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Abstract: In this paper, by means of a mapping ¢ € ®(P, P;), some new common fixed and
coincidence point theorems for four and six nonlinear self-mappings in cone b-metric spaces are
established, respectively. Also, some examples are given to prove the effectiveness of our results.
And with some remarks stating that our results complement and sharply improve some related results
in the literature.
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1. Introduction

Coincidence points and their applications for two mappings in metric spaces were first studied in
1996 by Jungck [1,2]. From then on, the coincidence point theorems for various different nonlinear
mappings is established by some authors in metric spaces, b-metric spaces and cone metric spaces,
respectively. For example, the authors of [3-6] establish some common fixed and coincidence point
theorems for commuting and noncommuting mappings in metric spaces, the authors of [7-10]
establish some coincidence point theorems for noncontinuity and PreSi¢-Reich type mappings in cone
metric spaces and the authors of [11-14] establish some common fixed point theorems for weakly
T-Chatterjea (7-Kannan) and four mappings in b-metric spaces. In addition, some fixed point
theorems for KKM and contractive mappings are established by the authors of [15, 16] in cone
b-metric spaces. Further, some common fixed theories are also discussed by the authors of [17-19] in
some extended b-metric spaces.

Recently, Abbas et al. [20], Han et al. [21], Rangamma et al. [22], Malhotra et al. [23] and Dubey
et al. [24] proved some the existence and uniqueness of coincidence points for three or four nonlinear
mappings in cone metric spaces, respectively. Malhotra et al. [23] unify and generalize the results
of [22] and [24] with a new type of contractive condition by introducing a mapping ¢ € O(P, P;)
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(See Definition 2.10). Liu et al. [25] proved some new the existence and uniqueness of common fixed
point (CFP) for six self-mappings in b-metric spaces. In particular, it is not difficult to see that in
the conclusions obtained by the authors of [20-25], the restriction of coefficients for the nonlinear
mappings must satisfy the inequality a; + a, + a3 + a4 + as < 1. The necessity of the inequality
condition is a question worthy of study.

Inspired by the work of [23, 25], in this manuscript we discuss the existence and uniqueness of
coincidence point and CFP for four and six nonlinear self-mappings using a ¢-mapping in cone b-
metric spaces. In Sections 2 and 3, we first introduce the new class of mappings ®(P, P;). Then,
by using a mapping ¢ € ®(P, P;), some new coincidence point and CFP theorems for four and six
nonlinear self-mappings in cone b-metric spaces are established, respectively. Also, several important
corollaries are given. Finally, two examples are given to show the validity of our results which indicate
that our results complement and sharply improve some related results in [7,8,10,13,16,20,21,23-27].

2. Preliminaries

Throughout this paper the following notation and lemmas will be used which were taken from
[7,8,10,15,16,20,26,27].
Let E be a real Banach space (RBS). A cone P C E is defined by

1) P # {6}, P # () and P is closed;
2)t,s € R* =[0,+0c0), x,y € Pimplies tx + sy € P;
3) PN (—P) = {06}.

Given a cone P C E, the partial ordering < induced by P is defined as x < yifand only if y—x € P
where x,y € E. For any x,y € E, if x < y and x # y we abbreviated as x < y. More, x < y indicate
that y — x € intP where intP denotes the interior of P. If intP # () then P is called a solid cone. For all
0 < x <y, if there is k > 0 such that ||x|| < k||y|| then P is called a normal cone (see [15, 16,25]).

In the following, E is always assumed as the RBS. 8¢ denotes the zero element. P C E is a solid
cone. The notation of < is the partial ordering with respect to P.

Definition 2.1. [26] Let X # (. For all x,y, z € X, suppose the mapping d : X X X — E satisfies:
(ecmy) O < d(x,y)and d(x,y) =0 & x =y,

(cmp) d(x,y) = d(y, x);

(cm3) d(x,y) < d(x,z) + d(z,y).

Then, the pair (X, d) is called a cone metric space (CMS for short), and d is called a cone metric on X.

Definition 2.2. [15] Let X # O and s > 1. For all x, y, 7 € X, suppose the mappingd : X X X —» E
satisfies:

(cbm;) O <d(x,y) and d(x,y) = 0 & x =y,

(cbmy) d(x,y) = d(y, x);

(cbms) d(x,y) < s[d(x,z) + d(z,y)].

Then, the pair (X, d) is called a cone b-metric space (CbMS for short), d is called a cone b-metric on
X, and s is called the coefficient of (X, d).

Remark 2.3. The class of CbMSs is effectively larger than that of CMSs. Indeed, a cone b-metric is a
cone metric as s = 1 but the converse is not true. For the counter-example see [15, 16].
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The remark on the cones is given below.

Remark 2.4. [4] Let P C E be a cone, N ={1,2,---}and x, y, z, X,, y, € E.

(a) If x<yandy < z then x < z

(b) Forall x €intP, if 0 <y < xtheny = 0.

(c¢) If x € intP and y, — O then there is an ny € N such that y, < x for all n > ny.
(d) If x, = x,y, = yand 0g < x, <y, foralln €N, then x < y.

(e) If there is A € [0, 1) such that x < Ax then x = 0.

Definition 2.5. [15] Let (X,d) be a CbMS, x € X and {x,} be a sequence in X.

(i) If for everyy € P with 0 < y there is N € N such that d(x,,x) < y for all n > N then {x,} is said
to be converges to x. Abbreviated as lim,,_,, X, = X or x,, — X.

(ii) If for everyy € P with O < y there is N € N such that d(x,, x,,) <y for all n,m > N then {x,} is
called a Cauchy sequence in X.

(iii) If every Cauchy sequence in X is convergent in X then (X, d) is called a complete CbMS.

Lemma 2.6. [15,16] Let (X,d) be a CbMS, P C E be a solid cone and let {x,} C X. We have
1) {x,} converges to x € X iff d(x,,, x) = Og as n — oo;
2) {x,} is a Cauchy sequence iff d(x,, x,,) — Og as n,m — oo.

Lemma 2.7. [15,16] Let (X,d) be a CbMS, P be a solid cone and {x,} C X. If {x,} converges to x and
{x,} converges toy then x = y.

Definition 2.8. [7] Let X # (. Suppose that f and g are two self-mappings defined on X. An element
x € X is called to a coincidence point of f and g if fx = gx = w € X. At this time, w is a point of
coincidence of f and g.

Definition 2.9. [I] Two self-mappings f and g of a CMS (X, d) are said to be weakly compatible if
fgx = gfx whenever fx = gx for some x € X.

Definition 2.10. Let E and E| be two RBS and P C E and P, C E| be two solid cones. The notations
of < and < are two partial orderings with respect to P and P respectively. Let a mapping ¢ : P — P,
satisfying the following properties:

(®-1) there is a constant K > 1 such that ¢(x) < K¢(y) for all x,y € P with x < y;

(®-2) there is a constant o > 0 such that ¢(sx) < s°¢(x) forall x € P, s > 1;

(®-3) there is a constant w > 1 such that o(x +y) < wle(x) + @(y)] for all x,y € P;

(®-4) ¢ is sequentially continuous, i.e., if x,, x € P and lim,_,, x,, = x, then lim,_,, ¢(x,) = ¢(x);
(®-5) if p(x,) = Og,, then x,, = 0 where O and Og, are the zero vectors of E and E,| respectively.
The set of the maps that satisfy all the above properties are represented by O(P, Py).

Remark 2.11. It is clear that ¢(x,) — O, if and only if x, — 6g. Let (X,d) be a CbMS with the
coefficient s > 1 and P C E be a solid cone and ¢ € ®(P, Py). Since d(x,y) < s[d(x, z) + d(z,y)] for all
x,v,z € X, we have

@(d(x,y)) < Kws”[e(d(x,2)) + ¢(d(z, y))]. 2.1)

In addition, if o = 1 = s = o, P and P, are normal cones then ®(P, P,) in Definition 2.10 is reduced
to the original definition of a CMS in [23].
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The following are some examples of ®(P, P,) defined above.

Example 2.12. Let E be a RBS with P C E is a cone. Define ¢ : P — P by ¢(x) = x, for all x € P.
Then, ¢ € ®(P,P)withE = E\,P=P;,K=1,0=1and w = 1.

Example 2.13. Let E be a RBS with P C E is a normal cone and normal constant k > 1. Define
¢ : P — [0,+00) by o(x) = ||x|| for all x € P where 1 > a > 0. Then, ¢ € ®(P, P,) with
E/ =R, P =[0,40),K =k*, 0 =aand w = 1.

In fact, the validity of (®-1), (D-2), (©-4) and (®-5) is evident. Note that (y + 1)* < y* + 1% (y,t >
0,1 >a>0). Forall x,y € P, we have

[l + ylI* < (llxll + IyID® < Nl + (1l
which implies w = 1 and (®-3) holds.

Example 2.14. Let E be a RBS with P C E is a normal cone and normal constant k > 1. Define
¢ P — [0,+00) by ¢(x) = ||x||* for all x € P where 1 < a. Then, ¢ € O(P, Py) with E;, = R, P, =
[0, +0), K = k%, 0 = @ and w = 2.

In fact, the validity of (D-1), (D-2), (D-4) and (D-5) is evident. Note that (y + 1)* < 21y + 1),
where y,t > 0,1 < a and [«] is the integral function. For all x,y € P, we have

[l =+ Y11 < el =+ yID® < 21Tl + Iyl

which implies w = 2% and (®-3) holds.
Example 2.15. Let E = R*> and E, = {( ())C z ) DX,y € R} At is clear that E and E are two RBSs.

Xy

Suppose that P = {(x,y) : x,y > 0} and P, = {( 0 x ) DX,y > 0} then P C E and P, C E; are two

normal cones. Define ¢ : P — Py by

o((x,y)) = ( )E)z 2x)’22 ), for all (x,y) € P.

Then, ¢ € O(P, P,), where K =1 and o0 =2 = w.

Example 2.16. Let E = C([0, 1]) with the supremum norm and P = {x € E : x(t) > 0,Vt € [0, 1]}.
Then, P is a normal cone where normal constant k = 1. For any 1 > a > 0, define ¢ : P — P by

x*(1)
1) = ———,
e(x(1)) T+ 0
We can prove that ¢ € O®(P, P) with K = 1,0 = a@ and w = 1. In fact, we only need to verify (®-3)
in Definition 2.10. Note that 1 > a > 0. For all x(t), y(t) € P, we have

(x(1) + y(1)* < X' +y*(0) < x(1) N Y1)
L+ @@ +y0))®  1+x2(0)+y*@)  1+x2(0)  1+yx)
which shows w = 1 and (®-3) holds.
If E = C%([0, 1]) with the norm ||x(t)|] = [|x(t)|les + |¥'(Dlleo and P = {x € E : x(¢) > 0,Vt € [0, 1]}.
Then, P is a non-normal cone. But ¢ : P — P in Example 2.16 also is an element of ®(P, P) with
K=1l,oc=adand w = 1.

for all x(t) € P.
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Example 2.17. Let E = C([0, 1]) with the supremum norm and P = {x € E : x(t) > 0,Vt € [0, 1]}.
Define ¢ : P — P by
e(x() = In(x%(7) + 1), for all x(t) € P.

Then, ¢ € O(P, P) where K = 1,0 = 2 and w = 2. In fact, the validity of (©-1), (©-4) and (©-5) is
evident. We only need to verify (©-2) and (®-3) in Definition 2.10. Note that s*(y* + 1)1 = s* > 0
forally > 0,5 > 1. We have (> + 1)" = s%¥* =1 > O forall y > 0,s > 1 which implies that
In((sx(£))*> + 1) < s In(x?*(t) + 1), i.e., o = 2.

Further, for any y,t > 0, according to the fact that

Y+ 429t + 1 <207+ )+ 1 (P + )+ 1) <K (P + 2 +9y° 2 + 1),
we know that
In((x() + y())* + 1) < 2[In(x*(£) + 1) + In(*(®) + D], Y x(2), y(t) € P
which shows w = 2 and (D-3) holds.

3. Main results

First, with the aid of a mapping ¢ € ®(P, P;) we establish a new coincidence point and CFP theorem
for four nonlinear self-mappings in a CbMS.

Theorem 3.1. Let (X,d) be a CbMS with the coefficient s > 1 and P be a solid cone. Suppose four
mappings f,g,S,T : X — X satisfy the following conditions:

(a) f(X) c T(X), g(X) c S(X) with one of f(X),g(X),S(X) or T(X) is a complete subspace of X;
(b) there exists a mapping ¢ € O(P, Py) such that
@(d(fx, gy)) < A1(x, »)p(d(S x, Ty)) + Ax(x, y)p(d(fx, S x)) + A3(x, y)p(d(gy, Ty))
+A4(x, Ve(d(fx, Ty)) + As(x, y)ep(d(S x, gy)), Vx,y € X (3.1

where Ay, Ay, Az, Ay, As are five functions from X X X to [0, +00) such that
(1) Ai(x,y) + Ag(x,y) + As(x,y) < 1 forall x,y € X;
(i1) inf, yex{l — A3(x,y) — Kws?As(x,y)} = a > 0, inf, ex{l — As(x,y) — Kws”As(x,y)} = b > 0,

sup, ex{A1(x, y) + Az(x, y) + Kws7As(x,y)} = A, sup, . {A1(x, y) + As3(x, y) + Kws7As(x, y)} = B,
with % . f < ﬁ and K > 1,w > 1,0 > 0 are some constants as in Definition 2.10;
(ii1) Kws’(1 —a) < 1 and Kws® (1 — b) < 1.

Then, there is a unique u € X that is the point of coincidence of {g, T} and {f,S}. Moreover, if {g, T}
and {f, S} are weakly compatible then f,g,S and T have a unique CFP.

Proof. In X, arbitrarily take an element xy. For this xj, since f(X) c T(X),g(X) c S(X) there is
X1, X € X such that fxo = Tx; and gx; = § x,. By induction we produce two sequences {x,,} and {y,,}
of points of X such that

Yone1 = X = TXops1, Yons2 = 8Xon+1 = SXopy2 (0 =10,1,2,--+).
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Now, we will first verify that the sequence {y,,} is a Cauchy sequence in X.

If y,, = Y41 for some m, e.g., if y,, = yz,41 then applying Definition 2.2 and Remark 2.11 from
(2.1) and (3.1) we can obtain

O(d(Yon+1, Yons2)) = @(d(f X2n, §X20+1))

< A1(x2n, X2+ 1)@(A(S Xon, TX2p41)) + Ax(X2n, X200 1)P(A(f X205 S X2n)) + A3(X25 X2n41)
o(d(gx2n+1> Txan41)) + Aa(X2n, X200 1)P(A(f X2, T X2011)) + As(X205 X2041)(A(S X2 §X2041))

= A1 (X2n, X2041)P(d V20, Y2n+1)) + Ao (X2n, X2041)0(d(V2n+15 Y20)) + A3(X2n, X2041)0(d(V2n+25 Y2n+1))
+A4(X2n, X2n41)P(A (V2415 Yane1)) + As(X2n, X200 1) (Y205 Y2n+2))

< Ay (%20, X2041)P(A(V25 Y2ne1)) + Ao(X2, X2041)P(A (V20415 Y20)) + A3(X205 X2041)P(d (V21425 You+1))
+As (X2, X201 ) Kws” [@(d(Yon, y2n41)) + @(dVans15 Y2n42))]

= [A1(x20, X2n41) + A2(X2ns X2p41) + Kws7As(X2n, X20+1)1¢(0F)
+[A3 (X205 Xon+1) + Kws7 As(X2n, X2041)19(d(Y2n+2, Yan+1))

= [A3(x20, X2n41) + Kws7As(x2n, X0+ 1)10(d (V2425 Y2n+1))-

Note that as inf.,ex{l — Asz(x,y) — Kws?As(x,y)} = a > 0, we have
0 < As(x, x241) + Kws7As(x2,, X2041) < 1. From part (e) of Remark 2.4 we know that

@(d(Yon+1> yY2n12)) = O, By ¢ € O(P, Py), we see that d(y2,11, yons2) = Ok, 1.€., Y2412 = Yons1. Similarly,
we obtain y,, = you+1 = Yans2 = - -+ . Therefore, {y,,} is a Cauchy sequence.

Suppose that y,, # y,,+1 for all m. Then, for n = 0,1,2,--- from (2.1), (3.1) and Definition 2.2 it
follows that

O(d(YVon+1, Yons2)) = @d(f X2n, §X20+1))

< A1(x2n, X2+ 1)@(A(S X2n, T X2n41)) + Ao (X2n, X2041)P(d(f X205 S X20)) + A3(X2n, X2n11)"
o(d(@xan+1, TXop41)) + Aa(Xon, X2 DP(A(f X200, T X2n41)) + As(X2, X2011)9(d(S X205 §X2041))

= A1 (X2n, X2041)9(A(YV2n, Y2n+1)) + Ao (X2n, X2041)0(d(V2n+15 Y20)) + A3(X2n, X2041)0(d(V2n+25 Y2n+1))
+A4(x205 X20+1)P(A(Y2n415 Yan+1)) + As(X2n, X20+1)P(A(V2ns Y2n+2))

< A1 (xX2n, X20+1)9(A (Y20, Y2n+1)) + Ao (X2n, X2041)0(d (V20115 Y20)) + A3(X2n, X2041)0(d(V2n+25 Y2n+1))
+A5(x20, X2n41) KT [@(d (Y25 Yan+1)) + @(d(V2ns15 Y2n+2))]

= [A1(x2n, X2n4+1) + A2(X2ns X2n+1) + Kws7As(X2n, X2041)1¢(d(Vans Y2u+1))
+[A3(X2n, Xon+1) + KwsTAs(X2n, X201+ 1)10(d(Van+2, Yon+1))

which implies that

Ay (X, Xops1) + Ar(X2n, X2p41) + KwsTAs(x2,, Xop+1)

d n ’ n S d ns n
@(d(Yan+15 Y2n+2)) 1= As(xay. Xome1) — Kws"As(xay Xanet) e(d(Yon, y2n+1))

< Supx,yEX{Al('x’ y) + AZ(xa )’) + K(USO-AS(X’ )’)}

d ny n .
inf,yex (1 — As(x,y) — KwsTAs(x, y)) @(d(¥2ns Yan+1))

Electronic Research Archive Volume 31, Issue 8, 4788—4806.



4794

Form condition (ii), we have

A
@(dYon+1,Yons2)) < g@(d(}bm Yon+1))- (3.2)

A similar method can get
P(d(Yon+1, y20)) = @(d(f X2, §X20-1))

< A1(x2n5 X20-1)@(A(S X205 T X2n-1)) + A2 (X205 X20-1)P(A(f X215 S X21)) + A3(X2n, X2n-1)
(d(gxan-1, Txan-1)) + Ag(X2n, X20-1)P(A(f X205 T X2n-1)) + As(X25 X20-1)p(d(S X215 §X20-1))

= A1 (%2, X2n-1)P(A(V2n5 Y2n-1)) + A2(X20, X20-1)P(d (V20415 Y21)) + A3(X20, X20-1)P(d (V21 Y2n-1))
+A4(x205 X20-1)P(A(V2n+15 Yan-1)) + As(X2n, Xon-1)(d(Y2n, Y21))

< [A1(xans X2n-1) + A3(X2n, X2n-1) + KwsTAg(X2n, X2n-1)1(d(Y25 Y2n-1))
+[A2(X2n, Xan-1) + KwsTAg(X2n, X20-1)10(d (V205 Y2n+1)),

which implies that

d ns Y2n <
POz yne1)) 1 — Ay(x2, X20-1) — KwsTAs(x2,, X2p—1)
- sup, e x{A1(x, y) + Az(x,y) + Kws”As(x, y)}
—inf ex{l = Ax(x,y) — Kws7Au(x, )}

Ay (X2, Xon—1) + A3(X2n, X2p-1) + KwsT As(X2, X20-1)

o(d(y2n, Yon-1))

e(d(Yon, Yon-1))

B
= E‘p(d(yZn,yZn—l))' (33)

Forn =1,2,---, using inequalities (3.2) and (3.3) we easily get

A A B
(d(Yans+15 Yons2)) < ;Sﬁ(d(hn,yznﬂ)) < P E()O(d(yZn—layZn))

A BY'
<2 (20 2] wdon ) (3.4)
and B B/A B\
(d(Yon+3, Yons2)) < Z¢(d(y2n+2,y2n+l)) < 5 (— : —) e(d(y2,y1))- (3.5)
a b

Then, for any n < k using Definition 2.2 and (®-1)—(®-3) in Definition 2.10 from (3.4) and (3.5)
we have

dans1s Yors1) < SAYVans1s Yans2) +2dVonsas Yanes) +- -+ 82 d(yor 1, yor) + 8250 d(yor, yaret)

and
o(d(Yans+1, Y2k+1))

< K@(sd(yans1> Yons2) + $°dons2s Yone3) + -+ + S d (o1, yor) + 2 d(yos youa1)

< Kws"@(d(yans1, Yoni2)) + Ko@(s*d(yania, Yonss) + - - - + 2 d (o1, yor) + 825707 d ok, yoren)

< Kws"@(d(ans15 Yoni2)) + Kw*s*7@(d(ans2, yoni3)) + Kw?s*7 (- -+ + s d(yoy 1, yor)
+5*E07 d(yor, yare1))
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< Kws”@(d(yane1, Yane2)) + K57 @(d(Vani2, Yone3)) + - -+ + K(ws”** 7 o(d(yar-1, y20))
+K (ws7)* 7 o(d(yar, Yors1)

< Kws”@(d(yane1, Yane2)) + K57V @(d(Vani2, Yone3)) + - -+ + K(ws” 7 o(d(yar-1, y20))
+K (ws”) M p(d(yoks Yare1))

A B B k-1 A BY
T (ws®)2imHl (a 3) + = 2 (ws”)*" ")+2(a b)]go(d(yz,yl))

< K[ p 2
(1 + ws”%)- § (ws™)2=ml (% : g)l] e(d(y2,y1)).

<K

i=n—1

Similarly, we can obtain

o(d(yon, you+1)) < K

(1 + wsgg) l%"l(a) s (2 Z) ] e(d(y2,y1)),

o(d(yan, yar)) < K

i=n—1

(1 + ws‘rg) Z (ws” )X+ ( )]sﬁ(d(yz,)ﬁ))
and

B
So(d(Y2n+1ay2k)) <K (1 + ws‘rb) 2 (O)S(r)z(l n)+1

i=n—1

2-7) ] o d(yay).

Thus, for any p > m > 0 there is a natural number n with ’”T < n < 3 such that

a'B C o\2(i—n)+1 A B
(140 B). 3 ey (2.2

i=n—1

P(dm,yp)) < K @(d(y2, y1))- (3.6)

Let 65, < c be given. Since P; C E; is a solid cone we can take 6 > 0 such that ¢ + N5(0) C P,
where Ns(0) = {y € E; : ||yl < 6}. Note that 0 < 2.2 < 2 - It follows from Cauchy’s root test that
3 (ws?)*! (% . %)” is convergent. Then, there ex1sts a natural number N such that

B <« . A B.
K[(1 + ws(’g) : _Zl(ws(’)z"‘")“(; : E)’]so(d(m,yl)) € Ns5(6), ¥n > N.

This shows that K[(1 + ws” Z (ws™)* (L By o (d(y,, y1)) < ¢, for all n > N. From (3.6),

i=n—1

we have ¢(d(ym,y,)) < ¢, for all m > 2N which proves that {y,,} is a Cauchy sequence in X via Remark
2.11 and Definition 2.10.

Next, to prove the existence of the point of coincidence we discuss it in two cases:

Case 1: Suppose that T(X) is complete. So, we know that y,,,1 = fx2, = Txp,41 — u € T(X),

and there is v € X such that 7v = u. (If f(X) is complete, there is u € f(X) € T(X) which means to a
similar conclusion.)

Now we shall show that gv = Tv = u. If gv # Tv, forn = 0,1,2,-- -, applying Definition 2.2 and
(3.1) by Remark 2.11 we have

o(d(Y2ns1,8v)) = @(d(f X2, 8V))
< A1 (X2, VIQ(A(S X2, TV)) + Az (X2, V)P(A(f X205 S X20)) + A3 (2, V)p(d(gv, TV))
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+A4(x20, V)P(A(f X2, TV)) + As5(X20, V)p(d(S X2, 8V))
= A1 (xX20, V)P(d (Y2, ) + Az(X20, VIP(A (V215 Y2n)) + A3(X20, VI(d(8V, 1))
+A4(xX20, VIP(A(Y2n+1, ) + As(x20, V)P( (Y215 8V))
< Ay (x20, V)P(A (Y2, 1) + Ax(X20, VIP(A(V2n+15 Y20)) + A3(X20, VI(d(gV, 1))
+A4 (%20, VIQ(A Y2011, 1)) + Kws? As(xo, V[ p(d(y2n, ) + ¢(d(u, gv))]
which implies that

o(d(Yan+1,8V)) < [A1(X20, V) + Kws” As(x2, V)]@(d (20, 1)) + Ao (x20, V)O(A(YV2415 Y21))

+A4(X20, VIQ(A (Y241, 1)) + [A3(X2, V) + Kws7 As(x2,, V)] (d(gV, u)). 3.7

Since yo,41 = U, Yo, = U, d(Yops1,Y2n) — 0p asn — oo and ¢ € O(P, Py), letting n — oo in (3.7) we
get
lim sup p(d(yan+1,8v)) < sup[As(x,y) + Kws”As(x, y)]p(d(gv, ).

n—oo x,yeX
Note that
o(d(u, gv)) < Kws[o(d(u, y2p+1)) + @(d(Y2ns+1, 8V))].

So, we have

¢(d(u,gv)) < Kws” sup [A3(x, y) + Kws7As(x, y)]lp(d(gv, u)) = Kws” (1 — a)p(d(gv, u)).
X,y€

Using part the condition (ii1) and (e) of Remark 2.4 we obtain that ¢(d(u, gv))) = 0g,, 1.e., d(u, gv) =
0r which is not possible. Therefore, Tv = gv = u.
Since u = gv € g(X) € S(X), there is w € X such that Sw = u. By (3.1), we have

pd(fw,Sw)) = pld(fw,u)) = ¢d(fw,gv))
< Aj(w,v)ed(S w, Tv)) + Ax(w, v)@(d(fw, S w)) + Az(w, v)e(d(gv, Tv))
+As(w, v)p(d(fw, Tv)) + As(w, v)e(d(S w, gv))
= [As(w, V) + Ag(w, V)]p(d(fw, S w)) < sup, . x{Ax(x, y) + As(x, Vipld(fw, S w)).

Since infyyex{l — Ax(x,y) — Kws“A4(x,y)} = b > 0, K > l,w > 1 and s > 1, we have
supx’yeX{Az(x, y) + A4(x,y)} < 1. Hence, from Remarks 2.4 and 2.11 we can obtain fw = Sw.
Therefore, fw =Sw=gv=Tv =u.

Case 2: Suppose S (X) is complete. We have y,,,» = gx2,11 = S X202 — u € S(X). Then, there is
w € X such that Sw = u. (If g(X) is complete, there is u € g(X) C S(X), which means to a similar
conclusion.) Now we shall show that fw = u. Forn = 0,1,2,---, applying Definition 2.2 and (3.1),
by Remark 2.11, we get

‘p(d(fw’ y2n+2)) = (,D(d(f(i), gx2n+1))
< AW, X2,41)P(A(S W, T X241)) + Az, X204 1)0(d(fw, S w)) + Az(w, x20:1)(d(gX2011, T X2041))
+A (W, Xp:1)PA(fw, TX2p41)) + As(w, X2441)0(d(S W, gX241)
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= A(w, X204 1)@(d(U, y2011)) + A2(w, X204 1)P(d(fw, u)) + A3z(W, X2041)(A(V20425 Y2n+1))
+A4(W, X2441)PA(fw, Yoni1)) + As(w, Xop41)(d(Ut, Y2n12)). (3.8)

Since yyu0 = U, Vo1 — U d(Yons1, Yonr2) — g asn — oo and ¢ € (P, Py). Therefore, letting
n — oo in (3.8) we get

lim sup @(d(yans2, fw))) < sup[Aa(x,y) + As(x, Y)]p(d(u, fw)).

n— oo x,yEX

From
o(d(u, fw)) < Kws[p(d(, y2n42)) + @(d(Yani2, fw))],

K>1,w>1and s’ > 1, we obtain

@(d(u, fw)) < Kws” sup[As(x,y) + As(x, Y)lp(d(u, fw)) < Kws"(1 - b)p(d(u, fw)).

x,yeX

Using part the condition (ii1) and (e) of Remark 2.4 we obtain that ¢(d(u, fw)) = 0g,,1.e., d(u, fw) =
Og. Therefore, Sw = fw = u. Then, according to u = fw € f(X) C T(X) there is v € X such that
Tv = u. From (3.1), we have

@(d(u, gv)) = (d(Tv, gv)) = p(d(fw, gv)) < Al(w, V)e(d(S w, Tv)) + Asr(w, V)p(d(fw, S w))
+A3(w, V)e(d(gv, Tv)) + Ag(w, V)p(d(fw, Tv)) + As(w, v)e(d(S w, gv))

< Supx,yeX{A3('x7 )’) + AS('X’ )’)}d(u, gV)

Noticing that K > 1,w > 1,57 > 1 and inf, jex{l — A3(x,y) — Kws?As(x,y)} = a > 0. We know
that supx’yGX{A3(x, y) + As(x,y)} < 1. Hence, from Remarks 2.4 and 2.11 we have u = gv. Therefore,
fo=Sw=gv=Tv=u.

Now, we will prove the uniqueness of the point of coincidence of f and g. To that end, assume that
there is another #* in X such that fw* = Sw* = gv* = Tv* = u”. Thus, by (3.1) we can obtain

ld(u, u”)) = p(d(fw,gv") < Ai(w,v)p(d(S w, TV)) + Asx(w, v)e(d(fw, S w))
+A3(w, v)p(d(gv*, Tv")) + As(w, v')e(d(fw, Tv")) + As(w, v)p(d(S w, gv"))
= [A1(w, V") + Ag(w, V") + As(w, v)]p(d(u, u”)).
Note that A;(x,y) + As(x,y) + As(x,y) < 1 (Vx,y € X). Thus, o(d(u, u*)) = 0g,, 1.e., u = u".
Moreover, for fw = Sw = gv = Tv = uif {f,S} and {g, T} are weakly compatible then S fw =
fSw=fu=Suand Tgv =gTv = gu = Tu. From (3.1), we have
eld(fu,u)) = e(d(f fw, gv) < Ai(fw,v)e(d(S fw, Tv)) + Ax(fw, v)e(d(f fw, S fw))
+As(fw, v)e(d(gv, Tv)) + As(fw, v)ed(f fw, Tv)) + As(fw, v)e(d(S fw,gv))
= [A1(fw,v) + As(fw,v) + As(fw, v)]e(d(fu, u)).

Note that A;(x,y)+A4(x,y)+As(x,y) < 1 forall x,y € X. Then, o(d(fu,u)) = 0g,,1.e., fu =u = Su.
Similarly, we can prove Tu = gu = u. These show that u is a CFP of f,g,S and T. In addition, if
u = fu=gu= Su = Tu then u is also a point of coincidence of {f, S} and {g, T’} and therefore u = u
by uniqueness. The uniqueness is proved and we complete the proof of the theorem.
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From the given examples in Section 2, we know that the mapping ¢ in the class ®(P, P;) is quite
general. Choosing the different mappings in ®(P, P;), we can obtain different varieties of Theorem
3.1 which are significative. For example, taking ¢(a) = a in Theorem 3.1 (See Example 2.12) we can
obtain the following:

Theorem 3.2. Let (X,d) be a COMS with the coefficient s > 1 and P be a solid cone. Suppose four
mappings f,g,S,T : X — X satisfy the condition (a) in Theorem 3.1 and
(b) forall x,y € X,

d(fx,gy) < Ai(x,)d(S x, Ty) + Ax(x,y)d(fx,S x) + As(x,y)d(gy, Ty)

+A4(x, Y)d(fx, Ty) + As(x, y)d(S x, gy) (3.9)

where Ay, Ay, Az, Ay, As are five functions from X X X to [0, +00) such that
(1) A1(x,y) + Ag(x,y) + As(x,y) < 1 forall x,y € X;
(1) infy yex{l — As(x,y) — sAs(x, )} = a >0, inf,yex{]l — As(x,y) — sAs(x,y)} = b > 0,

sup,. ex{A1(x, ) + Ao(x, ) + sAs(x, )} = A, sup, x{A1(x, y) + A3(x, y) + sAs(x, »)} = B,

with % . % < Siz;
(iii) s(1 —a) < 1 and s(1 - b) < 1.
Then, the conclusions of Theorem 3.1 are equally valid.

Corollary 3.3. Let (X,d) be a CbMS with the coefficient s > 1 and P be a solid cone. Suppose four
mappings f,g,S,T : X — X satisfy the condition (a) in Theorem 3.1 and

(b) there is a mapping ¢ € ©(P, Py) such that for all x,y € X,
e(d(fx,8y)) < arp(d(S x,Ty)) + arp(d(fx, S x)) + asp(d(gy, Ty))

+ayp(d(fx, Ty)) + asp(d(S x, gy)) (3.10)

wherea; > 0 (i =1,2,3,4,5) are constants with a; + a4 + as < 1, Kws” (a, + Kws7as) < 1, Kws? (az +
o (a1 +ar+Kws” as)(a;+az+Kws? ay) 1 .
Kws%as) < 1 and (—ar—Koswal-ar-Kosas) < 5 and K > 1,w > 1,0 > 0 are some constants as in

Definition 2.10. Then, the conclusions of Theorem 3.1 still hold.

Proof. Let A(x,y) = a1,Ax(x,y) = ar, A3(x,y) = a3,A4(x,y) = a4,As(x,y) = as for all x,y € X. Itis
evident thata; + a4 +as < 1,0 < 1 —a; — Kws?ay, and 0 < 1 — a3 — Kws”as. Then, we easily see
the conditions (i), (ii) and (iii) of Theorem 3.1 are valid. Therefore, by Theorem 3.1 Corollary 3.3 is
proved.

Corollary 3.4. Let (X,d) be a CMS, and P be a solid cone. Suppose four mappings f,g,S,T : X - X
satisfy the condition (a) in Theorem 3.2 and
(b) for all x,y € X,

d(fx,gy) < aid(Sx,Ty) + ad(fx,S x) + azd(gy, Ty) + asd(fx,Ty) + asd(S x, gy) (3.11)

wherea; >0(=1,2,3,4,5),6 = 0 with Zleas =1l+d6a+tas+tas<l,ax+as<1,a35+as <1 and
(a; — az)(as — aq) > 20. Then, the conclusions of Theorem 3.2 still hold.
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Proof. Note that a; < 1, (a; — az)(as — as) > 20. We have
ai(1 +0)+aras + azas < a; + 0 + aray + azas < a; — 0 + ards + azay.

By Zle as = 1 + 6, we can obtain
5
al(ZiZI Cl5) + ara4 + azas + aras + asas
<a;—0+ aras +azas + araz + agas = (1 —a, —ay)(1 — az — as).

Notice that (X, d) is a CMS with the coefficient s = 1. We have {@t@tasiaitastas) 3 — <. Thus the

(1—ay—aq)(1—az—as)
conditions in Theorem 3.2 are valid. Therefore, by Theorem 3.2 Corollzargl 34 issproved.

Remark 3.5. The numbers a; (i = 1,2,3,4,5) and (5 in Corollary 3.4 exist. For example, if we take

_ 1 _ 1 _ 2 _ 1 _ 1 _ _ _ 23
0 = 004 = 352 = 5,43 = 55,04 = 35,45 = 3 ll’lé’l’l Zl 1as = 1+ 40,611 + a4 +as = 70 <
l,a, + a4 = % < l,az + as = % < 1 and (a, — a3)(a5 —ay) = % > 210, i.e., the conditions
: . _ _ 1 _ 7 _ 1 _ 23 _ 1
in Corollary 3.4 are satisfied. If we take 6 = 0,a; = ood = 15,03 = 15,44 = 55,45 = 3, then

flas =l,a1+as+as<l,ay+as<1,a3+as <1, and (a, — a3)(as —ay) > 0, i.e., the conditions in

Corollary 3.4 are also satisfied. These two examples show that ay + a, + as + a, + as > 1 is admissible
(see below Example 3.6) in Theorem 3.2 as (X, d) is a CMS.

In addition, Theorem 2.8 in [20] is a special case of Theorem 3.2 as (X, d) is a CMS with a4 = as
anda, +ay +asz +aq+as < 1. Infact, by a; + a, + as + 2a4 < 1, we have

(a1 +ay+as)a; +ay+ay)  (a; +ax +as)(a; +as + as)
(I—ay—ay)(1 —az —as)  (a)+as+as)a; +ay +ay)

=1

which shows that the conditions in Theorem 3.2 are valid satisfied. Further, Theorem 2.1 in [21] is a
special case of Theorem 3.2 as (X, d) is a CMS with a, +a, + a3 +2 max{ay, as} < 1 or a; +max{a,, as}+
as + as < 1. These show that Theorem 3.2 sharply improves the main results of Abbas et al. [20] and
Han etal. [21].

Example 3.6. Let X = {0,1,2}, E = CHIQ[O, 1], and let P = {yy € E : y(t) > 0,1t € [0, 1]}. The mapping
d: XXX — Pisdefined by d(x,y)(t) = Y(t),x # y and d(x,y)(t) = 0,x = y where y € P is a fixed
function, for example y(t) = €'. Then, (X,d) is a complete CMS with normal cone P. Define four
mappings f, g, S, T: X — X as follows:

JO) = f(1) = f(2)=0, and g(0)=g(1)=0,g(2) =1,

S = T = 1 (the identity mapping on X). Then g(X) is a complete subspace. Now taking A; =

1 _ 1 _ 19x—y+9 _ 1 = 3
10042 = 35,43 = e y|+20’A4 = and As = in Theorem 3.2, we have Ay + Ay + As = 5 < 1,

1- AQ—A4 = 4—9 > 0, ll’lfx)ex{l A3 As} = ;8(1) > O A1 +A2 +A5 20, SupxyeX{Al +A3+ Ay} = ;gg and
(19 1 )/( C19y _ 2189 ’
200 20 "20/ T 3705

Moreover ifx=0andy =2 then
d(£(0), g(2))(1) = ¢ < 35d(0,2))(1) + 75d(f(0),0)(0) + Fp3035d(8(2), 2)(®)
+3d(f(0),2)(0) + 75d(0, g(2)(1)

— 47 1 t _ 209 ¢
—(20+0+1oo+2+40)e = 200¢ -

If x =1andy =2, thend(f(1),g2))(t) = €' < 61 . Ifx=2andy =2, thend(f(2),8(2)(t) = ¢’ < Le',

<%
If x=0,1,2andy = 0,1, then d(f(x),g(y))(t) = 0 Hence, f,g,S,T satisfy the conditions in Theorem
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3.2 and they have a unique CFP in X. But for any non-negative real numbers a,, a,, as, as, as with
ay+ax +asz +as+as <1, we have

ard(1,2)(®) + ax(f(1), 1)(1) + azd(g(2),2)(1) + as,d(f(1), 2)(?) + asd(1, g(2))(?)
=(ay +ay +az+ag)e < e =d(f(1),g2)).

Thus, f, g, s,t cannot satisfy the relation about coefficients a; + a, + az + a4 + as < 1.

In the same way, taking ¢(a) = ||a|| in Theorem 3.1 (see the above Example 2.13) we can obtain
Theorem 3.7.

Theorem 3.7. Let (X,d) be a CbMS with the coefficient s > 1 and P be a normal cone with normal
constant k > 1. Suppose four mappings f,g,S,T : X — X satisfy (a) in Theorem 3.1 and
(b) forall x,y € X,

ld(fx, gyl < Ar(x, WIIA(S x, Tyl + Az (x, wlld(fx, S 0l + As(x, y)lld(gy, Ty)ll

+A4(x, PIA(fx, Ty)ll + As(x, y)Id(S x, gyl (3.12)
where A1—As are five functions from X X X to [0, +00) such that
(1) A(x,y) + As(x,y) + As(x,y) < 1 forall x,y € X;
(i1) infy yex{l — A3(x,y) — ksAs(x,y)} = a > 0, infyyex{l — Aa(x,y) — ksAa(x,y)} = b > 0,
sSup, ex {A1(X, ¥) + Az(x, y) + ksAs(x, )} = A, sup, (A1 (x, ) + A3(x, y) + ksA4(x, y)} = B,
with % . g < é
(iii) ks(1 —a) < 1 and ks(1 — b) < 1.

Then, the conclusions of Theorem 3.1 still hold.

As direct consequences of the above nonlinear results, we can obtain the corresponding linear
results.

Corollary 3.8. Let (X,d) be a CbMS with the coefficient s > 1 and P be a normal cone with k > 1.
Suppose four mappings f,g,S,T : X — X satisfy (a) in Theorem 3.1 and (b) for all x,y € X,

lld(fx, gl < arlld(S x, TY)|| + axlld(fx, S 0)l| + aslld(gy, TY)|l + aalld(fx, Ty)l| + aslld(S x, gy)ll, (3.13)

where a; > 0 (i = 1,2,3,4,5) with a; + a4 + as < 1,ks(ar + ksay) < 1,ks(az + ksas) < 1 and

(‘(li”ﬁkm”(“‘”“km“) < L. Then, the conclusions of Theorem 3.7 still hold.
—ay—ksas)(1-az—ksas) K

Remark 3.9. Theorem 2.4 in [8] is a special case of Corollary 3.8 as (X, d) is a CMS witha, < 1,a, =
0 =a3 =a4 = asand S, T are continuous. Therefore, Corollary 3.8 complements and improves the
result of Radenovic [8].

Next, by using Theorem 3.1, we prove that the following coincidence point and CFP theorems for
six self-mappings in X.
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Theorem 3.10. Let (X, d) be a CbMS with the coefficient s > 1 and P be a solid cone. Suppose that six
mappings f,g,S,T,F,G : X — X satisfy the following conditions:

(a) f(X) c TG(X),g(X) C SF(X) with one of f(X),g(X),S F(X) or TG(X) is a complete subspace of
X;

(b) fF=Ff,SF=FS,gG=Gg, TG =GT;
(c) there is a mapping ¢ € O(P, Py) such that

e(d(fx,8y) < Ai(x,y)p(d(S Fx, TGy)) + Ax(x, )e(d(fx, S Fx)) + As(x, y)p(d(gy, TGy))

+A4(x, Y)e(d(fx, TGy)) + As(x, y)p(d(S Fx, gy)), Yx,y € X (3.14)

where A1—As are five functions from X X X to [0, +00) such that (i), (ii) and (iii) of Theorem 3.1 hold.
Then, there is a unique 7 € X that is the point of coincidence of {f,S F} and {g, TG}. Moreover, if
{f,S F}and {g, TG} are weakly compatible then f,g,S,T, F and G have a unique CFP.

Proof. Putting P = S F, Q = TG, we can see that conditions (a) and (c¢) of the theorem imply conditions
(a) and (b) of Theorem 3.1. Therefore, {f, P = S F'} and {g, Q = TG} have a unique point of coincidence
in X via Theorem 3.1. Moreover, if {f, P = SF} and {g, Q = TG} are weakly compatible then f, g, P
and Q have a unique CFP zin X, i.e.,

fz=8z=Pz=Qz=2z. (3.15)

Next, we will illustrate that z is also a CFP of § and F. By (3.15) and condition (b), we have
fFz=Ffz=Fzand PFz = (SF)Fz = (FS)Fz = F(SF)z = FPz = Fz. Thus, by condition (b) of
Theorem 3.1 (putting x = Fzand y = zin (3.1)) we get

¢(d(Fz,2)) = p(d(fFz, 82))

< A1(Fz,2)@(d(S FFz, TGz)) + Ay(Fz, 2)p(d(fFz, S FFz)) + A3(Fz,2)
0(d(gz, TG2)) + As(Fz,2)(d(f Fz, TGz)) + As(Fz, 2)p(d(S FFz, 82))

= AI(Fz,2)p(d(Fz,2)) + A2(Fz,2)p(d(Fz, Fz)) + A3(Fz, 2)¢(d(z, 2))
+A4(Fz,2)p(d(Fz,z2)) + As(Fz, 2)@(d(Fz, 7))

=[A|(Fz,2) + Ay(Fz,2) + As(Fz,2)1p(d(Fz, 2)).

From (i) of Theorem 3.1, Remarks 2.4 and 2.11 we can obtain Fz = z,andsoz = Pz=SFz =Sz
Therefore, zis a CFP of S and F.

Similarly, we can prove that z is also a CFP of T and G. In fact, by (3.15) and condition (b) we have
gGz = Ggz = Gz and QGz = (TG)Gz = (GT)Gz = G(TG)z = GQz = Gz. Thus, by condition (b) of
Theorem 3.1 (putting x = zand y = Gz in (3.1)), we get

¢(d(z, Gz)) = p(d(fz, 8G2))
< Ai(z, G2)e(d(S Fz, TGG2)) + Aax(z, Gp(d(fz, S F2)) + As(z, Gz)
@(d(8Gz, TGG2)) + Au(z, G2)p(d(fz, TGGZ)) + As(z, G2)p(d(S Fz, 8G2))
= A1(z, G2)p(d(z, G2)) + Ax(z, G2)p(d(z, 2)) + A3(z, G2)p(d(Gz, G2))
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+A4(z, G2)p(d(z, G2)) + As(z, G2)p(d(z, Gz))
= [A(z, G2) + A4(z, G2) + As(z, G2)]p(d(z, G2)).

From (i) of Theorem 3.1, Remarks 2.4 and 2.11, we know that Gz = z,andsoz = Oz = TGz =Tz
This shows that z is also a CFP of T and G. Therefore, z is a CFP of f,g,S,T, F and G. Since z is a
unique CFP of f, g, P and Q, it is easy to see that z is also a unique CFP of f,g,S, T, F and G.

Remark 3.11. We also can obtain Theorem 3.1 by putting F = G = I in Theorem 3.10. Therefore,
Theorem 3.1 and Theorem 3.10 are equivalent.

In the same way, we obtain the corresponding result.

Corollary 3.12. Let (X,d) be a CbMS with the coefficient s > 1 and P be a solid cone. Suppose six
mappings f,g,S,T,F,G : X — X satisfy the conditions (a) and (b) in Theorem 3.10 and

(c) there is a mapping ¢ € O®(P, Py) such that
e(d(fx,8y)) < arp(d(S Fx,TGy)) + axp(d(fx, S Fx)) + asp(d(gy, TGy))

+aso(d(fx, TGy)) + ase(d(S Fx, gy)), Vx,y € X (3.16)

wherea; > 0( =1,2,3,4,5) are constants with a; + a4 + as < 1, Kws” (a, + Kws7as) < 1, Kws? (az +
o (a1+ar+Kws” as)(a;+az+Kws” ay) 1 .
Kws%as) < 1 and s Ko a)(-a; Koway < Fo and K > 1,w > 1,0 > 0 are some constants as in

Definition 2.10. Then, the conclusions of Theorem 3.10 are equally valid.

Remark 3.13. Obviously, taking (X,d) as a b-metric space and ¢(a) = a in Corollary 3.12 then we
have K = w = o = 1 which imply that a; > 0 (i = 1,2,3,4,5) are constants with a, + a4 + as <

(a1 +ax+sas)(ai+az+sas) 1
1, s(ay + say) < 1, s(as + sas) < 1 and T — 3.

Let a; + a> + a3 + 2 max{ay, as} < ;—4 Note that s = 1. We have a; +as + as < 1, s(a, + say) < 1 and
s(az + sas) < 1. Again by s > 1, we have ay + a, + az +2a4 < S% < S% = s(aj+az+say) < 1—a,—say

and a; + ay + az + 2as < %2 = s(a, + a, + sas) < 1 — a3 — sas, which show that (?ifZ?iZﬁET_Z?_ZZ??) ;LZ
Therefore, taking (X, d) as a b-metric space, ¢(a) = aand a; > 0 (i = 1,2,3,4,5) are constants with
a; + ax + az + 2max{ay, as} < S% in Corollary 2.11 of [25] then the conclusion of Corollary 3.12 is still
holds. Hence, Corollary 3.12 sharply improves Corollary 2.11 of [25] in its four aspects:

1) the b-metric space is replaced by the CbMS;

2) the contractive condition is replaced by the new contractive condition defined by (3.16);

3) the continuity of function is not required;

4) one pair of maps is compatible and another is weak compatible decrease to the two pairs are both
weak compatible.

Moreover, from Remark 2.13 in [25], we easily see that Corollary 3.12 also improves Theorem 2.7
of Roshan et al. [13].

In the following, we will give a specific example of Theorem 3.2.

Example 3.14. Let E = R?, X = [0, 1], and let P = {(x1, x») € E : x1,x, > 0}. Defined : Xx X — P by
d(x,y) = (x =y, a(x = y)*)
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forall x,y € X where a > 0. Then (X, d) is a complete CbMS with the coefficient s = 2. Suppose that
four mappings f,g,S and T be defined by

1
f(x):{?’ el = {0 relal

7 X€(3, 15 2 xe( 1];
0, x=0, 1
S@W=1 3 x€O4  TW= { L read
I, xe(,11; ’ 2
It is easy to see that f(X) C T(X), g(X) c S(X), and f(X), g(X), S (X) and T(X) are some complete
subspaces of X, and {f,S} and {g,T} are weakly compatible. Now  taking
A(x,y) = % = Ay(x,y),Asz(x,y) = 40 = A4(x,y) and As(x,y) = L%for all x,y € X in Theorem 3.2, we
have A, +A4+A5 = 5 <L 1-A-2A =2 > 0,inf,ex{l — A3 — 245} = Z > 0,

A+ A + 2A5 = 10, 2(1 -3 =3 <120 -3) = 5 < 1, sup, {A| + A3 + 244} = [ and

(10 10) /(2 o 40 = < 22, which imply that conditions (1)—(iii) in Theorem 3.2 are satisfied.
Moreover, by a szmple calculation we can check that f,g,S and T are satisfying the condition (3.9)

of Theorem 3.2. For this purpose, we consider the following six cases:

case 1. x € [0, l] andy € [0, l]. Obviously, we have

d(fx,8y) =(0,0) < Aid(S x, Ty) + Aod(fx, S x) + A3d(gy, Ty) + Aad(fx, Ty) + Asd(S x, gy).
case2. x =0andy € (5, 1]. In this case, we have
Ard(Sx,Ty) + Ad(fx,Sx) + Asd(gy, Ty) + Ayd(fx,Ty) + Asd(S x, gy)
= 5(L,a)+0+ 5. ap) + 5(La) + 55(3,a7) = (S, @) > (3, a3) = d(fx,8y).
case 3. x € (0, %] andy € (%, 1]. In this case, we have
Ad(Sx, Ty) + Axd(fx,S x)+ Asd(gy, Ty) + Asd(fx, Ty) + Asd(S x, gy)
= 0D+ G e+ 5Gap + 5L a) + 0= (GG aqd) > (3. = d(fx,8y).
case4. x € (5, 1] and y = 0. In this case, we can obtain that
Ad(Sx, Ty) + Ayd(fx,Sx) + Asd(gy, Ty) + Asd(fx,Ty) + Asd(S x, gy)
= 5L o)+ (DM aDH +0+ (D% a(DH) + (1, @)
= (. a3) » (55, @) = d(fx, gy).

case S. x € (%, 1]andy € (0, %]. In this case, by igyZ - 80y +a 2 1—16f0r all y € (0, %], we can obtain
that

Ard(Sx,Ty) + Axd(fx,Sx) + Asd(gy, Ty) + Ayd(fx, Ty) + Asd(S x, gy)
= (1 =y a1 =) + (D% a(D) + 0% ) + 35((G =% aG =37 + 5(1, @)
= (R - gy+.alBy —wy+ 3D > (o) = d(fx, gy).
case 6. x € (5, 1landy € (5, 1]. In this case, we can obtain that
Ad(Sx, Ty) + Axd(fx,S x)+ Azd(gy, Ty) + Asd(fx, Ty) + Asd(S x, gy)

=0+ (D% (D) + 5 oD + (%D + (G ep) = (G oy
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> (g5, a7x) = d(fx, gy).

Then, in all the above cases, f,g,S and T are satisfying the condition (3.9) of Theorem 3.2. So all
the conditions of Theorem 3.2 are valid. Obviously, 0 is the unique CFP for all of the mappings f, g, S
and T. But for any non-negative real numbers a,, a,, as, as, as with a, + a, + az + 2 max{ay, as} < 21—4 if
x=0,y€ (%, 1], we have

ard(Sx, Ty) + a,d(fx,S x) + azd(gy, Ty) + a,d(fx,Ty) + asd(S x, gy)
=a;(l,a)+0+ 613(%,0%) +as(1, ) + a5(1,a3¢) =(@+F+a+F,ala +F +as+3))
<(ay+a3+ay +as,a(ay + az + ay + as)) < (31, ) < (5, @3) = d(fx,8y).

Thus, f,g,S,T cannot satisfy the relation about coefficients a, + a, + az + 2 max{ay, as} < 2—14 This
also shows that our results improve and extend the results in [13,25].

Remark 3.15. In Example 3.14, if we discuss it under the usual metric d(x,y) = |x—Y|, it is not difficult
to verify that the inequality does not hold in the cases 2—4 of Example 3.14. In particular, we are able
to check that the inequality does not true under a, + a, + a; + 2max{ay, as} < 1. These illustrate the
validity of Example 3.14.

4. Conclusions

It is well known that the study of fixed points of mappings satisfying a more weak nonlinear and
linear contractive conditions has been at the center of vigorous research activity. Thus, a question
arises of whether the restriction of coefficients a; + a, + a3z + a4 + as < 1 can be omitted or improved
in [13,16,20-25].

In this paper, we give an affirmative answer to the above question. To this end, we first introduce
the new class ®(P, P;) which is defined from a RBS into another RBS. By using the function ¢ €
®(P, Py) , we prove a coincidence point and CFP theorem for four self-mappings which satisfy new
nonlinear conditions in a CbMS. Secondly, as applications of the main theorem, we consider some
coincidence point and CFP theorems for six self-mappings satisfying new nonlinear conditions in a
CbMS. Also, some examples are given to illustrate the validity of our results and the restriction of
coefficients a; + a, + az + a4 + as > 1 are allowed, which indicate that the conditions under which our
theorem holds are clearly weaker than those found in [13, 16,20-25]. For details, see Examples 3.6
and 3.14, and Remarks 3.5, 3.11 and 3.13 of this paper.
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