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1. Introduction

There exist numerous infinite series representations for 7 and related mathematical constants in the
literature (cf. [1-8]). About one century ago, Ramanujan [9] discovered 17 important series involving
7. One of them can be reproduced as follows (cf. [10], Example 10):

[

1y (3 4
Z(Z) (’12!)3{1 +6n) = —.

n=0

There is an elegant counterpart series due to Guillera [11] (cf. [5], Example 31)

© 1 n( !)3 2
> (Z) (”%)2 (2+3n) = %.

n=0

These two identities and further similar ones have been proved uniformly by means of the hyper-
geometric series approach (cf. [5,6, 10,12, 13]). The same approach suggests that we can go further
to examine analogous series involving harmonic numbers, that become quite active topics recently
(cf. [4,7,8,14-16]). In this paper, several challenging series involving central binomial coefficients
and harmonic numbers will be evaluated in closed form. They will be divided into four classes with
eight sample series being highlighted in advance as follows:
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Furthermore, the hypergeometric series approach introduced in this paper enables the authors to con-
firm together the following remarkable identities conjectured by Sun [17-19]:
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In order to facilitate the subsequent presentation, we briefly review basic facts about harmonic
numbers and the I'-function as well as the “coeflicient extraction”.
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1.1. Harmonic numbers
For x € R and n € N, these numbers are defined by

-1 -1

H(x) = Z (x-:k)/l’ I:I;M(x) Z )/1,

k=

YN 1 o =1
O;>(x)_z(x+2k)ﬂ’ 0/’ = Z(szy

- o

k=0
When 4 = 1 and/or x = 1, they will be suppressed from these notations. We record also the following
simple, but useful relations:
H)) =0y +2'H{, H(3) =2'0y;
H)) =0y -2H{", H,(3) =2'0.

1.2. The gamma function

It is defined by the Euler integral
I(x) = f v le7dr for R(x) > 0.
0

The logarithmic differentiation of the I'-function results in the digamma function (cf. Rainville [20],§9)

_d ’(z) z—1
V@) = Il = Z n+ D(n+2)

with the Euler—Mascheroni constant being given by
vy = lim (H, — Inn).

There are power series expansions of the I'-function [14]

I'l-x) = exp{z Ol;kxk}

=1
[ -x) = Vrexp{ ) Z):
k>1
where o7 and 7y are defined respectively by
o=y and o, = {(m) for m>2;

Ty=y+2In2 and 7, =Q"-1){(m) for m>2;

with the usual Riemann zeta function {(x) being given by

(o)

{(x):Z% for R(x)> 1.

n=1
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1.3. Coefficient extraction

For n € N and an indeterminate x, the shifted factorials are usually defined by
x)p=1 and ), =x(x+1)---(x+n—-1) for neN.

Let [x"]¢(x) stand for the coefficient of x™ in the formal power series ¢(x). We shall frequently use the
following relations:

2 2
[x](l + X), “H, [xz](l + X), _ H; Hj1>’
n! n! 2
n! ,, n! H+HY
oy, = Wiy s
1 1
M g0, 2 02 o),
1 1
[ﬂl%i):zom wﬁlgi):2«ﬁ+0?>
2 n 2 Y

By means of the generating function method, it is not difficult to show that (cf. Chen—Chu [21] and
Chu [4,5]) in general there hold the relations:

A= _ o (-hhy) and [

D e

Here “hh;” stands for the harmonic number hh; := H{’(1) of order k, and the Bell polynomials (cf. [22],
§3.3) are expressed explicitly as

[.Xm] Qm (hhk)

[+ HP())*
Q,(hhy) = Zﬁ] VTR

o(m) k=1

where the sum runs over o(m), the set of m-partitions represented by m-tuples of ({1, {5, -+ ,{,) € N

m
subject to the condition ) k€, = m
k=1
The aim of this paper is to find exact evaluations, in closed form, for infinite series of convergence

rate “1” that contain both central binomial coefficients and harmonic numbers. This will mainly be
fulﬁlled by extracting coefficients from hypergeometric seires, which has been shown, by the second
author and his collaborators, powerful in dealing with both Ramanujan-like series [5,6,10,12,13] and
harmonic number identities [4, 7, 8, 14—16]. Numerous elegant summation formulae are established,
including several conjectured ones made by Sun [17-19].

As preliminaries, we shall illustrate how to derive infinite series identities by the hypergeomet-
ric series approach in the next section, where four summation theorems of hypergeometric series are
recorded for subsequent applications. Then the remaining four sections will be devoted to infinite se-
ries identities involving harmonic numbers classified accoring to the positions of the central binomial
coeflicients.

In order to assure accuracy of computations, numerical tests for all the equations have been made
by appropriately devised Mathematica commands.
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2. Hypergeometric series approach

Following Bailey [23], the hypergeometric series reads as

F [al,az, . ‘] - Z_(al)k(az)k '(ap)k.
bi,by,--- ,b k! (b1)k(D2)r - - - (g

For the sake of brevity, the I'-function quotient will be abbreviated to

T a’ﬁ"”’y _ F(Q/)F(ﬁ)r(’)/)
A B,---,C| T(AILB)---I(C)

There exist numerous summation theorems for hypergeometric series (see Bailey [23] and
Brychkov [24]) in the mathematical literature. The following formula can be found in Karlsson [25]
(which is, in fact, a reduced case of Lemma 1):

Wiab:x) = o F 2ax,2bx,1 — 2bx ‘1
a,b; x) = z
2 1+ax—bxl+ax+bx4
1+?,§+—1+ax bx—+ax+bx
=T
1+ax,§+ax,1+ bx—+ X+ bx

As a warm up, we are going to take this formula as an example to illustrate how to derive infinite
series identities involving harmonic numbers. The two expressions of ‘W(a, b; x) in terms of hyperge-
ometric 3F,-series and in the quotient of I'-function are analytic in x in the neighborhood of x = 0.
Therefore they can be expanded into Maclaurin series

(o)

Wa,b; x) = Z "X W, (a, b) &= W, (a,b) := [x"]W(a,b; x).

m=0

By manipulating these coefficients W,,(a, b), we can establish the following identities. More identities
containing the central binomial coefficients and/or harmonic numbers can be found in [26-33].

e Coeflicient W,(a, b): See also Elsner [28] and Zucker [33]

>

n=1

n2

e Coefficient W5(a, b)
- 1+ I/lI:Izn 2
Z o 54(3)'

n=1 n3( n )
e Coefficient Wy(1, —1): see (Sun [19], Equation over Theorem 1.1)

(o)
2H<2> 71.4

nZ = 1944
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e Furthermore, by comparing the coefficients of [a*b]W4(a, b) and [ab*|W4(a, b), we obtain two
equations

3 > 16 + 8n°H3 + 16nH,, — 14n”HY? + 8n°09
[ab’1Wa(a,b) = ) — :
n=1 n (n)

=16 + 8n*HZ + 16nH,, — 6n*H? + 8n20?
[@b1Wa(a,b) = = : :

4(2n
n=1 n(n)

Resolving this system of equations for the sum about n”H® (subtracting the first equation from
the second), we have the expression

(o)

HY _ [ab’1Wa(a, b) — [@’b]Wa(a, b)

n=1 n2(211n) 8 .
Alternatively, the above two coefficients on the right hand side can also be computed from the
I'-function quotient

18274 ldn
" and [&B]Wi(a,b) = —

3 _
[ab"IWa(a,b) = T57% 135

Hence, we find the following closed formula

i HY 9t 7t 77
nz(Zn) 4860 540 1215

n=1 n

As a bonus, we recover, by combining the two series for H”, the well-known identity of
Comtet (cf. [22], page 89) below

(o)

1 177
2 () = 3240°

n=1 n

This example demonstrates that the hypergeometric series approach is indeed powerful. For a given
hypergeometric series formula, the above procedure can be summarized as follows:

€C_9

e Reformulate the equality by identifying a variable “x” and eventual parameters {a, b, c} so that
both sides of the resulting equality are analytic in x at x = 0.

e Find infinite series identities by extracting and then equating the coeflicients W,,(a, b, ¢) for small
integer values of m across the equation.

e Find infinite series identities by computing the coefficients W,,(a, b, c¢) for particular values of
parameters {a, b, c}.

e Find infinite series identities by determining the coefficients of specific monomials “a’b/cF” in
Wm(aa b’ C)'

e Furthermore, find infinite series identities by constructing and then resolving a linear system
formed by linear equations characterized by coefficients of monomials “a’b/c*” in W,,(a, b, c).

Electronic Research Archive Volume 31, Issue 8, 4611-4636.
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By carrying out this procedure, we shall prove, in the rest of the paper, numerous interesting infinite
series identities, including several conjectured ones mainly made by Sun [17-19] by examining the
following four lemmas of hypergeometric series with the same convergence rate “i”.

The first formula below was among a list of conjectured identities made by Gosper (1977), which
was first confirmed by Gessel and Stanton (cf. [34], Eq 1.7)as a limiting case of a terminating 7 F¢-

series.

Lemma 1 (Gessel and Stanton [34]: see also Chu [36]).

l+d,i+d1+a-bi+a+b]| _ 2a, 1+ %, 21?,1—219,0—07'1
l+ad+al-b+di+b+d] |2 11a-bLra+b1+2d4]

The next formula was also conjectured by Gosper (1977), that was shown by Chu (cf. [36], Eq 5.1e)
as a limiting result from another terminating ; F'¢-series.

Lemma 2 (Gosper (1977): see also Chu [36]).

%,%+b+d,1+a—b,1+a—d}
=s5Fy4

s+bi+dl+al+a-b-d '

a,1+2§,2b,2d,1+2a—2b—2d‘1

L 1+a-bl+a-d,+b+d'4

The third summation formula is due to the second author, who discovered it by making use of the
inverse series relations found by Gould and Hsu [35].

Lemma 3 (Chu [6], Theorem 2.2). For three complex parameters {a, b, d} subjecttoa+d,1 +b—d ¢
Z\N, define the the factorial quotient U,, by
(D1 -d)a-b+d),(1+b—-a-d),
(a+d),(1+b-d),2n+1)!

Un(a’ b’ d) =

and the polynomial P, by
Pla,b,d) =1 +2n)(b—-d+n)+(d+n)a—b+d+n).
Then there holds the transformation formula

a+d,1+b-d

®(a,b,d) :=T
a, b

] - Z U,(a, b, d)P,(a, b, d).
n=0

Finally, we need a transformation formula which can be proved by means of the modified Abel
lemma on summation by parts.

Lemma 4 (Chu [12],Theorem 2.7). For four complex parameters {a, b, ¢, d} subject to R(c+d—a—b) >
1 and c,d ¢ Z\N, define the the factorial quotient V,, by
(¢ = a)u(c = b)u(d — a),(d = D),
(©n(d)u(c +d —a—Db)apy

Vn(a, b’ C’ d) =

and the quadratic polynomial Q, by
Q.(a,b,c,d)=(c—1+n)c+d—a—-b+2n)+(d-a+n)d->b+n).

Then there holds the transformation formula

W(a,b,c,d):=(c+d—a—b— 1)2 (@i(b)x

= V.(a,b,c,d)Q,(a,b,c,d).
£ (x(d)x Z;‘ (@06 OQa.b, e.d)
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3
3. Series containing (2,7) in numerators

By making use of Lemmas 1, 3, and 4, we shall evaluate several infinite series containing the cubic

. . . 3.
central binomial coefficient (2:) in numerators.

3.1. Series from Lemma 1

Under the parameter replacements

1 1 1
a—>Z+ax,b—>Z+bx,d—>—Z+dx

the equality in Lemma 1 can be restated as in the proposition below.

Proposition 5.

%+2dx,1+ax+bx,l+ax—bx
%+2ax,%+bx+dx,%—bx+dx

(3 +2ax),(3 + 2bx),(3 = 2bx),(3 + ax — dx),
4"n!(1 + ax + bx),(1 + ax — bx)n(% + 2dx),

Ala, b, d; x) = 41+ex-dp

= Z(l + 4ax + 6n)
n=0

Both sides of the above equality are analytic functions of x in the neighborhood of x = 0 and can
be expanded into power series in x as follows:

[ee)

Ala, b, d; x) = Z XA, (a, b, d).

m=0

By computing the initial coefficients across the equation in Proposition 5, and then equating the re-
sulting expressions, we can derive a number of infinite series identities. The first coefficient Ay(a, b, d)
recovers Ramanujan’s identity as anticipated in the introduction. Further elegant ones are recorded
below as examples.

e Coefficient A,(0,0,1)

41n® 2+71 (3 )3(1"'6”)
- Z (n!)3
e Coefficient A,(0, 1,0): Conjectured by Guo—Lian [37] and proved in (cf. [38], Theorem 1.2)

{302+ 02}. (1)

n_$H @i+ on

o IS (1602 - HY). 2)

3 n=0

We shall succeed in refining the above two identities in (10), (11) and (16).
e Coeflicient [b*d]As(a, b, d)

> (1231 + 6n)

4 o
55 121(3) + 7' In2) = 2, by

{0,160 - H)l. 3)

Electronic Research Archive Volume 31, Issue 8, 4611-4636.
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e Coefficients A3(0,0,1) = [d*]As(a,b,d)

42{3)+ 41’2 +32%In2 _ < (51 +6n)
9 - 47(n!)?

n=0

{209 +30; +30,07).

e Coeflicients A4(0,1,0) = [b*]A4(a, b, d)

873 i (3),(1 + 6n)

5= RS {25605 - HY - (H - 1607)?).

e Coeflicient [b*d*]A4(a, b, d)

A 2y (3)3(1 + 6n)
oo+ 2+ 42102 (3)) = L~ gy

e Coefficients A4(0,0,1) = [d*]A4(a,b,d)

672.(3)In2 + 177* + 16 1n* 2 + 2472 In* 2
36

1 +6n
=3 DU 660 150¢ + 307 + 302 + 240,07
L 4n(n!)?

e Coefficient [b*d]As(a, b, d)

8{10572£(3) — 1395(5) — n* In 2}
135x
2y (3)3(1 + 6n)
T4y}

{H?O, - 2560,0 + O,(H} - 1607},

e Coefficient [?d*]As(a, b, d)

1116£(5) + 105722(3) + 252£(3) In’2 + 47212 + 1274 In 2
27

( )3(1 +6n ) 3
Z G (16077 - H))(20; +30; +30,0,).
3.2. Series from Lemma 3

Under the parameter replacements

1 1
a—>§+ax,b—>§+bx,d—>§+dx

the equality in Lemma 3 can be restated as in the proposition below.

{302 + 0)(1607 — HY).

“)

(&)

(6)

(7

®)

€))
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Proposition 6.

l+ax+dx,1+bx—dx

C(a,b,d;x)=T Lyax, i +bx

_ i (% + dx)n(2 alx),,(2 +ax —bx + a’x),, s —ax + bx—dx),

oy (1 +ax +dx),(1 + bx —dx),(2n + 1)!

x {(1+2n)(n + bx = dx) + (} + n+dx)(} +n + ax - bx + dx)}.

Expanding both sides of the above equation into power series in x

[ee)

Cla,b,d; x) = Z X"C,(a, b, d)

m=0

and then comparing further the coefficients of monomials a’b/d* (subject to i + j+k = 2) in Cy(a, b, d),
we construct a system of linear equations. By resolving this system, we can derive the three identities
below. This procedure will be denominated as “Resolving linear system” formed by C,(a, b, d).

e Resolving Linear system C,(a, b, d)

oo 3
1+2(1+2n)(1+6 O<2>
7122() +2(1 +2n)(1 + 6n) (10)
2 A 47(n!)3 2n+1
e Resolving Linear system C,(a, b, d)
_ i (D 8+(1+2m(1 +6mHY an
- LAy 2n+1
e Resolving Linear system C,(a, b, d)
22 -16In°2 (3, )
—_nz (n')3 2n+1 +4H, - (1 + 6n)H2}. (12)
e Resolving Linear system Cy(a, b, d)
> G 2 . @ _ 20>
Z n|)3 - = (14 6m[0; = 207)]}. (13)

3.3. Series from Lemma 4

Under the parameter replacements

1 1
a—>§+ax,b—>§+bx,c—>1,d—>l+dx

the sum with respect to k in Lemma 4 can be evaluated by the Gauss summation theorem (cf. Bai-
ley [23],8§1.3). This leads us to the summation formula as in the proposition below.

Electronic Research Archive Volume 31, Issue 8, 4611-4636.
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Proposition 7.

1+dx1 ax —bx + dx

D(a,b,d;x) =T —ax+dx,%—bx+dx

_ - (% - ax)n(% - bx)n(% —ax+ dx),,(% — bx + dx),
B Z n!(1 + dx),(1 — ax — bx + dx)sn. 1

X{(%+n—ax+dx)(%+n—bx+dx)+n(l+2n—ax—bx+dx)}.

Expanding both sides of the above equation into power series in x

[ee)

D(a,b,d; x) = Z "D, (a, b, d)

m=0

we can show by the initial coefficients the following infinite series identities, where the first two iden-
tities are equivalent to those conjectured by Sun (cf. [19], Eqs 3.52 & 3.53) in view of Sun [19],
Remark 3.14.

e Coeflicient D(1,2,1)
4n2 < G,
3n  Ldannl)

{A +6m)0,}. (14)

Coefficient D;(1,0, 1)

{2 - (1+6mH,). (15)

Resolving Linear system D;(a, b, d)

16I22+7 < ) , 1
or Z::? 4n(nl)? 5601+ 6m0; - = (16)
e Resolving Linear system D;(a, b, d)
81’2 <« ; 2
. Z ((’3,)3 ~+60, - 3(1 +6mO,H, . (17)
e Resolving Linear system Ds(a, b, d)
7((3) - ( )3 H (2) 2)
7ln2 = 24( i3 — 402 +2(1 + 6mH,02}. (18)
"(n

Resolving combined linear system Cs(a, b, d) & Ds(a, b,d)

00 1

96{(3)—167r In2 Z €)5

n')3 2n + 1

—2HY + (1 + 6m)(HY + H,HY)]. (19)

Electronic Research Archive Volume 31, Issue 8, 4611-4636.
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e Resolving combined linear system Cy(a, b, d) & Dy4(a, b, d)

21 & (G {16H<2>

S +(1+6n)[HY + (H?)? + 1280¢] (20)
45~ Lanuiy 2 j

e Resolving combined linear system Cy(a, b, d) & Dy4(a, b, d)

i (3 H§3>+160<2>

(n')3 S+ 201+ 6m)(80; + HYO?)). Q1)

n=0

e Resolving combined linear system Cs(a, b, d) & Ds(a, b, d)

4272£(3) = 372¢(5) — n* In 2 i 3); 2H oY

4 2\2
18: (n,)3 S+ [2- 1+ mH, ][0 - 2(07) . @

The last four identities are derived by resolving the combined linear system formed by equations
from both Cs(a, b, d) and Ds(a, b, d).

4. Series containing ( ) in numerators

By means of Lemmas 1 and 4, we shall evaluate, in this section, infinite series involving the central
binomial coeflicient ( ) in numerators, including four challenging ones conjectured by Sun [18].

4.1. Series from Lemma 1

Under the parameter settings

3 1
a—>Z+ax,b—>Z+bx,d—>Z+dx

we can reformulate the equality in Lemma 1 as in the proposition below.
Proposition 8.

%+ax+bx,%+ax—bx,%+2dx
l+2ax 1 +bx+dx,1—-bx+dx

i (% + 2ax),,+1(2 + 219)c)n(2 2bx)n(% + ax — dx),
B 4r n'( +ax + bx),,+1(§ +ax — bx),,ﬂ(% + 2dx),11

Aa, b, d; x) = 47T

3 +4ax + 6n}.
n=0

By comparing the Maclaurin series coefficients across the equation

[

Ala, b, d; x) = Z X"A,(a,b,d)

m=0

we establish several interesting infinite series identities as follows. Among them, (25), (30), (34) and
(35) were first conjectured by Sun [41] and subsequently confirmed by Albinger [39].

Electronic Research Archive Volume 31, Issue 8, 4611-4636.
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e Coefficient Ay(a, b,d): see (Sun [19], Equation below (1.2))

416"2n + 1)’

n=

e Coeflicient A,(3, V-3, 1): Zucker [33]

Z ()
216 16'Qn+ 1)

e Coeflicient A3(3,2,1)

(3)

zg] n+1
16"(2n 1)

e Resolving linear system Aj(a, b, d)

n i (2n)4(2n +1)0, +3(2n + 1)20?

m2-=
b2 - o n 16'(2n + 1)

e Resolving linear system Aj(a, b, d)

57r§(3) + 77r3 In2 i (2n)7 +92n + 1)0,
16"(2n + 1)*

n=

e Resolving linear system Aj(a, b, d)

1173) + n*In2 3 i (211)1 +18(2n + 1’02 + 27(2n + 1)°0,0?

24 n 16"2n + 1)*

n=0

e Resolving linear system Aj(a, b, d)

3n°In2 - 24x1n’ 2 + Tnl(3) i (2n) 1-22n+1)*0? - 2n+ 1)’0}

72 n 16"2n + 1)*

n=0

e Coeflicient A4(3, V=-3,1)

12172° i 2n\2 + 3(2n + 1)*O®
17280 16"(2n + 1)°

n=0

e Resolving linear system Ay(a, b, d)

2537° i (Zn)l - (2n+ 1)*0®

77760 ~ & 16"2n + 1)S

(23)

(24)

(25)

(26)

27)

(28)

(29)

(30)

€19
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Resolving linear system Ay(a, b, d)

10917° < (20)\2 + 320 + DHOP)? 32)
155520 &i\n) 16°Qn+ 1)
e Resolving linear system Ay(a, b, d)
e 0{ 10800£(3)In2 + 4217* + 75607 In” 2}
Z 2n\31 + 422n + 1)0, + 27(2n + 1)202 (33)
B 16"2n + 1)3
e Resolving linear system As(a, b, d)
245n 2n\332n + 1)°09 + 41
3) — 5) = . 34
(0 4() ZO( ) TR (34)
e Resolving linear system As(a, b, d)
357 10037r 2n\33(2n + 1)°09 + 37
. 35
288 ¢ (e = Z( ) 16"2n + 1)° (35)
e Resolving linear system As(a, b, d)
42573 1257 2n\4 + 332n + 1’02 + 33(2n + 1)50<2>0<*>
- 36
2592 2502 4@ 864 ()= Z; ( ) 16"(2n + 1)° (36)

4.2. Series from Lemma 4

Under the parameter replacements

a—>1+ax,b—>1+bx,c—>%+cx,d—>%+d

the equality in Lemma 4 can be reformulated as

(1 + ax)i(1 + bx)y _i (%+cx+n)(1—ax—bx+cx+dx+2n)
+(%—ax+dx+n)(l—bx+dx+n)

x(c+d—a—b)§:

= (§ + cx)k(§ + dx); -

> —ax+ cx),,(2 bx + cx),,(% —ax+ dx)n —bx + dx),,

n=0

(3 + cx)u(3 + dx)u(1 — ax — bx + cx + dx)os1

By applying Thomae’s transformation (cf. Bailey [23], §3.2), we can further manipulate the series on
the left hand side

= 1+b
xetd—a—b)y SHOLEDO_ (g p).F,
= (5 + (5 +dx

1, 1 +ax,1+ bx
el
§+cx,§+dx

Electronic Research Archive Volume 31, Issue 8, 4611-4636.



4625

cx+dx—ax—bx,%+cx,%+dx ) ] [1—ax—bx+cx+dx,%+cx,%+dx]
=3k, :

l—-ax+cx+dx,1 —bx+cx+dx l—-ax+cx+dx,1 —bx+cx+dx

Now letting ¢ — a + b — d and then d — b — d, we derive, from the corresponding limiting case, the
following summation formula.

Proposition 9.

%+ax+dx,%+bx—dx

Dla, b, d; x) = 1+ax,1+bx

_i (L+2n)(3 +ax+dx+n)
= +(3 —ax+bx—dx+n)(} —dx+n)
(% +ax—bx+ dx)n(% —ax+bx— dx)n(% + a’x),,(% —dx),

2n + 1)!(% +ax+ dx),m(% +bx —dx),

By comparing the Maclaurin series coeflicients across the equation

[ee)

D(a,b,d; x) = Z "D,,(a, b, d)

m=0

we establish several interesting infinite series identities as follows.

e Coefficient D¢(a, b, d)

2n\2 +32n + 1O,
aln2 = Z( ) T TSI (37)

e Coefficient D,(1, -1 ——) (see Sun [19], Eq 1.3)

P (2}1)0(2)

= 16"(2n + 5} (38)

To reduce lengthy expressions in the next few series, we adopt the notation below

0" =@2n+1"0” and O" = (@2n+1)"O".

e Resolving combined linear system As(a, b, d) & Ds(a, b, d)

46317 In2 + 277207° In’ 2 — 356073 (3) + 5940077 (3) In? 2 + 3222074 (5)
8640
3 i (Zn) 155 + 3410, + 23102 + 990°
16"(2n + 1)5 '

(39)

e Resolving combined linear system Ds(a, b, d) & Ds(a, b, d)

278375 In 2 — 547073(3) + 116407 (5)
2880
~ i (2n) 149 + 2970, — 23102 - 2970,0°
16"(2n + 1) '

(40)
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e Resolving combined linear system Ds(a, b, d) & Ds(a, b, d)

13317° In 2 — 2450732 (3) + 48601 (5)
17280
~ i (Zn) 10 + 220, + 220% + 330,0%
- 16"(2n + 1) '

n

Resolving combined linear system Ds(a, b, d) & Ds(a, b, d)

120017° In2 — 175107°4(3) + 184201(5)
5760
X (2n)284 + 5940, + 660 + 594(02)* + 8910,(0%)
n=0

16"(2n + 1)%

n

Resolving combined linear system Ds(a, b, d) & Ds(a, b, d)
n (167537% In2 — 126707%¢(3) + 332640£(3) In* 2
3456 | +130356(5) + 475207% In* 2 — 114048 1n° 2

©\ (2n) 1324 + 25300, + 99002 — 3300* — 990°
. 16"2n + 1)5 '

n

Resolving combined linear system Ds(a, b, d) & Ds(a, b, d)

2837° In2 — 160073£(3) + 216007 (3) In? 2 + 2707 (5)
8640
< (2n)4 +220, + 902 + 120,0% + 910*0%
n=0

n 16"(2n + 1)%

5. Series containing (2:) in denominators

(41)

(42)

(43)

(44)

According to Lemmas 1 and 2, we shall examine, in this section, infinite series containing the

central binomial coefficient (2:) in denominators.

5.1. Series from Lemma 1
By specifying the parameters in Lemma 1
a—ax, b—-bx, d— dx
we deduce the equality as in the following proposition.
Proposition 10.

1+ax—bx,%+ax+bx,l+dx,%+dx

Ala,b,d; x) =T | .
1+ax,§+ax,§+bx+dx,1—bx+dx
i(l)n 2ax,2bx,1 —2bx,ax — dx Qax + 3n
_n:O 4 1,1+ax—bx,%+ax+bx,1+2dx 2ax

n
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By expanding both sides of the above equation into power series in x

(o)

Ala, b, d; x) = Z XA, (a, b, d)

m=0
we can derive the following remarkable infinite series identities. Among them, Sun [41] first conjec-
tured and Albinger [39] subsequently confirmed the first two (45) and (46), as well as

2 1 +nH,, -~ 1+nH,,-H,)
@ =) — =) ,

3(2n 3(2n
=)= ()

where this last identity is just a linear combination of (45) and (46).

e Coefficient A3(1,-1,1)

[ee)

3nH, - 1
3)= _ 45
(&) ;:1 0 (43)
e Coeflicient A3(1,1,1)
5¢(3) = Z 6n0, + 5' 46)

3(2n
n=1 N (n)

Resolving linear system As(a, b, d): (cf. Chu [7], Proposition 3.1)

[

572¢(3) + 6£(5) 9nH, — 2
= _— 47
18 ; ns(Zn) “7)
e Resolving linear system As(a, b, d)
5722(3) + 402£(5) = 9n0, + 17
= _—. 48
36 nZ:I: n5(2”) (43)

Resolving linear system As(a, b,d): This was conjectured by Sun [18] and confirmed subse-
quently by Ablinger (cf. [39](108)) and Chu [4,7].

n{(3) +34(5) _ i n’HY

27 = n5(2nn) “49)
e Resolving linear system As(a, b, d)
872£(3) — 93£(5) _ i 2 +9n’H? - 9n3Hfl’ (50)
9 £ S (Znn)
e Resolving linear system As(a, b, d)
13722(3) - 334(5 4 —9n’H? + 27n°H, H?
(0 -36) _ 5 ; | 1)

5(2n
n=1 I’l(n)
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e Resolving linear system As(a, b, d)

227°0(3) +246(5) _ i 4+ 450°H? + 54n°HP0,
? n=1 n5 (Zn)

e Resolving linear system Ag(a, b,d): Conjectured by Sun (cf. [41], Eq 4.6) and proved first by
Albinger [39] and then by Chu (cf. [7], Proposition 3.4)

(52)

313x° 22— 712H<2>

612360 £ () 3)
e Resolving linear system Ag(a, b, d): Chu (cf. [7], Proposition 3.4)
1637° o 3n*HY — 1
1366% =2 n”"’T) (54)
e Resolving linear system Ag(a, b, d): Chu (cf. [7], Proposition 3.4)
7 - 3n* H<2> 2
34992 Z : ( ) (53)

5.2. Series from Lemma 2

By specifying the parameters in Lemma 2
1
a — ax, b—>§+bx, d— dx

we deduce the equality as in the following proposition.
Proposition 11.

2’

B(a,b,d; x) =T
1+ax,1+bx,§+dx,§+ax—bx—dx

= —+ax bx,1 +ax—dx, 1+bx+dx}

2ax

21 ax, 1 + 2bx,2dx,2ax — 2bx — 2dx Dax + 3n
-5 e

n=

1,1+ax—dx,1+bx+dx,%+ax—bx .

By expanding both sides of the above equation into power series in x

[0e]

B(a, b, d; x) = Z X"B,,(a, b, d)

m=0

we can derive the following significant infinite series identities. Among them, the initial identity (56)
is equivalent to conjecture 10.53(i) by Sun [17], which was first proved by Chu (cf. [4], example 3.13)
and recently by Xu and Zhao [44].
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Resolving linear system By(a, b, d)

137 O 3nH; - 2H,
1620 = &4 ()

Resolving linear system By(a, b, d)

™ & 50, +3n0? + 3n0?
™ _ Z} 0 .

Resolving linear system By(a, b, d)

297* < SH, - 20, + 6nH,0,
540 Z‘ () '

Resolving linear system By(a, b, d)

— nOY + nH2 +2H,,
4860 Z ( ” ) '

Resolving linear system By(a, b, d)

80r* < 402 + (5H, +20,)
243 (%) '

n

S
1l
—_

Resolving linear system Bs(a, b, d)

1307%£(3) — 1896(5) i 58 + 9nH,(2 - 3nH,))(5 + 6n0,)

? = w(;)

Resolving combined linear system Ag(a, b, d) & Bg(a, b, d)

6317 + 3402004(3)> i 16 — 12nH, + 27n°H?
68040 Z () ‘

Resolving combined linear system Ag(a, b, d) & Bg(a, b, d)

6737° + 136080¢(3)> Z"’: 5 - 3n°HY + 9n*H,HY
136080 - ) '

Resolving combined linear system Ag(a, b, d) & Bg(a, b, d)

12777° + 340200£(3)* i 14 + 152°H® + 18n*0,H®
68040 — n6(2:) ’

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)
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e Resolving combined linear system A;(a, b,d) & B(a, b, d)

621°L(5) — 75¢(7) i 4 — 452°H® + 123n°H®

(65)
12 g ”7(2:)
e Resolving combined linear system A;(a, b,d) & B(a, b, d)
533n*¢(3) + 4651%£(5) + 153495£(7) _ i 2917°H® — 205°HYH® — 4 66)

7290 - ()

n

3
6. Series containing (2,7) in denominators

Finally, by applying Lemmas 2 and 3, we are going to evaluate, in closed form, a few infinite series

2n

3. . . . .
. ) in denominators, including a couple of conjectured

involving the cubic central binomial coefficient (
ones made recently by Sun [19].

6.1. Series from Lemma 2

By making the replacements in Lemma 2
1 1
a—1+ax, b—>§+bx, d—>§+dx

we obtain the equality as in the proposition below.

Proposition 12.

11
Bla,b,d;x) =2 | > ?
1+ax,1+bx,1+dx,1+ax—bx—dx

3 > (1 + ax),(1 + 2bx),(1 + 2dx),(1 + 2ax — 2bx — 2dx),2 + 2ax + 3n

+bx+dx,%+ax—bx,%+ax—dx

1 1 1
= nl(5 +ax = bx)u1(5 + ax — dx),1(5 + bx + dx)y4 4n

In view of the power series expansion in x

[ee]

B(a, b, d; x) = Z X"B,,(a, b, d)

m=0

we recover from the first coefficient By(a, b, d) Guilera’s series for 7 stated in the introduction. Further
identities are highlighted as follows.

e Coefficient B{(1,0,0)

o (n))?
71n2 = ZO Gy {2+ 3m)(40,,, - 3H,) - 2}. (67)

2/n
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Coefficients B,(0,1,1) = [ab]B,(a, b, d): Conjectured by Sun (cf. [19], Eq 3.13) and confirmed

in [40,43]
7T4 — N (I’Z')3 (2) 2)

e Coefficients B3(0,1,1) = [bd*]|Bs(a, b,d): Conjectured by Sun (cf. [19], Eq 3.18 )

? — (n!)? s X

7=, o {@+3m)(05, +H)}. (69)

n=0 2/n
e Coefficients B4(0,1,1) = [b*d*]|Ba4(a,b,d)
(70)

(n!)*2 + 3n) o @ @ )2
240 Z I’l( )3 l’l+1 - Hn + (Ol’l+1 - Hn ) }'

n=0

Coeflicient B5(0, 1, 1)

HY + (02, -HY)O2, +H))L. (71

P (n')3(2+3n) 5
&3+ —5(5)—2 e foy, +

6.2. Series from Lemma 3

By making the replacements in Lemma 3
3 1
a—>§+ax, b—>§+bx, d— dx

we obtain the equality as in the proposition below.
Proposition 13.
%+ax+dx,% + bx —dx
C(a,b,d;x)=T 3 |
s tax, 5+ bx
v (dx),(1 — dx),(1 + ax — bx + dx),(bx — ax — dx),

s (% +ax + dx),,ﬂ(% + bx —dx),.1(2n + 1)!

{1+ 2m)(E +n + bx = dx) + (n + dx)(1 + n + ax - bx + dx).

In view of the power series expansion in x

(o)

Cla, b, d: x) = Z X"C,(a, b, d)

m=0
we can prove the following curious infinite series identities.

e Coeflicient Cy(a, b, d)
2 ()’ 1+ 6n + 6n? 72)

JT !
B ; (33 4 xn?
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e Coefficient C5(1, —1,—1): Sun (cf. [42], Eq 1.77)

7r_2 4= o (n1)? (1 +2n)(1 + 3n)

= 73
2 (3 4 x n3 (73)
e Resolving linear system Cy(a, b, d)
() (1 +4n) +2(1 + 2n)(1 + 3n)0
P +7.3) - 16 = Z & TRV (74)
e Coeflicient C4(1,—-1,-1)
nt — 481 + 384 _ = (n!)? {(1 +2n)(3+8n) 2(1 +6n+ 6n2)H;,2>} 75)
24 £ (3)3 4n x n* 4n x n? '
e Coeflicient Cs(1,—-1,-1)
't —48n% + 384 (n‘)3{(1 +2n)2+5n)  2(1 +2n)(1 + 3n)H§f>} 76)
-24 )3 4r x nd 4" x n ' (
n=1
e Coefficient C4(-1,1,1 + V-1)
- 8r* -32 _i (n!)3{2(1 +6n+6n*)0? 1+ 8n+22n% +20n° + 4n4} a7
-8 L3y 4 x n? 4n x n*(1 + 2n)?
e Coefficient Cs(—1,1,1 + v-1)
Z (n!)3{ 1+6n+10n> 2(1+2n)(1+ 3n)0§f>} (78)
£ (3)3 (47 xn*(1 +2n) 4n x n3 '
e Coeflicient C¢(1,—-1,-1)
7% — 1207* + 57607% — 46080 i (n!)*(1 + 2n)
=720 ( )
- (79)
o 5+412n 23 +8n)HY N (1 +6n + 6n*)[2(H?)* - H¥]
47 x pnb 4n x n* 4" x n2(1 + 2n)
e Coefficient C;(1,—-1,-1)
% — 1207 + 57607 — 46080 i (n)’(1 + 2n)
720 B (3)3
n=1 2/n (80)
3+7n 22+ 5n)HY N (1 +3n)[2(H?)> - HY]
4n x n’ 4n x nd 4n x n3 ’
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There is a curious phenomenon among the just displayed series.

2 = Equation(72) + Equation(73),
0 = Equation(75) + Equation(76),
4 = Equation(77) + Equation(78),
0 = Equation(79) + Equation(80).

However, these equalities are not immediate from the related series involved.
7. Conclusions

By employing the hypergeometric series approach, we have exhibited numerous striking infinite
series identities, including several difficult ones conjectured by Sun [17-19]. However, our list is far
from exhaustive. For instance, under the parameter setting

1
aﬁ—+ax,b—>—+bx,d—>z+dx,

4 4

Lemma 2 would lead to several unusual series represented by
1 00 1 1

V2r2(d) B (3 Gn

5/2 - n(pn )4
bis oy 47(n!)

{1 +6n}.

The interested reader is enthusiastically encouraged to make further explorations.
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