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Abstract: This paper is devoted to considering the attainability of minimizers of the L?-constraint
variational problem

my, = inf {J,(u) : u € H*(RY), f luldx = a*},
RN

where

y 1 1 1 a
Jy(u) = 5 fRN |Auldx + 5 fRN IVul*dx + 3 fRN V() |uPdx - 3 fRN P 2dx,

vy>0,a>0,0¢€(0, %) with N > 2. Moreover, the function V : RY — [0, +0) is continuous
and bounded. By using the variational methods, we can prove that, when V satisfies four different
assumptions, m, , are all achieved.

Keywords: biharmonic Schrodinger equations; normalized solution; variational method; constrained
minimization technique

1. Introduction

Over the past several decades, the mixed dispersion nonlinear Schrédinger equation

0
ia—‘f — YA+ BAY = V)W + f@) =0 in RY (1.1)
has been studied by many researchers. Biharmonic Schrédinger equations have played an important
role in considering the small biharmonic dispersion terms in the transmission of intense laser beams in
a bulk medium with Kerr nonlinearity; see [1,2]. Biharmonic Schrodinger equations are also important
in depicting the motion of a vortex filament in an incompressible fluid; see [3]. Since then, biharmonic

Schrédinger equations have received attention due to whose applications in physics.
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An interesting topic is to study the standing waves of Eq (1.1). By applying the ansatz (¢, x) =
e"'u(x), Eq (1.1) yields the following equation:

yA?u — BAu + V(X)u = Au+ f(u) in RY, (1.2)

where y > 0,1 € R, 8 € R, and u : R¥ — R is a function which does not rely on time. Moreover, if
u(x) is a solution to (1.2), we can obtain that y(z, x) = e"u(x) is a solution to (1.1).

Above all, when ¥y = 0, 8 = 1 and V(x) = 0, we consider the existence of the L>-constraint
variational problem

1
D, = inf{ f VulPdx - f F(ludx : u € H'RY), f uldx = o?}.
2 RN RN RN

When f(u) = [ul*u < o < %), by assuming H'-precompactness of any minimizing sequences,
Cazenave and Lions [4] obtained the existence of the L*-constraint minimization problem. To this end,
the subadditivity assumption

Dyp < Dy + Dg (1.3)

is very crucial. Due to the assumption (1.3), we can eliminate the dichotomy of minimizing sequences.
If only V(x) = 0, many papers are dedicated to this equation:

yA’u — BAu = du+ f(u) in RV. (1.4)

Bonheure et al. considered a mixed dispersion nonlinear Schrodinger equation in [5]. More pre-
cisely, they studied the existence of the ground states and positive solutions. They also studied the
multiplicity of radial solutions and the standing waves of the related dispersive equation. Recently,
Goubet and Manoubi [6] studied semilinear Schrodinger equations with a non-standard dispersion that
is discontinuous at x = 0. They obtained both the existence and the uniqueness of standing waves
for these equations. Then, they discussed the orbital stability of these standing waves in a subspace
of the energy space, by using some classical methods such as the concentration-compactness method
of Lions. In [7], Khiddi and Essafi obtained the existence of infinitely many solutions for a class of
quasilinear Schrodinger equations without assuming the 4-superlinear at infinity on the nonlinearity.
The approach is based on the fountain theorem, and the involved potential term is continuous and sat-
isfies suitable regularities. In [8], Alotaibi et al. studied both the existence and nonexistence of global
weak solutions to a class of inhomogeneous nonlinear Schrodinger equations. The main problem is
related to gradient, which requires certain specific estimates to develop the precise proofs of results.
The approach is based on rescaled test function arguments derived from the Mitidieri and Pokhozhaev
method, and it also involves the Fujita critical exponent. In [9], Bonheure et al. studied two related
constraint minimization problems: One is related to a constraint on the L*-norm, and another one
is related to a constraint on the L***2-norm. They also studied the attainability and the qualitative
properties of minimizers, namely, their sign, symmetry, decay and so on. In [10], Fernindez et al.
established non-homogeneous Gagliardo-Nirenberg-type inequalities depending on the Tomas-Stein
inequality. They proved the attainability of minimizers in the mass-subcritical and mass-critical cases.
For more research about the biharmonic Schrodinger equations, see [11-15] and the references therein.

Usually, if V(x) = 0, the scaling u(sx) is useful, and we can show (1.3). However, when V(x) # O the
scaling u(sx) does not work generally, and it is harder to show the subadditivity condition. Therefore,

Electronic Research Archive Volume 31, Issue 7, 3759-3775.



3761

the L?-constraint minimization problem is hard. Just because of this, the solutions to the problem
would not be enough. For the biharmonic Schrédinger equations with a potential, see [16] and the
references therein.

Although the biharmonic nonlinear Schrédinger equations are related to physics, they are far from
being properly understood. The nonlinear Schrodinger equations have been studied in [17-21], but
the fourth order Schrodinger equations have been studied very little. Apart from some papers already
mentioned, there are actually few papers dealing with biharmonic nonlinear Schrodinger equations.

Inspired by the past work of [22-24], in this paper, we consider the attainability of minimizers of
the L2-constraint variational problem:

my, =inf{J,(u) : u € HZ(RN),f lulPdx = a*},

RN
where

Y 2 1 2 1f 2 1 f 2042
J = Aul"dx + = Vul"dx + — \% dx — ——— dx,
(1) 2fRN| uldx szN| uPdx+ 5 | VuPdx =3 |l dx

vy>0,a>0,0 € (0, %) with N > 2 and the continuous bounded function V : R¥ — [0, +o0). Here,
we consider four functions:

(V1) V is a function that is 1-periodic in xy, x5, -+ , Xy.
(V2) V is an asymptotically periodic function. Namely there exists a function V, : R¥ — R which is
I-periodic in xy, x5, - - - , Xy, and V satisfies the following conditions:
Vy(x) > V(x), forany xe RY. (1.5
[V,(x) = V(x)| = 0, as |x| — +oo. (1.6)
(V3) V e L°(RY), and
0 < inf V(x) = Vy < liminf V(x) = V. (L.7)
xeRN |x]—>+00

(V4) Suppose that uW(x) = V(x) and a constant M; > 0 such that
Hxe RN : M, < W(x)}| < +oo. (1.8)

Moreover, Q = int(W=1(0)) # 0.
Next, we describe the first result of this paper.

Theorem 1.1. Lety > 0, o € (0, 1%,) and assume that (V) holds or (V,) holds. There exists a constant
o(a) > 0 for any a > 0, and if |V|w < 6 when V satisfies (V), or |V | < 6 when V satisfies (V>),
my, < 0 is achieved.

Our second result is combined with the L2-constraint variational problem:

Myqe = inf {J, o(u) : u € H*RY), f lulPdx = a*} (1.9)
RN

where

Y 2 1 2 lf 2 1 f 2042
Jy e = = Auldx + = Vul"dx + = \% dx — —— dx,
o) 2fRN' ulPdx szN| uPdx+5 | Viexluldy—5—= | " dx

v>0,a>0, >0 are real numbers, and o € (0, %) with N > 2.
The second result is as follows.
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Theorem 1.2. Lety > 0, o € (0, 2) and assume that (V) holds. Then, there exist two constants &(a),
g > 0 foranya > 0, and if |V|. <6, my . <0 is achieved for any € € (0, &).

In (V,), we choose r > 0 such that B,(x;) C Q. We study a constrained variational problem:

Myq, = inf {J,, () : u € H*R"Y), f lul*dx = a*},
RN
where

Jyu(u) =

SRR

1 1 1
AuPdx+ = | |Vuld +—f W () ul*dx — f 2742,
fRNI ul"dx 2fRN| ul"dx 2 ) (Olul"dx o2 RNlul x

andy >0,a> 0,0 € (0, %) with N > 2. Finally, we describe the third main result.

Theorem 1.3. Lety > 0,0 € (0, 2) and assume that V satisfies (V). Then, there exist two constants
ro(a), po(a) > 0 for any a > 0 such that m, ,, < 0 is achieved for any pu > o, r > ry.

Notation

e C,(Cy,(C,,...represent positive constants, and they are independent of each other.

e B,(y) represents an open ball centered at y € RY with radius r > 0, BS(y) represents its complement
inRM.

e || - || represents the common norm of the Sobolev space H*(R"), and
| - |, represents the common norm of the Lebesgue space L? (RM), for p € [1, 00].

e 0,(1) represents a real number sequence with 0,(1) —» 0 as n — +oo.

2. Variational framework and some preliminaries

In the following, we study the functional J, : E — R, namely,

Y 2 1 2 1f 2 1 f 2042
J = Aul"dx + = Vul"dx + = \% dx — dx,
() szN| ufdx+s | VuPde+s | VoouPdx— s | 1"

constrained on the sphere in L*(R") given by

S(a) = fu € H*R") : |ul, = a},

where y > 0, and the continuous function V : R¥ — [0, +00). E is described as the space

E={ue H*RY): f V(x)|ulPdx < +0},
RN

and the norm of E is given by
lluell = (f (AP + [Vul® + (V) + DluP)dx)?.
RN
We can infer E = H*(RN) if V € L(R").
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According to the definition of E, it is obvious that the embedding E < H*(R") is continuous. The
following embeddings

E < L20‘+2(RN)’ for 200+ 2 ¢ [2’ -|-OO] when N = 2’

and
E < [¥?RY), for 20+2€[2,2*] when N33,

are continuous, too.
In addition, we introduce two Gagliardo-Nirenberg interpolation inequalities; see [25-27]. When
the function u € H*(R"), we have

N
200+2-%+

oN
2553 < Cy@)NAull 5 lull, , (2.1)
where
0<o for N <4,
0<o< ﬁ for N > 4,
and
IIMIIiE’;% < By(o)IVull7Y IIMIIi‘Z”_‘TN , (2.2)
where
0<o for N <2,
0<o< ﬁ for N > 2,
the constants B = By(o) > 0 and C = Cy(0) > 0. Therefore, we have
1 Ba2(r+2—0’N o
J,(u) > = Vuldx - —— Vul*dx)? 2.3
y(u)_ZLNlul X 20+2(RN|M| Xx) (2.3)
and o
Y 5 CaZ(T+2—T 5 o
J. > = Aul|“dx — Aul“dx)+ . 2.4
y(u) 7 RNI ul~dx S (RNI ul~dx) (2.4)

Since o € (0, %), we know that oN < 2. Hence, J, is bounded from below on S (a) for any a > 0,
v > 0. Relying on the above arguments, we infer that

o = 8 10
is well-defined.

Lemma 2.1. Let V € L*(RY) and y > 0. There exists a constant 5(a) > 0 for each a > 0 such that
my, < 0when |Vl], < 6.

Proof. We choose u; € S(a) for every a > 0, and set
u(x) = e uy(e*x), forall x € RVand allk € R.
By calculation, we have

f lup(x)Pdx = @
RN
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and

f Iuk(x)|2”+2dx=e‘TNkf |y (X)*7 2 dx. (2.5)
RV RV

Therefore, we infer that

4k 2k Voo 2
Jy(uk)g&f |Au1|2dx+e—f Vi P + V4
2 RN 2 RN 2

e(rNk
_ |u1 |20-+2d.x.
20- + 2 RN

As o € (0, %), there exists a constant k£ < 0 such that

2k oNk

Vu, [dx —
| Valdxe=

4k

ye 2 €

— Auyl“dx + —
) RN| u| )

f || *2dx = D, < 0.
RN

Now, we choose fixed § = _a—lzk and consider |V|, < 6, and we have

Dy Dy
J),(Mk)<Dk—7 = 7 <O,

which shows m,, , < 0.

Lemma 2.2. Let y > 0, and there are x; € RY, r > 0 and
V(x) =0, forany x € B,(x;). (2.6)

Then, there exists a constant ro > 0 that does not rely on p in (V4) and such that m,, , < 0 for any r > ry.

Proof. We choose u; € S(a) N CYRY), x; € RY with V(x) = 0 for any x € B,(x;) and set

up(x) = e uy (e*(x — x,)), forany x € R¥and any k € R.

f lup(x)Pdx = @
RN

f | ()72 dx = e f luy (x)[*7*dx, (2.7)
RN RN

By calculation we have

and

which lead to

€4k €2k
Jy(uk):yT f By Plx + - f Vuu Pdx
RN RN

1 —k 2 ek 2042
+ = V(e ™" x + x))|up|"dx — lug |7 dx.
2 supp(u1) 20' + 2 RN

As o € (0, 2), there exists a constant k < 0 such that

2k o Nk

e e
AuylPdx + — Vu,dx -
2 RN| mldx+ = RNl mldx =5 ——

Y €4k

f luy|*"*2dx = D, < 0.
RN
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Now, we can choose M| = sup{|x| : x € supp(u;)}, ro = e *M, for each r > ry > 0. Then, it is easy
to deduce that
V(e*x+x,)=0, forall x e supp(uy).

Hence,
Jy(u) <0,

which shows m,, , < 0.

Lemma 2.3. Let the conditions of Lemma 2.1 hold or Lemma 2.2 hold. When 0 < a, < ay, then
2

a
)
p My g < Myq < 0.

Proof. We set w > 1 such that a; = wa, and choose a minimizing sequence (u,) C S (a,) with respect
to m, 4,, namely,
Jy(uy,) = m, 4, as n — +oo.

Let i1, = wu,, and it is easy to see i1, € S(a;). Then

~ ((1)2 — a)20'+2) .
my,al S J(un) = a)ZJ(un) + W » |un|2 +2dx.

Claim 2.4. There exist two constants C; > 0 and n, € N such that fRN lu,|**2dx > C, for any n > n,.

If not, we can infer that
f > 2dx — 0, as n — +co,
RN

and if necessary we can choose a subsequence. Let us recall that

S f 27 2dx < T, () = My, + 0,(1) <0, for neN,
a RV

which is a contradiction. Hence, the proof of Claim 2.4 is completed.
Applying Claim 2.4, w* — w***? < 0, we can get that for n € N big enough

2 20+2
2 (W —w )Ci
my, < w J(u,)+

20+ 2
Taking the limit n — +oc0, we have
m < a)zm + (w2 _ w2ff+2)cl < wzm
Y.a1 — Y-a2 20_ + 2 Y.az»

namely,

a%

—m <m
2,41 Y.a2

a;

and the proof of the Lemma 2.3 is completed.

Lemma 2.5. Suppose that there exists a minimizing sequence (u,) C S(a) with respect to m,, such
that u # 0, u,(x) = u(x) a.e. in RY, and u, — uin H*(R"). Then, u, — u in H*(R"), J,(u) = m,, and
u e Sa).
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Proof. Actually, if not, we can obtain that |u|, = ¢ # a. Relying on u # 0 and Fatou’s lemma, it is easy
to infer that ¢ € (0, a). Applying Brezis-Lieb lemma (see [28, Lemma 1.32]), we can obtain

2 2 2
|un - u|2 = |un|2 - |u|2 + On(l)

and

2042 2042 2042
lun — ubyy sy = lunlyg iy = lubyg iy + 0n(1).

Let it, = u, — u, b, = lii,|>, and assume |ii,|, — b. We infer a* = ¢*> + b*> and b, € (0, a) for n big
enough. Moreover, by using Lemma 2.3, we have

my, + on(1) = Jy(un) = J),(I/l) + Jy(ﬁn) + 0,(1)
2
> My, + My e+ 0,(1) 2 Sy 4+, + 0,(1).
a
Taking the limit n — +oc0, we obtain that
bZ
My, > 2Ma t My (2.8)
As ¢ € (0,a), we can apply the Lemma 2.3 in (2.8), and it is easy to obtain this inequality:

b? c? b

My, > —Myg+ =My, = (= + —=)my,, =my,.
Y 2 2 2 2 Y

We get a contradiction, which implies |u|, = a, namely, u € S (a).
Since |u,|» = |ul, = a, u, — uin L*(RY),

u, - u in L*@RY).
Using the interpolation theorem in the Lebesgue space, it is easy to obtain that
u, - u in L*RY).

Moreover, as [, YIAul® + [Vul* + V(x)ul’dx is convex and continuous in H*(R"), this functional is
weakly lower semicontinuous, namely,

lim inf f VAU, * + |V, > + V() |*dx > f YIAul* + |Vul* + V(x)u*dx.
RY RV

n—+0co

The above limit together with m, , = lim J,(u,) shows that
n—+oo
my, > J,(u).
Since u € S(a), J,(u) = my,, and J,(u,) — J,(u). Since u, — u in L***(RY), we infer u, — u in

H*(RV).
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3. Periodic case

We suppose that V satisfies V; and set a minimizing sequence u, C S(a) with respect to m,,,
namely,
Jy(u,) = m,,, asn— +oo.

As o € (0, 2), the above limit combined with (2.3) and (2.4) ensures (|Au,|,) and (|Vu,|,) are
bounded sequences. Hence, (u,) is a bounded sequence in H*(R"). Furthermore, there exist a subse-
quence of (u,), still represented by (u,), and u € H*(R") such that

u,(x) = u(x) a.e. in R",
and
u, — u in H*R").

As the discussion of Claim 2.4, there is a constant C; > 0, and the following inequality is established

|u,|*2dx > C,, forn e N big enough. (3.1
RN
Lemma 3.1. If (u,) C S(a) is a minimizing sequence, then (u,) can be chosen to be a new minimizing
sequence i, C S (a) such that it, — it and it # 0.

Proof. Above all, there exist 8 > 0, R > 0 and y, € R" such that
f lu,/*dx > B, forall neN. (3.2)
Br()

If not, we can infer that u, — 0 in L***?(R"), which is a contradiction. A brief discussion implies
that we can suppose y, € RY and R > 0 big enough in (3.2). Then, setting ii,(x) = u(x + y,), we
infer (i1,) C S (a) and (ii,) is also a minimizing sequence with respect to m, ,. Furthermore, there exists
it € H*(R™)\{0} such that

fi,(x) = i(x) ae.in RY,

and

i, =& in H*RY).
The proof is completed.
3.1. Proof of Theorem 1.1 (Part I)

Proof. Using Lemma 3.1, we can get a bounded minimizing sequence (u,) C S (a) with respect to m,, ,
and its weak limit u # 0. Now, by Lemma 2.5, it is easy to infer u € S (a), J,(u) = m,, and u, — u in
H*(RY). Hence, by the Lagrange multiplier, there exists a constant A(a) € R such that

Jw) = A@¥ (@) in (H®RY)Y, (3.3)
where ¥ : H*(RY) — R, and
P(u) = f luldx, ue H*RY).
RN

According to (3.3),
yA?u — Au+ V(x)u = A@)u + |ul**u in RV,

Therefore, the proof is completed when V satisfies (V7).
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4. Asymptotically periodic case
In this section, let V # V. Therefore, there exists a measurable set Q c R" with |Q| > 0 and

Vy(x) > V(x), forany x € Q. 4.1
Then, let us represent by J,, : H*(R") — R the functional

Y 1 1 1 i
Jyqu) = 5 » |Aul>dx + 5 » \Vul2dx + 3 fRN Vq(x)lulzdx “513 LN 2 2dx,

and the constant

m = inf J, (u).
VAL eS () ra(®)

Depending on the conditions of Theorem 1.1, as the discussion in Section 3, there exists u, € S (a)
such that J, ,(u,) = m, , ,. Furthermore, by (4.1), we can infer

Mya < Myagq- (4.2)
Now, we choose a minimizing sequence (u,) C S (a) with respect to m, ,, namely,
Jy(u,) > my,,, as n— +oo.

Since o € (0, 2), as the discussion in Section 2, sequence (u,) is bounded in H*(RY). Therefore,
there exist u € H*(R") and a subsequence of (u,), still represented by (u,), such that

u,(x) = u(x) ae.in RY,

and
u, —u in H*@RM).

Lemma 4.1. If u is the weak limit of (u,) C S (a), then u # 0.
Proof. If not, we have that u,, — 0 in H>(R"). Then,

Jy.q(un) + fR (V@) - Vo@DltalPdx + 0,(1) = Jy(ty) = my o + 04(1),
which leads to
Myqp + LN(V()C) - Vq(x))lunlzdx +0,(1) < J,(u,) = my 4 + 0,(1). “4.3)
Since u, — 0 in LIZHC(RN ), the condition (1.6) shows
\LW@—%@W#MHQ

Letn — +o00in (4.3), and applying the above limit, we get that
Mygq 2 My gq.

We get a conclusion that contradicts (4.2). Hence, u is nontrivial.
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4.1. Proof of Theorem 1.1 (Part Il)

Relying on Lemma 4.1, first of all, we have a minimizing sequence (u,) C S(a) with respect to
m,, and its weak limit u # 0. By using Lemma 2.5, we can obtain u, — u in H*RM), u € S(a),
J,(u) = m,,. The rest is similar to Theorem 1.1 when V satisfies (V), and we do not repeat it.

5. Proof of Theorem 1.2

In this section, let us represent by J, o, J,.0, H?*(RM) — R these functionals:

1 1
o) = % f AuPdx + > f VuPdx + 5 f VeluPdx
’ 2 RN 2 RN 2 RN

1 20+2
_ o d
2a+2fRN|”| o

and

1 1
Jyou) = g fR ) |Aul*dx + > fR ) IVul*dx + 3 fR ) VolulPdx

1 200+2
- T2y,
2a+2fRN|”| .

Furthermore, let us represent by m, , ., m, 4 these constants:

m, o = Inf J, o(u
yds ues (a) L& ( )

and
m = inf J. u).
y,a,0 1S (a) y,O( )

According to the conditions of Theorem 1.2, we can get a constant 6(a) > 0 for any a > 0, and
|Vl < 6. Hence, by (V3), we have V, < ¢ and V,, < 4. Depending on Section 3, we can get two
functions uy, e, € S(a) and Jy «(Ueo) = My 400, J0(Ug) = My 40. Moreover, from Lemma 2.1 and (1.7),

My a0 < Myge < 0. 5.1

Lemma 5.1. m, .o > limsupm,,, .

e—0*

Proof. In the following, let x; € R" such that

V(x)) = inf V(x),
xeRN
and ve(x) = u;(x — ). So, v, € S(a), and
Y 2 1 2 1 2
Myae < Jye(Ve) = = |Aui|“dx + = [Vu|“dx + = V(ex + x1)|uq|*dx
Y ’ 2 RN 2 RN 2 RN

1 200+2
- T2y,
2a+2fRNlull o
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Taking the limit € — 0%, we have
hr:l ?)?p My 4p < 515(1)1 Jye(e) = Jy0(uo) = my q0.
From Lemma 5.1 and (5.1), there exists gy > 0 such that
Myae <My,o, forall &€ (0,g). (5.2)
We choose a minimizing sequence (u,) C S (a) with respect to m, , ., namely,
Jye(y) > my e, as n— +oo,

As o € (0, 2), the above limit combined with (2.3) and (2.4) ensures (|Au,|,) and (|Vu,|,) are
bounded sequences, from where we infer that (u,) is bounded in H*(R"). Therefore, there exist a
function u € H*(R") and a subsequence of (u,), still represented by (,), such that

u,(x) - u(x) ae.in RY,

and
u, —u in H*RY).

Lemma 5.2. When € € (0, &), u # 0, where u is the weak limit of (u,,).

Proof. If not, we have u = 0. Then,

My g+ 0,(1) = Jy (1) = Iy oo(uy) + f (V(ex) — Voo)lu,|*dx.

R

Relying on (V3), for each given n > 0, there exist a constant R > 0 and
Vix)> Vs, —n, forany [x|>R.

Therefore,

(V(ex) = VlulPdx — 1 f lunPdx.

By, /5(0)

Mmyge+ On(l) = Jy,s(un) = Jy,w(un) + f

Bg/:(0)
We recall that (u,) is bounded in H*(RY), u, — 0 in L*(Bg,.(0)). Hence, can infer that
Myae + 0n(1) 2 Jyoo(tty) —1C1 2 My 400 —NCy
where C; > 0. As n > 0 is arbitrary, we have
<

m?’,ﬂ,oo m%a,é"

and we get a conclusion that contradicts (5.2). Hence, u # 0 when € € (0, &).
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5.1. Proof of Theorem 1.2

Depending on Lemma 5.2, we can choose (u,) C S (a) which is a minimizing sequence with respect
to m, 4. such that u, — u and u # 0. Moreover, using Lemma 2.5, it follows that u, — u in H*(R"),
u€ S(a), and J, (u) = my 4.

6. Proof of Theorem 1.3

The following part is dedicated to studying the attainability of minimizers when V satisfies (V).
We can choose a minimizing sequence (u,) C S (a) with respect to m,, ,,, namely,

Jyu = Myay, as n— +oo.

Since o € (0, %), arguing as the discussion in Section 2, we infer that (u,,) is bounded in E. There-
fore, we can get u € E and a subsequence of (u,), still represented by (u,), such that

u,(x) = u(x) ae.in RY,

and
u, —u in E.

Lemma 6.1. There exist two constants Cy, ry > O,which do not rely on u > 0, and

n—+o0

liminff lu,*""2dx > C,, forall r>r. (6.1)
RN

Proof. Setu; € S(a)N C(‘;"(RN) with supp(u;) C Q, where Q = int(W=1(0)) # 0, x; € Q, and
u(x) = eNTkul(ek(x —x1)), forany x € R¥and any k € R.

By calculation, we have

f ue(0)Pdx = o,
RN

and
f lup(X)*7Hdx = eV f iy ()7 dx. (6.2)
RN RN
Therefore,
4k 2k
o) = 2o f Ay Pdx + = f Vo Pdx + & f W(e™x + x)lu Pdx
’ 2 RN 2 RN 2 supp(ul)

ea'Nk
_ |M1 |20—+2d.x.
20- + 2 RN

As o € (0, %), there exists a constant k < 0 such that

2k o Nk

e e
AuylPdx + — Vu,dx -
2 RN| mldx+ = RNl mldx =5 ——

Y €4k

f luy|*"*2dx = D, < 0.
RN

Electronic Research Archive Volume 31, Issue 7, 3759-3775.



3772

Now, we choose M, = sup{|x| : x € supp(u;)} and ry = e*M,. If r > ry > 0, and then
W(e ™ x+x)=0, forall xe supp(uy).

Hence,
Jyu(ui) < 0.

It shows there is a constant C; > 0 that does not rely on y and m,,, < —C; when u > 0. Let us
recall

My apu t On(l) = Jy,/.t(un)

1
S f A, Pdx + = f Vi, P + £ f WO lu,Pdx
2 RN 2 RN 2 RN
I

200+2
- 72,
2a+2fRN | dx

Then, we have

1
—-C, + nl > n20’+2d
t+0n(1) 2a+2fRN|”| !

and

lim inf lu,* dx > C, > 0,
n—+oo RN

where C; is independent of p.

Lemma 6.2. There exist two constants py > 0, R > 0, and when u > oy > 0, this inequality is
established:

. C
lim sup f |, |27 2dx < =,
B30) 2

n—+oo
where C; > 0 is given in Lemma 6.1.
Proof. Actually, as the discussion in [29, Lemma 2.5], for each € > 0, there exist R > 0 and yy > 0
such that
lim supf luldx < &, forall u> p.
B (0)

n—+co

Now, apply that the result (u,) is bounded in L* (R") by a constant, and the constant is independent
of u. In the following, we can use interpolation theorem of Lebesgue spaces and the proper € > 0 to
get the expected result.

Lemma 6.3. When u > uy > 0, u # 0, where u is the weak limit of (u,).

Proof. 1f not, we have that u = 0 for some > uo. As u,, — 0in L>***2(B(0)) for each R > 0, according
to Lemmas 6.1 and 6.2 we have

.. .. ) C
C, < liminf f |u,|**"2dx = lim inf f |u,|*7 P2 dx < lim sup f 27 2dx < =L
RN B[C.‘,(O) BE(O) 2

n—+oo n—+oo n—+co

We get a contradiction, which implies that there exists a constant py > 0 such that u # 0 when
M2 Ho.
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6.1. Proof of Theorem 1.3

According to Lemma 6.3, we can get (1,) C S(a) which is a minimizing sequence with respect to
m, 4, such that u, — u and u # 0. Moreover, we can use Lemma 2.5, and then, v, —» uin E, u € S(a)
and J, ,(u) = my 4.
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