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1. Introduction

Let A be an associative algebra and M be an A-bimodule. Recall that a linear mapping 6 : A - M
is called a derivation, Jordan derivation if 5(AB) = 6(A)B + A6(B), 6(A o B) = 6(A) o B+ A o 6(B) hold
for all A, B € A, respectively, where A o B = AB + BA is the usual Jordan product. Also, ¢ is called
Jordan triple derivation if 6(Ao BoC) = 6(A)oBoC+Ao0d6(B)oC+AoBod(C)forall A,B,C € A.
If there is no assumption of additivity for ¢ in the above definitions, then ¢ is said to be nonlinear. 6
is called Jordan derivable mapping if o satisfies 6(A o B) = 6(A) o B+ A o 6(B), for every A,B € A
with A o B € Q where Q is a set which satisfies some conditions. ¢ is called nonlinear generalized
semi-Jordan triple derivable mapping if there is no assumption of additivity for ¢ but ¢ satisfies

O0(ABC + BAC) = 6(A)BC + A6(B)C + ABS(C) + 6(B)AC + BS6(A)C + BAS(C)

for all A, B,C € A with ABC € Q. Clearly, every derivation is a Jordan derivation as well as triple
derivation, and every triple derivation is a Jordan triple derivation. The converse is not true in
general(see [1-3]).

The standard problem is to find out whether (under some conditions) a Jordan (triple) derivation is
necessarily a derivation. In 1957, Herstein [4] proved that every Jordan derivation on 2-torsion free
prime rings is a derivation, and it is the first result in this direction. Then, many mathematicians studied
this problem and obtained abundant results. Zhang [5] extended Herstein’s result to the triangular
algebra. Later, Ma [2] proved that each generalized Jordan derivation from the upper triangular matrix
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algebra into its bimodule can be uniquely decomposed into the sum of a generalized derivation and an
anti-derivation. With the development of research, many achievements have been obtained that linear
(or nonlinear) mappings on operator algebras are derivations, such as Jordan triple derivable mappings.
Li [6] proved that every Jordan derivable mapping on nest algebras is a derivation. Ashraf and Jabeen
[7] showed that each nonlinear Jordan triple higher derivable mapping of triangular algebras is an
additive derivation. Zhao and Li in [8] proved that every nonlinear Jordan triple *-derivation on von
Neumann algebras with no central summands of type /; is an additive *-derivation, and Darvish [9]
extended the result to *-algebra. An and He in [10] study (m, n)-Jordan derivable mappings at zero on
generalized matrix algebras. Recently, Fei and Zhang in [11] proved that every nonlinear nonglobal
semi-Jordan triple derivable mapping on triangular algebras is an additive derivation. For more details
see [12—18] and references therein.

Let H be a Hilbert space over real or complex field ¥ and L be the subspace lattice of H. A
subspace lattice L is called a commutative subspace lattice(CS L) if each pair of projections in L
commutes, and AlgL = {T € B(H) : T(L) C L,YL € L} is the associated subspace lattice algebra
in £, which is called CS L algebra. A totally ordered subspace lattice is called a nest. Recall that a
subspace lattice is called completely distributive if e = \/{L € L : N_ 2 L} for every 0 # e € L, where
N_ = \{P e L : P 2 N}. Accordingly, its associated subspace lattice algebra is called completely
distributive CS L algebra(CDC algebra). For standard definitions concerning completely distributive
subspace lattice algebras see [19,20].

In [21], they proved that the collection of finite sums of rank-one operators in a CDC algebra is
strongly dense. This result will be frequently used in the study of CDC algebra. Let AlgL be a CDC
algebra. Set U(L) ={eec L:e # 0,e_ # H}. We say e, e’ € U(L) are connected if there exist finitely
many projections ey, e, ...,e, € U(L), such that e; and e;,; are comparable for each i = 0, 1,...,n,
where ¢y = e,e,.1 = €. C C U(L) is called a connected component if each pair in C is connected
and any element in U(L)\C is not connected with any element in C. Recall that a CDC algebra AlgL
is irreducible if and only if the commutant is trivial, i.e. (AlgL) = F I, which is also equivalent to
the condition that £ () £+ = {0, I}, where £+ = {e* : e € L}. Clearly, Nest algebra is irreducible. In
[22,23], it turns out that any CDC algebra can be decomposed into the direct sum of irreducible CDC
algebras.

Lemma 1.1[22,23]. Let AlgL be a CDC algebra on a separable Hitbert space H. Then, there are
no more than countably many connected components C, : n € A of E(L) such that E(L) = Ufe : e €
C.,ne A} Lete, = V{e: e e€C,,ne A} Then,{e,,n € A} C LNL" is a subset of pairwise orthogonal
projections, and the algebra AlgL can be written as a direct sum:

AlgL = Z ®(AlgL)e,,

neA

where each (AlgL)e, viewed as a subalgebra of operators acting on the range of e, is an irreducible
CDC algebra. Thus, all convergence means strong convergence.

From the definition of e,, we know that its linear span is Hilbert space H, and pairwise orthogonal
projection. It follows that the identity and center of AlgL are [ = . ®e, and Z(AlgL) = 3,cn DAney,
respectively, where 4, € . In [24], they prove that each Jordan isomorphism between irreducible CDC
algebras is the sum of an isomorphism and an anti-isomorphism.

Lemma 1.2[24]. Let AlgL be a non-trivially irreducible CDC algebra on a complex Hilbert space
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H. Then, there exists a non-trivial projection e € L, such that e(AlgL)e* is faithful AlgL bimodule,
ie., forall A € AlgL, if Ae(AlgL)e* = {0}, then Ae = 0 and if e(AlgL)e*A = {0}, then A = 0.

Let / be the identity operator on H. If L is non-trivial, by Lemma 1.2, there exists a non-trivial
projection e € L, such that e(AlgL)e™ is faithful AlgL bimodule. Set e; = ¢,e, = I — e¢;. Then, ey, e
are the projections of AlgL. Thus, for every A in irreducible CDC algebra AlgL, A can be decomposed
as: A = e Ae; + ejAe; + e)Aey. Set A;j = ei(AlgL)e;. Then Alg.L can be decomposed as

AlgL = e(AlgL)e; @ e (AlgL)e; ® er(AlgL)ery = Ay & A © Ar,y. (L.1)

In the present note, we pursue nonlinear generalized semi-Jordan triple derivable mappings on
completely distributive commutative subspace lattice algebras. Without loss of generality, we assume
that any algebra is 2-torsion free.

2. Nonlinear generalized semi-Jordan triple derivable mappings on irreducible completely
distributive commutative subspace lattice algebras

In this section, we begin with the irreducible case.
Theorem 2.1. Let AlgL be an irreducible CDC algebra on a complex Hilbert space H and ¢ :
AlgL — AlgL be a mapping without the additivity assumption and satisfy

O0(ABC + BAC) = 6(A)BC + A6(B)C + ABS(C) + 6(B)AC + BS(A)C + BAS(C) 2.1

forall A, B,C € A with ABC € Q = {A € AlgL : A*> = 0}. Then, ¢ is an additive derivation.

Assume that Alg L is an irreducible CDC algebra, e; € AlgL is an associated non-trivial projection,
er =1—e, Ajj = e(AlgL)e;(i, j = 1,2), and ¢ is a mapping which satisfies (2.1). It is easy to obtain
that 6(0) = O(taking A = B = C = 0 in (2.1)). Moreover, we have the following result.

Lemma 2.1. For every A;; € A;;, we have 6(A 1) € A1 +Aa, 6(A12) € A and 6(Ax) € A +An.
Moreover, e6(Aj1)e; = Aj16(e1) = —A;16(ez) and e16(Azz)e; = 6(ex)Az = —6(e)Ar,.

Proof. Put A = B =e¢;,C = e, in (2.1), and note that e;e;e; = 0 € Q. Thus,

0 = 6(616162 + 616162) = 26(61)6162 + 2615(61)62 + 261616(62)
2e1(0(ey) + 0(ep))esr + 2e10(ey)e;.

By the definition of e, e, we have e;d(e;)e; = 0 and e d(ej)e, + e16(ex)e; = 0. Similarly, taking
A =e;,B=C =¢;in (2.1) we can obtain e;d(e;)e; = 0.

For every Ay, € Aj,, putting A = e, B = A5, C = ¢; in (2.1) and combining e;A,e, = 0 € Q we
have

0(A12) = 0(erArer + Apperer)
= 0(e2)A 12 + e20(A12)ex + 0(Ajn)er + Apd(er)e; + Apd(er). (2.2)
Multiplying left by e; and right by e; in (2.2) and combining e;5(e;)e; = 0, we have 2A,e,0(ez)er =
0. Similarly we can obtain 2e,6(e2)e;A;; = 0. By Lemma 1.2, we have e d(ej)e; = exd(ex)e; = 0 and

o(e1) = —o(er) € Ajs.
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For any Ay, € Ajy, putting A = A;1,B=C =e,in (2.1) by Ajj1e2e5 = 0 € Q and 6(ey) € Ay we
have

0 =0(Aj1e2e2 + €2A11€2) = 6(A11)ex + Aj16(er)es + e20(Ar)es. (2.3)

This implies that e;6(A;;)e; = 0, and then 6(A11) € Ay; + Aj,. Furthermore, multiplying left by e; and
right by e; in (2.3) and following from d(e;) = —d(e,) € Aj,, wWe can obtain

e10(Ay1)ex; = —A16(ez) = Aj16(ey).
For any A,; € Ay, putting A = B = ¢;,C = Ay, in (2.1) it follows from eje; A = 0 € Q that
0 =06(eje1Axn + e1e1Axn) = 2e1(6(e1)Axn + 6(Ax))er + 2e16(Ax)e;.

This 1mphes that 6](5(1422)62 = —5(81)1422 = 5(62)1422, €1(5(A22)€1 = 0, and (5(A22) € ﬂ]g + ﬂzz.
For any A, € Aj,, noting that Ajpeje, = 0 € Q, putting A = A, B = €;,C = e, in (2.1) and
combining d(e;) € Ay, we have

O0(A1) = 0(Apeiey + e1Apey) = e16(Arn)er € A

The proof is completed. O
Lemma 2.2. For any A;;, B;; € A;;, we have 6(A;;By;) = 6(A;j)Bi + Aij6(By), for all i, j, k,l = 1,2
andi < j<k<l
Proof. Consider the case wheni = j=1, k=1 = 2. Since A;jApe, =0 € Q, putting A = A;|,B =
Ay, C = e, in (2.1) it then follows from Lemma 2.1 that

0=0(A11A2) = 6(A11Ane; + ApnAjier) = 6(A11)Axn + A116(A).

Consider the case wheni = j = k = 1, [ = 2. Since ApAj1e; = 0 € Q, putting A = App, B =
Aq1,C = ey in (2.1) by d(e;) € Ay, and Lemma 2.1 we can obtain that

0(A11A12) = 0(AnAex + Aj1Aer) = 0(A11)A 1 + A116(A ). (2.4)

Consider the case wheni =1, j = k = [ = 2. Since A1;A11e; =0 € Q, taking A = Ay, B = A, C =
e, in (2.1) by 6(ey) € Ay, and Lemma 2.1 we can obtain that

0(A12A%) = 6(AnAer + AjnAxer) = 6(A12)Axn + A126(Ax). (2.5)
Consider the case when i = j = k = [ = 1. By (2.4) we know that
0(A11B11A12) = 6((A11B11)A12) = 6(A11B11)A12 + A1 B116(A1p), (2.6)

and
0(A11B11A12) = 6(A11(B11A12)) = 6(A11)B11A12 + A116(B11)A 12 + A1 B116(B)2). (2.7)

Comparing (2.6) and (2.7), we get

(6(A11B11) = 6(A11)B11 — A116(B11))A1, = 0.
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It follows from Lemma 2.1 that
e10(A11Bi)er = e16(A11)Bi + And(Bier = 6(A11)Bi + Anid(Bipes.
Furthermore, by Lemma 2.1 we have
e10(A11Bi1)ex = A1 Brid(er) = A116(Bry)es.

Noting that €,6(A1B11)e; = 0 and 6(A;;) € Ay + App, we get

0(A11By1) (e1 +€2)0(A11B11)(e + ez)
= e0(A11Bi)e; + e 6(A1Br)ex
= O0(A11)B11 + A110(Bi1)er + A16(By1)es

= 0(A11)B1 +A116(Bi).
Similarly, by (2.5) one can check that wheni = j=k=1=2,
0(AnB2) = 6(A22)Bay + A2d(Ba).

The proof is completed. O
Lemma 2.3. ¢ is an additive mapping on irreducible CDC algebra AlgL.
Proof. We divide the proof into three claims.
Claim 1. For all A;; € A;j, 6(A11 + A1p) = 6(A11) +6(A12) and 6(Ap + Axn) = 6(A12) + 6(A2).
For every A;;, B;j € A;j, noting that 6(e;) € Apn(i = 1,2), e;0(Ai1)e, = —A16(ey) € Ajp and
er(Aj +Ap)e = 0 € Q. Then, putting A=e),B=A+A;,,C=ein (21) we can obtain

0(A1n) = O(ea(Arr +Ap)er + (A + Ap)eser)
e10(A; +Ap)ey +6(Ay + Ap)ex + Apé(er)er
e20(A1; +Ap)ey +0(Ay + Apn)ey — e16(Aqr)es.

It follows from 5(1412) = 616(1412)62 that 625(1411 + Alz)ez =0and
e16(A11 + An)ex = e1(6(Anr) + 6(A12))er. (2.8)

Furthermore, since Bj2(Aj; + Ap)ex = 0 € Q, putting A = By, B = Ay + A2, C = e; in (2.1) then
from Lemma 2.1 we get

0(A11B12) = 6(B1a(A11 + Ap)ex + (A + An)Biaez) = 6(Anr + A1) Bia + A116(B1o).
By Lemma 2.2, based on (6(A1; + A12) — 0(A11))B12 = 0 and Lemma 1.2, we have
e16(A11 + An)ey = e16(Arre. (2.9)
Hence, by (2.8),(2.9) and Lemma 2.1 we get
0(A11 + A1) = 6(An) + 6(A12). (2.10)
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Putting A = A, + Ay, B = ¢,,C = e, in (2.1), one can check that
(A2 + A2p) = 6(Ar2) + 6(Ap). (2.11)
Claim 2. For all l,] =1,2andi < j, 5(Aij + Bij) = 5(14,/) + 5(3,/)
Since (By; + ex)(e1 + App)es = 0 € Q, taking A = (e; + App), B = (ex + B12),C = e, in (2.1), by
(2.10), (2.11), Lemma 2.1 and 6(e;) = —6(ey) € Ay, we have

0(A12 + Bip) = 6((Bia + ex)(er + Apn)ey + (e + Ap)(Bia + e2)er)
=0(e; + Ap)(Bix + er)ex + (e + A12)d(Bia + ex)er + (e + A1) (Bia + e2)6(e2)
=0(ey) + 6(A12) + 6(By2) + 6(e2) = 6(A12) + 6(By2). (2.12)

From (2.4), we know that
O0((A11 + Bi1)A12) = 6(A11 + Bi1)A + (A1 + Bi1)6(Arp).
From (2.12) and (2.4), we have

O0((Ay1 + B11)A) O0(A11A 12 + B11A12) = 6(A11A 1) + 0(B11A12)

O0(A11)A12 + A110(A12) + 6(B11)A12 + B116(A12).

Combining above two equations, we can get (0(Ay1+B11)—0(A11)—0(B11))A1, = 0, forall Ay, € Aps.
From Lemma 1.2, we have

e16(A11 + Bii)er = e16(An)er + e16(Bry)er.
It follows from Lemma 2.1 that
e16(A11 + Biez = (A1 + Bi)d(er) = Anid(er) + Brid(er) = e16(Arr)ex + €16(Bry)es.
Therefore, it follows from above two equations and e;6(A; + Bj1)e; = 0 that
0(A11 + Bi1) = 6(An1) + 6(B11). (2.13)
Similarly, one can check that
6(Ax + Bxn) = 6(Ax2) + 6(B). (2.14)
Claim 3. 0(A;1 + A+ Axn) = 0(A11) + 6(Ar2) + 6(A2).
For any A;; € A;j, since (A + Ap + Ap)eje, =0 € Q, putting A = Ay +Ap+An,B=¢,,C=e;
in (2.1) it follows from d(e;) = —d(e,) € A, and Lemma 2.1 that

0(Ar2) O((Ay + A +Apn)ejer + (A + A + Axn)er)
= 0(e1)Axn +e16(A + A+ Axp)es + Aj16(ez) + (A116(er) + Ap6(er))

= e10(A;1 + A +Ap)e, —e6(Aj1)er — e16(Ax)e;.
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It follows from 6(A;,) € A, that
e10(A + A +Axp)er = e1(6(A11) + 0(A1n) + 0(Ax))es. (2.15)

For any B, € Ay, since (e;(A} + Ay + Ayn)Bi»)? = (A1 B1»)* = 0 which implies e (A}, + A}, +
Ap)Bi; € Q,putting A = e, B = A1 +Ap + Ap,C = By, in (2.1) it then follows from Lemma 2.1
and 6(e;) € Aj, that

0(2A11B12) = 0(e1(A11 + A +Apn)Bin + (A + A + Axp)er Byo)
= 2e10(A11 + A +An)Bx +2A116(B)2).

It follows from Lemma 2.2 and Claim 1,2 that
0(2A11B2) = 20(A11B12) = 20(A11)B12 + 2A116(B12).

Comparing above two equations, we obtain that 2e;(6(A;; + A2 + Ax) —0(A11))e1 B, = 0, and then by
Lemma 1.2, we have
e10(A11 + A + Axner = e16(Aqyer. (2.16)

Similarly, one can check that
€20(A11 + An + An)er = e26(An)er. (2.17)

It follows from (2.15)—(2.17) that 6(A;; + A2+ Ax) = 6(A11) + (A1) +6(A,) and then 6 is an additive
mapping. The proof is completed. m|
In the following, we give the completed proof of Theorem 2.1.
Proof of Theorem 2.1. Let A = A;; + A5 + Ay and B = By + By, + By, be arbitrary elements of
irreducible CDC algebra Alg L where A;;, B;; € A;;. It follows from Lemmas 2.1-2.3 that

0(AB) = O6(A11B11 +ABi+ ApByn + AnBx)
= O(A1Bi1) + 6(A11B12) + 6(A12B2) + 6(A22B2)
0(A11)B11 + A116(B11) + 6(A11)B12 + A116(B12)
+ 0(A12)Ba + A126(B) + 6(Ax) By + A2d(Br)
0(A11 + A + An)(Bi1 + Bia + By) + (A1 + Aip + An)6(Biy + Bia + Ba)
0(A)B + A6(B).

Therefore ¢ is an additive derivation on irreducible CDC algebra AlgL. The proof is completed. O

3. Main results

In this section, we study nonlinear generalized semi-Jordan triple derivable mappings on
completely distributive commutative subspace lattice algebras. The main result reads as follows.

Theorem 3.1. Let AlgL be an associated completely distributive commutative subspace lattice
algebras on a complex Hilbert space H and 6 : AlgL — Alg/L be a mapping without the additivity
assumption and satisfy

S(ABC + BAC) = 6(A)BC + AS(B)C + ABS(C) + 6(B)AC + BS(A)C + BAS(C)

Electronic Research Archive Volume 31, Issue 8, 4807—4817.



4814

forall A, B,C € A with ABC € Q = {A € AlgL : A*> = 0}. Then, ¢ is an additive derivation.

Proof. Lete, = V{e : e € C,,n € A} be the projections of £ as in Lemma 1.1. By Lemma 1.1,
we know that AlgL = 3 .\ ®(AlgL)e, is the irreducible decomposition of AlgL. Fix an index n, it
follows that e, is also Hilbert space and

(Alg~£)en = en(Alg~£)en = Alg(enl:)

Then, for all A € AlgL and e,, Alg(e,L) is an irreducible CDC algebra on Hilbert space e,. Let 6
be a nonlinear generalized semi-Jordan triple derivable mapping from Alg.L into itself. Then, it follows
from Theorem 2.1 that there exists an additive derivation ¢,, from (AlgL)e, into itself such that for all
A,B e Alg(e, L)

O0(AB) = 0,(AB) = 0,(A)B + Ad,(B).

In [23], they prove that AlgL is CDC algebra if and only if the linear span of the rank-one operators
in AlgL is ultraweakly dense. Choose a set E € U(L), then, for every x € E, fix an element y € E-,
and then x ® y € AlgL is a rank-one operator. For every u ® v € Alg(e,L) and A € Alg(e, L), it follows
from Theorem 2.1 that

0 (URVAX®Y)) =0,(u@VAX®Y)+ (U V)),(A)x®Y)+ (U ®V)AJ,(Xx® y). (3.1

Assuming that {A;}, A € Alg(e,L) and {A;} strongly converge to A, it follows from (3.1) that

@®v)6,(A(x®y) = 6,(u®VA(Xx®Y)) —0,(u @ V)AR(Xx®y) — (U ®V)AiS,(Xx®Y)
- 0,(URVA(X®Y) -0, URVAX®Y) — (U®V)AJ,(X®Y)
= (U®v)6,(A)(x®Y).

This means that ¢, is strongly convergent.

Assume {A;}, {By}, {Ci} € AlgL and {A}, {Bi}, {Cy} converge strongly to A, B, C, respectively. Since
AlgL = Y ,A®(AlgL)e,, and e, are pairwise orthogonal projection, for every e;, {Ace;}, {Bre;}, {Cre;}
converge strongly to Ae;, Be;, Ce;, respectively and

ABCi = () @A) @Bie)( Y Cie) = Y @ABCre;.
ieA ieA ieA ieA
Then, for every x in Hilbert space H and A;B;C. € Q, {A}, {Bi}, {Ci} converging strongly to A, B, C
implies that ABC € Q. It follows from the proof of Theorem 2.1 that

6(AkBka + BkAka)x = 6(2 @(AkBka + BkAka)e,,)x

neA

= Z @0, (Are,Bre, Cre, + Bre,Are,Cre)x

neA

= Z @(5n(Ak€n)Bk€an€n + Akendn(Bken)Cken + Akeanendn(Cken)
neA
+ 6n(Bken)Akeanen + Bketz5n(Aken)Cken + BkenAkenén(Cken))x

Z ®(0,(Ae,)Be,Ce, + Ae,0,(Be,)Ce, + Ae,Be,0,(Ce,)

neA
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+ 0,(Be,Ae,Ce, + Be,o,(Ae,)Ce, + Be,Ae,6,(Ce,))x
= Z ®0,,((ABC + BAC)e,)x = 6(ABC + BAC)x

neA

It means that ¢ is strongly convergent on CDC algebra AlgL. Thus, for every A,B € AlgL we
obtain that

S(AB) = Z ®6,(Ae,Be,) = Z ®(5,(Ae,)Be, + Ae,5,(Be,)) = 5(A)B + AS(B).

neA ieA

The proof is completed. O
4. Conclusions

In this paper, we use the structure properties of completely distributive commutative subspace
lattice algebras and decomposition of algebraic to study the derivable mapping on certain CSL
algebra. We proved that every nonlinear generalized semi-Jordan triple derivable mapping on
completely distributive commutative subspace lattice algebras is an additive derivation. Moreover, the
purpose of this modification is to answer the classic problem of preserving derivable mappings of
certain CS L algebra.
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