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Abstract: This paper concerns the regularity criteria of the three-dimensional magnetohydrodynamic
(MHD) system in anisotropic Lebesgue spaces. Two regularity results were proved under additional
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1. Introduction

We consider the following MHD system

0,

u —Au+(u-Vyu-(B-V)B+V(p+iBP)
B,—~AB+(u-V)B-(B-V)u =0,
divu=divB =0,

u(x,0) =uy, B(x,0) =By,

(1.1)

in R3. Here u represents the velocity field, B represents the magnetic field and p represents the pressure.
u, and By are given initial datum satisfying divuy = div By = 0 in R,

The MHD system has been extensively studied. For studies on the existence of weak and strong
solutions, see [1,2]. Sermange and Teman [2] also studied the smoothness of strong solutions and the
so-called squeezing property of the trajectories. The regularity criteria of weak solutions were studied
by many authors. For the fundamental Serrin-type regularity criteria, we refer to [3—6] and references
therein. For more results on MHD and related systems, see [7-20] and references therein.

This paper concerns the regularity criteria of three-dimensional MHD system in anisotropic
Lebesgue space. For the Navier-Stokes equations, Zheng [21] first studied anisotropic regularity
criterion in terms of one velocity component. Years later, Qian [22], Guo et al. [23] and Guo et
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al. [24] further studied the regularity condition in anisotropic Lebesgue spaces for the Leary-Hopf
weak solutions of Navier-Stokes equations. Guo et al. [25] also studied the regularity condition in
anisotropic Lebesgue spaces for MHD system. By considering different weights in spatial variables,
they proved that if d;u; and B satisfy certain space-time integrable conditions in anisotropic Lebesgue
spaces, then the weak solution is indeed regular.

We are concerned with the regularity criteria of MHD system in anisotropic Lebesgue space under
conditions on u, = (u;,uy,0) and B, = (by, by, 0), or the directions of u = B. For the Navier-stokes
system, Montgomery-Smith [26] proved the logarithmically improved regularity criteria for the Navier-
Stokes equations, which says that condition

T u(t pq 2
f ”fﬂL dt <co with =
o 1+log" [[u(@)l|zs p

3

+—-=1 and 3<g<o
q

implies that u is regular on (0, 7] x R?. Vasseur [27] showed that the condition

+

< and 6<g<oo

N =

m%%ﬂaﬂaﬂmam with

Q| W

2
4
ensures the smooth of weak solution. In [28], Miller extended the Ladyzhenskaya-Prodi-Serrin

regularity criterion to the Lebesgue sum space and proved that if the maximum existence time 7 of
the local smooth solution is finite, then, it holds that

T T 2 3
f ||V||Z,, dt+f ||o]|p=dt =00 with —+—=1 and 3 < p < oo,
0 0 q D

where u = v + 0. In [29], Wu improves the above results [26-28] in anisotropic Lebesgue spaces.
More precisely, let u, = & + 0 and div (ﬁ) = f + g, Wu proved that if ¢ > 0 then either

< o

fT IEDOIT, + llo (DIl

1 + In(e + |[ag|l.5)

with
3 3
2 1 1 1
St b — ==, 2<pi<co, 2<s<co, fori=1,23
q ;Pi ;Si ) pi= §; < © or i
or
T T
fnm;m+fuw;m<m
0 0
with
3
2 1
—-+ — ==, 2<p Lo
q Zpi

is sufficient to ensure the smoothness of u.
Motivated by the work of Wu [29], we study the regularity of MHD systems in the framework of
anisotropic Lebesgue space.
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2. Preliminaries and main results

Let us first recall the definition of anisotropic Lebesgue spaces introduced by Benedek and Panzone
[30].

Definition 2.1. For a given 7 = (pi, p2, p3) € [1, ), the anisotropic Lebesgue space L? <R3) 1s defined
to be the space consisting of all measurable functions f : R* — R such that the norm

p
P2 £

||f||Lﬁ(R3) = I (j: (]: |f(x)|P! dxl)Pl de] dxz| < oo.

We also write the norm as || f]| JRDECY e
Now we state our main results as follows.

Theorem 2.2. Suppose that (uy, B) € H' (R3) and divuy = divBy = 0. Let (u, B) be a weak solution
to (1.1) on [0, T]. Assume that w;, = (uy,u,,0) = &, + oy and B, = (By, B,,0) = & + 0, such that

dt < oo,

fT 67, + &, + llomillZe + lloallze
0

1+ In(e + [[u|ls + [IBall7)
with2 < ppki <o, 2=1-3%2,5>0,7=1-3, 1 >0and2 <s,r;<oo, ¥ + =30, + =3,
then, (u,B) is regular on (0, T].

Theorem 2.3. Suppose that (uy,By) € H'(R?) and divuy = divB, = 0. Let (u, B) be a weak solution

of (1.1) on [0, T). Assume that diV(lz:gl) = fi + g and div (ﬁig) = f> + g, such that

T T
f(llfllli,ﬁlllels;)dHf (lgillz~ + llgall7) dr < o,
0 0
3

. 2 _ 1 1 2 _ 1 301 .
Wlth2<p,~,r,-§oo,[—1:§— i=1;7i>0’§:§_ l.zlr—l_>0,then, (u, B) is regular on (0, T].

Before proving our main results, we recall some fundamental mixed norm inequalities. By
successive applications of Holder’s inequality, we immediately have

Lemma 2.4. For p = (p1, p2, p3) and G = (q1, 42, q3) with

1 1 1
—+ — ==, 2Spi,qisooai:15273’
pi g 2
it holds that
1fgllzzesy < 1 f1Lrws)llgllags)-

The following proposition is a direct consequence of Lemma 3 in [23], see also [21,22].

Proposition 2.5. For pi, ps, p3 € [2,00) and 0 < 33 L — 1 < 1 there exists a positive constant C

=l p; 2
such that . O
2720 by e 52

||f||Lﬁ(R3) < C”Vf”Lz(Rs) ”f”LZ(R3) .
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We also need the following special case of the Sobolev embedding theorem in anisotropic spaces
proved in [31, p.181], see also [32, Theorem 2.1].

Lemma 2.6. Let §= (51, 52, ...,5,) € [2,00]" satisfy
1 1 1
s == 5 e 0
ST 8 Sy, 2

Then, there exists a constant C = C(5) such that
12
”u”Lf(Rn) < C”””W]YZ(R”)a YueW (Rn) .

3. Proof of Theorem 2.2

We first deduce an a priori estimate for (u, B).
Multiplying the first equation of (1.1) with u and multiplying the second equation of (1.1) with B,
then integrating by parts over R?, we get

d
EEIIUIIiz + [V, - f(B -V)B -udx =0, (3.1
5 7 BIZ: + IVBIE, + | (B-V)B -udx=0. (3.2)

Multiplying both sides of the first equation of system (1.1) with —Au and the second equation of system
(1.1) with —AB, then integrating over R*, we have

1d

——f |Vu|2dx+f |V2u|2dx:f(u-V)u-Audx—f(B-V)B-Audx, (3.3)
2dt Jgs R3 R3 R3

1d 2 212

—— | |VBPdx+ | |VBPdx= | (u-V)B-ABdx— | (B-V)u-ABdx. (3.4)
2dt R3 RS R3 R3

Integrating by parts, it follows that

f(B-V)B-Audx:—f(B-V)(Au)-de
R3 R3

3 3
= - Z f B; - 6i8k8kuj . Bj dx = Z f (9,-(9kuj . (Bjé?kBi + B,-(?kBj)) dx
R3 R3

i, jk=1 i,jk=1

3
=- > f ity O(B0,B; + B,B)) dx
ijk=1YR
3
= - Z f ail/tj . (26kBl . 6kBj + BjakkB,' + B,-@kkBj) dx
ik=1YE
3 3
= - Z f (Giuj . Bj : 8kkB,- + 2(9,'1/1./'(9/{3,'8/{3]') dx — Z aiuj . B,’ : 6kkBj dx
R3

i k=1 ik=1YE
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3
== > f (Bu; - B; - OB, + 20,u;0, B0, B)) dx — f (B - V)u- ABdx.
R3 R3

i, jk=1

Therefore, together with the fact that div B = 0, we have

f(B-V)B-Audx+f(B-V)u-Ade

= f(@uj B O B; +2(9u18kB(9kB)dx

tjkl

3
:Zf@k(aiuj~Bj)-6kBidx—2ZfOiujOkBi(?kBjdx
ijk=1 VE i IR

= Z fR OO~ By - OBy dx - Z f it j0BidB; dx (3.5)

i,jk=1 i,jk=1 R

:—Zfakuj 8(B(9kB)dx—Zf8uJ8kB6kB dx

i,j,k=1 i,j,k=1

:—Zfaku, 0:B; - 6dex—Zf6uJ8kB(9kB dx.

i,j,k=1 i,j,k=1
=1 + L.

To estimate /;, we rewrite it as follows

—Zfaku, 0:B;0\B; dx

i,jk=1

3 iif]g%akuj 0;B; - 0B, dx — ii‘[R36k“j'a3Bj'0kBsdx

Jj i=1 k=1 j=1

—

3
+ Z akl/t3 . (61B1 + 0232) . 6kB3 dx
R’

<C f IB,,|(|Vu||V>B| + |VB||V?u]) dx. (3.6)
R3

Similarly, we have the following estimate for /,:

f 0iuj0;Bi0xB;dx < Cf (IBy| + [u))(|Vu||[VZB| + |VB||Vul) dx. (3.7)

i,jk=1

Substituting (3.6) and (3.7) into (3.5), we obtain

(B~V)B-Audx+f(B~V)u-Ade
R (3.8)
<C f (1B + |w,))(|Vu]|VZ*B| + |VB||V*ul) dx.
R3

R3

Electronic Research Archive Volume 31, Issue 8, 4669—-4682.



4674

Similarly, we can get the following estimates

f(u~V)u-Audstf luy,||[Vu||V?u| dx,
R3 R3
and
f (u-V)B-ABdx<C f lu,||[VB||V*B| dx + C f IB,,|(|Vu]|V>B| + |VBJ||V?u]) dx.
R3 R3 R3
Combined (3.3)—(3.10), we have
1 Ci 2 2 2 2
Qd—t(HVulle +[|VBI|},) + [|Aull;, + |ABl;,
:f(u-V)u-AudHf(u-V)B-Ade
R3 R3
— | B-V)B-Audx— | (B-V)u-ABdx
R3 R3
<C f luy,||Vu||V?u|dx + C f lu,||[VB||V>B| dx
R3 R3

+C f lu,||Vu||V°B|dx + C f lu,||VB||V*u| dx
R3 R3
+ Cf IB,,||Vu||V°B| dx + Cf IB,|IVB||V>u| dx
R3 R3
=L+ bh++J+J5+ Jg.
We first estimate J;. By Lemma 2.4, Proposition 2.5 and Young’s inequality, we have

J;=C f luy,||[Vu||V*B|dx < C f I£1IVul|V°Bl dx + C f |1 [|Vu||V?B| dx
R3 ]R3 R3

2 2
SCIENIAIVAll 20y 25, 20 [VBI] + Cllonl=[[Vall2[IVBIl2

P1=2 ;P22 5 3~
L L, Ly

1_2?=1 l 2 21-3=1 L 2 2
<ClIiE AVl = "IVl "IIVEBII2 + Cllollz-Vall2[[VBIl 2
-3 2 L2 & €
2 i=1 p; 2 =1l p; 2p112 2 2 2R112
<Cli&l NVl Vol ™ + EIIV B, + Clloillz-[IVull;, + EIIV B[},

2
-5 5 2 2012 2 2 2n12
<Cl&ill IVl + ellVaull, + Cllo Izl Vall;, + ][VBIJ7,.

Recall the assumption that 24 Z?:l L =1, we have
q Di

2

4=—=51
1-3L 5

hence,
J3 < C(Ilflllzﬁ + [loi 7o)Vl + (Va2 + IV°BI2).

(3.9)

(3.10)

(3.11)
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The estimates of Ji, J», J4, J5s and Jg can be obtained in a similar way. Indeed, if we replace V’B by
V2u in the estimate process for J3, we immediately get the estimate for J;:

Sy < CUENT, + llollZIIVall® + &l V2ulf7,.

Replace Vu by VB (and then V>u by V°B) in the estimate process for J; and we can get the estimate
for J;:

Jo < C(laN,

L7

+loill7)IIVBIIZ, + &llVBII,

Replace u;, by B, (and then &; by &, 0| by 0%, p; by k;, g by I) in the estimate process for J; and
we can get the estimate for Js:

Js < CUI&L, + lloallz)NIVullz, + e(IV2ully, + [IV7BI).
Now we estimate J4. By Lemma 2.4, Proposition 2.5 and Young’s inequality, we have

J,=C f lu,||[VB||V?uldx < C f IE1IVB||V2ul dx + C f o1 [VB||V?u] dx
R3

2 2
<ClENIVBI 200 20 205 (V7|2 + Cllomll= VB2l [V7ull 2

Lm 2Lpz 2LP3—

<C||§1||LﬁIIVB|| - ”’IIV2B|| - IV2ull2 + Clior = IVBI| 21V ull2

-3 7 4
<Cli& 12 VBl 1”’IIV213|| K + = ||V2u|| + Cllo|I7-IVBI[?, + EHVZUHiz
2
<C||€1|| S IVBII7, + &l[V*BII?, + Clloi|[7-IVBII?, + &llVZull?,,
since
2
9=""—=3 71°
1 - l lpl
we have

Js < CUEN], +loillZ)IVBI? + e(IV2ully, + IVBIIZ,).

Replace u;, by B, (and then &; by &, 0| by 0>, p; by k;, g by I) in the estimate process for J, and
we can get the estimate for Jg:

Js < C(IllellL; + [loall7OIIVBIE, + &(IV2ully, + [[VZBI[2,).

Substituting the above estimates of J;, i = 1,2,---,6 into (3.11), we obtain
Ld Vull%, + |[VBJ]? Vull?, +|IV°B|?
EE(” ull;, + [[VB|[;,) + [V ull;, + [[V°B[;,

< C (I, + llorill7=) AIVully, + IVBIE,) (3.12)
+ C (eIl + llomallF-) AIVuIE, + IVBIE,) + 6e(llAul?, + IABIZ,).
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Using Lemma 2.6, we find

d
d—t(IIVUIIiz +IVBI[7.) + C(IV?ull7, + IVBII}.)

< C(I|§1llzﬁ +lIEM  + llomillze + IIO'zIIim)(IIVlllliz +|IVBIIZ,)
~ Cllfllliﬁ + Il + ol + llowallZe | ) ,
= L+ In(e + [llle + 1BAlr) (1 + In(e + [[uplls + Bull )Vl +[IVBI[)  (3.13)
6117, + &l + ol + llovallze
1 +In(e + [[wllzs + [Bull7)

X (1+1n (e + [l + IVull?, + [BIZ + [VB|?, + C)) (IVullZ, + IVBI[2,).

By (3.1), (3.2) and (3.13), we have

d
— (1 +In (e + lulll; + IBIZ + IVulif, + IVBIZ, +C)) + CAV?ul; + V°BI.)

€2, + Nl + lloillfe + llomallfe
Ly Lk

1+ In(e + [[wyllzs + [Bull7)

(1+1n (e + lhul2, + IVull}, + IBI, + IVBII;, + C)).

Applying Gronwall’s inequality, we get

2 2 2 2
sup In (e + [lully, + IBIZ, + IVull3, + |[VBIZ, + C)
0<t<T

< (1+1n (e + lluolZ, + 1Bo|l2, + [[Vul 2, + IVBo|, + C))

T lEl, + e, + ol + lloall.
xexpqC dty.
0

1+ In(e + [luyllzs + |Byll»)

This gives
uw,B e L2, T: H'(R*) N L*(0, T; H*(RY)).

Now, we can prove Theorem 2.2. Since uy, By € H'(R?) and div uy = div By = 0, the weak solution
(u, B) is strong and unique on [0, 7] for some T < T. The above a priori esitmate ensures that this
strong solution can be extended beyond 7'y, which finally implies that (u, B) is strong on [0, 7] and thus
is regular up to 7. This completes the proof of Theorem 1.1.

4. Proof of Theorem 2.3
Let us introduce Elsdsser’s variables W* and W™:
Wi=u+B, W =u-B, W 0)=u+By, W (0)=u,-B,
and VP =V (p + 1[B[?). Then, W*, W~ satisfies

{8IW+—AW++(W‘-V)W++VP:O, @.1)

oW — AW~ + (W - V)W~ + VP = 0.
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Multiplying the first equation of (4.1) by [W*|?W* and the second equation of (4.1) by [W~*W~,
integrating by parts and using the divergence free property of W* and W™, we conclude that

d 1 2
7 7TVl + WV WAIE, + 2 [[VIWPf, = - f VP IWPW* dx, (4.2)
R

1d _ _ _ 1 o2 _ _
7 W+ W I WIE, + 2 [[IW P, = - fR VP W W dx. 4.3)
Combine (4.2) and (4.3) and the vector identity

_ﬂ Vial = Ja| le(lal)

for a = W=, we have
1d _ _ _
ZE(IIWW} + W7l + IIWHIVWEIEZ, + [[[WIIVWI2,
1 _
+ §(||V|W+|2”iz +IVIWPI1%,)

- f VP - (W PW* + W PW ) dx = f PW'VIW*? + W VW) dx
R3

R3

SCf |PW+||W+||V|W+||dx+Cf |[PW||W™||[VIW || dx
R3 R3

+
<C L} |PW™|[W¥| (lxﬂlvlwﬂ) dx+CLz |PW™||W™ |‘ WWW |)
:Cf [PWF||[W*||[WT| diV(W+) dx+Cf |PW™||[W™||W| le(W ) dx
R3 W W~
=K, + K;. 4.4)

To estimate K; and K>, let us first establish an estimate of the pressure P. Taking the divergence
operator V- on both sides of the first equation of (4.1), it follows that

~AP = div(W™ - VIW*) = 8,(W;d,W7) = 9;0,(W; W)

Here we used the divergence free property of W™ and the summation symbol Zi j=1 Was omitted for
convenience. As a consequence

- a1 P
where R; represents the classical three-dimensional Riesz transformations. By using the boundedness
of Riesz transformations in L'(1 < r < c0) space, we get

1Pl < CIIW Il W7 I 2. (4.5)
Using Holder’s inequality, Poincaré’s inequality and (4.5), we obtain
IPWIE = [ 1PFIW P dx
R

<CIIPllz1IPlls [[IW*P (4.6)
<CI[W*[ 4 W4 W 6l W 1o [ VIW P
<ClIWH Wl IVWH LIV W 2 [ VIWR
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Similarly, we can get

IPWIE, < CIW WL IVWH LIV W2 VWP

4.7)

Now, we are in position of estimating K; and K,. For K, recall the decompostion of div (|W+|) and

Lemma 2.4, we have

Ki < CIANAIWHPN 20 20 200 IPWF Iz + Cligallzs WP 1PW 2
LP]*Z LPz 2LP3-
< Cllfills [[W* ||L2(” #0%) |VIW*P |
+ Cllgill [|[IW*P . IPW*I.2
=K, + K.

W

Let’s estimate K; first, by (4.6) we have

+ (1’1 Plz 1’3) + m 1’2 P3
- VW R :
W1 W I VWL VWL, w2

K, <Clifills

1
<C||f]||Lp||W+|| (P|+p2 I’3)||Vlw+| ||2 Pl P2 1)3 ”W ||24||VW+

a§-

2
I2

2(p1+ﬁ+m )

=TTy B T R — 2
3-2
<&l VIW* |12, +C||f1|| (”‘ 2 ”)||W+|| 2(7r+7:075) W, (7r s 75)

-2 %
X||VW+|| (171 P2 I’3)||VW ” 2(171 P2 I’3)

Let S 1
45 - 2( + =+ ))
a = pz > 3, 2 | (%, 1)
3= 2(,,1+,,—2+3) 3-2(k e ke )
It is easily checked that @ + 8 = 4, therefore, by Young’s inequality we have
o _ a (t-# B Mﬁ
IWIILIWIE, < Y I+~ ﬁIIW ||
< IWHIIZL + [IW7I1,
and .
e 1
IAIZIVWAIEIVWIE, < (1 =B)lIANLL + BAVWHELIVW|,2)7
< CUIAN, + IVWHIZ, + IVWIIZ),
_2 _ 4
where g = i 1‘2(ﬁ+£+%).

Concluding (4.8)—(4.10), we get the estimates for K7:

K, < elIVIW* PRI, + CAANL, + VWL + IVWIIL) AW + W),

L7

1 1
VWL

4.8)

4.9)

(4.10)

4.11)
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The estimate of K, can be obtained in a similar way:

K| < Cligillu= [[W ||, W I IW L IOWA L IVWE, Vw2

L2|

5 1 1 1 1
< Cligill= WA IWIZ VWL IVWEL, [[VIW*P 12,

(4.12)
4 10 2 2 2
< &llVIW*PIIZ, + Cligall 3 IWH LA IW I VWL VWL,
< ellVIW*PIZ, + Cllgillz- + IVWHIZ, + VW) AW + W)
Thus, we get
Ky < 26lIVIW*PIE, + CULANY, + IVWHE, + VW IZ)AW L, + W) wis
+ Cllgillf + IVWHE, + IVWIZD AW, + W) '
Following a similar argument, we get the estimate for Kj:
Ky < 2&|VIW Pl + CAUIANL: + IVWIL + VWD AW + IWI1) 4.14)

+ C(lgall7e + IVWHIE, + VW) AW, + IW ).
Substitute (4.13) and (4.14) into (4.4), we have
1d _ _ _
ZE(IIWWIZ + Wl + IIWF VW, + [[WIIVW |17,

1
+ E(IIVIWWZI@ +IVIW™PI7.)

2
<CAIANT, + A, + Z lgillis + IVWIZ, + IVWHIZD AW + W)
i=1
+ 28(IVIW* P2, + VW PIIZ,).
Choosing & small and applying Gronwall’s inequality, we see that

sup (Wl + IWII7.)

0<t<T

<(IW*O)lIs + IW=(O)I;.)

T 2
X exp {Cj(; (AN, + AN, + Z lgillze + IVW*IIZ, + IIVWWIiz)dt},
i=1

which implies that

uB e L~ (0.7;:L*(R?)) < L (0, T: L* (RY)).

combining this with the Serrin-type regularity criteria for MHD system (see for example [4, Theorem
4]), we complete the proof of Theorem 2.3.
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