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Abstract: In this paper, all simple Yetter-Drinfeld modules and indecomposable projective Yetter-
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1. Introduction

In 1998, Andruskiewitsch and Schneider (see [1]) introduced the lifting method which was exten-
sively used in the classification of finite dimensional pointed and copointed Hopf algebras. In this
process, Yetter-Drinfeld modules over a Hopf algebra (see [2]) play important roles. See for exam-
ple [3—12]. Therefore, constructing Yetter-Drinfeld modules over a particular interesting Hopf algebra
is very important.

In 2003, Radford [13] introduced a general technique to construct simple Yetter-Drinfeld modules.
By this idea, one can get all simple Yetter-Drinfeld modules over a finite dimensional Hopf algebra.
For example, Zhu and Chen [14] described all simple Yetter-Drinfeld modules over the Hopf Ore
extension of the dihedral group D,. Xiong [15] (see also Zhang [16] in somewhat different idea)
constructed all simple (resp. indecomposable projective) Yetter-Drinfeld modules and then described
their corresponding projective class rings over a non-semisimple and non-pointed Hopf algebra Hy,
which was firstly introduced in [17] and reconstructed via Hopf Ore extension of automorphism type
in [18] by Yang and Zhang. It is remarked that all finite dimensional Hopf algebras over Hs and H
were given in [7] and [8] respectively. In [19], all Yetter-Drinfeld modules and their corresponding
Grothendieck rings for a 2n%-dimensional semisimple Hopf algebra H,,» of Kac-Paljutkin type were
constructed. In [20], all simple (resp. indecomposable projective) Yetter-Drinfeld modules and their
corresponding projective class rings for a family of non-semisimple 8m-dimensional Hopf algebra Hg,,
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of tame type with even number m > 2.

Motivated by the above works, we will firstly construct and classify all simple (resp. indecomposable
projective) Yetter-Drinfeld modules over A by the Radford technique where A is the 2-rank Taft algebra
which Green ring was constructed in [21]. It is remarked that A is isomorphic to H,(0, —1) as Hopf
algebras given by f(x;) = b, f(x2) = ¢, f(y1) = ab, f(y2) = cd where a, b, ¢, d are generators of H,(p, q).
Here, H,(p, q) is firstly constructed in [22] which is a family of n*-dimensional Hopf algebras where
n > 2 is an integer, p and g are scalars in the ground field and ¢ is a primitive n-th root of unity. The
second task of this paper is to describe the projective class rings of the category of the Yetter-Drinfeld
modules over A. It is pointed that the projective class rings of H,(0, g) and H,(1, ) for n > 2 in [23]
are desribed. Also, we note that the n-rank Taft algebra ?—lq(n) based on the work in [24] was firstly
introdcued in [25] in which its Drinfeld double D(A,(n)) as well as all simple modules of D(A,(n)) by
the different method from the Radford technique, were constructed.

We organize the paper as follows. In Section 2, we recall some definitions and results. In Section 3,
all simple (or indecomposable projective) Yetter-Drinfeld modules over A are constructed. In Section 4,
the indecomposable projective Yetter-Drinfeld modules corresponding to the simple Yetter-Drinfeld
modules of A are constructed and the tensor products of arbitrary simple and indecomposable projective
Yetter-Drinfeld modules are established. Furthermore, the projective class ring of the category of the
Yetter-Drinfeld modules over A is described.

We firstly fix some notations. Throughout the paper, K is assumed to be an algebraically closed field
of characteristic zero and [[a, b]] = {a,a+ 1,--- ,b} for a < b € Z. The Sweedler notation

A(h) = Z hqy ® h)
(h)

for a Hopf algebra is used and some other notations are referred to [26].
2. Preliminaries

The 2-rank Taft algebra A was introduced in [21,22] which is generated by x;,y;,1, j = 1,2, subject
to the relations

=1, y;=0, xx=Xxx, Yy2=-V). XY= -V
A is a Hopf algebra with the coalgebra structure and the antipode given by

A(x) = x; ® xj, ex)=1, §x)=ux,
A)=yi®1+x,®y;, €)=0, S ) =yx.

Note that dimA = 16 and {x’fxlzyiy’ﬂk, l,s,t=0, 1} forms a K-basis for A.
For the definition of n-rank Taft algebra .?_(q(n), the authors are referred to [25]. It is well-known that
among n-rank Taft algebras, the only 2-rank one is of tame type. From the viewpoint of representation

theory, we are more interested in describing all simple (resp. indecomposable projective) modules in
?3/1). Note that A = A_;(2).
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Lemma 2.1. [21] There are 4 non-isomorphic 1-dimensional simple A-modules S (s, s,) with the
basis {v***}. The actions are given by

x; - U = st yi v =0
wherei=1,2 and 51,5, = +1.

Let , M be the category of left H-modules. Recall that a left Yetter-Drinfeld H-module M for a
finite dimensional Hopf algebra H is a left H-module (M, -) and a left H-comodule (M, p) satisfying

p(h-m) = Z h(l)m(_l)S (l’l(3)) ® I’l(z) - M), VmeMheH
where S is the antipode of H and p(m) = ), m_;, ® my).
(m)

The category of left Yetter-Drinfeld H-modules is denoted by YD, whose morphisms are both
H-linear and H-colinear maps (see [2]). Let V € ZMZ), the left dual V* is defined by

(h- fov) = (LS RWY,  fnlfiopv) = ST o)X, vo)- 2.1
According to Radford’s results in [13], we have the following results.

Proposition 2.2. [13]IfV,W € BYD then V@ W € Y D. The actions and coactions are as follows:

h- (U ® (.U) = Z h(]) U® h(z) cw, p(U ® (.U) = Z VU -1W(-1) ® V() ® w(0)
(h) v),(w)

whereve V,we W heH.
Lemma 2.3. [13] Let L € ;M. Then, we have

(1) H® L € Zy D; the module and comodule actions are given by

g-(h®l) = Z gyhS (83) ® g - 1, (2.2)
(€3]

p(h®l) = hy®hp &l VhgeH,IleL. (2.3)
(h)
(2) If M is a simple Yetter-Drinfeld H-module, then M = H - N for some simple subcomodule N of
H ® L where L is a simple left H-module.

Applying Proposition 2.2 and Lemma 2.3, we can construct all simple Yetter-Drinfeld modules over
a specific Hopf algebra H, in particular, for H = A.

3. Simple Yetter-Drinfeld modules over A

Let U(k,l, sy, 55) = K{x’fxlz ® vS"”} where 51,5, = £1,k,1 € Z,. We have

Lemma 3.1. For s, s, = +1, the set
{U(k, L, s1, $2)lk, | € Zy}

forms a complete set of all simple subcomodules of A® S (s1, s3).
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Proof. Since dim (S (s, 52)) = 1, A® S(sy, 52) = A as (left) A-comodules. Since A is pointed, any
simple subcomodule of A is equal to Kg for some group-like element g in A by [26, Corollary 5.1.8].
Thus, the lemma follows.

Let
I ={(k,1, s1,50)lk,l € Zy, 51,5, = 1}

and
Iy = {(k, L, 51, 52)I(k, 1, 51, 50) € I, 51 = s = (=D},
I ={(k, L, 51, 52)I(k, 1, 51,50) € 1,51 = =55 = (=1},
L = {1 s1, Ik, 51,50) € 1 sy = =85 = (1)1},
Iy = {(k. L st s)l(k. L 51, 52) € 1y = 55 = (=D

3
It’s easy to see that [ = J I,.
t=0

Now, we consider the Yetter-Drinfeld module A - U(k, L, sy, 52) by the rules given in Lemma 2.3
where (k, [, s1,5,) € 1.
(a) Assume that (k, 1, 51, s2) € Iy. In this case
X; (x’l‘xl2 ® vsl’sz) = s,-xll‘xl2 ® v, Vi (xll‘)cl2 ® vsl’sz) =0,
p (x’l‘xl2 ® vsl’sz) = X, @ X x, @ v,

We get 1-dimensional Yetter-Drinfeld modules M(k, ) := K {9"”} where ¢ = xix) ® DD e
Z,. The actions and the coactions are given by

X; - Qk,l — (_1)k+10k,l, NE Hk,l — 0’ p(gk,l) — x/l(‘xl2 ® gk,l

where i =1, 2.
(b) Assume that (k, [, s1, 50) € I;. In this case

— (_1)k+l+i—1x/]<x12 ® US],SZ,
= (1+ (=) -5y @ v,
— _l)k+l+ixllcx12y2 ® USI»SZ’

X; (xll‘xlz ® v“’sz)
51,52

Vi (x’l‘xlz QU

X (,le‘xlzyz QU

(
Vi (xlf Xy ® U2) = 0,

S— N S N

P (x’l‘xlz @ v'?) = xhxh @ xixh @ v,

p(dxhy, @ v = Xy, @ i @ v + Xy @ Kby, @ v,

We get 2-dimensional Yetter-Drinfeld modules M, (k,[) := K {,ug’l, ,u]]“’l} where ,u](;’l = xixh @ v, ,u'l"l =
rxby, @ U2, 51 = —s5 = (=1)"*, k, | € Z,. The actions and the coactions are given by

X; - /Jg’l — (_1)k+l+i—1’u]((),l, yi N /l](;,l — 26,"2(_ 1)k+llJ/1€,l,

Electronic Research Archive Volume 31, Issue 8, 5006-5024.
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Xyt = GOy =0,
pu") = XX ® g, Py

Xy, ®,uo + xh ! ®,u11"l

where i =1, 2.

Similarly, assume that (k l,s1,52) € I, and we get 2-dimensional Yetter-Drinfeld modules M, (k, 1) :=
K{vgl,v]]‘l} where v’él = xr x2 ® U2, If’l = x’fxlzyl ® U1, 5 = —sp = (1) k, [ € Z,. The actions
and the coactions are given by

kl fe i kol k,l _ kel el
Xi = (_1) Vo s yi- = 2(51',1(—1) vV,

kl k+l+i—1 k.l kl _

vt =(=1) vy, yi-vy =0,

NN 3 R kily _ k1 1
P(VO)—x1x2®VO, p(v )—xx2y1®v0 + X) x2®yl

where i =1, 2.
(c) Assume that (k, 1, 51, s7) € I5. In this case

51,82 k+l+lxkx ® ,US] S2
2

2(-D* Xy @ v,

x,(x x2®v

i (x X @ v

( k+l k1 51,52
’

51,82
X; xkx2y1 QU X1X,y1 ®U

51,52

2( 1)k+l+l-/d(x2y1yz ® vsl Sz

Vi xkx2y1 ®U

2= Xy, ® v,

(
(

Xi (xkxzyz ® U52) = ( kHXIlezy ® Ui S2
(

Il
o /-\

xlfxlzyly2 ® US],;Q 1)k+l+1xkx2y1y2 ® US] Yz

x];xlzyly2 ® Usl,Q

b

kot 152 xk)cztgwckxz@)lf1 52

Jol (x’[xzyl QR U2 xkx2y1 ® xkx2 QU + xk+1 » ® xll‘xlzyl QU

Xixhyr @ xixh @ U + X @ xixby, @ v,

)=
)
)
)
)
Vi XkX2y2 QU 52)
)
)
)
)
(s 0)
) kazylyz ® xkxz ® v xkxlzﬂ)’l ® x1x2y2 ® 112
+ 2070y, ® Xy @ U + g @ Xy @ v,

We get 4-dimensional Yetter-Drinfeld modules Mj(k, 1) := K {né’l , ;7’1‘”, né’l, n];’l } where 7716 = x’fx’2 ®

v = gy @ vt = aixhy @ vyt = xxyi ® v, s = (=DM k1 € Z,. The
actions and the coactions are given by

X; - 7718,1 _ (_1)k+l+lnl(c)l, Vi 7715,1 _ 2(_1)k+lnfl’

X - nllc,l — (_1)k+lnllcl, Vi - 771 25 5(— 1)k+l+l kl
xiemyt = (=DM, yi 1y = 26i,1(—1)"+’n’;l,
X - nl;,l — (_1)k+l+17713<l, Vi - nl;,l =0,

p (') = ¥ix @nf,
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p(ny') = ¥y @ g’ + ' @ my,

k.l k I+1 5
p (1) = Axby, @ g’ + X @b,

k

3

k_1+1 k+1 l+1
p(n

A )
) = xixyiy @ns' + X by, @ - Xy @ i + g @ !

where i =1, 2.
In summary, we have

Theorem 3.2. The set
(M, (k,D) |k, € Zy,1 € [0, 3]}
forms a complete list of non-isomorphic simple Yetter-Drinfeld modules over A.

Proof. (1) Let fy : My(k,1) — My(k’,1"), 0% — ab*"' be a Yetter-Drinfeld module isomorphism where
k,ILk',l'! € Z, and O # a € K. Then, fori = 1,2 we have

xi fol@) = (D ab"" = fo -0 = (-1 ab",
(id®f0)p(8k’l) = axlx2 @ = = p(fo (O8) = ax1 x2 Y
Hence, k = k’,1 = I'. Therefore, My(k,l) = My(k’,l")if and only if k = k', [ =1".

(2) Let 0 # L be a simple Yetter-Drinfeld submodule of M;(k,[) and 0 # v = ao,ul(‘)’l +a; ,u’f’l € L where
k,l € Z,,ap,a, € K. Then, we have

Kk I+1 k.
pv) = (a0x1x2+a1x1x2y2)®u0 +apxx, ®u;.

k l+1

Since apx\x} + ajxtxly, and xkxif! are linearly independent, ,uO € L. Moreover,

y2',uo 2( 1)k+l k1l eL.

Thus, L = M,(k, ). Therefore, M,(k, 1) is a simple Yetter-Drinfeld module. Similarly, M,(k, ) is also a
simple Yetter-Drinfeld module.
Let

N 'M1(k D — MKl

I—) bo/,tk o+ + blﬂ] !

J

"o bzl'tk + b3:u1

be a Yetter-Drinfeld module isomorphism where &, [, k’,I’ = 0, 1 and by, by, by, b3 € K. Then, we have
2 i) = 2= byt = fign - i = 0

(d® fi)p(s") = X xh ® (bopy " + bupty ™) = p(fiGuig™)
(b()xl X2 + blxl x2y2) ®Iug',l' + blx]fx[é-'-l ®'u]1(/,l/

Hence, by = b, = 0,by, b3 # 0,k = k’,l = I'. Therefore, M,(k,l) = M(k’,l") if and only if k = k', [ = I'.
Similarly, we have M;(k,l) = M,(k’,l') if and only if k = k', [ = I'.

Electronic Research Archive Volume 31, Issue 8, 5006-5024.
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Let

fo Mk, ) > Ma(K', 1)
Iu/(c),l (g C()V](;,’l/ + C]Vllc,’l/

k'l k'l

k1l
[ A A ) A S

be a Yetter-Drinfeld module isomorphism where k, [, k', I’ = 0,1 and cy, ¢y, ¢2, c3 € K. Then, fori = 1,2
we have

v A =21 et = fryr - pt) = 0,
(id® fH)ot") = xkxh @ (coh '+ chy = p(fHlh)

L K+1 I K

Kl Kol K
= (cox1 Xy +C1X) xzyl) ®Vy" tcix; X, Qv

Hence, ¢; = ¢ = 0 and

. k,l K K k,l
(d ® fH)oW ") = coxi by, @ Vi + x5 @ V! = p(Hl)

' N SN
:c3(x]{x2y1®vo +x 7, Qv )

Then, ¢y = ¢3 = 0. Therefore, M;(k,[) & My(kK',l') for k,Lk',l' € Z,.
(3) Let O # U be a simple Yetter-Drinfeld submodule of M3(k,l) and O # u = i d,nf’l € U where
do.dy,dy.ds € K, k.1 = 0, 1. Then, =
p(u) = (dox’]‘xl2 + dlxll‘xlzyl + dlefxlzyz + d3x]1‘x12y1y2) ® ng’l
+(di X+ ds i ) © 17]{’1
+ (dgxlfxé“ - dgxll‘xlz“yl) ® 17];’1

kel
+dsxy T @y

Since u # 0, the vector (dy, dy, d», d3) # 0, we have 77'(‘)’[ € U. Hence fori = 1,2, y,--n/(‘)’[ =2(-p e U
and y; - 5" = 2(=1)**'p%" € U. Therefore, U = Mjs(k, 1) and M;(k, 1) is a simple Yetter-Drinfeld module.
3 ’ o
Let f5 : M5(k,l) — Ms(k',l'), nf” =) Cs,ﬂ]lf " be a Yetter-Drinfeld module isomorphism where
=0
s € [[0,3]], k,[,k',I' € Z, and ¢, € K. Hence, fori = 1,2 we have

i £ = i mih, 3.1)
i 5@ = 00, (3.2)
(d® fi)p@m}) = p(Ha)). (3.3)
By (3.1) we have
3
yifs (77]5’1) =i Z com,”
t=0

= coo2(= D 0" + (o 2(=1 G = 1) + o212 - b))y

Electronic Research Archive Volume 31, Issue 8, 5006-5024.
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3

= f (i) = 218D ciml ™

t=0
Then,

K+l K+l ket
cro=cip=00=021=0, coo(=D)"" =ci1(=D)"" = (-1,

coo(=1¥ T = ci3(=D, o (=D =y a(= 1)
By (3.2) we have
yio O = e 2D G = Dt

= f3 (v ') = 21 1)277/”.

Then,
— — — 0 _1 K+l — _1 k+1
co=0c31=c32=0, cp(-1) c33(=1)"".

By (3.3) we have

. k.l I K
(ld®f3),0(771 ) = Co X} X1 ® 17 (Co X xhy + et 1x12) Q1"

! K. k11 kU
+ covlefxzyl X1, (co 3x1x2y1 + 13X xz) 3’

=p (5 ()

kU kU k'l k' +1 k'
= (C]’]Xl X, V1 + C13X X2y1y2)®7]0 +(C1 1X Xz + Cq 3X1 X2y2)®7]1
r I+ k'l k' +1 l+1 k'l
—01,31611c Xy y1®1," + 13X 13" .
Then, Cpo,1 = Cop = Cp3 = C13 = (23 = 0, Cop = C1,1 = Cp = (€33 * O,k = k/,l =/. ThGI‘CfOI'C,

M;(k,l) = Ms(k’,I")ifand only if k = k', [ =I'.
By (1)—(3), the set
{M, (k,D) |k, 1 € Zy,t € [0, 3]}

forms a complete list of non-isomorphic simple Yetter-Drinfeld modules over A.

Corollary 3.3. (1) My(k, 1) = Mo(k, 1), Myk,D)* = Mk +i— 1,1+ i) fork,1 € Zp,i = 1,2.
(2) My(k, 1) = My(k + 1,1+ 1) for k,1 € Zy.

Proof. We only give the proof of (2), the other cases are similar.
Let {g}|f € [[0, 3]} be the dual basis of {nf’ﬂz € [[0, 3]} such that

@' (15") = 0 k’l(nk’l) - @' (1) = k’l(n"”) =
(n)— (n)— (n)—(l)"” (n)—
wz(no)= .oy = (D 902(772)= : @'alhy =0,
caph =1, &'ah =0, Gk =0, e =0

Electronic Research Archive Volume 31, Issue 8, 5006-5024.
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By (2.1) we have

Xi

' (pg,z = (=1 )k 905’1,

virgg = 2D},

X @yt = (G Vi @) = 26,5 (= DY,
X @y = (DY, Vi @5 =260 (=1l
Xy = (DM Vi ¢y =0,

,0((,0]51) — xl]<+lx12+1 ® QDI(;’I,

p(e) = iy e g + A @,

p(e) = A @ + i @ g,

P (‘P1§’1) =0y @ ¢ + x4 @ o) =y @ b

where i = 1,2. Hence Ms(k, )" = Mx(k+ 1,1+ 1).

4. Projective class rings of ?ﬂ@

kol o ki
+ XX, ® @3

Assume that H is a finite dimensional Hopf algebra. Let F(H) be the free abelian group generated by
the isomorphic classes [M] of H-modules M. Then, the abelian group F(H) becomes a ring equipped
with a multiplication given by the tensor product [M][N] = [M ® N]. The Green ring r(H) is defined to
be the quotient ring of F(H) module the relations [M & N] = [M] + [N]. The projective class ring of H
is the subring of r(H) generated by its simple and projective modules. As is known, Zy D = peory M.
where p 00 M is the category of the left modules of Drinfeld double D(HP). For this reason, we have
the projective class ring of Zy P which is denoted by rp(gy D).

In this section, we briefly set D := D(AP). Let P(V) be the projective cover of a simple D-module
V, or equivalently, a simple Yetter-Drinfeld module V € ;‘y D. Let Irr(D) be the set of isomorphism
classes of simple D-modules. One sees that

D

~

@ P( V)EBdimV

Velrr(D)

and P is unimodular and quasi-triangular (see [26,27]).

For convenience, we let

1 0 O
-1 0
0 -1
0 O
1 0
Y1 X1
» 0
Viy2 X1)2

X1X2Y2
—X1X2)1Y2
0
0

0
0
0

Electronic Research Archive

X2
—X2Y1
0

—X2)2
0
0

X1 X2
0
0
—X1)2
—X1Y1)2

S O = O

2

00 0 0 0 O
00 C. - 61 O 0 O
1 o) "o, O 0 o}
01 0 —%i» 61 O
X1X2)1 0 0 0
E = 0 —X2Y1 0 0
IR ESES 0 -xiy1 0]
0 -nyiy2 - 0y
x1xoyy2 0 0 0
G = 0 X2Y1Y2 0 0
’ 0 0 xiyiy: 0
0 0 0 yiy2
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00 0O X; 0 0 0
, |1 000 , | mxiv-i xix 0 0
A= 000 o0y B; = XiVi 0 1 o I
0010 XYiyiei XXy yai XXl
2 0 0 O 1 0 0 0
, [0 =20 0 P I PR S A 0 0
¢ = 0 O 1 (I Di h Vi 0 Xi 0
0 0 0 -1 —yiya—i X7'Xhyi —XiyaLi Xixo

where i € [[1, 2]].

By a complex computation, we can obtain the following three classes of Yetter-Drinfeld modules for
A.

(1) Po(k, D), k,1 € Z, : it is of a basis {ug, uy, - - , u15}, the matrices of the action and coaction of A
on Py(k, [) are given as follows.

A 0 0 O -C; 0 0 0
0 A4 0 0 s.B C, 0 0
J = (_1)k+ J = (1)K | Y01 i
[x;]=(=1) 0 0 -4 ol il =2(=1) 52B 0 c. o
0 0 0 A 0 —6,B 6B —C
x1xD 0 0 0
E XD 0 0
_ l 2
P =xinl o Ty yp o|®V
G xF -xE D
where W = (ug, uy, -+ ,ups)".

2) Pk, 1, j),k,l € Zy,j € [[1,2] : it is of a basis {po, p1,- - , p7}, the matrices of the action and
coaction of A on P(k, I, j) are given as follows.

+i[—A O 20i3-iA"  6;;C
1= (— k+1+i+j 1= (— k+1 i,3—j i,j
=0 (R = e (A ),

B. 0
— k.1 Jj
,D(P) xlxz(o D})®P
where P = (po, p1,-++ ,p7)’.

) Tjk, 1), k,l € Zy, j € [[1,2] : it is of a basis {vé, v{, vé, vg}, the matrices of the action and coaction
of A on Ti(k, 1) are given as follows.

0020
000 2
1 = (—1)k+-1 1=68.. (—1)\k!
[xl] ( 1) A, [yl] 61,3—]( 1) 000 Ol
00O0O
X3—j 0 0 0
_ g |y 10 0
p(U) = xix, 0 0 1 0 QU
0 0 yij x3_j
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— () T LINT
where U = (v, v, v;,V3)" .

Lemma 4.1. Fork,l € Z,,j € [1,2]], Po(k, 1), P(k, 1, j) and T j(k, 1) are indecomposable Yetter-Drinfeld
modules over A.

Proof. Suppose that P(k, [, j) is not indecomposable. Then, there exist two non-trivial submodules M
and N such that P(k, [, j) = M ® N. We claim that p; ¢ M and p; ¢ N. If p; € M then p4, ps,pc € M
since

ktj—1 _I+] ktj—1 _I+]
p(p7) = —X]fxlz)’j)’.%—j ® pg + x1+’ x2+Jyj ® ps — x]fxlzxj)’3—j ® pe + x1+’ x2+jxj ® p7

which implies that

(_1)k+l

Po=— Yj-ps €M,
(_1)k+l—1

Pv= )i Ps €M,

pr ="y pee M,
py =Dy pre M.

Then, M = P(k, 1, j). It’s a contradiction. Similarly, if p; € N then N = P(k, [, j), a contradiction too.
6
Therefore, we may assume p = Z a;p; + p7 € M for some «; € K, i € [[0,6]]. Then,

i=0

p(p) = x’fxlzxj ® (@opo + aspe) — x]fxlzxj%—j ® (a1 po + pe)

k1 k1
T XXXy ® @apo + X1 XXV jV3-j @ 3P

k+j—-1 _I+j k+j—-1 _I+j
+x,7 XX @ (@pr+p) X T X, Xy ®asp;

+ Xixh ® (@apa + aups) + Xixyy3-; ® (a3pa + aspy)

k+j—-1 _I+j !
+ X7 x)7 ® (@3ps + asps) + xixby; ® agpa

k1 k+j—-1 _I+j
— X1 XY;¥3-j @ P4 + X, X, "y ® ps.

Hence, ps,a;p; + p7 € M which implies that

-1 k+1-1

— Q1Y D5 eEM.

p7r=(a1p1 +p7) —aipr = (a1p1 + p7) — 5

It is a contradiction. Therefore, P(k, [, j) is an indecomposable Yetter-Drinfeld module over A. Similarly,
one can check that Py (k, [) and T';(k, ) are also indecomposable Yetter-Drinfeld modules over A.
The results are followed.

It is easy to see P(k, [, j), Po(k,l) and T(k, 1), k,l € Z, j = 1,2 are non-isomorphic to each other.
Denote P;(k,l) =Pk +i,l+i—1,i)fori e [1,2],k,[ € Z,.

Lemma 4.2. For k,l € Z,,i € [[0,2]], P(M;(k, 1)) = Pi(k, ) and P(M;(k, 1)) = M;(k,]).

Proof. 1tis well known that D is a symmetric algebra [28] and every projective module is injective. Then,
P(My(k, 1)) = E(M,(k, 1)) for some t € Z4 and the socle and top of P(M,(k,[)) coincides. Therefore,
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P(My(k, 1)) = E(My(k,1)). By Lemma 4.1, Py(k, ) is an indecomposable module with SocPy(k,[) =
My(k, ). Thus, Py(k, ) embeds in E(M(k,)) which implies that dim P(M,(k, [)) > dim Py(k, ) = 16.
Similarly, dim P(M;(k, 1)) > dim P;(k,[) = 8 since SocP;(k,l) = M;(k,l) fori =1,2.
It follows that

1 1 2 1
dim®D = Z dimP(My(k, 1)) + 2 Z Z dimP(M;(k, 1)) + 4 Z dimP(M;(k, 1))

k=0 k=0 i=1 k,1=0
>4x16+2x8Xx8+4x4x4=256.

Hence, we only have dim P(My(k, 1)) = 16, dim P(M,(k,[)) = dim P(M,(k, 1)) = 8, dim P(M;(k, [)) = 4.
Therefore, P(M;(k, 1)) = P;(k,l) and P(M;(k, 1)) = M5(k,[) fori € [[0,2]].

Corollary 4.3. We have

1
oD = P (Potk, D & Pk, D™ © Pk, D™ © Ma(k, ™).

k,I=0

By Corollary 4.3, it is obvious that T;(k, /) is not projective for i = 1, 2.
Note that the tensor products of Yetter-Drinfeld modules are commutative since D is quasi-triangular.

Lemma 4.4. For k,k',[,I' € Z,, we have

(1) Mo(k,) ® M,(k',I") = Mk + k', +1") where t € [[0,3]].
(2) Mok, ) @ Pi(k’,I") = Pi(k + k', + I") where i € [[0,2]].

Proof. (1) The results of (1) can be obtained by a direct computation.
(2) By (1) we have

Poltk + k', 1+ 1) = P(My(k,1) @ Mo(k', 1)) € Mo(k,]) ® Po(k', ).

By Lemma 4.2 we have dimPy(k + k', + ') = dim (My(k, ) ® Po(k’, ")) and My(k,) @ Po(k’,1’) is
projective. Hence, My(k,l) ® Po(k’,l') = Pk + k’,1 + I’). Similarly, we have My(k,l) ® P(k',l') =
Pik+ k', I+ 1")and My(k,l) @ Pr(k',l') = Pk + k', [+ 1').

Lemma 4.5. For k, k', k", LI',l" € Z,,i = 1,2, we have

(1) My(k,)) ® Ma(K', ') = Ms(k + k', 1+ I').
(2) Mk, 1) ® Myk',l') = Ti(k + k', 1 + ).
(3) Mi(k, 1) ® MK, I") ® My(k”,1")
= Mik+k +K +i— LI+ +1"+D)2®Mk+k +k', 1+ +1")°.
(4) Myk,)® My(k', ') = Py ik + K +i— 1,1+ +1i).
(5) My, 1) ® My(K', ') = Po(k + K + 1,1+ + 1).

Proof. The statements (1), (2) can be obtained by a direct computation.
On the other hand, by Lemma 4.4 (1) it suffices to prove the cases for M;(0,0)®, M;(0,0) ® M(0,0)
and M3(0,0) ® M5(0,0).
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For the statement (3), note that 7;(0,0) = M,(0,0) ® M;(0,0), j = 1,2. Let {u,u]} be a basis of
M;(0,0). The actions on the basis {u'(’), u{} and the coactions are given by

X; - Uy = (—l)i”ué, Yi - uy = 28;3-ju],
xiul = (=Dl yi-u; =0,
p(u(J)) =1 ®U(J), p(u{) :y3_j®u{) +)C3_j®l/t{.
where i = 1,2. Let
Jo_ J J_ J
/10—u0®v0, A =u; vy,

J_ ] J J J J_ J J
L =uy®vi+u®vy, A3=u v,
J_ J J_ J J J
Ay = Uy ® v, Ay = u; @ v, — uy ® vy,
=ul ®vy—u)®v;, A =u] ®v;—u)®v| —uj V)
and L, = K/léﬁK/lém where ¢ € [[0, 3]] . By a direct computation, we have Ly = Ly = M;(j—1, j),L; =

L, = M;(0,0). Therefore,
M;(0,00* = M,(j - 1, )** & M;(0,0)*.

For the statement (4), we have

Homgp(M;(0,0) ® M3(0,0), Ms_;(k,I)) =HomqnH(M3(0,0), M3_;(k, 1) ® M;(0,0)")
=~Homyp(M3(0,0), M5_;(k, 1) @ M;(i — 1,1))
=~Homyp(M3(0,0), M3k +i— 1,1+ 1))
where i = 1, 2. By Schur’s lemma, Homg(M;(0, 0)@ M3(0,0), M5_;(k,[)) # Oifandonly itk = i—1,] = i.
Since M;(0,0) ® M5(0,0) is projective and dim (M;(0, 0) ® M3(0,0)) = dimP5_;(0, 1) = 8, we get that
M,-(O, O) ® M3(0, O) = P3_i(i -1, l)
Similarly for the statement (5) we have
Homgp(M5(0,0) ® M3(0,0), My(k, 1)) =Homqp(M5(0,0), My(k, ) ® M5(0,0)")
~Homgp(M5(0,0), My(k, ) ® M3(1, 1))
~Homqp(M5(0,0), M3(k + 1,1+ 1)).

Hence, M5(0,0) ® M3(0,0) = Py(1, 1).
Lemma 4.6. For k, k', k", 1,I',l" € Z,,i = 1,2 we have

(1) Mik, D) @ P;(k',I') = Pok + k' +i—1,1+1 +1i).
(2) Mik,[) @ Ps_i(k',I") = M3k + K, [+ NP Mk + kK +i— 1,1+ 1 +i)®.

Proof. It suffices to prove the lemma for M;(0, 0) ® ;(0,0) and M;(0,0) ® P5_;(0,0) by Lemma 4.4 (1)
(2), where i = 1, 2.
(1) We have
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Homg(M;(0,0) ® P;(0,0), My(k, 1)) 2=Homqp(P;(0,0), My(k, 1) ® M;(0,0)")
=Homgp(P;(0, 0), My(k, 1) ® M;(i — 1,1))
=Homgp(Pi(0,0), Mi(k +i—1,1+1)).

Hence, M;(0,0) ® $;(0,0) = Py(i — 1,1).
t .
(2)Let N.; =0,N, = > Kv{ for ¢t € [0,3]], where i € [1,2]]. One can check that
s=0

O:N_1 c Ny C N CNQCN3:T[(k,l)

is a Yetter-Drinfeld submodules chain of T;(k, [) such that N;/N;_; is a one dimensional Yetter-Drinfeld

module and
No = N3/N, = Mok +i—1,1+1), N;/Ny=N,/Ny = Myk,]).

Hence, by Lemma 4.5 (4) we have

M,‘(O, 0) ® p3—i(0’ 0) = M,'(O, O) ® M,'(O, O) ® M3(l - 19 l) = Ti((), O) ® M3(l - 19 l)
= (Mo(i —1,)% & M,(0, 0)@2) ® Ms(i — 1,i)
=~ M;(0,0)%* @ M5(i — 1,i)®.

Lemma 4.7. For k, k', k", ,I',l"” € Z,,i = 1,2 we have

(1) Ms(k,]) @ Pi(k’, ") = M5_;(k,]) @ Po(k’ + 1,I' + 1)
=Py ik+ K+ LI+ + D)P 0Py k+k +i—1,1+1 + )%
(2) Pk, ) @Pi(k',I) = Pok +k + 1,I+1' + D Pk + k' +i— 1,1+ 1" +i)®.
1
(3) Pitk, ) @ Pa(k', 1) = Ms(k, D) @ Po(K', ') = P Ms(s, )™,

5,1=0

1
(4) Pilk, D) @ Po(k', I') = P Pils, ™.

5,1=0

1
(5) Polk, ) ® Po(k', ') = D Pols, .

5,t=0

Proof. It suffices to prove the lemma for M;(0,0) ® £;(0,0), M5(0,0) ® Py(0,0), £;(0,0) ® P:(0, 0),
P1(0,0) @ P,(0,0), P:(0,0) ® Py(0,0) and Py(0, 0) @ Py(0,0) by Lemma 4.4 (1) (2).
(HLetV_; =0,V, = X! (Kpay + Kpogyy) for £ € [[0,3]]. One can check that

OZV_lCV()CV1CVQCV3:P(k,l,i)zpi(k+i,l+i—1)

is a Yetter-Drinfeld submodules chain of $;(k + i,I + i — 1) such that V,/V,_; is a two dimensional
Yetter-Drinfeld module and

Vo= V3/Vo= Mik+i,l+i-1), VilVo = Va/Vi = Mk, ).
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Hence,
M3(0,0) & P;(0,0) = M5(0,0) @ (Mi(0,0)” & My(i, i — D) = P3i(i — 1, @ P3(1, )™
= M5(0,0) ® M3(i,i — 1) ® M3_;(0,0) = Po(i — 1,i) ® M3_;(0,0).

Therefore,
M5(0,0) ® Pi(0,0) = My(i,i — 1) @ Po(i — 1,i) ® M3-,(0,0) = Po(1, 1) ® M5_,(0,0)
since
Pyi(i — LD @ Py (1, D = My(i,i — D) ® (P3i(i — 1) & P3(1, D).
(2) By Lemma 4.6 (1), we have
P1(0,0) @ P,(0,0) = Pi(0,0) ® (M;(0,0)% & My(i, i = 1)*) = Po(i — 1,)* & Po(1, ).
(3) By Lemma 4.5 (1) (4) (5) and Lemma 4.6 (2), we have
1
P1(0,0) ® P2(0,0) = P1(0,0) & (Ma(0,0)* @ My(0, 1)*2) = ) Ms(s,0™

s,t=0

= M,(1,0) ® M3(0,0) ® M;(0,1) ® M5(0,0) = M5(0,0) ® Py(0,0).
(4) By (1), we have

1
P:(0,0) ® P(0,0) = (Mi(0,0)* & My(i, i - 1)**) ® Py(0,0) = @ Pi(s, .

s,t=0
(5) Let
Ko = U3z — U + U + U, K = U7+ U3, Ky =Ut+ U4, K3 =Ups,
K4 = U] — Uy, Ks = Us, Ko = Ug — U, K7 = Ujo,
Kg = U, Ko = Ug — U3, Kjo = U3+ Uy, Ki1 = Uil — U4,
K12 = Uy, K13 = Uy, K14 = Uz, Ki5 = Ue,

and K_; = 0,K, = Y\_, K, for 7 € [0, 15]]. One sees that
O:K_l CKyCcK,C---CKj; :Po(k,l)

is a Yetter-Drinfeld submodules chain of Py(k, [) such that K,/K,_; is a one dimensional Yetter-Drinfeld
module and

K.JKo = Mok, D),  ifs=0,9,10,15  K/K. =Mk I+1), ifs=2411,12;
KK = Motk + 1,D),if s = 1,6,13,14;  K,/K,_ = Mok + 1,1+ 1),if s = 3,5,7, 8.

Hence,

1 1
Po(0, 0) ® Po(0,0) = Po(0,0) ® [@ Mo, t)®4] = (P Po(s. 0.

5,t=0 5,1=0

The proof is finished.
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Now, we can describe the projective class rings of ;;V D.
Leta; = [My(1,0)], a2 = [Mo(0, D], by = [M1(0,0)], by = [M(0,0)].

Lemma 4.8. The following statements hold in rp(?l;y D).
(1) Fork,l € Z,,i=1,2,

[Mo(k, D] = dyas, [Mi(k, D] = ajayb;, [M3(k, D)] = d\ayb,b,,
[P (k l)] k+l l+l+lbl b3 i [Po(k l)] — a1+l 12+1b%b§
(2) Fori=1,2,

a=1, b =21+d"'d)b,.

Proof. The results are easy to get from Lemma 4.4 and Lemma 4.5.

Corollary 4.9. The following set is a Z-basis of rp(;;y D) :
{dkabbibhlk. 1 € 0,11, 5,1 € [0, 2]]}.

Proof By Lemma 4.8(2),a? =1 and b3 21 +adt” a’z)bi forall i € [1,2]. By Lemma 4.5(2) we have
=2(1 +af a’z)b fori = 1 2. Hence, the hlghest degree of b; is 2. It is easy to check that the set

{akabbibhlk, 1 € [0, 11, 5,1 € [0, 2]}

is an independent set since #{a* azb bilk,1, s,t € Z,} = 36, the number of Z-basis of rp(;lyi)). There-
fore,
{didsbibh Ik, 1 € 0,11, 5,1 € [0, 2]]}

is a Z-basis of rp(;;‘/ D).
The results of this section is as follows.

Theorem 4.10. The projective class ring rp(;;yi)) is isomorphic to the quotient ring of the ring
Z[x1, X2, Y1, Y2] module the ideal I generated by the following elements

-1, y =200 +x")y, i=1,2 4.1
Proof. By Corollary 4.9, there is a unique ring epimorphism
@ : Z[xy, 12,31, 2] = rp(GY D)

such that ®(x;) = a;, ©(y;) = b; fori = 1,2. By Lemma 4.8(2) we have

O -1)=a’-1=0,

Dy} —2(1 + x5y = b = 2(1 + a'ab)b; = 0.
It follows that ®(/) = 0 and hence ® induces a natural ring epimorphism

@ : Z[xi, %2, y1, 211 = ’”P(?%«VD)

such that 6(17) = ®(v) for all v € Z[xy, x5, y1,y2], where v = v + I. It is straightforward to check that the
ring Z[xy, X2, Y1, ¥2]/1 is Z-spanned by

(F'% Yk, L € 10,111, 5, € [10,21]}.

This means the Z-rank of Z[xy, x», y1, y2]/1 is 36. Hence, we get the ring isomorphism .
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