ቆ sup଴ஸఏஸజబ|𝜆(𝜇 + 𝜃) − 𝜆(𝜇)|௠ቇ                                                                  
≤ (3𝜐଴)௠ିଵ𝐾ଵ௠ න 𝐸|𝜆(𝑠)|௠ఓାజబఓ 𝑑𝑠 + (3𝜐଴)௠ିଵ𝐾ଶ௠ න 𝐸|𝜆(𝛿௦)|௠ఓାజబఓ 𝑑𝑠
 +3௠ିଵ ቆ 𝑚ଷ2𝑚 − 2ቇ௠ଶ 𝜐଴௠ିଶଶ × 𝐾ଷ௠ න 𝐸|𝜆(𝑠)|௠ఓାజబఓ 𝑑𝑠                               
≤ ቎(3𝜐଴)௠ିଵ𝐾ଵ௠ + 3௠ିଵ ቆ 𝑚ଷ2𝑚 − 2ቇ௠ଶ 𝜐଴௠ିଶଶ 𝐾ଷ௠቏ න 𝐸|𝜆(𝑠)|௠ఓାజబఓ 𝑑𝑠         

 

                              +(3𝜐଴)௠ିଵ𝐾ଶ௠ න 𝐸|𝜆(𝛿௦)|௠ఓାజబఓ 𝑑𝑠. 
For ∀𝜇 ≤ 𝑠 ≤ 𝜇 + 𝜐଴, by (3.5), obtain that 

 𝐸|𝜆(𝑠)|௠ ≤ (1 + 𝐾ଶ𝜐଴)𝑒(ఓାజబ)௠ቀ௄భାభమ(௠ିଵ)௄యమା௄మቁ𝐸‖𝜆(0)‖௠. 
 𝐸|𝜆(𝛿௦)|௠ ≤ (1 + 𝐾ଶ𝜐଴)𝑒ఓ௠ቀ௄భାభమ(௠ିଵ)௄యమା௄మቁ𝐸‖𝜆(0)‖௠. 
Therefore, 

𝐸 ቆ sup଴ஸఏஸజబ|𝜆(𝜇 + 𝜃) − 𝜆(𝜇)|௠ቇ                                                                                               
≤ ቈ(3𝜐଴)௠ିଵ𝐾ଵ௠ + 3௠ିଵ ቀ ௠యଶ௠ିଶቁ೘మ 𝜐଴೘షమమ 𝐾ଷ௠቉ ׬ (1 + 𝐾ଶ𝜐଴)𝑒(ఓାజబ)௠ቀ௄భାభమ(௠ିଵ)௄యమା௄మቁఓାజబఓ           × 𝐸‖𝜆(0)‖௠𝑑𝑠 + (3𝜐଴)௠ିଵ𝐾ଶ௠ ׬ (1 + 𝐾ଶ𝜐଴)𝑒(ఓାజబ)௠ቀ௄భାభమ(௠ିଵ)௄యమା௄మቁఓାజబఓ 𝐸‖𝜆(0)‖௠𝑑𝑠.

 

Furthermore, 

    sup଴ஸఓஸ௵𝐸 ቆ sup଴ஸఏஸజబ|𝜆(𝜇 + 𝜃) − 𝜆(𝜇)|௠ቇ                                                                                                     
≤ ቎3௠ିଵ𝜐଴௠𝐾ଵ௠ + 3௠ିଵ ቆ 𝑚ଷ2(𝑚 − 1)ቇ௠ଶ 𝜐଴௠ଶ 𝐾ଷ௠቏ (1

+ 𝐾ଶ𝜐଴)𝑒(௵ାజబ)௠ቀ௄భାଵଶ(௠ିଵ)௄యమା௄మቁ𝐸‖𝜆(0)‖௠          +3௠ିଵ𝜐଴௠𝐾ଶ௠(1 + 𝐾ଶ𝜐଴)𝑒௵௠ቀ௄భାଵଶ(௠ିଵ)௄యమା௄మቁ𝐸‖𝜆(0)‖௠                                                                      
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≤ 3௠ିଵ(1 + 𝐾ଶ𝜐଴)𝑒(௵ାజబ)௠ቀ௄భାଵଶ(௠ିଵ)௄యమା௄మቁ ቎𝜐଴௠(𝐾ଵ௠ + 𝐾ଶ௠) + ቆ 𝑚ଷ2(𝑚 − 1)ቇ௠ଶ 𝜐଴௠ଶ 𝐾ଷ௠቏ 

    × 𝐸‖𝜆(0)‖௠.          
For 𝑚 ∈ (0,2), 

      sup଴ஸఓஸ௵𝐸 ቆ sup଴ஸఏஸజబ|𝜆(𝜇 + 𝜃) − 𝜆(𝜇)|௠ቇ     
≤ ቄ3(1 + 𝐾ଶ𝜐଴)𝑒(௵ାజబ)ଶቀ௄భାభమ௄యమା௄మቁ × ൣ𝜐଴ଶ൫𝐾ଵଶ + 𝐾ଶଶ൯ + 4𝜐଴𝐾ଷଶ൧ቅ೘మ 𝐸‖𝜆(0)‖௠.  

Inequality (3.7) has been proven. 
Lemma 6. Under Assumption 1, and 𝛩 > 0, for 𝜇 ∈ ሾ0, 𝛩 + 𝜐଴ሿ, 
 𝐸|𝜆(𝜇) − 𝜎(𝜇)|௠ ≤ 𝐿ସ(𝑚, 𝜐଴, 𝛩)𝐸‖𝜆(0)‖௠, 
where 𝐿ସ(𝑚, 𝜐଴, 𝛩) can be seen from Theorem 1. 

Proof. Let 𝐿ସ(𝑚, 𝜐଴, 𝛩) = 𝐿ସ, 𝜎(𝜇; 𝜎଴, 𝛤଴, 0) = 𝜎(𝜇). Taking the difference between system (2.2) 
and system (2.4), obtain that 

𝜆(𝜇) − 𝜎(𝜇) = න ൫ℎ(𝜆(𝑠), 𝛤(𝑠), 𝑠) − ℎ(𝜎(𝑠), 𝛤(𝑠), 𝑠)൯ఓ
଴ 𝑑𝑠 + න (𝜛(𝜆(𝛿௦), 𝛤(𝛿௦), 𝑠)ఓ

଴  − 𝜛(𝜎(𝑠), 𝛤(𝑠), 𝑠)൯Ι(𝑠)𝑑𝑠 + න ൫𝑘(𝜆(𝑠), 𝛤(𝑠), 𝑠) − 𝑘(𝜎(𝑠), 𝛤(𝑠), 𝑠)൯ఓ
଴ 𝑑𝑤(𝑠),  

when 𝑚 ≥ 2. Taking the expectation, yield that     𝐸|𝜆(𝜇) − 𝜎(𝜇)|௠                                                                                                                          ≤ (3𝜇)௠ିଵ න 𝐸|ℎ(𝜆(𝑠), 𝛤(𝑠), 𝑠) − ℎ(𝜎(𝑠), 𝛤(𝑠), 𝑠)|௠𝑑𝑠ఓ
଴                                                           +(3𝜇)௠ିଵ න 𝐸ห൫𝜛(𝜆(𝛿௦), 𝛤(𝛿௦), 𝑠)−𝜛(𝜎(𝑠), 𝛤(𝑠), 𝑠)൯Ι(𝑠)ห௠𝑑𝑠ఓ

଴                                    
    +3௠ିଵ ቆ𝑚(𝑚 − 1)2 ቇ௠ଶ 𝜇௠ିଶଶ න 𝐸|𝑘(𝜆(𝑠), 𝛤(𝑠), 𝑠) − 𝑘(𝜎(𝑠), 𝛤(𝑠), 𝑠)|௠𝑑𝑠ఓ

଴                     
≤ ቎(3𝜇)௠ିଵ𝐾ଵ௠ + 3௠ିଵ ቆ𝑚(𝑚 − 1)2 ቇ௠ଶ 𝜇௠ିଶଶ 𝐾ଷ௠቏ න 𝐸|𝜆(𝜇) − 𝜎(𝜇)|௠𝑑𝑠 + (3𝜇)௠ିଵ𝑇ଵఓ

଴ ,
 

where 
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𝑇ଵ = 𝐸 න ห൫𝜛(𝜆(𝛿௦), 𝛤(𝛿௦), 𝑠)−𝜛(𝜎(𝑠), 𝛤(𝑠), 𝑠)൯Ι(𝑠)ห௠𝑑𝑠ఓ
଴                                         

      ≤ 3௠ିଵ ቈ𝐸 න (|𝜛(𝜆(𝛿௦), 𝛤(𝛿௦), 𝑠) − 𝜛(𝜆(𝛿௦), 𝛤(𝑠), 𝑠)|௠ + |𝜛(𝜆(𝛿௦), 𝛤(𝑠), 𝑠)ఓ
଴          −𝜛(𝜆(𝑠), 𝛤(𝑠), 𝑠)|௠ + ห𝜛(𝜆(𝑠), 𝛤(𝑠), 𝑠)−𝜛(𝜎(𝑠), 𝛤(𝑠), 𝑠)൯ห௠𝑑𝑠൧                          ≤ 3௠ିଵ ቈ𝐾ଶ௠(𝛩 + 𝜐଴)𝐿ଷ𝐸‖𝜆(0)‖௠ + 𝐾ଶ௠𝐸 න |𝜆(𝑠) − 𝜎(𝑠)|௠𝑑𝑠 + 𝑇ଶఓ

଴ ቉,               
 

and 𝑇ଶ = ׬ 𝐸|𝜛(𝜆(𝛿௦), 𝛤(𝛿௦), 𝑠) − 𝜛(𝜆(𝛿௦), 𝛤(𝑠), 𝑠)|ఓ଴ ௠ 𝑑𝑠. 
By Assumption 1, for 𝑙𝜐 ≤ 𝑠 ≤ 𝜇 ∧ (𝑙 + 1)𝜐, derive that 𝐸|𝜛(𝜆(𝛿௦), 𝛤(𝛿௦), 𝑠) − 𝜛(𝜆(𝛿௦), 𝛤(𝑠), 𝑠)|௠                                                  = 𝐸|𝜛(𝜆(𝑙𝜐 − 𝜐଴), 𝛤(𝑙𝜐 − 𝜐଴), 𝑠) − 𝜛(𝜆(𝑙𝜐 − 𝜐଴), 𝛤(𝑠), 𝑠)|௠                          = 𝐸 ቂ𝐸 ቀ|𝜛(𝜆(𝑙𝜐 − 𝜐଴), 𝛤(𝑙𝜐 − 𝜐଴), 𝑠) − 𝜛(𝜆(𝑙𝜐 − 𝜐଴), 𝛤(𝑠), 𝑠)|௠ ቚℱఋೞቁቃ        ≤ 𝐸 ቂ2௠𝐾ଶ௠|𝜆(𝑙𝜐 − 𝜐଴)|௠𝐸 ቀ𝛪{௰(௦)ஷ௰(௟జିజబ)} ቚℱఋೞቁቃ                                                = 𝐸 ቂ2௠𝐾ଶ௠|𝜆(𝑙𝜐 − 𝜐଴)|௠𝐸 ቀ∑ 𝛪{௰(௟జିజబ)ୀ௨}𝛪{௰(௦)ஷ௨} ቚℱఋೞ௨∈ௌ ቁቃ                           = 𝐸ൣ2௠𝐾ଶ௠|𝜆(𝑙𝜐 − 𝜐଴)|௠ ∑ 𝛪{௰(௟జିజబ)ୀ௨}𝑃(𝛤(𝑠) ≠ 𝑢|𝛤(𝑙𝜐 − 𝜐଴) = 𝑢)௨∈ௌ ൧.

 

By Lemma 1 and inequality (3.4), have that 

               𝐸|𝜛(𝜆(𝛿௦), 𝛤(𝛿௦), 𝑠) − 𝜛(𝜆(𝛿௦), 𝛤(𝑠), 𝑠)|௠ ≤ 𝐸ൣ2௠𝐾ଶ௠|𝜆(𝑙𝜐 − 𝜐଴)|௠𝑁൫1 − 𝑒ିఊෝజ൯൧ ≤ 2௠𝐾ଶ௠൫1 − 𝑒ିఊෝజ൯𝑁𝐿ଵ𝐸‖𝜆(0)‖௠. 
Hence, for 𝜇 ∈ ሾ0, 𝛩 + 𝜐଴ሿ, 
 𝑇ଶ ≤ ׬ 2௠𝐾ଶ௠൫1 − 𝑒ିఊෝజ൯𝐿ଵ𝐸‖𝜆(0)‖௠𝑑𝑠 ≤ (𝛩 + 𝜐଴)ఓ଴ 2௠𝐾ଶ௠൫1 − 𝑒ିఊෝజ൯𝑁𝐿ଵ𝐸‖𝜆(0)‖௠. 
 𝑇ଵ ≤ 3௠ିଵൣ𝐾ଶ௠(𝛩 + 𝜐଴)𝐿ଷ𝐸‖𝜆(0)‖௠ + 𝐾ଶ௠𝐸 ׬ |𝜆(𝑠) − 𝜎(𝑠)|௠𝑑𝑠ఓ଴ + 2௠𝐾ଶ௠൫1 − 𝑒ିఊෝజ൯  × (𝛩 + 𝜐଴)𝑁𝐿ଵ𝐸‖𝜆(0)‖௠ሿ. 
Furthermore, 
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    𝐸|𝜆(𝜇) − 𝜎(𝜇)|௠ ≤ ቎3௠ିଵ(𝛩 + 𝜐଴)௠ିଵ𝐾ଵ௠ + 3௠ିଵ ቆ𝑚(𝑚 − 1)2 ቇ௠ଶ (𝛩 + 𝜐଴)௠ିଶଶ 𝐾ଷ௠቏ න 𝐸ఓ
଴ |𝜆(𝑠) − 𝜎(𝑠)|௠𝑑𝑠       +3௠ିଵ(𝛩 + 𝜐଴)௠ିଵ𝑇ଵ≤ ቎3௠ିଵ(𝛩 + 𝜐଴)௠ିଵ𝐾ଵ௠ + 3௠ିଵ ቆ𝑚(𝑚 − 1)2 ቇ௠ଶ (𝛩 + 𝜐଴)௠ିଶଶ 𝐾ଷ௠቏ න 𝐸ఓ
଴ |𝜆(𝑠) − 𝜎(𝑠)|௠𝑑𝑠      

   +3ଶ௠ିଶ(𝛩 + 𝜐଴)௠ିଵ ቈ𝐾ଶ௠(𝛩 + 𝜐଴)𝐿ଷ𝐸‖𝜆(0)‖௠ + 𝐾ଶ௠𝐸 න |𝜆(𝑠) − 𝜎(𝑠)|௠𝑑𝑠ఓ
଴    +2௠𝐾ଶ௠൫1 − 𝑒ିఊෝజ൯ × (𝛩 + 𝜐଴)𝑁𝐿ଵ𝐸‖𝜆(0)‖௠൧≤ ቎3௠ିଵ(𝛩 + 𝜐଴)௠ିଵ𝐾ଵ௠ + 3௠ିଵ ቆ𝑚(𝑚 − 1)2 ቇ௠ଶ (𝛩 + 𝜐଴)௠ିଶଶ 𝐾ଷ௠ + 3ଶ௠ିଶ(𝛩 + 𝜐଴)௠ିଵ𝐾ଶ௠቏

    × න 𝐸ఓ
଴ |𝜆(𝑠) − 𝜎(𝑠)|௠𝑑𝑠 + 3ଶ௠ିଶ(𝛩 + 𝜐଴)௠𝐾ଶ௠ൣ𝐿ଷ + 2௠൫1 − 𝑒ିఊෝజ൯𝑁𝐿ଵ൧𝐸‖𝜆(0)‖௠.

 

By Gronwall  inequality, we have that     𝐸|𝜆(𝜇) − 𝜎(𝜇)|௠≤ 3ଶ௠ିଶ(𝛩 + 𝜐଴)௠𝐾ଶ௠ൣ𝐿ଷ + 2௠൫1 − 𝑒ିఊෝజ൯𝑁𝐿ଵ൧     
     × 𝑒ଷ೘షభ቎(௵ାజబ)೘షభ௄భ೘ା൬௠(௠ିଵ)ଶ ൰೘మ (௵ାజబ)೘షమమ ௄య೘ାଷ೘షభ(௵ାజబ)೘షభ௄మ೘቏(௵ାజబ)𝐸‖𝜆(0)‖௠           
≤ 3ଶ௠ିଶ(𝛩 + 𝜐଴)௠𝐾ଶ௠ൣ𝐿ଷ + 2௠൫1 − 𝑒ିఊෝజ൯𝑁𝐿ଵ൧ × 𝑒ଷ೘షభ቎௄భ೘ା൬௠(௠ିଵ)ଶ ൰೘మ (௵ାజబ)ష೘మ ௄య೘ାଷ೘షభ௄మ೘቏(௵ାజబ)೘
     × 𝐸‖𝜆(0)‖௠.   

 

When 𝑚 ∈ (0,2), by Hoሷ lder inequality, we have that      𝐸|𝜆(𝜇) − 𝜎(𝜇)|௠≤ ൣ3ଶ(𝛩 + 𝜐଴)ଶ𝐾ଶଶൣ𝐿ଷ(2, 𝜐଴, 𝛩) + 4൫1 − 𝑒ିఊෝజ൯𝑁𝐿ଵ(2, 𝜐଴, 𝛩)൧     × 𝑒ଷൣ௄భమା(௵ାజబ)షభ௄యమାଷ௄మమ൧(௵ାజబ)మ൧௠ଶ 𝐸‖𝜆(0)‖௠.  

4. Proof of Theorem 1 

Proof. Write 𝜆(𝜇; 𝜉, 𝜍, 0) = 𝜆(𝜇), 𝛤(𝜇; 𝜍, 0) = 𝛤(𝜇) for 𝜇 ≥ 0. Similarly, let  

 𝜎൫𝜐଴ + 𝛩; 𝜐଴, 𝜆(𝜐଴), 𝛤(𝜐଴)൯ = 𝜎(𝜐଴ + 𝛩).  

By Lemmas 2 and 3, have that 
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     𝐸|𝜎(𝜐଴ + 𝛩)|௠                            ≤ 𝑀𝐸|𝜆(𝜐଴)|௠𝑒ିఞభ௵                                  ≤ 𝑀(1 + 𝐾ଶ𝜐଴)೘మమ 𝑒జబ௠൫௄భା଴.ହ(௠భିଵ)௄యమା௄మ൯𝐸‖𝜆(0)‖௠𝑒ିఞభ௵,                                (4.1) 

where 𝑚ଶ = 2 ∧ 𝑚 . By the elementary inequality (𝑎 + 𝑏)௠ ≤ 2௠య(𝑎௠ + 𝑏௠)  for any 𝑎, 𝑏 ≥ 0 
and Lemma 6,      𝐸|𝜆(𝜐଴ + 𝛩)|௠                       = 𝐸|𝜎(𝜐଴ + 𝛩) + 𝜆(𝜐଴ + 𝛩) − 𝜎(𝜐଴ + 𝛩)|௠                              ≤ 2௠య(𝐸|𝜎(𝜐଴ + 𝛩)|௠ + 𝐸|𝜆(𝜐଴ + 𝛩) − 𝜎(𝜐଴ + 𝛩)|௠)                                           ≤ 2௠య ቀ𝑀(1 + 𝐾ଶ𝜐଴)೘మమ 𝑒జబ௠൫௄భା଴.ହ(௠భିଵ)௄యమା௄మ൯𝑒ିఞభ௵ + 𝐿ସቁ 𝐸‖𝜆(0)‖௠                      (4.2) 

Using Lemma 5, obtain that   𝐸‖𝜆(2𝜐଴ + 𝛩)‖௠≤ 2௠య ൭𝐸|𝜆(𝜐଴ + 𝛩)|௠ + 𝐸 ቆ sup଴ஸఏஸజబ|𝜆(𝜃 + 𝜐଴ + 𝛩) − 𝜆(𝜐଴ + 𝛩)|௠ቇ൱   ≤ 2௠య(𝐸|𝜆(𝜐଴ + 𝛩)|௠ + 𝐿ଷ(𝑚, 𝜐଴, 𝜐଴ + 𝛩)𝐸‖𝜆(0)‖௠)≤ 2௠య ቆ2௠య ቀ𝑀(1 + 𝐾ଶ𝜐଴)೘మమ 𝑒జబ௠൫௄భା଴.ହ(௠భିଵ)௄యమା௄మ൯𝑒ିఞభ௵ + 𝐿ସቁ + 𝐿ଷ(𝑚, 𝜐଴, 𝜐଴ + 𝛩)ቇ     × 𝐸‖𝜆(0)‖௠≤ ቂ2ଶ௠య𝑀𝑒ିఞభ௵(1 + 𝐾ଶ𝜐଴)೘మమ 𝑒జబ௠൫௄భା଴.ହ(௠భିଵ)௄యమା௄మ൯ + 2௠య൫2௠య𝐿ସ + 𝐿ଷ(𝑚, 𝜐଴, 𝜐଴ + 𝛩)൯ቃ    × 𝐸‖𝜆(0)‖௠≤ ቂ𝜀(1 + 𝐾ଶ𝜐଴)೘మమ 𝑒జబ௠൫௄భା଴.ହ(௠భିଵ)௄యమା௄మ൯ + 2௠య൫2௠య𝐿ସ + 𝐿ଷ(𝑚, 𝜐଴, 𝜐଴ + 𝛩)൯ቃ 𝐸‖𝜆(0)‖௠,
(4.3) 

where 𝜀 = 2ଶ௠య𝑀𝑒ିఞభ௵. Since 𝜐଴ < 𝜐∗, it is obtained from the definition of 𝜐∗ that  

 𝜀(1 + 𝐾ଶ𝜐଴)೘మ 𝑒జబ௠൫௄భା଴.ହ(௠భିଵ)௄యమା௄మ൯ + 2௠య൫2௠య𝐿ସ + 𝐿ଷ(𝑚, 𝜐଴, 𝜐଴ + 𝛩)൯ < 1. 
Therefore, there exists 𝜁 > 0 such that  

 𝜀(1 + 𝐾ଶ𝜐଴)೘మ 𝑒జబ௠൫௄భା଴.ହ(௠భିଵ)௄యమା௄మ൯ + 2௠య൫2௠య𝐿ସ + 𝐿ଷ(𝑚, 𝜐଴, 𝜐଴ + 𝛩)൯ = 𝑒ି఍(ଶజబା௵). 
It is concluded from (4.3) that 

 𝐸‖𝜆(2𝜐଴ + 𝛩)‖௠ ≤ 𝑒ି఍(ଶజబା௵)𝐸‖𝜆(0)‖௠. 
Further considering the solution 𝜆(𝜇)  on 𝜇 ≥ 𝛩 + 2𝜐଴ , there is a 𝑁ା  such that 𝛩 + 2𝜐଴ =𝑁ା𝛥𝜐଴ . Meanwhile, 𝜆(𝜇)  can be referred to as the solution of the Eq (2.2) with the initial value 𝜆(𝑁ା𝛥𝜐଴), 𝛤(𝑁ା𝛥𝜐଴). By following the same procedure as mentioned above, show that 𝐸‖𝜆(2𝑁ା𝛥𝜐଴)‖௠ ≤ 𝑒ି఍ேశ௱జబ𝐸‖𝜆(𝑁ା𝛥𝜐଴)‖௠ ≤ 𝑒ି఍ேశ௱జబ𝑒ି఍(ଶజబା௵)𝐸‖𝜆(0)‖௠ ≤ 𝑒ିଶ఍ேశ௱జబ𝐸‖𝜆(0)‖௠. 
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Repeating the above procedure, have that 

 𝐸‖𝜆(𝑧𝑁ା𝛥𝜐଴)‖௠ ≤ 𝑒ି௭఍ேశ௱జబ𝐸‖𝜆(0)‖௠. 𝑧 = 1,2, ⋯ 

By Lemma 4, have that 

 𝐸 ቆ sup௭ேశ௱జబஸఓஸ(௭ାଵ)ேశ௱జబ𝐸|𝜆(𝜇)|௠ቇ ≤ 𝐿ଶ(𝑚, 𝜐଴, 𝑁ା𝛥𝜐଴ − 𝜐଴)𝑒ି௭఍ேశ௱జబ𝐸‖𝜆(0)‖௠.  (4.4) 

From the Markov inequality and inequality (4.4), it can be concluded that, for all 𝑧 ≥ 0, 

        𝑃 ቆ sup௭ேశ௱జబஸఓஸ(௭ାଵ)ேశ௱జబ|𝜆(𝜇)|௠ ≥ 𝑒ି଴.ହ௭఍ேశ௱జబቇ 
≤ 𝑒଴.ହ௭఍ேశ௱జబ𝐸 ቆ sup௭ேశ௱జబஸఓஸ(௭ାଵ)ேశ௱జబ|𝜆(𝜇)|௠ቇ 
≤ 𝑒ି଴.ହ௭఍ேశ௱జబ𝐿ଶ(𝑚, 𝜐଴, 𝑁ା𝛥𝜐଴ − 𝜐଴)𝐸‖𝜆(0)‖௠. 

According to the Borel − Cantelli lemma, there is a set 𝛺଴ ∈ ℱ with 𝑃(𝛺଴) = 1, then for almost 
all 𝜔 ∈ 𝛺଴, there is an integer 𝑧଴ = 𝑧଴(𝜔) such that for ∀𝑧 > 𝑧଴(𝜔), 

 sup௭ேశ௱జబஸఓஸ(௭ାଵ)ேశ௱జబ|𝜆(𝜇)|௠ < 𝑒ି଴.ହ௭఍ேశ௱జబ∀𝑧 > 𝑧଴(𝜔). 𝑎. 𝑠. 
Hence, 

 𝑙𝑖𝑚ఓ→∞ sup ଵఓ 𝑙𝑜𝑔(|𝜆(𝜇, 𝜔)|) ≤ − ଴.ହ௭఍ேశ௱జబ௠௭ேశ௱జబ = − ఍ଶ௠. 
The proof is completed. 

5. Numerical example 

Consider a stochastic differential equation 

 𝑑𝜂(𝜇) = ℎ(𝜂(𝜇), 𝛤(𝜇), 𝜇)𝑑𝜇 + 𝑘(𝜂(𝜇), 𝛤(𝜇), 𝜇)𝑑𝑤(𝜇), (5.1) 

in which 𝛤(𝜇)  represents a Markov chain that takes values in 𝑆 = {1,2}  with the generator 𝛬 =ቀ−2 21 −1ቁ, and 

 ℎ(𝜂, 1, 𝜇) = 0.2𝜂, 𝑘(𝜂, 1, 𝜇) = 0.4𝜂, (5.2) 

 ℎ(𝜂, 2, 𝜇) = 0.4𝜂, 𝑘(𝜂, 2, 𝜇) = 0.5𝜂. (5.3) 

Using the Euler-Maruyama numerical method, with 𝜂(0) = 1, 𝛤(0) = 1 and the step size 
510− , it is seen that the system (5.1) is unstable, as shown in Figure 1. 
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Figure 1. Trajectory simulation of 𝜂(𝜇) and 𝛤(𝜇) for system (5.1). 

In order to stabilize the system (5.1), the control function is designed as follows: 

 𝜛(𝜂, 1, 𝜇) = −0.4𝜂, 𝜛(𝜂, 2, 𝜇) = −0.5𝜂. 
By simple calculations, Assumption 1 is satisfied with 𝐾ଵ = 0.4, 𝐾ଶ = 0.5 and 𝐾ଷ = 0.5. 
Choosing 𝑚 = 1, we can infer from Assumption 2 that 

 𝛽ଵ = 0.2, 𝛽ଶ = 0.4, 𝑐ଵ = 0.2, 𝑐ଶ = 0.1. 
From (2.6), obtain a non-singular M-matrix. 

 𝒜 = ൬𝑐ଵ𝑚 00 𝑐ଶ𝑚൰ − 𝛬 = ቀ2.2 −2−1 1.1ቁ. 
By (2.7) and (2.8), we have 

 𝑏௠௔௫ = 7.6191 𝑏௠௜௡ = 7.3809 𝜒 = 𝑚𝑎𝑥(𝛽௨ + 𝑐௨) = 0.5. 
By Lemma 2, it is known that if 𝜑 ∈ (0.7375,1) , then the auxiliary controlled stochastic system 𝑑𝜎(𝜇) = ൫ℎ(𝜎(𝜇), 𝛤(𝜇), 𝜇) + 𝜛(𝜎(𝜇), 𝛤(𝜇), 𝜇)Ι(𝜇)൯𝑑𝜇 + 𝑘(𝜎(𝜇), 𝛤(𝜇), 𝑡)𝑑𝑤(𝜇)  is almost surely 

exponentially stable. 
This paper aims to develop an intermittent feedback controller with discrete observations of both 

state and mode with delays for stabilizing system (5.1). The controlled system becomes 

 𝑑𝜆(𝜇) = ቀℎ(𝜆(𝜇), 𝛤(𝜇), 𝜇) + 𝜛൫𝜆൫𝛿ఓ൯, 𝛤(𝛿ఓ), 𝜇൯Ι(𝜇)ቁ 𝑑𝜇 + 𝑘(𝜆(𝜇), 𝛤(𝜇), 𝜇)𝑑𝑤(𝜇). (5.4) 

η(
μ)

Γ(
μ)
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Figure 2: Trajectory simulation of 𝜆(𝜇) and 𝛤(𝜇) for system (5.4). 

We choose 𝜑 = 0.95, 𝜀 = 0.9, and it can be obtained that 𝜒ଵ = 0.1062, 𝛩 = 1.0126. Then (2.9) 
becomes 

 0.9(1 + 0.5𝜐଴)భమ𝑒ଵ.଴ଶହజబ + 𝐿ସ(1, 𝜐଴, 1.0126) + 𝐿ଷ(1, 𝜐଴, 1.0126 + 𝜐଴) = 1, 
and its unique root is 𝜐∗ = 4.6436 × 10ିହ . Taking 𝜐 = 10ିସ,  𝜐଴ = 10ିହ,  𝛥 = 10ିହ , from 
Theorem 1, we can get that the system (5.4) is almost surely exponentially stable. The simulated trajectory 
is shown in Figure 2 with the step size 10ିହ. 

6. Conclusions 

This paper delves into the issue of exponential stabilization for hybrid stochastic systems by 
employing an intermittent feedback control with discrete delayed observations related to both state and 
mode. Compared to state discrete observations of the feedback controller, model observations are also 
performed at discrete times, which is more practical and cost-saving. Using M-matrix theory and 
intermittent control approach, the feedback stabilization theory of hybrid stochastic systems is 
established. However, this study focuses on the stabilization for hybrid stochastic systems and the 
underlying systems do not consider some important practical factors, such as time delay, which will 
be addressed in future work. 

Use of AI tools declaration  

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article. 

λ(
μ)

Γ(
μ)



33 

Electronic Research Archive  Volume 32, Issue 1, 17–40. 

Acknowledgments  

The authors would like to thank Humanities and Social Science Fund of Ministry of Education of 
China (No. 23YJAZH031), Natural Science Foundation of Hebei Province of China (Nos. 
A2023209002, A2019209005), China Postdoctoral Science Foundation (No. 2017M621588), 
Tangshan Science and Technology Bureau Program of Hebei Province of China (No. 19130222g) for 
their financial support.  

Conflict of interest 

The authors declare there is no conflict of interest. 

References 

1. X. Mao, Stability of stochastic differential equations with Markovian switching, Stochastic 
Processes Appl., 79 (1999), 45–67. https://doi.org/10.1016/S0304-4149(98)00070-2 

2. X. Mao, Exponential stability of stochastic delay interval systems with Markovian switching, 
IEEE Trans. Autom. Control, 47 (2002), 1604–1612. https://doi.org/10.1109/TAC.2002.803529 

3. X. Mao, C. Yuan, Stochastic Differential Equations with Markovian Switching, Imperial College 
press, 2006. https://doi.org/10.1142/p473 

4. X. Mao, G. Yin, C. Yuan, Stabilization and destabilization of hybrid systems of stochastic 
differential equations, Automatica, 43 (2007), 264–273. 
https://doi.org/10.1016/j.automatica.2006.09.006 

5. S. Zhu, P. Shi, C. Lim, New criteria for stochastic suppression and stabilization of hybrid 
functional differential systems, Int. J. Robust Nonlinear Control, 28 (2018), 3946–3958. 
https://doi.org/10.1002/rnc.4114 

6. S. Zhu, K. Sun, W. Chang, M. Wang, Stochastic suppression and stabilization of non-linear hybrid 
delay systems with general one-sided polynomial growth condition and decay rate, IET Control 
Theory Appl., 12 (2018), 933–941. https://doi.org/10.1049/iet-cta.2017.0931 

7. L. Feng, J. Cao, L. Liu, A. Alsaedi, Asymptotic stability of nonlinear hybrid stochastic systems 
driven by linear discrete time noises, Nonlinear Anal. Hybrid Syst., 33 (2019), 336–352. 
https://doi.org/10.1016/j.nahs.2019.03.008 

8. L. Feng, L. Liu, J. Cao, L. Rutkowski, G. Lu, General decay stability for non-autonomous neutral 
stochastic systems with time-varying delays and Markovian switching, IEEE Trans. Cybern., 52 
(2020), 5441–5453. https://doi.org/10.1109/TCYB.2020.3031992 

9. X. Mao, Stabilization of continuous-time hybrid stochastic differential equations discrete-time 
feedback control, Automatica, 49 (2013), 3677–3681. 
https://doi.org/10.1016/j.automatica.2013.09.005 

10. X. Mao, W. Liu, L. Hu, Q. Luo, J. Lu, Stabilization of hybrid stochastic differential equations by 
feedback control based on discrete-time state observations, Syst. Control Lett., 73 (2014), 88–95. 
https://doi.org/10.1016/j.sysconle.2014.08.011 

11. S. You, W. Liu, J. Lu, X. Mao, Q. Qiu, Stabilization of hybrid systems by feedback control based 
on discrete-time state observations, SIAM J. Control Optim., 53 (2015), 905–925. 
https://doi.org/10.1137/140985779  



34 

Electronic Research Archive  Volume 32, Issue 1, 17–40. 

12. J. Shao, Stabilization of regime-switching processes by feedback control based on discrete time 
observations, SIAM J. Control Optim., 55 (2017), 724–740. https://doi.org/10.1137/16M1066336 

13. G. Song, B. Zheng, Q. Luo, X. Mao, Stabilization of hybrid stochastic differential equations by 
feedback control based on discrete-time observations of state and mode, IET Control Theory Appl., 
11 (2017), 301–307. https://doi.org/10.1049/iet-cta.2016.0635 

14. G. Song, Z. Lu, B. Zheng, X. Mao, Almost sure stabilization of hybrid systems by feedback 
control based on discrete-time observations of mode and state, Sci. China Inf. Sci., 61 (2018), 
130–145. https://doi.org/10.1007/s11432-017-9297-1 

15. R. Dong, Almost sure exponential stabilization by stochastic feedback control based on discrete-
time observations, Stochastic Anal. Appl., 36 (2018), 561–583. 
https://doi.org/10.1080/07362994.2018.1433046 

16. L. Feng, Q. Liu, J. Cao, C. Zhang, F. Alsaadi, Stabilization in general decay rate of discrete 
feedback control for non-autonomous Markov jump stochastic systems, Appl. Math. Comput., 417 
(2022), 126771. https://doi.org/10.1016/j.amc.2021.126771 

17. L. Feng, C. Zhang, J. Cao, Note on general stabilization of discrete feedback control for non-
autonomous hybrid neutral stochastic systems with delays, Acta Math. Sci., 2023 (2023).  

18. X. Mao, J. Lam, L. Huang, Stabilization of hybrid stochastic differential equations by delay 
feedback control, Syst. Control Lett., 57 (2008), 927–935. 
https://doi.org/10.1016/j.sysconle.2008.05.002 

19. X. Sun, G. Liu, D. Rees, W. Wang, Stability of systems with controller failure and time-varying 
delay, IEEE Trans. Autom. Control, 53 (2008), 2391–2396. 
https://doi.org/10.1109/TAC.2008.2007528 

20. W. Chen, S. Xu, Y. Zou, Stabilization of hybrid neutral stochastic differential delay equations by 
delay feedback control, Syst. Control Lett., 88 (2016), 1–13. 
https://doi.org/10.1016/j.sysconle.2015.04.004 

21. Q. Qiu, W. Liu, L. Hu, X. Mao, S. You, Stabilization of stochastic differential equations with 
Markovian switching by feedback control based on discrete-time state observation with a time 
delay, Stat. Probab. Lett., 115 (2016), 16–26. https://doi.org/10.1016/j.spl.2016.03.024 

22. Q. Zhu, Q. Zhang, P th moment exponential stabilization of hybrid stochastic differential 
equations by feedback controls based on discrete-time state observations with a time delay, IET 
Control Theory Appl., 11 (2017), 1992–2003. https://doi.org/10.1049/iet-cta.2017.0181 

23. L. Liu, M. Perc, J. Cao, Aperiodically intermittent stochastic stabilization via discrete time or delay 
feedback control, Sci. China Inf. Sci., 62 (2019). https://doi.org/10.1007/s11432-018-9600-3 

24. X. Li, X. Mao, Stabilization of highly nonlinear hybrid stochastic differential delay equations by 
delay feedback control, Automatica, 112 (2020), 108657. 
https://doi.org/10.1016/j.automatica.2019.108657 

25. J. Hu, W. Liu, F. Deng, X. Mao, Advances in stabilization of hybrid stochastic differential 
equations by delay feedback control, SIAM J. Control Optim., 58 (2020), 735–754. 
https://doi.org/10.1137/19M1270240 

26. X. Li, X. Mao, D. Mukama, C. Yuan, Delay feedback control for switching diffusion systems 
based on discrete-time observations, SIAM J. Control Optim., 58 (2020), 2900–2926. 
https://doi.org/10.1137/20M1312356 



35 

Electronic Research Archive  Volume 32, Issue 1, 17–40. 

27. L. Feng, L. Liu, J. Cao, F. E. Alsaadi, General stabilization of non-autonomous hybrid systems 
with delays and random noises via delayed feedback control, Commun. Nonlinear Sci. Numer. 
Simul., 117 (2023), 106939. https://doi.org/10.1016/j.cnsns.2022.106939 

28. C. Li, G. Feng, X. Liao, Stabilization of nonlinear systems via periodically intermittent control, 
IEEE Trans. Circuits Syst. II Express Briefs, 54 (2007), 1019–1023. 
https://doi.org/10.1109/TCSII.2007.903205 

29. B. Zhang, F. Deng, S. Peng, S. Xie, Stabilization and destabilization of nonlinear systems via 
intermittent stochastic noise with application to memristor-based system, J. Franklin Inst., 355 
(2018), 3829–3852. https://doi.org/10.1016/j.jfranklin.2017.12.033 

30. L. Liu, Z. Wu, Intermittent stochastic stabilization based on discrete-time observation with time 
delay, Syst. Control Lett., 137 (2020), 104626. https://doi.org/10.1016/j.sysconle.2020.104626 

31. W. Mao, Y. Jiang, L. Hu, X. Mao, Stabilization by intermittent control for hybrid stochastic 
differential delay equations, Discrete Contin. Dyn. Syst. Ser. B, 27 (2021), 569–581. 
https://doi.org/10.3934/dcdsb.2021055 

32. R. Zhu, L. Liu, Stochastic stabilization of switching diffusion systems via an intermittent control 
strategy with delayed and sampled-data observations, Syst. Control Lett., 168 (2022), 105362. 
https://doi.org/10.1016/j.sysconle.2022.105362 

33. C. Liu, L. Liu, J. Cao, M. Abdel-Aty, Intermittent event-triggered optimal leader-following 
consensus for nonlinear multi-agent systems via Actor-Critic algorithm, IEEE Trans. Neural 
Networks Learn. Syst., 34 (2023), 3992–4006. https://doi.org/10.1109/TNNLS.2021.3122458 

34. S. Li, J. Zhao, X. Ding, Stability of stochastic delayed multi-links complex network with semi-
Markov switched topology: A time-varying hybrid aperiodically intermittent control strategy, Inf. 
Sci., 630 (2023), 623–646. https://doi.org/10.1016/j.ins.2022.11.061 

35. Y. Jiang, L. Hu, J. Lu, W. Mao, X. Mao, Stabilization of hybrid systems by intermittent feedback 
controls based on discrete-time observations with a time delay, IET Control Theory Appl., 15 
(2021), 2039–2052. https://doi.org/10.1049/cth2.12160 

Appendix 

Proof of Lemma 1.  
Given 𝛤(𝜇) = 𝑢 , define stopping time 𝜅̄௨ = 𝑖𝑛𝑓{𝑠 ≥ 𝜇: 𝛤(𝑠) ≠ 𝑢} . Let 𝑖nf 𝛷 = ∞ . Since 𝜅̄௨ − 𝜇  conforms to an exponential distribution with the parameter −𝛾௨௨ , one has that, for 𝑠 ∈ሾ𝜇, 𝜇 + 𝑗ሿ,      𝑃(𝛤(𝑠) ≠ 𝑢|𝛤(𝜇) = 𝑢)                                    ≤ 𝑃(𝜅̄௨ − 𝜇 ≤ 𝑗|𝛤(𝜇) = 𝑢)                                      = ׬ −𝛾௨௨𝑒ఊೠೠ௦𝑑𝑠௝଴                                                                     = 1 − 𝑒ఊೠೠ௝                                        ≤ 1 − 𝑒ିఊෝ௝.                                            

(A1) 

Thus, assertion (3.1) is obtained. 
Proof of Lemma 2.  

Define 𝐻(𝜎, 𝑢, 𝜇) = 𝑏௨|𝜎|௠, (𝜎, 𝑢, 𝜇) ∈ (ℝ௡ − {0}) × 𝑆 × ℝା, then 
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 𝐸𝐻(𝜎(𝜇), 𝛤(𝜇), 𝜇) = 𝐸𝐻(𝜎(0), 𝛤(0), 0) + 𝐸 ׬ 𝐿𝐻ఓ଴ (𝜎(𝑠), 𝛤(𝑠), 𝑠)𝑑𝑠, (A2) 

where generalized Itoො operator 𝐿𝐻: (ℝ௡ − {0}) × ℝା × 𝑆 → ℝ is given by 

𝐿𝐻(𝜎, 𝑢, 𝜇) = 𝑏௨𝑚|𝜎|௠ ቂ ଵ|ఙ|మ ቀ𝜎்൫ℎ(𝜎, 𝑢, 𝜇) + 𝜛(𝜎, 𝑢, 𝜇)Ι(𝜇)൯ + ଵଶ |𝑘(𝜎, 𝑢, 𝜇)|ଶቁ                                          − (ଶି௠)ଶ|ఙ|ర |𝜎்𝑘(𝜎, 𝑢, 𝜇)|ଶቃ + ∑ 𝛾௨௩ே௩ୀଵ 𝑏௩|𝜎|௠.                                   (A3) 

As 𝜇 ∈ ሾ𝜇௟,𝜇௟ + 𝜑𝛥), Ι(𝜇) = 1. By Assumptions 2 and 3, conclude that 

𝐿𝐻(𝜎, 𝑢, 𝜇) ≤ 𝑏௨𝑚|𝜎|௠൫𝛽ఓ − 𝜏ఓ൯ + ෍ 𝛾௨௩ே
௩ୀଵ 𝑏௩|𝜎|௠   

                       ≤ −𝑏௨𝑚𝑐௨|𝜎|௠ + ෍ 𝛾௨௩ே
௩ୀଵ 𝑏௩|𝜎|௠ = −|𝜎|௠ ൭𝑏௨𝛼௨(𝑚) − ෍ 𝛾௨௩ே

௩ୀଵ 𝑏௩൱ .  

By (2.6) and (2.7), have that 

 𝑏௨𝛼௨(𝑚) − ∑ 𝛾௨௩ே௩ୀଵ 𝑏௩ = 1, 
hence, 

 𝐿𝐻(𝜎, 𝑢, 𝜇) ≤ −|𝜎|௠ = −𝑏௨|𝜎|௠ ଵ௕ೠ ≤ − ଵ௕೘ೌೣ 𝐻(𝜎, 𝑢, 𝜇). (A4) 

As 𝜇 ∈ ሾ𝜇௟ + 𝜑𝛥, 𝜇௟ାଵ), Ι(𝜇) = 0, then     𝐿𝐻(𝜎, 𝑢, 𝜇)≤ 𝑏௨𝑚|𝜎|௠𝛽ఓ + ෍ 𝛾௨௩ே
௩ୀଵ 𝑏௩|𝜎|௠

≤ 𝑏௨𝑚|𝜎|௠(𝜒 − 𝑐௨) + ෍ 𝛾௨௩ே
௩ୀଵ 𝑏௩|𝜎|௠  

≤ 𝑚𝜒|𝜎|௠𝑏௨ − |𝜎|௠ ൭𝑚𝑏௨𝑐௨ − ෍ 𝛾௨௩ே
௩ୀଵ 𝑏௩൱      

= 𝑚𝜒|𝜎|௠𝑏௨ − |𝜎|௠ ൭𝑏௨𝛼௨(𝑚) − ෍ 𝛾௨௩ே
௩ୀଵ 𝑏௩൱ .

 

Since 𝑏௨𝛼௨(𝑚) − ∑ 𝛾௨௩ே௩ୀଵ 𝑏௩ = 1, 

 𝐿𝐻(𝜎, 𝑢, 𝜇) ≤ 𝑚𝜒|𝜎|௠𝑏௨ − |𝜎|௠ = 𝑏௨|𝜎|௠ ቀ𝑚𝜒 − ଵ௕ೠቁ ≤ ቀ𝑚𝜒 − ଵ௕೘ೌೣቁ 𝐻(𝜎, 𝑢, 𝜇). (A5) 

From (A4) and (A5)， 

 𝐿𝐻(𝜎, 𝑢, 𝜇) ≤ ቂ− ଵ௕೘ೌೣ I(𝜇) + ቀ𝑚𝜒 − ଵ௕೘ೌೣቁ ൫1 − I(𝜇)൯ቃ 𝐻(𝜎, 𝑢, 𝜇). 



37 

Electronic Research Archive  Volume 32, Issue 1, 17–40. 

For any integer 𝜄 ≥ 1, define stopping time 𝜅ఐ = 𝑖𝑛𝑓{𝜇 ≥ 𝜇଴: |𝜎(𝜇)| ≥ 𝜄}. It is evident that when 𝜄 →
∞, 𝜅ఐ → ∞. When 𝜇 ≥ 0, by utilizing the Itoො formula, yield that 

    𝐸ሾ𝐻(𝜎(𝜇 ∧ 𝜅ఐ), Γ(𝜇 ∧ 𝜅ఐ), 𝜇 ∧ 𝜅ఐ)ሿ𝑒ି ׬ ൤ ଵି௕೘ೌೣ୍(௦)ାቀ௠ఞି ଵ௕೘ೌೣቁ൫ଵି୍(௦)൯ௗ௦൨ഋ∧ഉഈబ  

= 𝐸𝐻(𝜎଴, Γ଴, 0) + 𝐸 න 𝑒ି ׬ ൤ି ଵ௕೘ೌೣ୍(ఏ)ାቀ௠ఞି ଵ௕೘ೌೣቁ൫ଵି୍(ఏ)൯ௗఏ൨ೞబఓ∧఑ഈ଴  

    × ൥𝐿𝐻(𝜎(𝑠), 𝛤(𝑠), 𝑠) − ൭− 1𝑏௠௔௫ I(𝑠) + ൬𝑚𝜒 − 1𝑏௠௔௫൰ ൫1 − I(𝑠)൯൱ 𝐻(𝜎(𝑠), 𝛤(𝑠), 𝑠)൩ 𝑑𝑠 ≤ 𝐸𝐻(𝜎଴, Γ଴, 0). 
When 𝜄 → ∞, get that 𝐸𝐻(𝜎(𝜇), 𝛤(𝜇), 𝜇)𝑒ି ׬ ൤ି ଵ௕೘ೌೣ୍(௦)ାቀ௠ఞି ଵ௕೘ೌೣቁ൫ଵି୍(௦)൯ௗ௦൨ഋబ ≤ 𝐸𝐻(𝜎଴, 𝛤଴, 0), 
which means that 

 𝑏௠௜௡𝐸|𝜎(𝜇)|௠ ≤ 𝑏௠௔௫𝐸|𝜎଴|௠𝑒׬ ቂି భ್೘ೌೣ୍(௦)ାቀ௠ఞି భ್೘ೌೣቁ൫ଵି୍(௦)൯ቃௗ௦ഋబ  (A6) 

By 0 ≤ 1 − ଵ௠ఞ௕೘ೌೣ < 𝜑 < 1, 𝜇௟ = 𝑙𝛥, 

 − ଵ௕೘ೌೣ ≤ − ଵ௕೘ೌೣ 𝜑 ≤ − ଵ௕೘ೌೣ 𝜑 + ቀ𝑚𝜒 − ଵ௕೘ೌೣቁ (1 − 𝜑) = 𝑚𝜒 − ଵ௕೘ೌೣ − 𝑚𝜒𝜑. 
Let 𝑙 > 𝑁ା, when 𝜇 ∈ ሾ𝜇௟, 𝜇௟ + 𝜑𝛥),     න ൤− 1𝑏௠௔௫ I(𝑠) + ൬𝑚𝜒 − 1𝑏௠௔௫൰ (1 − I(𝑠))൨ 𝑑𝑠ఓ

଴  = (𝑚𝜒 − 𝑚𝜒𝜑)𝑙𝛥 + ൬𝑚𝜒 − 1𝑏௠௔௫ − 𝑚𝜒൰ 𝜇 = ൬𝑚𝜒 − 1𝑏௠௔௫ − 𝑚𝜒𝜑൰ 𝑙𝛥 − 1𝑏௠௔௫ (𝜇 − 𝑙𝛥) ≤ ൬𝑚𝜒 − 1𝑏௠௔௫ − 𝑚𝜒𝜑൰ 𝜇. 
When [ )1,l lμ μ ϕ μ +∈ + Δ , 

     න ൤− 1𝑏௠௔௫ I(𝑠) + ൬𝑚𝜒 − 1𝑏௠௔௫൰ (1 − I(𝑠))൨ 𝑑𝑠ఓ
଴  = ൬𝑚𝜒 − 1𝑏௠௔௫൰ 𝜇 − 𝑚𝜒(𝑙 + 1)𝜑𝛥 ≤ ൬𝑚𝜒 − 1𝑏௠௔௫ − 𝑚𝜒𝜑൰ 𝜇. 

Substituting this into (A6), yield that 
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𝐸|𝜎(𝜇)|௠ ≤ 𝑏௠௔௫𝑏௠௜௡ 𝐸|𝜎଴|௠𝑒ቀ௠ఞି ଵ௕೘ೌೣି௠ఞఝቁఓ ≤ 𝑀𝐸|𝜎଴|௠𝑒ቀ௠ఞି ଵ௕೘ೌೣି௠ఞఝቁఓ, 
hence 𝐸|𝜎(𝜇)|௠ ≤ 𝑀𝐸|𝜎଴|௠𝑒ିఞభఓ. Inequality (3.2) has been proven. 

Next, we start to prove inequality (3.3). Similarly to (A3), employing the Itoො  formula to |𝜎(𝜇)|௠, obtain that 𝐸|𝜎(𝜇)|௠≤ 𝐸|𝜎(0)|௠ + 𝐸 ׬ 𝑚ఓ଴ |𝜎(𝑠)|௠ ቂ ଵ|ఙ(௦)|మ ൫𝜎(𝑠)்൫ℎ(𝜎(𝑠), 𝛤(𝑠), 𝑠) + 𝜛(𝜎(𝑠), 𝛤(𝑠), 𝑠)Ι(𝑠)൯+ ଵଶ |𝑘(𝜎(𝑠), 𝛤(𝑠), 𝑠)|ଶቁ − (ଶି௠)ଶ|ఙ(௦)|ర |𝜎(𝑠)்𝑘(𝜎(𝑠), 𝛤(𝑠), 𝑠)|ଶቃ 𝑑𝑠.  

As 𝜇 ∈ ሾ𝜇௟,𝜇௟ + 𝜑𝛥), Ι(𝜇) = 1. By Assumption 2, 

 𝐸|𝜎(𝜇)|௠ ≤ 𝐸|𝜎(0)|௠ + 𝑚𝐸 ׬ (𝛽௨ − 𝜏௨)ఓ଴ |𝜎(𝑠)|௠𝑑𝑠 ≤ 𝐸|𝜎(0)|௠ − 𝑐௨𝑚 ׬ 𝐸ఓ଴ |𝜎(𝑠)|௠𝑑𝑠. 
As 𝜇 ∈ ሾ𝜇௟ + 𝜑𝛥, 𝜇௟ାଵ), Ι(𝜇) = 0, 
 𝐸|𝜎(𝜇)|௠ ≤ 𝐸|𝜎(0)|௠ + 𝛽௨𝑚 ׬ 𝐸|𝜎(𝑠)|௠ఓ௢ 𝑑𝑠. 
By (2.8), we have that 

 sup଴ஸ௦ஸఓ𝐸|𝜎(𝑠)|௠ ≤ 𝐸|𝜎(0)|௠ + 𝜒𝑚 ׬ sup଴ஸఏஸ௦𝐸|𝜎(𝜃)|௠ఓ଴ 𝑑𝑠. 
Gronwall  inequality leads to 

 sup଴ஸ௦ஸఓ𝐸|𝜎(𝑠)|௠ ≤ 𝐸|𝜎(0)|௠𝑒ఞ௠ఓ. 
Hence, 

׬  sup଴ஸఏஸ௦𝐸|𝜎(𝜃)|௠𝑑𝑠 ≤ ଵఞ௠௱଴ (𝑒ఞ௠௱ − 1)𝐸|𝜎(0)|௠. 
If 𝑚 = 2, 

׬  sup଴ஸఏஸ௦𝐸|𝜎(𝜃)|ଶ𝑑𝑠௱଴ ≤ ଵଶఞ (𝑒ଶఞ௱ − 1)𝐸|𝜎(0)|ଶ. (A7) 

For a non-negative integer 𝑙, we have that 

𝐸 ቆ supఓ೗ஸఓஸఓ೗శభ|𝜎(𝜇)|ଶቇ ≤ 3𝐸|𝜎(𝜇௟)|ଶ + 3𝐸 ቤන ℎ(𝜎(𝑠), 𝛤(𝑠), 𝑠) + 𝜛(𝜎(𝑠), 𝛤(𝑠), 𝑠) × Ι(𝑠)ఓ೗శభఓ೗ 𝑑𝑠ቤଶ
                                             +3𝐸 ൭ supఓ೗ஸ௦ஸఓ೗శభ ቤන 𝑘(𝜎(𝑠), 𝛤(𝑠), 𝑠)𝑑𝑤(𝑠)௦

ఓ೗ ቤଶ൱ . (A8)  

Under Assumption 1 and utilizing the Burkholder − Davis − Gundy inequality, we yield that 
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𝐸 ቆ sup଴ஸఓஸ௱|𝜎(𝜇)|ଶቇ ≤ 3𝐸|𝜎(0)|ଶ + 6𝛥 න 𝐸(|ℎ(𝜎(𝑠), 𝛤(𝑠), 𝑠)|ଶ௱
଴                    

             +|𝜛(𝜎(𝑠), 𝛤(𝑠), 𝑠) × Ι(𝑠)|ଶ)𝑑𝑠 + 12 න 𝐸|𝑘(𝜎(𝑠), 𝛤(𝑠), 𝑠)|ଶ𝑑𝑠௱
଴≤ 3𝐸|𝜎(0)|ଶ + (6𝛥𝐾ଵଶ + 12𝐾ଷଶ + 6𝛥𝐾ଶଶ) න sup଴ஸఓஸ௦|𝜎(𝜇)|ଶ𝑑𝑠.௱

଴
 

Substituting (A7) into the above inequality, we obtain that 

 𝐸 ቆ sup଴ஸఓஸ௱|𝜎(𝜇)|ଶቇ ≤ 3𝐸|𝜎(0)|ଶ + ൫6𝛥𝐾ଵଶ + 12𝐾ଷଶ + 6𝛥𝐾ଶଶ൯ ଵଶఞ (𝑒ଶఞ௱ − 1)𝐸|𝜎(0)|ଶ. 
For 𝑚 ∈ (0,2), by Hoሷ lder inequality, we get that 

 𝐸 ቆ sup଴ஸఓஸ௱|𝜎(𝜇)|௠ቇ ≤ 𝐽೘మ 𝐸|𝜎(0)|௠, 
where 𝐽 = 3 + ൫6𝛥𝐾ଵଶ + 12𝐾ଷଶ + 6𝛥𝐾ଶଶ൯ ଵଶఞ (𝑒ଶఞ௱ − 1). 

Repeating the above process, we have that 

 𝐸 ቆ sup௤௱ஸఓஸ(௤ାଵ)௱|𝜎(𝜇)|௠ቇ ≤ 𝐽೘మ 𝐸|𝜎(𝑞𝛥)|௠. 𝑞 = 1,2, ⋯ 

Using Chebyshev’s inequality, have we that 𝑃 ቆ sup௤௱ஸఓஸ(௤ାଵ)௱|𝜎(𝜇)|௠ ≥ 𝑒ି଴.ହఞభ௤௱ቇ ≤ 𝑒଴.ହఞభ௤௱𝐸 ቆ sup௤௱ஸఓஸ(௤ାଵ)௱|𝜎(𝜇)|௠ቇ 

≤ 𝑒଴.ହఞభ௤௱𝐽௠ଶ 𝐸|𝜎(𝑞𝛥)|௠ 

≤ 𝑒ି଴.ହఞభ௤௱𝐽௠ଶ 𝑀𝐸|𝜎(0)|௠. 
According to the Borel − Cantelli lemma, there is a set 𝛺଴ ∈ ℱ with 𝑃(𝛺଴) = 1, then for almost all 𝜔 ∈ 𝛺଴, there exists an integer 𝑞଴ = 𝑞଴(𝜔) such that for ∀𝑞 ≥ 𝑞଴, 

 sup௤௱ஸఓஸ(௤ାଵ)௱|𝜎(𝜇)|௠ ≤ 𝑒ି଴.ହఞభ௤௱. 
Therefore, for 𝑞𝛥 ≤ 𝜇 ≤ (𝑞 + 1)𝛥, 

 ଵఓ log|𝜎(𝜇)| ≤ − ଴.ହఞభ௤௱(௤ାଵ)௱௠. 
Letting 𝜇 → ∞, obtain that 
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 𝑙𝑖𝑚ఓ→∞ sup ଵఓ log|𝜎(𝜇)| ≤ − ఞభଶ௠ . 𝑎. 𝑠. 
This completes the proof. 
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