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Abstract: The current paper is devoted to the stochastic N-species cooperative system with a moder-
ately strong noise. By the theory of monotone random systems and the technique of suitable marker of
wavefront, the existence of the travelling wave solution is established. By applying the Feynman-Kac
formula and sup-sub solution technique, the upper and lower bounded of the asymptotic wave speed
are also obtained. Finally, we give an example for stochastic 3-species cooperative systems.
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1. Introduction

There are many papers investigating the stochastic travelling waves of population dynamical system
with multiplicative noise, most of them focus on the scaler Fisher-KPP equation. For instance, Tribe [1]
studied the KPP equation with nonlinear multiplicative noise vudW,, and Miieller et al. [2—4] studied
the KPP equation with Vu(1 — u)dW,. Both of their work take the Heaviside function as the initial
data, and they also gave the estimates of the wave speed with an upper bound and a lower bound.
Zhao et al. [5-7] showed that only if the strength of noise is moderately, for example the multiplicative
noise k(t)dW,, the effects of noise would present or the solution would tend to be zero or converge to
the deterministic travelling wave solution. Shen [8] developed a theoretical random variational frame-
work to show the existence of random travelling waves, and then Shen and his collaborators [9, 10]
also studied the random travelling waves in reaction-diffusion equations with Fisher-KPP nonlinearity,
Nagumo nonlinearity and ignition nonlinearity, in random media. Furthermore, Huang et al. [11-14]
investigated the bifurcations of asymptotic behaviors of solution induced by strength of the dual noises
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for stochastic Fisher-KPP equation. Recently, Wang and Zhou [15] discovered that the same results
still hold even if the decrease restrictions on the growth function are removed. Moreover, they showed
that with increasing the noise intensity, the original equation with Fisher-KPP nonlinearity evolves into
first the one with degenerated Fisher-KPP nonlinearity and then the one with Nagumo nonlinearity, and
we refer it to [15] for details.

It is worthy to point out that the above mentioned papers mainly focus on the scalar stochastic
reaction-diffusion equation. Recently, Wen et al. [16] applied the theory of random monotone dynam-
ical systems developed by Cheushov [17] and Kolmogorov tightness criterion to obtain the existence
of stochastic travelling wave solution for stochastic two-species cooperative system

du = [uy, + u(l — ayu + byv)]dt + eudWw,,
dv = [V + V(1 = apv + bou)]dt + evdW,, (1.1)
u(0) = up, v(0) = vy,

where W(¢) is a white noise as in [11], uy, vy are both Heaviside functions, and a;, b; are positive
constants satisfying min{a;} > max{b;}. The element “1” of 1 —ayu + byvand 1 —a,v + b,u in Eq (1.1)
is the formal environment carrying capacity, and then by constructing upper and lower solution and
applying Feynman-Kac formula they obtained the estimation of upper bound and lower bound for
wave speed, respectively. Moreover, Wen et al. [18] established the existence of stochastic travelling
wave solution for stochastic two-species competitive system, and they obtained the upper bound and
lower bound of the asymptotic wave. To the best of our knowledge, there are few papers concerning the
stochastic travelling waves for cooperative N-species systems (N > 3), which leads to the motivation
of the current work.

There are some papers that study the stability and stochastic persistence for the stochastic N-species
system without space diffusion. For example, Cui and Chen [19] proved that there exists a unique
globally asymptotically stable positive w-periodic solution for the N-species time dependent Lotka-
Volterra periodic mutualistic system

i = x(r(0) + ) a0x),  i=1,2,-,n, (1.2)
=1
provided with (—1)"det(0max a;j(t))1<ij<x > 0. Subsequently, Ji et al. [20] studied the N-species Lotka-
<t<+oo :
Volterra mutualism system with stochastic perturbation
dxi(t) = xiO|(bi = Y ayx0)dt + idBi(0)|, i=1,2,--n,
=1
and proved the sufficient criteria for persistence in mean and stationary distribution of the system.
Moreover, they also showed the large white noise make the system nonpersistent, we refer the readers
to [20,21] for details.
In this paper, we consider the travelling wave solution of the following stochastic N-species coop-
erative systems,

- > - - n - -
du® = [u) + u®(a; — byu® + Y, bjju)ldt + eudW,,i = 1,2,--- ,n,
o
- (1.3)
u(l)(o’ x) — Mg) = plX(—O0,0]’i = 1’ 2’ ceeLn,
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where W(r) is a Brownian motion, ug)(i = 1,2,---,n) are Heaviside functions, a; represents the
environment carrying capacity, and b;; are positive constants satisfying min{b;} > 2n n_lakx{bjk},
J*

rank{(b;;)uxn} = n.

To study the existence of stochastic travelling wave solution for stochastic N-species cooperative
systems (1.3), it needs to introduce a suitable wavefront marker for system (1.3). The comparison
method is applied to prove the boundedness of the solutions based on the random monotonicity and the
Feynman-Kac formula. The existence of the travelling wave solution is focused on verifying the tra-
jectory property, connecting the two states poses the support compactness propagation (SCP) property,

defined by Shiga in [22].

Denote
Y =@, u®, - u™),
1 2
Yo =@\ ul’,-- ul"7,
and

Fi(Y) = u(a; — bu® + Z biju), F(Y) = (F\(Y),- -, F,(")",
j=1
j#i

then the stochastic cooperative system (1.3) can be rewritten as the following vector equation

(1.4)

dY =Y. + F(Y)ldt + €YdW,,
Y(0,x) =Y.

For any matrix M = (m;;),xn, define the norm |- | as [M| = }. }’ |m;;|, and the vector norm is defined as
i=1 j=1

|Alc = max(A;) for vector A = (a;),x1. Let Q be the space of temper distributions, # be the o-algebra

on Q, and (Q, ¥, P) be the white noise probability space.

In order to apply the Feynman-Kac formula in [7], we can define
By(k) = eh MOW3 [ 0 <4 < oo,

Denote by

Pa(x) = e, [f1a = SU}I?(|f(x)¢A(x)|),

C*={fIf : R > [0,00) and f is continuous},

Ci ={f € C'|f is continuous, and | f(x)p(x)] = 0 as x — *oo},

Con= NCy.

>0
Cépoqy = {f1f R — [0, 1]} is space of nonnegative functions with compact support, ® = {f : [|f]lx <
oo for some A < 0} is the space of functions with exponential decay, and C;},, is the space of vector
valued functions whose each component belongs to C;,,.
The rest of the paper is organized as follows. In Section 2, the existence of stochastic travelling

wave solution is established. In Section 3, the upper and lower bound of asymptotic wave speed are

obtained. An example of 3-species stochastic cooperative system is also presented in Section 4.
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2. Existence of the stochastic travelling wave solutions

In this section, we establish the existence of stochastic travelling wave solution. We first provide
with the definition of stochastic travelling wave solution, which is from [1]. To the end, it needs to
define some state space follows as

Dio.oy =19 : R = [0, 0), ¢ is right continuous and decreasing,
O = l_i)r_nc>o ¢ exists}.
Doy =1{¢: R — [0, ){], ¢ is right continuous and decreasing}.
D ={¢p €Dy : ¢(=00) =1,¢(c0) = 0}.
We endow Djg ., with the topology induced from L; (R) metric. Then Dy ) and O are the measurable

subset of Dy 0. It follows from [13] that Dy ), Dyo,1; and D are Polish spaces and compact.
Consider the following stochastic reaction diffusion equation with Heaviside data

{du = [Duy, + f(w)dt + o(u)dW,, 2.1)

u(0) = xx<o-

Definition 2.1 (Stochastic travelling wave solution). A stochastic travelling wave is a solution u =
(u(t) : t > 0) to (2.1) with values in D and for which the centered process (ii(t) = u(t, - + Ry(t)) : t > 0)
is a stationary process with respect to time, where Ry(¢) is a wave front marker. The law of a stochastic
travelling wave is the law of i2(0) on D.

Then, we prove the following Lemmas 2.2 and 2.3 by the idea of Tribe [1].

Lemma 2.2. For any Heaviside functions Yy, and a.e. w € Q, there exists a unique solution to (1.4) in
law with the form

Y(t,x) = f G(t, x,y)Yody
R

73 !
+ f fG(t -5, x, V)F(Y)dsdy + ef fG(t -5, x,9)YdWdy,
0 JR 0 JR

where G(t, x,y) is Green function, and Y(t, x) € C,

tem*

(2.2)

Lemma 2.3. All solutions to (1.4) started at Y, have the same law which we denote by QY% and
the map (Yo, a;, b;;) — QY% js continuous. The law Qi for Yy as a Heaviside function forms a
strong Markov family.

Next, we estimate the term Y(¢, x), which is key tools to prove the existence of stochastic travelling
wave solutions.

Theorem 2.4. For any Heaviside functions ug), and t > 0 fixed, a.e. w € Q, it permits that

n n . 2
B u®(t.0) < Clen(Y uf) + 7 = ). VxeR 2.3)
i=1

i=1

min{b;;}~(n—1) max{b;}
i i#]

where C(e,t) is a constant, k =

- , @ = max{a;}.
1
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Proof. Denote by ¢(t, x) = 3, u'(t, x), we have
i=1

d¢ = [(bxx + Z Ll(i)(t, X)((li — biiu(i) + Z biju(j))]dt + E¢dW,,
7
$(0,x) = ¢po = ; uy,
Since min{b;;} > 2n makx{b ik}, then
J#

n

n
Z u(i)(ai — b,-,-u(i) + Z biju(j))

i=1 j=1

i
n n n
<a Z u” — min{b;;} Z:(u(’))2 + 2 max{b;;} Z uDy?
i=1 ! i=1 # i,j:]
i<j

n n n n
<a Z u® — kZ:(u(’))2 < Z u(a -k Z u)y.
i=1 i=1 i=1 i=1

Let i be the solution of the following equation

Ay = [ + Y@ — k)ldt + eprdW,,
Yo = iuﬁf%

then’ u(l)(ta x) < lﬁ(t’ X) a.s., = 1’ 2’ Y (%
Let £ be a solution to the following equation

L=lutll@—k) -5
o = Yo.

We claim that for every (¢, x) € [0, o) X R, it follows

inf [’ edW, sup fr’edWS
eﬂgﬂf’ ‘ L(t, x) < Y(t, x) < evsr= {(t, x) a.s.

(2.4)

(2.5)

(2.6)

2.7)

In fact, we prove this claim by contradiction. We suppose that there is (7, xo) € [0, o) X R such that

sup frto edWy
Y(ty, xo) > €<= { (1o, xo),

which implies that
Y(to, xo) > {(to, Xo).

(2.8)

To construct a new probability space (Q, F, P), and denote W = (W(¢) : t > 0) be a Brownian motion
over the new probability space. Let X% = (f, — s, xo + V2W(s)), s > 0, and define a stopping time

T=inf{s > 0: é’(XEO’xO) — w(XEO’XO)},
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for each w € Q. Using the stochastic Feynman-Kac formula and by the strong Markov property, we
have almost surely

R T ) 1 10
0, 30) =B expl [ (@ =k xexpl [ eaw,—3 [ éas)
0 ty—T fo—7
<B[Z(X100)e O Ny e Ly

sup f 0 eq

4
—g0sr<ip 0 Sf(t
- 0> X()),

which contradicts (2.8) and the upper bound is proved.
Similarly, we have almost surely

0}
W(ty, xo) > exp(oinf f edWy){(ty, xp) a.s.
<r<iy r

For arbitrary ¢ > 0 fixed, for any o > 0, multiplying G(¢# — s + 0, x — y) in (2.6) and integrating over
R, we obtain

2fé(s,y)G(t—S+0*,x—y)a’y
(9S R

2
S(a—%)f{(s,y)G(t—s+0’,x—y)dy—k(f{(s,y)G(t—s+0’,x—y)dy)2.
R R

Let ¢(s) = fR L(s,y)G(t — s + 0, x — y)dy, thus we get

WD < (o - $)p(s) — kp*(s), 09)
00 = [ LGt + o x — y)dy.
In general, we have
(5) < @y + & € (2.10)
PLS) = o YA .
which implies
a €
fé(t,y)G(mx —y)dy < fé“oG(t +o,x—y)dy+— - . (2.11)
R R k 2k
Let o — 0, then
a €
[(t,x) < | LGt x—y)dy+ — — — a.s. (2.12)
R k 2k
Combining the above estimate with (2.7), we obtain
1 . su tedW_v 2
Z u(z, x) < eOSrgffr X (f YoG(t, x — y)dy + a_ 6—) a.s. (2.13)
R k 2k

i=1
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Fixing the initial data ug’) = PiX(-=0], and taking the expectation, we get

i 13 62
[Z u(t, 1)1 < Ce, r)(Z § -5,

i=1

sup [ edWs
where C(e, 1) = E[€°<’<’fr

U]

Lemma 2.5. For any Heaviside functions uy, a.e. w € Qandt >0, one has

ELY ()P < ELY Pl + K(1 - ™,
i=1 i=1

(8+2a+1)°n

where K = ~— 3

Proof. Let V(1) := Z lu®(#)|?, by 1td formula we have

i=1

dv(t) =2 Z(u(l) Au(’)>dt +2 Z(u(l) a; utl - b; (u(’)) + Z b; M(l) (J))dl

e Z(u@)zdz +2¢ Z(u@)zdw,.
i=1 i=1
Integrate both sides on [0, ] and take expectation, we have
n n ' n !
E[V(t)] =E » () +2E f W?, auyds + 2E f W®, au® — b(u"y?
IICEREDY 2 ),
!
+ b; u(’) DNyds + € Ef(u(i))zds
Z 2 ),
n t
<E (u“))2 -2E f IVu®ds + 2aE f u)ds
! n !
— 2kE f w™ds + €°E f u)*ds
n n ! n !
<E > (u)’ - 2kE )" f (u?)ds +20E )" f w®)ds
i=1 i=1 V0 i=1 0
n s n t n !
2 ()\2 ()\2 ()\2
+€’E f(u )yds +E f(u )yds — E f(u)ds.

By Young inequality we have

l by, Qe+ Din
(2a+1)EfZ(u<>)2ds<kaZ(u<>)3 "

(2.14)

(2.15)

(2.16)

Electronic Research Archive Volume 31, Issue 8, 4406—4426.
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and

t n t n 6
2 (N2 (D3 en
EEL i;(u )dsSkLEizgl(u )ds+54k2t. 2.17)

Combining (2.16) with (2.17) offers that

< <. (€ +2a+ 1)) S
E[Z; @] < E[Z; Jug "1 + = E; fo w)’ds.

54k?

Thus by Gronwall inequality we have

n

B sup [ u®OFP] < B lufPle™ +
i=1

0<i<T “=5

(€ +2a+ 1))n
54k?

(I—e™.

O

Modifying the argument in Lemma 2.1 from [1], we can estimate how fast the compact support of
Y(?) can spread.

Lemma 2.6. Let Y(¢, x) be a solution to (1.4) started at Y, suppose for some R > 0 that Y, is supported
outside (—R — 2,R + 2), then for any t > 1,

e t Vi (Xl = (R + 1))
P(j(; f_R 1Y (s, ¥)llodsdx > 0) < Ce f R+ 1)exp(— > MYolleodx.

Proof. From Theorem 2.4, we know the solution Y (¢, x) is uniformly bounded, thus the sup-solution
solves

dv® = WO+ vO(k — bvD)]dt + evDdw,,
(2.18)

vO0) =uy, i=12,,n,
where k > 0 is a constant satisfying F;(Y) < u(k —bu). Refer to [1,23], the proof can be completed. O

Remark 1. When R(¢) is defined as a wavefront marker as in [1], the SCP property of Y(z, x) can not
hold. Additionally, we can not ensure the translational invariance of the solution Y(¢, x) with respect to
Ry(?). However thanks to Lemma 2.6, we can choose a suitable wavefront marker to ensure the SCP
property of Y () holds.

It is easy to verify that Y(z, x) satisfy Kolmogorov tightness criterion, and Y(¢,x) € K(C, 6, u,y),
which helps constructing a probability measure sequence, which is convergent.

(O]

Lemma 2.7. For any Heaviside functions uy’,

exists positive constant C(t), such that

t>0, fixedp >2anda.e. we Q, if|x —x'| <1, there

oYY (t, x) = Y&, X)HIP) < C(H)lx — x|+,
Proof. Referring to [1], it is not difficult to complete the proof. -

Electronic Research Archive Volume 31, Issue 8, 4406—4426.
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Define Q" as the law of the unique solution to Eq (1.4) with initial data Y(0) = Y. For a probability

measure v on C;,, we define

Q'(A) = Q" (A)r(dYy).

C+

tem

In order to construct the travelling wave solution to Eq (1.3), we must ensure that the translation of
solution with respect to a wavefront marker is stationary and the solution poses the SCP property.
However, Ry(Y(¢)) does not satisfy this condition. So we have to choose a new suitable wavefront
marker. As the solution to (1.4) with Heaviside initial condition is exponentially small almost surely
as x — oo, with the stochastic Feynman-Kac formula we may turn to R,(¢) : C; — [—co, co] defined
as

Ri(f)=1In f e fdx, Ru”() =In f e u(t)dx,
R R

and .
R(1) == Ri(Y(1)) = miax{Rl(u(’) (M)}

The marker R;(?) is an approximation to Ry(Y(£)) = max{Ro(u'"())}.

Let
Z(t) =Y, -+ R1) = (Zi(1), L1, , Z(D),
Zo(t) =Y, -+ Ro(Y(2))),

and define
(Oa 0’ aO)T’ Rl(t) = —00,
WO(t, - + Ri(0), u®(t,- + Ri(1) - - ,u"™(z, + Ri(1))",
—00 < R(t) < 00

(P> P2, p)Ts R (t) = .

Z(t) =

Hence Z(t) is the wave shifted so that the wavefront marker R;(¢) lies at the origin. Note that whenever
Ry(Yy) < oo, the compact support property implies that Ry(¢) < oo, ¥t > 0, Q™-a.s.

Remark 2. Here we define R;(¢) in the maximum form, not only since it simplifies the discussion
about boundedness, but also the asymptotic wave speed is the minimum wave speed which keeps the
travelling wave solution monotonic. As mentioned before, we approximate the asymptotic wave speed
via ¢ = lim R]T(t). Therefore, the wavefront marker R;(¢) defined in such form can ensure the travelling

—0o0

wave solutions of the two subsystems monotonic.

Define
1 (7
vr = the law of ?f Z(s)ds under QY".
0

Now we summarise the method for constructing the travelling wave solution. With the initial data
(uf)l) = P1X (0,015 uf)z) = P2X (=005 """ s uf)”) = PuX(-0)) € Cpr,, as Heaviside function, we shall show that
the sequence {vr}ray is tight (see Lemma 2.9) and any limit point is nontrivial (see Theorem 2.10).

Hence for any limit point v (the limit is not unique), Q” is the law of a travelling wave solution. Two

Electronic Research Archive Volume 31, Issue 8, 4406—-4426.
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parts constituting the proof of tightness are Kolmogorov tightness criterion for the unshifted waves
(see Lemma 2.7) and the control on the movement of the wavefront marker R, () to ensure the shifting
will not destroy the tightness (see Lemma 2.8).

Lemma 2.8. For any Heaviside functions ug), t>0d>0T >1, and a.e. w € Q there exists a
positive constant C(t) < oo, such that

Q" (R0 > d) < ?. (2.19)

Proof. By the comparison principle proposed in [24,25], we can construct a sup-solution satisfying,
fori=1,2,--- ,n,

{dﬁ(i) = [} + kot V]dt + eirdW,, (2.20)

7 = ul,
where the constant ky > 0 can be obtained by Theorem 2.4 such that F;(Y) < kou”. Therefore, we
know that u(¢) < ii’(¢) hold on [0, T] uniformly, and for a.e. w € Q the solution ¥(z, x) to Eq (2.20)
is

!
Y(t,x) = fek‘”G(t, x—yYo(y)dy + € ff G(t— s, x —y)YdWdy. (2.21)
R RJO
Applying the comparison method yields, for any i = 1,2, --- ,n we have

ng)( fz; u(zt, x)e*dx) < E[ fR a1, x)e*dx] = €t £ u(oi)(x)e"dx.
Without loss of generality, we assume that R, () = R, (u"(¢)), then
fRu(l)(t, X+ Ri(0)e*dx = e F® fl;u(l)(t, x)e*dx = 1.
Combing with the above arguments, we deduce that
0" (R\(f) > d) = % fo ' 0"’ (0" (e f uD(t, x)edx > 1)ds < e ek,
R
Then the Jensen’s inequality gives

0" (Ry(1)) < In(e""™ f uy (V') < kot + 1+ Rluy).
R

Direct calculation implies

1 o T+t T
7O f Ri(s)ds — f Ry(5)ds)
t 0
T 00
Slf f 0" (Ry(t + 5) — Ri(s) > y)dyds
T 0 0

Electronic Research Archive Volume 31, Issue 8, 4406—-4426.
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d T o
- _f Q" (Ri(t + 5) — Ri(s) < —=d)ds
T Jo
:ﬁ Q" (R(t) = y)dy — dQ""(R,(t) < —d).

Thus, by rearranging the above inequalities

1 [~ 1 T
Q" (Ri(1) < ~d) < — fo Q" (Ri(1) 2 y)dy + — fo Q' (Ri(s))ds < %f)

which completes the proof of Lemma 2.8. O

We will prove the marker R;(¢) is bounded, which helps to prove the sequence {vy : T € N} is tight
and the wavefront marker R(¢) is bounded. Next, we will show the tightness of {v; : T € N} with
Y(t,x) € K(C, 6,1, 7).

Lemma 2.9. For any Heaviside functions ug), and a.e. w € Q, the sequence {vr : T € N} is tight.
Proof. Following the idea to prove Lemma 2.8, we focus on the term u(z,x). Since Y(t,x) €

K(C,6,u,y) gives u(t, x) € K(C, 5, u,y), then it is easy to prove that

1 T 6 .
vr(K(C.6.y.) == fo 0" (W, + Ry(1)) € K(C, 6,7y, w)ds

T .
2% f Q"' (u(t,- + Ry(t — 1)) € K(Ce ™, 8,y,11))
0
X |R1(H) — Ri(t—1)| £ d)ds

1 7 .
ZT f Qué)(QZ‘(t‘l’(u(’)(l) € K(Ce™, 6,7y, p)))dt
1

|
-z f OV (R /(1) = Ryt = DI = dydr
1
=1-11I

With Lemma 2.8, I — 0 as d — oo. Via the Kolmogorov tightness and Lemma 2.7, for given d, u > 0,
one can choose C, 6,y to make I as close to L= as desired. In addition, we have

vr{u f ul (x)e Mdx < f ul(x)edx =1} = 1.
R R

The definition of tightness implies that for given u > 0, one can choose C,d,y such that
vr(K(C,6,u,y) N { (’) : f u(’)(x)e‘|"|dx }) as close to 1 as desired for T and d sufficient large, which
implies that the sequence {vr : T € N} is tight. O
Theorem 2.10. For any Heaviside functions ug), and for a.e. w € Q, there is a travelling wave solution
to Eq (1.3), and Q" is the law of travelling wave solution.

Electronic Research Archive Volume 31, Issue 8, 4406—4426.
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Proof. By the comparison method, we have

|
Zi(t,x) < & TE A x \/2_f Tevdy  as.,
it

under the law Q% for ¢ > 0. Taking u(, x) together with Doob’s inequality and (2.3), we have
2 2 —
uV(1, x) <e’—%+fol edWs e—%(t—1)+f0 "eaw,

—+00 Mz
e - |)dye 2 dZ
27r Vt - f f

<e ! [ edWs s o= Sl a5 a.s., (2.22)

for all # > 1. Integrate (2.22) in [d, o) and take the expectation, we have

lim Q" (A1 fd ) uV(1, x)dx)) < lim Vie=% = 0. (2.23)
Furthermore, it follows that
lim 0''(Q7( fd (1, ) = 1, (2.24)
and

vr(ig : lim f P(x)dx = 0) (2.25)

f Q“0 (V5 > 0, Hdo,f Z\(t,x)dx) <oV d > dy)dt,
2d
|Ri(f) — R (t—1)| <d,Vd > do)dt

> _f o (4= D(hm u(l)(l,x)dx = 0))dr — lim Q" (R\(1)] 2 d).

Thus by Lemma 2.8, combining (2.24) with (2.25) gives

Jim lim vr (g : f u"(x)dx = 0) = 1. (2.26)
—00 d—oo d

To prove the boundness of Ry(?), it follows from vy, (u(l) : fR u(l)(x)exdx = p;) = 1 that v(u(l) :
fR uf)n(x)exdx < p1) = 1. Taking e‘f(x) = ¢4 we have

vl e = pr) > vy : f uf (e (dx = p1)
R

>lim suvan(uf)l) : f m(x)e (x)dx = py)

n—oo R

=lim supvr, (u)) : f ul () geydx) = 0) —> 1, as d — oo,
R

n—oo
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As v(ug) : fRugl)(x)exdx = p1) = 1, we obtain v(uf)l) : Ro(u(ol)) > —o0) = 1. Now, we complete the
half of the proof of the boundness of the wavefront marker R((z). Take y; € ® with (¢, > 0) = (d, 0),

then

Yy < Rouy’) < d) =¥y - f U (D) = 0)
R

>lim suvan(ugl) : f u(ol)(x)t//d(x)dx =0)
R

n—oo

=lim supvr, (u) : f U ()geydx = 0) > 1, asd — o,
R

n—oo

so we have v(Y) : —co < Ry(Y) < o0) = 1 and complete the proof of the boundedness of the wavefront
marker Ry(#). To verify that the solution Y () is nontrivial, let Rf(t) =In f [|Y (t)llooe‘f (x)dx, we have

Q" As <1, |Y(s)| = 0) <Q"(R{(1) < —d)
<lim supQ"™ (R{(t) < —d)

n—oo

<lim sup(Q""* (R, (t) < —d) + Q"™ ( f u?(t, X)I g.00ydx > 0))
R

n—oo

C(p)

<— —0, asd .
7 —0,asd >

We now show that Z(7) is a stationary process and Q” is the law of a travelling wave solution to (1.3).
Let F : C, — R be bounded and continuous, and take u”(¢, x) for example, for any fixed r > 0

10" (F(Zi(t))) — Q" (F(Zi(1)))|
<|Q"(Fu®(t, + RI(1)))) — Q"(Fu®(t,- + RI(1)))
+IFU(Q"™ (Ri () # RYD) + Q" (R, (1) # RL(D))),

since an(ug) : fR ug)exdx = p;) = 1, we have
Q" (Ri(t) # R{(t)) < Q" ( fR u(t, x)lg.00dx > 0) < C(ko, 1)/d, (2.27)
and with V(I/tg) : fR ug)exdx = p;) = 1, we have
Q"(R(t) # Ri(1)) < Q"(fR u(t, x)I 4. ydx > 0) < C(ko, 1)/d. (2.28)

By the continuity of ug) — Q”g), one have Q""" — (. Since F is bounded and continuous, we
obtain that
Q"™ (Fu(t,- + R{(1)))) = Q"(F?(t, - + R{(1)))| = 0, as n — .

Therefore, we have
Ty

1 n
O'(FZi(0) = lim Q" (FZ(0) = lim = | © Q"(FZ(s))ds = 1(F).

It is straightforward to check that {Z(r) : r > 0} is Markov, hence {Z(¢) : t > 0} is stationary. Since the
map Yy — Yo(- — Ry(Yp)) is measurable on C;, , the process {Zy(¢) : t > 0} is also stationary, which

tem?

implies that Q" is the law of the travelling wave solution to Eq (1.3). O
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3. Approximation of the asymptotic wave speed

In this section, we investigate the asymptotic property of the travelling wave solutions. By con-
structing the sup-solution and the sub-solution, we obtain the asymptotic wave speed for the two trav-
elling wave solutions respectively. Then we have the estimation of the wave speed of travelling wave
solutions to (1.3). Since the asymptotic wave speed c of the travelling wave solution defined as

c=lim Ro@) a.s.,

t—o0 t

we denote by Ry(u”(¢)) = sup{x € R : u’(¢,x) > 0} for the sub-systems of the cooperative sys-
tem. Since the wavefront marker Ry(¢) of the cooperative system is Ro(f) = max{Ro(u"(¢))}, and the

. . . . (@)
asymptotic wave speed is the maximum value among lim M

t—oo

, we can define the wave speed c* as

R¥@)

* = lim
—o0
We now construct a sup-solution. Let Y(¢, x) = (@V(¢, x), - - - , a™ (¢, x))T satisfying
di® = [a%) + a(p — bui)ldt + eadW,,
— (i) @ 3.1
iy =uy, i=12,---,n,
where Fi(Y) < u®(p — bu®), p = maxib;} x max{\[Si, ul'P + K. C(e, t)(z ug + % — ), pik+ 1.
1#] ’ i
Then we construct a sub-solution, denote by @ = min{qg;} and let Y(¢,x) = (u(“(t x) - u"(t, )T
satisfy
du® = [u" + u(a — byu)ldt + eudW,,
(0 <[z> - ( o - (3.2)
uy =uy, i=12,--,n

Obviously, Fi(Y) > u”(a — b;u”) . With Eq (3.1) and (3.2), we have such following conclusion:
Theorem 3.1. For any Heaviside functions ug), let c* be the asymptotic wave speed of Eq (1.3), then
Vda — 2€? < ¢* < \4p —2€* a.s. (3.3)
In order to prove Theorem 3.1, we need the following lemmas. We first introduce the comparison
method for the asymptotic wave speed.

Lemma 3.2. Let Y(t, x) and Y(t, x) be the solutions to (3.2) and (3.1) respectively, if c is the asymptotic
wave speed of Y(t,- + Ry(Y(1))) and ¢ is the asymptotic wave speed of Y(t,- + Ry(Y(1))), then

c<c*<C as.

Proof. The comparison method for the stochastic diffusion equation gives that Y(z,x) < Y(t,x) <
Y (¢, x), which implies u@(z, x) < u®(z, x) < @(¢, x) a.s. and vO(z, x) < vO(t, x) < ¥9(z, x) a.s.. Denote
the wavefront markers by R, (Y(?)), Ri(Y(¢)) and R, (Y(¢)), with the definition of asymptotic wave speed

. R
¢ = lim

t—o0 t

a.s.,
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and the definition of the wavefront marker

Ri(Y(1)) = max{In f u(t, x)e*dx},

R
it gives
Ri(Y(t Ri(Y(t Ri(Y(t
tim X&) OO RA@) (3.4)
t—00 t 1—o00 t t—00 t
which implies ¢ < ¢* < ¢ a.s.. Thus, the proof of Lemma 3.1 is complete. O

3.1. Asymptotic wave speed of sub-solution

Now we show the asymptotic property of the wavefront marker of the sub-solution. Consider
Eq (3.2),fori=1,2,--- ,n,

Zg) = Uy.

{c@i) = [W? + u(a - bu)]dt + e dW,,

Obviously u” are independent from each other, thus we can divide (3.2) into n equations to study.
For each equation one can have the asymptotic wave speed c(u”) respectively, so the asymptotic wave
speed of (3.2) is c(¥) = max{c(u)}.
Theorem 3.3. For any Heaviside functions ug)
speed c(Y) satisfies

, Y(t, x) is solution to (3.2), then the asymptotic wave

c(Y) = Vda - 2€* a.s., (3.5)

where a = min{a;}.
Proof. For any h > 0, take « € (0, Z—z + 4/1 - %zh) and define

/ /
nt(w) — €f0 edWs—%foezds’ 0 <t < oo,

construct new probability space (Q, ¥, B), W = (W(¢) : t > 0) is a Brownian motion. Then there exists
T, >0, such that fort > T, and a.e. w € Q

e—%z—m S nt(w) S e—%l‘+Kt.
Thus the stochastic Feynman-Kac formula gives
: _— X
Z(l)(t’ x) Seat—%éztﬂ([P(W(I) < _7)
2

2

_1.2 _x-
<2 € TR a.s.,
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for t > T. For a constant k, set x > (k + h)t. Multiple e* with both sides and integrate in [(k + h)t, 00),
we have

f g(’)(t, x)etdx < f exp(at — Eezt + Kkt — x_t + x)dx

(k+h)t (k+h)t 4
1.2 0 2
Sz \/;eal—fe t+kt+t f e dx
(k+h)t=2t
Var
K _kh_h?

fort > T,. Letk = Vda — 2€* + 4 — 2, then we obtain

(o]

lim u(t, x)e’dx =0  a.s. (3.6)

1= J (k+h)t

Integrating u(z, x)e* in [( V4a — 2€2 + h)t, (k — h)t) yields

(k—h)t _
f u(t, x)e*dx
(Vda—-2€*+h)t

(k—h)t 1 2
< f exp(at — — €2 + Kkt — = + X)dx
(Vda—2E+hyt 2 4t
(k—h)t=2t
1.2 2V2 2
< 2 teat—ie t+kt+t e—x dx
- \/_ (Vda—22+hy1=21
G

e 4a - 2€*  (Vda - 262)h h?

< Vtexp(at — Sl — == 5 -t Vda — 2 + ht)
2 2 2
€ kh
texp(at — —t+kt — —t+ —t— —t+ kt — ht
plat =3 4 T2 Ty )
< \/;eKH 4a—2e2— e 20h 26D0h, ’1 t+ht \/;ekt—%ﬁ%t—%z—ht a.s
for t > T,. Thus, we have
(Vda=2e+hy
f u(t, x)e*dx
V4a-2€2-h)t
\/_eKt+ 4q-2e2 1+ Y24 _zeth 4" 262 hy hz \/_ekt+ 4a-2€%t— 4“ 262 hy 2t+ht a.s

and

(k+h)t
f E(l)(t’ x)exdx < \/;ekt+ 51— 4 t —ht _ \/Z_ekt—ft—ft+ht a.s.,

(k—h)t

for t > T,. Referring to [7], there exists T, > 0, such that for all > 7 and x < ( V4a — 2€> — h)t, there
exist p1, p2 > 0 satisfying

o1 V2rInInt u®(z, x) < o2 V2iinlnt a.s., (3.7)
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which goes into

(Vda—2e2-h)t
f u(t, x)e*dx < e V2tInlns+( Vaa-26 Rt a.s. (3.8)
Since [, u u(t, x)e*dx < 1, then we have
f u(t, X)erdx < 2 VI (VA2EI ) L H() + G(1)  as., (3.9)
R
where

1@ w12 \DrnIn - Vda—2¢
H(I) — \/;ezs S tHkt+ 5 =" t—=py V2t Inn t— Vda-2€t <1,

and
Vda-2e“h 4a 262h

2
t=p2 V2t InInt—1+2ht

G(l) _ \/_626 ——t+Kt

Since & and « are arbitrary, we derive that H() < 1 a.s. for large . Direct calculation implies that
almost surely

1 1 2 @ da—-28 I 1
~InG() = o 1n4r——(1n2—%+E—r)+/<—%h—zuh—;pz\/ztlnlnr,

and

lim — ! ln G@) = (3.10)

[—00

Hence, we obtain the upper bound of the asymptotic wave speed of the travelling wave solution to (3.2)

Rt 1 1
i ) —p2 V2tInlnt + Vda — 22— h + " In2 + ;lnG(t) a.s. (3.11D)
Moreover, it follows that
) R (1) >
lim sup ; < Vda - 2e a.s. (3.12)
—o0
and
R (¢ 1
lt() > ——p1 V2Inlnt+ V4a -2 -h  a.s. (3.13)

Thus, we deduce that the lower bound followed as

lim ionlet(t) > Via-2¢  as. (3.14)

Combining (3.12) and (3.14), we can get
lim lt(t ) o Via—2é  as. (3.15)
The proof of Theorem 3.3 is complete. O
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3.2. Asymptotic wave speed of sup-solution

By the method used in Theorem 3.3, we consider the sup-solution Y(z, x) satisfying the following
equation, fori = 1,2,--- ,n

= _ @)

{daw = (@ + @°(p - aa”)dt + eaaW,,
MO = uO .

Similar to the proof of Theorem 3.3, we obtain the following result:

Theorem 3.4. For any Heaviside functions ug), Y(t, x) is a solution to (3.1), then the asymptotic wave
speed c(Y) satisfies

c(Y) = J4p - 2€ a.s. (3.16)

Based on discussion above, and combaining Theorem 3.3 and Theorem 3.4, with Lemma 3.2 we
can achieve the conclusion:

Vda — 2€> < ¢* < \4p — 2€? a.s. (3.17)
which ends of the proof of Theorem 3.1.

4. Example: 3-species stochastic cooperative system

Recently, Zhao and Shao [26] studied the asymptotic stability and stability of stochastic 3-species
cooperative system without diffusion. Shao et al. [27] studied the stochastic permanence, stability and
optimal harvesting policy of a 3-three species cooperative system with delays and Lévy jumps. In this
section, we apply the above conclusions to the following 3-species stochastic cooperative system and
give some results about stochastic travelling waves

du = [uy, + u(a; — byu + cv)]dt + eudW;,

dv = [V + v(as — bov + cou + diw)]dt + evdW,, @.1)
dw = [wy + w(as — byw + c3v)]dt + ewdW,, ’

M(O’ x) = U, V(O’ .X') = Vo, W(O’ .X) = Wp.

If min{b;} > max{c;,d,} and b, > b + b3, it is easy to know that (0, 0, 0) is unstable, and (Z—: + Z—: X
a2b1b3+a1b3cz+a3b1d1 a2b1b3+a1b3cz+a3b1d1 as 3 a2b1b3+a1b3c2+a3b1d1

bibab3=bic3di—bscica” bibybs—bic3di—bscica’ bs b3 b1?2b3—b163d1—b30102) = (pl,pZ,p3) is the onl?/ stable point,
which implies that 3-species coexist. Repeating the above argument on the stochastic cooperative

systems (4.1), we have the following results:

Theorem 4.1. For any Heaviside functions uy, vy, wo, and a;, b;, ¢;, d, are positive constants satisfying
min{b;} > max{c;,d}, by > by + b3, then for a.e. w € Q, there exists a travelling wave solution to
Eq (4.1). Moreover, the asymptotic wave speed can be obtained

Vda —2€*> < ¢ < \4p -2€* a.s., 4.2)
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where

sup frtedW, [0/ 62
p =2 max{c;, d;} X max{E[eo== (g +vog+wo + — —

Y

€+ (2a + 1)°

132 » D1, D2, P3} + @,

\/|Mo|2 + [vol? + [wol? +

min{b;}—max{c;,d; }

and o = max{a;}, a = min{q;}, k = 3

5. Conclusions

This paper introduces the travelling wave solution of stochastic N-species cooperative systems with
noise, and we obtain the existence of travelling wave solution in law and estimate its corresponding
wave speed. The upper bound of asymptotic wave speed depends on all the coefficients and the strength
and noise, while the lower bound only relies on the environment capacity and strength of the noise. In
fact, the minimal propagation speed of travelling wave depends on the supporting capacity of the nat-
ural environment, and the maximum propagation speed relies on the interspecific interaction intensity
and intrinsic growth rate.
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