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Abstract: In this paper, a three-molecule autocatalytic Schnakenberg model with cross-diffusion
is established, the instability of bifurcating periodic solutions caused by diffusion is studied, that is,
diffusion can destabilize the stable periodic solutions of the ordinary differential equation (ODE) sys-
tem. First, utilizing the local Hopf bifurcation theory, the central manifold theory, the normal form
method and the regular perturbation theory of the infinite dimensional dynamical system, the stability
of periodic solutions for the ODE system is discussed. Second, for this model, according to the im-
plicit function existence theorem and Floquet theory, the Turing instability of spatially homogeneous
Hopf bifurcating periodic solutions is studied. It is proved that the otherwise stable Hopf bifurcat-
ing periodic solutions in the ODE system produces Turing instability in the Schnakenberg model with
cross-diffusion. Finally, through numerical simulations, it is verified that Turing instability of periodic
solutions is determined by cross-diffusion rates.

Keywords: schnakenberg model; cross-diffusion; spatially homogeneous periodic solutions; Turing
instability

1. Introduction

In nonlinear chemical reaction systems, the three-molecule autocatalytic model shows abundant
dynamical behaviors, many abundant research results have been obtained [1-7]. In 1979, Schnaken-
berg proposed a typical three-molecule autocatalytic reaction-diffusion model [8]. In [9], the authors
studied the one-dimensional static Turing bifurcation of Schnakenberg model. In [10-12], the authors
introduced the relevant research background of reaction-diffusion Schnakenberg system. However,
most references [13—16] focus on whether the constant equilibrium solution has Turing instability, but
pay little attention to whether the periodic solutions of system may also suffer from Turing instability.
Therefore, by applying the theoretical methods in [17, 18], we study the Turing instability of Hopf
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bifurcating periodic solutions for the Schnakenberg model.
On the basis of the Schnakenberg model [8], We introduce self-diffusion and cross-diffusion coeffi-
cients, and establish reaction-diffusion Schnakenberg model with cross-diffusion and self-diffusion:

u, —dyAu—dpAv=a—-u+u’v, xeQ,t>0,

v, — da1 AV — dp Av = b — u?v, xeQ,t>0, (1.1)
u(x,0) = u.(x), v(x,0) = v.(x), x €Q, '
%:%:0, xedQ,t>0,

where Q is a open bounded domain in n-dimensional Euclidean space, and its boundary 0Q is smooth.
A is Laplace operator. The parameters a, b, dy1,d1», d»1, day are all positive constants. u = u(x,t) and
v = v(x,t) indicate the concentrations of chemicals at position x € Q and time ¢ > 0, respectively,
and the initial concentrations u.(x), v.(x) are nonnegative functions. d, d,, denote self-diffusion coef-
ficients of u and v, respectively. d;,, d,; represent cross-diffusion coefficients of u and v, respectively.
Simultaneously, we suppose that dy1d», — dj2d>; > 0 holds.

2. Hopf bifurcation and stability of periodic solutions for the ODE system and perturbed
system

2.1. Stability of periodic solutions for the ODE system

We consider the corresponding zero-dimensional dynamic system of system (1.1)

d

d—btt:a—u+u2v, t>0,

@y 0, @
dt

u(0) =u, >0,v(0) =v, > 0.

The equilibrium (1, vo) of system (2.1) satisfies

a-u+utv=0,
b—u*v=0.

b
(a+b)*"

of system (2.1). For convenience, setting u := a + b, then (ug, vy) = (,u, /%) In the following, for
the three-molecule autocatalytic Schnakenberg model, we discuss the stability of its Hopf bifurcating
periodic solutions by taking u as parameter.

with uy = a + b, vy = By straightforward computation, we know (u, vo) is the only equilibrium

Theorem 2.1. Let ufl = i/b + /b + % + i/b — 4/b*+ % for the ODEs (2.1), the following state-

ments are true:

(1) At (u, %)T, system (2.1) is unstable for u € (0, ugl), while locally asymptotically stable for u €
(. <)
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T
(2) At A = pl, system has a family of periodic solutions (ur(0),vr()" bifurcating from (,u, /%) .

T
Supercritical Hopf bifurcation of system (2.1) occurs at (,u, ;%) , and the bifurcating periodic
solutions are stable.

-1+2 42
Proof. The Jacobian matrix of system (2.1) at (p, vﬂ)T is J(u) = [ o _’uﬂz). The characteristic
7
equation of J (w) 1s
A =T wA+D(u) =0, (2.2)
with

2b
T(/u)=—/12—1+? D) =y’

The eigenvalue A (1) of J (u) is given by

T (1) = NT? (1) — 4D ()
. .

Ap) =

When u > 2b, all the eigenvalues of J (u) have strict negative real parts, according to the stability
T
theory, the equilibrium (,u, /%) is locally asymptotically stable. When O < u < 2b, T" (u) = —2u — i—é’ <

0, then T () is monotonically decreasing for 0 < u < 2b. Since lir% T (u) = +oo, T (2b) = —4b—ﬁ <0,
u—

then T (u) has only zero point pf] € (0,2b), namely, T(,u(’)’ ) = 0. Forany u € (ug’ ,2b), we have

T (u) < 0, then system (2.1) is locally asymptotically stable at (,u, %)T while for any u € (O, ,ug),

T
system (2.1) is unstable at (u, ;%) . When u = pfl, J (u) has a pair of pure imaginary roots A = +iw
with wy = p. Let A (u) = a (1) + iw (1) be the roots of Eq (2.2) near u = p/, then we have

da (¢)

< 0.
du

u=u

2
o =5

b
+ -,
M

1
2

According to Poincaré-Andronov-Hopf bifurcation theorem, system (2.1) experiences a Hopf bifurca-
tion at 1 = pf].

Next, we study the properties of Hopf bifurcating periodic solutions of system (2.1). Here, we still
use the notations and computation in [20] to deduce the expression of cubic term coefficient ¢ (i) in
the norm form. By [21], we can rewrite the Poincaré normal form of the abstract form of system (2.1)
in the small neighborhood of py as follows:

dU

= I () U+ F 0|y 2.3)

Let the eigenvector of J (,ug' ) corresponding to the eigenvalue iw, be g = (ag, by)" satisfying

J(ug)q =iwoq, g = (ao,by)" = (—ug,ﬂg - i)T-

Define inner product in Xc:
I

(U, Uy) = (#1usy + V1vp) dx,
0
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where U; = (u;,v;))! € Xe,i = 1,2. Note that (AU, U,) = A{U,, U,), denote the adjoint operator
of J (ug ) by J* (,u{)" ), then the eigenvector of J* (pg ) corresponding to the eigenvalue —iwy be g* =

T . .
(ag, bg) € X© satisfying
J (,ugl) q = —iwyq", <q',q>=1, <q',qg>=0.

iy

T T
Therefore, ¢* = (ag,bg) = ( i ,m) . Performing the spatial decomposition X = X“ @ X*, where

X ={zq+7qlz€ C},X* = {u € X| < ¢",u >= 0}, then for any U = (u, v)! € X, there exist z € C and
w = (w1, w,) € X* such that (u,v)" = 29 + 7 + (wy, w,)!. Thus, system (2.3) can be transformed into
the following system with (z, w) as the coordinate:

dz . «
— =iwz+ < q', F (p, U)|p=po >

dt (2.4)
dw _
— =L(po)w+H (7 w),
dt
with
H@Zw) = F(P.U)|pepy = <@ F (0, U) |pepy > = <G F (P, U) |pepy > @ 0s)
F(P,U) |pepy = Folzq + 73 + w). ‘
Writing F as
1 1
Fo(U) = 5Q(U.U) + <C(U.UU) + O(lUT*). (2.6)

here, Q,C is a symmetric multilinear form. For convenience, denoting QOxy = Q(X,Y),Cxyz =
C(X,Y,Z), we calculate Q,, Q5 and Cyyq, Where

Qyq = (2(;) ) Qg = (jzg) ’ Cogz = ( iz )’

here, denoting f(u,v) = a —u+u*v, g(u,v) = b —u*v, with

Co = fuuh + 2funaobo + fiubf = il = 3pll” + 4l

do = §uu@ + 28uaoby + gubl = —co = —pll + 3l — 4l
e0 = fuulaol + fun (aobo + Tobo) + fulbol® = ufl = 3",

Jo = gulaol” + gu (aob_o + a_obo) + gulbol® = —eq = 3u — il
80 = fuu1a0Pao + fouww (2aoPbo + aZbo) + fuun (2lbo a0 + b3s) a = 6pt!” = 2ull"i,

— R 3 2.
ho = Sua|ao*do + guuw (2lao*bo + agbo) + guw (2bol’a0 + bjao) = —go = =6ufl” +2uf] i,

T
here, all the partial derivatives of f(u,v) and g(u, v) are evaluated at the bifurcation point (,ug , L) ,

ult?
Let

H H
H(z%w) = =2 + Huz+ —2 +o(l) + o (el lw) 2.7
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from (2.5) and (2.6), we can obtain

Hyy = Qqq_ < q*’ Qqq >qg— < q*’ Qqq > q
Hll = Qqq_ < q*’ Qqq >q— < q*’ QqE] > q
Because system (2.4) has normal manifold, which can be written as follows

_ W0 » s, W2 3
W=7 FenT+ % +0(|z|). (2.8)

By (2.7). (2.8) and J (4l )w + H (2.7, w) = 92 = 224 1 24 e have

Wy = (Ziwol - J(/JSI))_IHzo, wy =—=J" (ué’) Hi.

By calculation, we have

3 2. 3
O e O TR M ST e Ty
q ’ q9 2/1(1;1 2/1(1;1 ’ q ’ q9 ZﬂOH 2/16-1 ’
3 2. 3 2.
i g0 b+ 2 i _co _ —Hy 3ug —Aug
<q’quq>__ H ~— H ’ <q’Qqq>__ H — H ’
2u 21 24, 2,
3
. ey My +3ug
< q H QqE[ >= _ZNH - 2“H )
0 0

we can also get Hyy = 0, H;; = 0, this implies wyy = wy; = 0, then

E3 *
<q",Quig >=<q", Quyg >=0.

Thus, we have

I . . |-
Cl(,u):z—wo<q,Qqq>-<q,Qqq>+§<q,Cm>.

The real part and imaginary part of ¢;(u ) are as follows

H [ * * 1 —x 1
Recl(,uo):Re —<q,Qqq>-<q,Qqq>+§<q,quq> :_5’

. H H3 .
H\ _ l * % 1 _x _ 1 I’LO 9/,(0
Imcl(ﬂo)—lm{z—(uo<q,Qqq>-<q,Qqq>+§<q,quq>}—%—Z+T

By Rec; (uff ) < 0, we know that the Hopf bifurcating periodic solutions of system (2.1) are stable
du =yt
bifurcation is subcritical. ]

at u = pf. Additionally, because transversality condition < 0, so the direction of Hopf
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2.2. Hopf bifurcation and stability of periodic solutions for the perturbed system
We introduce the following perturbed system model on the basis of ODEs (2.1)

1+e&d, &dpy @ ﬂ T_ a—u+u*v (2.10)
edy) 1 +edn)\dt’dt) ~\ b-u>v | '

1+ Sdll edy

here, ¢ is sufficiently small such that ( edy 1 + &dyy

) is reversible. System (2.10) is equivalent to

the following system

@@T_ 1 (1+dpe —dpe \[a—u+u?y @.11)
di’dt] ~ N\ —due 1+dpye)\ b—u?v |’ '
where
1 +dype —dpe
N(g) := ( _d;; - 218) = (dy1dy — diady) € + (dyy +dp) e+ 1> 0.
Then at (,u, vﬂ), the Jacobian matrix of system (2.11) is
1 (an(u,e) alZOlag))
J(u, &) = —— , 2.12
k. #) N(¢e) (QZI(N’S) an(u, ) (212)
with
2b 2b
an(w, &) := (1 + dxne) (—1 + —) +dpe—, an(u, &) = (1 + dpe) 1* + dpept?,
7 Jz
b b (2.13)
ari(u, &) := —(1 +dy &) ; - d218(—1 + ;), an(u, &) = _qu (I +dne)— d218l12-
The characteristic equation corresponding to the jacobian matrix J(u, €) is
A2 —Hu,e)d + D(u, e) =0, (2.14)
where
1 2b 2b 2b
H(u,&) = — [(— -1 —#2) +8(d22(— - 1) —prdy +dyp - — —dy ',Uz)],
N(e) |\ 1 M H 515
2 (2.15)
u
D(u,e) = —.
7)) NG

Notice that H(u(,0) = T (,ug’ ) =0and d,H(u, &) =T’ (/JSI ) # 0. According to the implicit function
existence theorem, there exist a sufficiently small €y > 0 and a continuously differentiable function
u = p" (&) such that when & € (—&g, &), Hul, &) = 0 and p (0) = pf hold. Let A () = Bu.) +
iw(u,) be the characteristic root of Eq 2.14, then when ¢ — ., we have

1 1
Plus) = SH(, &), () = 5 VAD(, &) = H2 . e). (2.16)

By [18], we have the following lemma.

Electronic Research Archive Volume 31, Issue 7, 4139-4154.
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Lemma 2.1. Assume u is sufficiently close to u, T is the minimum positive period of the stable
periodic solution (uy(t), vr(t)) of system (2.1) bifurcating from (,u,vﬂ), then there exists €1 > 0 such
that for any € € (—¢y, &), system (2.10) has a periodic solution (ur(t, €),vy(t, €)) depending on €. Its
minimum positive period is T (&), simultaneously, it satisfies

1) When € — 0, (ur(t,e),vr(t, &) = (ur(@),vr(@®) and T (&) — T.

2) T(e) = 2= (1 4 (ﬁ’(uf)lm(cl(uf)) _ w’(ﬂé’))('u —ﬂf) + 0((# —,UgH)z) with

) o@D Re(e1(u))  w(ul)
' 1
Ci (ﬂg) =% EHH) (820(8)g11(8) —2lgn (e’ - glgoz(s)lz) + —g212(8),

Theorem 2.2. Suppose that p is sufficiently close to u, (ur(t), vy(t)) is the stable periodic solution of
system (2.1), then when € — 0, we have

T
0= (Li(ufhdi = Lo(ufdn = La(uf)dra = La(uf)day ).
0

with 5 ,ugz 9#514 | 9/1612 o
HY _ HY _
Ll(ﬂo)—Z—T-F 4 . Lz(uo)—(4 OHZ+ 4 —1)(M—0H—1)—1,
L HY _[_— + o _  H| =Y L HY _ H - 0 H.
3 (d) ( qrt e ) L () = {ma ryr i

Proof. According to Lemma 2.1, we have

g)=-— - - — )
@) de ol |w@ERe(o @h)  w(l) ) de VT
If u —» p¥, then O (,u —ul ) — 0, so the sign of 7’(¢) is mainly determined by the sign of the first two
at € = 0. Next, we calculate the expressions of % . d %
&= &=0
At u = u, by (2.15), we can derive
2b 2b 2b
(_H -1 —,ugz) + 8(d22 (—1 + _H) —/.lgzdll + dlz_H - d21#§2) =0. (217)
He Hg He
Differentiating (2.17) with &, we have
d”! b (uf)
—_— e T (2.18)
de £=0 2T 2/10
Ho
with
2b 2 2b 2
b(/.lOH) = d22 (—1 + _H) —/.lgl dll + dlz—H - dzlﬂgl . (219)
0 0

According to (2.16),

1
w(y) = 3 V4D(u, ) — H*(u, €).
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Differentiating it with u, we know
a}lD(ﬂa 8) - %H(,U, S)aﬂH(ﬂ’ 8)
\VAD(u, &) - H(u,6)

w' () =

Wheny—>,uf,H( " ) Oandé?AD( a, ) oD ( 5) Hence,
a,f(ﬂﬂ):w __ o) D
" 2yD@le)| , 2YN@DED| 24D

H
From w( a ) = /D (u, &) and D( a, e) _ D) differentiating them with &, we can obtain

NG
dw( f) B 1 d

de Zmdg (D (ﬂf"g))'
d N'(¢) d 1
72 (P e) =~ D) + - (0 ) 3

When ¢ = 0, we get

- x;ig;l) (u(’)’) =—(d +dn)D (u(’f) )
d 1
— (D)) @' (#0
Thus, according to (2.22) and (2.23), we have
d (D(ufl.€)) = -(dn +du) D(uf] )+ 5 (”g) — 107t
da e 9 o 11 22 0 o H 0

O

where b(ﬂé’ ) is defined in (2.19). From (2.21) and (2.24), we can obtain

H i
2 (ol W[dd |

0
By (2.18), (2.20) and (2.25), we can deduce

&=

T'(0) = D(ufydyy + | D(ud)dy +

g
D(uf)
At last, substituting (2.19) into (2.26), we can obtain

T'(0) = % (Li @)t = LoGufhdoz — Lyt v — Laufd ).

Re (¢ (ufh))

with

Yy _ 2 Ho_ 0 HY _ 0o 0
H\ _ 0 H HY _ H 0 H
L3(ﬂo)—(%+ 4 0)?’ L4(ﬂo)—(#o W‘ 4 ) 0

b(ufl) Im (cl(/ué’))]

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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3. Turing instability of spatially homogeneous Hopf bifurcating periodic solutions

In this section, applying the theory elaborated in [17], we study stable spatially homogeneous Hopf
bifurcating periodic solutions of system (2.1) will become Turing unstable in reaction-diffusion system
(1.1) with cross-diffusion. According to the previous discussion, we give the following theorem.

Theorem 3.1. Suppose that u is sufficiently close to uy, (ur(t), vr(t)) is stable spatially homogeneous
Hopf bifurcating periodic solution of system (2.1) bifurcating from (y, vﬂ). If T'(0) < 0 and Q is large
enough, then (ur(t), vr(t)) will become Turing unstable in system (1.1) with cross-diffusion.

Proof. Assume that the stable periodic solution of system (2.1) is (ur(¢), vr(¢)) with minimum positive
period T, then the linearized system of (1.1) evaluated at (uy(¢), vr(¢)) is

o dp\" _ . T
Frierd B diag (DA¢, DAp) + Jr(1)(d, @), (3.1
where D := ( Z” le ) A is Laplace operator, the Jacobian matrix of system (2.1) at (ur(z), vr(?)) is
21 A
L -1+ 2MT(Z)VT(I) MTz(t) . . . . _
Jr(t) = ( urOve(®)  —ur®) Setting 3, and 7, (x) be the eigenvalue and eigenfunction of —A
in Q with Neumann boundary condition. Let (¢, )" = (h(t), g())" 3. k.1, (x), then
n=0
dh dg\" h (1) h (1)
—,—| =-1D t 3.2

in which, 7:=6, > 0,n e Ny :={0,1,2---}. Assume dy; = di; = d»; = ds» = 0, then system (3.2) can
be rewritten as

dt’ dt
Let @(¢) be the fundamental solution matrix of system (3.3) satisfying ®(0) = I,. Denote 4;,i = 1,2 as
the eigenvalue of ®(T), the corresponding characteristic function is (N;, Mi)T, i.e.,

dh dg\"
( g) = Jr () (D), g (). (3.3)

O(T)(N;, My)" = L(N;, My)",

then A; is the Floquet multiplier corresponding to the periodic solution (u7(f), vz(f)) of system (3.2).
Define

(1), Y1) = QN M),
apparently,
(@:0), i (O)" = (N;, M)", O(T)(¢i(0),  ¢i(0))" = A:($:(0), Yi(0))".

In system (2.1), differentiating with ¢, we have
%QT_ -1+2uv u*\(u
dt’dt) \ 2w -]V

Electronic Research Archive Volume 31, Issue 7, 4139-4154.
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Then 1 is the eigenvalue of ®(T'), the corresponding eigenvector is (u'7(0), v 7(0)!. We might as well
assume A, = 1, (¢1(0), 1 ()" = W' 7(0), V' 7(1))". Since (ur(f), vr(1)) is stable, then |1, < 1. Let ®(z,7)
be the fundamental solution matrix of system (3.2), and ®(0, 7) = I, namely,

00(t, 1)
ot

For sufficiently small 7, ®(z, ) is continuously differentiable with respect to # and 7, and ®(z, 0) = O(¢).
Define mapping £ : [0, +o0) X C X C*> — C?, where C := R ® iR, we have

fen)) =00 )-ol)
m; mi; m;

clearly, £(0, 4;, (N, M)") = (0,0)" and

= —1DO(t, 1) + J7 (1)D(2, 7).

L5, (0, 4, (i M) = (N M), Ly (0, 4 (Ni M)T) = ©(T) = Al

here, L5, is the Fréchet derivative of £ with respect to ¢;, and £, v is the Fréchet derivative of L
with respect to (n;, m)T. Setting 4; is the single eigenvalue of ®(T'), then we have

Ker (1 - ®(T) = span{(N;, M))"},
(Ni, M)" ¢ Rank (4,1 — O(T)).

where Ker represents the kernel of A,/ — ®(T), and Rank represents the range of A;/ — ®(T), then
L(éi,(ni,m,-)T) (0, Ai, (Ni,Mi)T) ,i = 1,2 1s an isomorphic mapping. By the implicit function theorem,
there exist 7; > 0, T € (—7y, 71) and continuously differentiable functions 9;(7), n;(7), m;(t) such that

(T, 7)(ni(0), mi(7))" = 6(0)(ni(0), mi(7))", (3.4)

where 6;(7),i = 1,2 are the Floquet multipliers corresponding to (ur(¢), vy(t)). Define

(@it D), (1, )T 1= O, T)(ni(7), my(1)), (3.5)
by ®(0,7) = I and (3.5), we can obtain
(#1(0,7),4:(0,7)" = (ni(7), my(1))". (3.6)

From (3.4) and (3.6), we have

(D(T’ T)(¢i(07 T)’ ¢i(0’ T))T = 6i(7)(¢i(0’ T)’ wi(o’ T))T-
Specifically, by (3.5), we have
(#i(t,0), (1, 0)" = O(z,0)(n;(0), m(0))" = D(1)(N;, My)",

3.7
= D(1)(:(0), Yi(0)) = (D). (). G7)
By the definition of (¢ (¢, 7), 1 (¢, 7))" in (3.5), we can obtain
Ao, (t,7) Ot )\
DT DN Dyt (1) + Jr (O D (3.8)

o ot

Electronic Research Archive Volume 31, Issue 7, 4139-4154.
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Differentiating (3.8) with respect to 7 and setting 7 = 0, we have

Op1:(1,0) O 1:(1,0)\"
( Do) AN = D (0,410 + IO 111,00, 141,00 (3.9)
here, ¢y, := .41, Y1 := 0:¢1. On the other hand, from (3.4) and (3.5), we can derive
(1(T, ), 41 (T, )" = 61(1)(¢1(0,7),41(0, 7). (3.10)

Differentiating (3.10) with 7, we get
(@1(T, 1), 91(T, 7)) = " 1(1)(¢1(0,7),41(0, 1) + 61(1)(¢1(0, 7), ¥1:(0, 7). (3.11)
In (3.11), setting 7 = 0, from (3.6)and 6,(0) = 4; = 1, we have
(@1(T, 0), 1(T, 0)" = & 1(0)($1(0), Y1 (0)" + (¢1(0,0),%1,(0, 0))". (3.12)

According to Lemma 2.1, (ur(t, €), vy (¢, €)) is the periodic solution of system (2.10), that is,

dur(t,e) dur(t,)\' _ [a—ur(t, &) + ur(t, &)vr(t, &)
(I+8D)( o ot ) B b — ur’(t,e)vr(t, €) (3.13)
Differentiating (3.13) with respect to € and setting € = 0, we have
d Qur(1,0)) d@yr(t,0))\ dur(t,0) dvr(t,0)\"
Quir00) LOEONN — _pigy(o.un )" + o Z0LD LICD) 514
de de de de

where 0,ur(t,0) = ¢(¢), 0,vr(t,0) = ¥ (¢). Since (ur(t, ), vr(t, €)) is the periodic solution with period
T (&), thus,

(ur(t, &), vr(t, &))" = (ur(t + T(e), &), vr(t + T(€), )’ (3.15)
In (3.15), differentiating with respect to € and setting € = 0,¢ = 0, then
T T
(duT;T, 0)’ dvy(T, O)) _ —T’(O)(¢1(O),w1(0))7 N (duT(O, 0)’ dvy(0, O)) , (3.16)
> de de de
here, ur(t,0) = ur (1), vy (t,0) = vz (), T(0) = T. Define
duz(t,0) dvr(t,0)\"
L) = (1ol 0), Y1(2, 0)) — ( qu(; ), VZ(; )) .
From (3.9), (3.12), (3.14) and (3.16), we have
d
d—tl“(t) = Jr(OI'@), (3.17)
[(T) — T(0) = (¢'1(0) + T'(0)) (¢1(0), ¥, (0)". (3.18)

Let T'(f) = ®@)(Y,,Y,) be the general solution of (3.17), where any vector (Y7, Y,)" € R2. Since
(¢1(0), 1//1(0))T and (¢,(0), 1//2(0))T are linearly independent, then there exit constants y; and y, so that
(Y1, Y2)" = 71(¢1(0), Y1(0)" + ¥2(¢h2(0), 2(0))" . (3.19)

Substituting (3.19) into (3.18), we can obtain ¢’;(0) + 7/(0) = 0. Assume that 7(0) < 0, which
is equivalent to ¢’1(0) > 0, if Q is large enough so that the minimum positive eigenvalue of —A is
small enough, then there exists at least one eigenvalue 5, of —A such that 6,(r) = §; (8,) > 1. Thus,
(ur(t), vr()) becomes Turing unstable in reaction-diffusion system (1.1) with cross-diffusion. O
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4. Numerical simulations

In this section, we shall select several groups of data for numerical simulations to support theoretical
analysis. In system (1.1), Fix parameters a = 0.1823, b = 0.5, initial values uy = 0.6 + 0.01 cos x, vy =
1 + 0.01 sin x, then the equilibrium is (0.6823, 1.074), ,ug = 0.6823278, Rec; (,ug') = -05 <0,

Imc, (uOH) = —-0.0270945 < 0. According to Theorem 2.1, system (2.1) produces a spatially ho-

mogeneous Hopf bifurcating periodic solution (u7(?), vr()! at the equilibrium, which is stable and
subcritical. By calculation, we can obtain

Ly (uff) = 1.50492, Ly (u) = -0.72787,  Ls(u{/) = 0.85664,  La(uf') = -0.27213.

For different diffusion coeflicients, Turing instability of system (1.1) at the periodic solution
(ur(®), vr())" is different. Hence, we give diffusion coefficients in four cases and carry out corre-
sponding numerical simulations.

(1) If we selectdy; = 1,d» = 1,dy, = dy; = 0, at this moment, Turing instability of (ur (), vr(6)! does
not exist in system (1.1) (Figure 1). That is, the same diffusion rates will not cause Turing instability
of periodic solution ( [19]).

1.3

1.2

u(x,t)

31.1
=

08
150

50 20
10

Time t 0 o0 Distance x Time t 0 o0 Distance x

Figure 1. Turing instability of periodic solution fails.

(2) If we select d]] = 0.05,d22 = 2, d12 = d21 = 0, then

Li(ufydyy + Lo(ugda — La(ug))dia — La(ud)day < 0.

According to Theorem 3.1, system (1.1) is Turing unstable at periodic solution (ur(?), vr))!. Through
simulation simulation, it can be observed that the stable periodic solution produces Turing bifurcation
(Figure 2), which is consistent with the theoretical analysis.
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u(x,t)

40 40

20 50 20
10 10

Time t 0 o Distance x Time t 0 o Distance x

Figure 2. self-diffusion induces Turing instability of periodic solution.

(3) If we choose dy; = dr, = 1,d>; =0.2,d1, = 1.05, from Theorem 3.1, we have

Li(uHdyy + Ly(ug))da — Ly(ufydya — La(uiday < 0,

then system (1.1) is Turing unstable at periodic solution (u7(¢), vy . T hrough simulation simulation,
it can be verified that the stable periodic solution generates Turing bifurcation (Figure 3). Therefore,
cross-diffusion causes the stable periodic solution of system (1.1) to become Turing unstable. self-
diffusion induces Turing instability of periodic solution.

v(xt)

40 40

50 20 50 20
10 10
Time t 0 o Distance x Time t 0 o Distance x

Figure 3. Cross-diffusion causes Turing instability of periodic solution.

(4) If we choose d;; = 0.5,d1, = 1.5,d»; = 0.6,d», = 4, then

Ly(ugydyy + Lo(ug o — La(ug))dia — La(u)day < 0.

By Theorem 3.1, we can derive that diffusion causes the stable periodic solution of system (1.1) to
become Turing unstable (Figure 4). This conforms to the theoretical analysis.
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v(xt)

40

50 20 50 20
10 10

Time t 0 o Distance x Time t 0 o Distance x

Figure 4. self-diffusion and cross-diffusion) induce Turing instability of periodic solution.

5. Conclusions

In this paper, a three-molecule autocatalytic Schnakenberg model with cross-diffusion is consid-
ered. From both theoretical and numerical perspectives, we investigated how cross-diffusion causes
the Turing instability of spatially homogeneous Hopf bifurcating periodic solutions.

The theoretical results indicate that in the Schnakenberg model, when the parameters satisfy certain
conditions and Q is sufficiently large, once the instability of periodic solutions induced by diffusion
occurs, new and rich spatiotemporal patterns may emerge. For the reaction-diffusion Schnakenberg
model, we can derive the precise conditions of diffusion rates, under which the periodic solutions may
experience the instability caused by diffusion.

By numerical simulations, the Turing instability of periodic solution (u7 (), vy (1))! can be observed.
Figure 1 shows that without cross-diffusion coefficients, the identical self-diffusion coefficients will
not cause the stable periodic solution to produce Turing bifurcation. Figures 2 and 4 illustrate that
with appropriate diffusion coefficients, the stable periodic solution of system (1.1) generates Turing
instability. Figure 3 indicates that if we select appropriate cross-diffusion coefficients, even for the
models with identical self-diffusion rates, cross-diffusion can also cause stable periodic solution to
produce Turing bifurcation. Thus, the Turing instability of stable periodic solution (ur(f), vz())" is
actually induced by cross-diffusion.

Conflict of interest

The authors declare there is no conflicts of interest.

References

1. A. D. Anna, P. G. Lignola, S. K. Scott, The application of singularity theory to
isothermal autocatalytic open systems, Proc. R. Soc. A: Math., 403 (1986), 341-363.
https://doi.org/10.1098/rspa.1986.0015

2. J. M. Mahafty, Cellular control models with linked positive and negative feedback and delays. 1.
the models, J. Theor. Biol., 106 (1984), 89—102. https://doi.org/10.1016/0022-5193(84)90011-0

Electronic Research Archive Volume 31, Issue 7, 4139-4154.


http://dx.doi.org/https://doi.org/10.1098/rspa.1986.0015
http://dx.doi.org/https://doi.org/10.1016/0022-5193(84)90011-0

4153

10.

11.

12.

13.

14.

15.

16.

17.

18.

B. Peng, S. K. Scott, K. Showalter, Period doubling and chaos in a three-variable autocatalator, J.
Phys. Chem., 94 (1990), 5243-5246. https://doi.org/10.1021/j100376a014

D. T. Lynch, Chaotic behavior of reaction systems: Mixed cubic and quadratic autocatalysis,
Chem. Eng. Sci., 47 (1992), 4435-4444. https://doi.org/10.1016/0009-2509(92)85121-Q

K. Alhumaizi, R. Aris, Chaos in a simple two-phase reactor, Chaos Solitons Fractals, 4 (1994),
1985-2014. https://doi.org/10.1016/0960-0779(94)90117-1

H. Liu, B. Ge, Turing instability of periodic solutions for the Gierer-Meinhardt
model with cross-diffusion, Chaos Solitons Fractals, 155 (2022), 111752.
https://doi.org/10.1016/j.chaos.2021.111752

H. Liu, B. Ge, J. Shen, Dynamics of periodic solutions in the reaction-diffusion glycolysis model:
Mathematical mechanisms of Turing pattern formation, Appl. Math. Comput., 431 (2022), 127324.
https://doi.org/10.1016/j.amc.2022.127324

J. Schnakenberg, Simple chemical reaction systems with limit cycle behaviour, J. Theor. Biol., 81
(1979), 389-400. https://doi.org/10.1016/0022-5193(79)90042-0

D. Iron, J. Wei, M. Winter, Stability analysis of Turing patterns generated by the Schnakenberg
model, J. Math. Biol., 49 (2004), 359-390. 10.1007/s00285-003-0258-y

A. May, P. A. Firby, A. P. Bassom, Diffusion driven instability in an inhomogeneous circular do-
main, Mathematical and Computer Modelling, 29 (1999), 53—66. https://doi.org/10.1016/S0895-
7177(99)00039-4

A. Madzvamuse, Time-stepping schemes for moving grid finite elements applied to reaction-
diffusion systems on fixed and growing domains, J. Comput. Phys., 214 (2006), 239-263.
https://doi.org/10.1016/.jcp.2005.09.012

M. J. Ward, J. Wei, The existence and stability of asymmetric spike patterns for the Schnakenberg
Model, Stud. Appl. Math., 109 (2002), 229-264. https://doi.org/10.1111/1467-9590.00223

P. Liu, J. Shi, Y. Wang, X. Feng, Bifurcation analysis of reaction-diffusion Schnakenberg model,
J. Math. Chem., 51 (2013), 2001-2019. https://doi.org/10.1007/s10910-013-0196-x

C. Xu, J. Wei, Hopf bifurcation analysis in a one-dimensional Schnakenberg
reaction-diffusion model, Nonlinear Anal. Real World Appl., 13 (2012), 1961-1977.
https://doi.org/10.1016/j.nonrwa.2012.01.001

F. Yi, E. A. Gaffney, S. Seirin-Lee, The bifurcation analysis of turing pattern formation induced by
delay and diffusion in the Schnakenberg system, Discrete Contin. Dyn. Syst., 22 (2017), 647-668.
https://doi.org/10.3934/dcdsb.2017031

H. Wei, Z. Bao, Hopf bifurcation analysis of a reaction-diffusion Sel’kov system, J. Math. Anal.
Appl., 356 (2009), 633—641. https://doi.org/10.1016/j.jmaa.2009.03.058

K. Maginu, Stability of spatially homogeneous periodic solutions of reaction-diffusion equations,
J. Differ. Equations, 31 (1979), 130-138. https://doi.org/10.1016/0022-0396(79)90156-6

F. Yi, Turing instability of the periodic solutions for reaction-diffusion systems with cross-
diffusion and the patch model with cross-diffusion-like coupling, J. Differ. Equations, 281 (2021),
379-410. https://doi.org/10.1016/j.jde.2021.02.006

Electronic Research Archive Volume 31, Issue 7, 4139-4154.


http://dx.doi.org/https://doi.org/10.1021/j100376a014
http://dx.doi.org/https://doi.org/10.1016/0009-2509(92)85121-Q
http://dx.doi.org/https://doi.org/10.1016/0960-0779(94)90117-1
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2021.111752
http://dx.doi.org/https://doi.org/10.1016/j.amc.2022.127324
http://dx.doi.org/https://doi.org/10.1016/0022-5193(79)90042-0
http://dx.doi.org/10.1007/s00285-003-0258-y
http://dx.doi.org/https://doi.org/10.1016/S0895-7177(99)00039-4
http://dx.doi.org/https://doi.org/10.1016/S0895-7177(99)00039-4
http://dx.doi.org/https://doi.org/10.1016/j.jcp.2005.09.012
http://dx.doi.org/https://doi.org/10.1111/1467-9590.00223
http://dx.doi.org/https://doi.org/10.1007/s10910-013-0196-x
http://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2012.01.001
http://dx.doi.org/https://doi.org/10.3934/dcdsb.2017031
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2009.03.058
http://dx.doi.org/https://doi.org/10.1016/0022-0396(79)90156-6
http://dx.doi.org/https://doi.org/10.1016/j.jde.2021.02.006

4154

19. D. B. Henry, Geometric Theory of Semilinear Parabolic Equations, Springer-Verlag, Berlin, 1981.

20. F Yi, J. Wei, J. Shi, Bifurcation and spatiotemporal patterns in a homogeneous
diffusive predator-prey system, J. Differ. Equations, 246 (2009), 1944-1977.
https://doi.org/10.1016/j.jde.2008.10.024

21. B. D. Hassard, N. D. Kazarinoff, Y. H. Wan, Theory and applications of Hopf bifurcation, Cam-
bridge University Press, 1981.

©2023 the Author(s), licensee AIMS Press. This

EE is an open access article distributed under the
@ AIMS PI’GSS terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

Electronic Research Archive Volume 31, Issue 7, 4139-4154.


http://dx.doi.org/https://doi.org/10.1016/j.jde.2008.10.024
http://creativecommons.org/licenses/by/4.0

	Introduction
	Hopf bifurcation and stability of periodic solutions for the ODE system and perturbed system
	Stability of periodic solutions for the ODE system
	Hopf bifurcation and stability of periodic solutions for the perturbed system

	Turing instability of spatially homogeneous Hopf bifurcating periodic solutions
	Numerical simulations
	Conclusions

