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Abstract: A time-delayed model of malaria transmission with asymptomatic infections and standard
incidence rate is presented and its basic reproduction number Ry is calculated. We focus on the global
dynamics of the model with respect to Ry. If and only if Ry > 1, the model exists a unique malaria-
infected equilibrium E*, whereas it always possesses the malaria-free equilibrium E,. We first prove
the local stability of the equilibria Ey and E* by using proof by contradiction and the properties of
complex modulus. Secondly, by utilizing the Lyapunov functional method and the limiting system of
the model with some novel details, we show that the equilibrium E; is globally asymptotically stable
(GAS) when Ry < 1, globally attractive (GA) when Ry, = 1 and unstable when R, > 1; the equilibrium
E™ is GAS if and only if Ry > 1. In particular, in order to obtain global attractivity of the equilibrium
E*, we demonstrate the weak persistence of the system for Ry > 1. Our results imply that malaria will
gradually disappear if Ry < 1 and persistently exist if Ry > 1.
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1. Introduction

Malaria is one of the world’s most significant infectious diseases [1]. Malaria is a life-threatening
disease caused by parasites that is usually transmitted to persons through the bites of female Anopheles
mosquitoes [2]. Malaria gives rise to great pressure for the global prevention and control of infectious
diseases [3]. World Health Organization reported [2] that there were an estimated 247 million malaria
cases, including 619,000 deaths worldwide in 2021, and the majority of cases and deaths occurred in
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sub-Saharan Africa. The African region accounted for a disproportionate share of the global malaria
burdens [4,5]. In 2021, the African region was home to 95% of global malaria cases and 96% of
global malaria deaths, and children under 5 years old accounted for about 80% of all malaria deaths
there [2]. There are 5 kinds of parasite species that cause malaria in humans, and two of these species
P. falciparum and P. vivax pose the greatest threat [6]. The first malaria symptoms such as headache,
fever and chills usually appear 10—15 days after the bite of a malaria mosquito and may be mild and
difficult to be recognized as malaria, which implies that malaria exists the incubation period [2]. It was
reported that asymptomatic infections were more prevalent in sub-Saharan Africa, where an estimated
24 million people had asymptomatic malaria infections [7]. Thus asymptomatic infections can occur
during malaria transmission.

Asymptomatic infected people have no clinical symptoms, but they are contagious and the impact
of asymptomatic infections on malaria transmission is enormous [8, 9]. Bousema et al. [10] pointed
out that asymptomatic carriers contributed to sustained transmission of malaria in local populations,
and there was substantial evidence that an increase in the number of asymptomatic carriers at specific
time intervals affected the dynamics of malaria transmission. Laishram et al. [4] concluded that
asymptomatic malaria infections was a challenge for malaria control programs.

Since the emergence of malaria, scholars at home and abroad have been studying the pathogenesis
and transmission dynamics of malaria. In all research methods, mathematical modeling is undoubtedly
one of the most intuitive and effective methods. Many researchers have studied the dynamic evolution
of malaria transmission by applying some mathematical models of malaria. In 1911, Ross [11] put
forward a basic ordinary differential equations (ODEs) malaria model. Afterwards, MacDonald [12]
extended Ross’s model, and gave first the definition of the basic reproduction number. The extended
Ross’s model was said to be the Ross-Macdonald model. Subsequently, the Ross-Macdonald model has
been extended to higher dimensions and more factors affecting malaria transmission have been taken
into account (see, e.g., [1,6, 13]). For example, Kingsolver [14] extended the Ross-Macdonald model
and explained the greater attraction of infectious humans to mosquitoes in 1987. Safan and Ghazi [1]
developed a 4D ODEs malaria transmission model with standard incidence rates, and analyzed the
dynamic properties of equilibria of the malaria model. In 2020, Aguilar and Gutierrez [6] established
a high-dimensional ODEs malaria model with asymptomatic carriers and standard incidence rate, and
dealt with local dynamics of the disease-free equilibrium of the malaria model.

Over the years, considering the incubation period of malaria, lots of researchers established some
time-delayed malaria models (see, e.g., [3, 5, 15-18]). For instance, in 2008, Ruan et al. [5] first
established a class of Ross-Macdonald model with two time delays, and investigated the stability of
equilibria of the model and the impact of time delays on the basic reproduction number. In 2019,
Ding et al. [3] proposed a malaria model with time delay, and investigated the global stability of
the uninfected equilibrium of the model as well as its uniform persistence. For the moment, there
are few theoretical analysis of the model of malaria with standard incidence rate. Recently, Guo et
al. [13] established a malaria transmission model with time delay and standard incidence rate, and they
studied the global dynamic properties of equilibria of the model. Based on this, we extend and improve
the model in [13], namely, we establish a malaria transmission model with asymptomatic infections,
standard incidence rate and time delay, and then study the global dynamic properties of equilibria of
the malaria model.

The remainder of this paper is organized as follows. In Section 2, we put forward a time-delayed
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dynamic model of malaria with asymptomatic infections and standard incidence rate, and prove the
well-posedness as well as dissipativeness of the system. In Section 3, we obtain the existence
conditions of malaria-free and malaria-infected equilibria of the system, and verify the local dynamic
properties of equilibria in terms of the basic reproduction number R,. In Section 4, to obtain the
global dynamic property of the malaria-infected equilibrium for Ry > 1, we acquire the weak
persistence of the system through some analysis techniques. In Section 5, by utilizing the Lyapunov
functional method and the limiting system of the model combining stability of partial variables, we
obtain the global stability results of malaria-free and malaria-infected equilibria in terms of Ry,
respectively.

2. Model formulation

In order to delve into the details of malaria transmission, we develop a time-delayed model with
asymptomatic infections and standard incidence rate. The population is classified into four
compartments, which are denoted by S,: susceptible individuals, A,: asymptomatic infected
individuals, I,: symptomatic infected individuals, R,: recovered individuals, respectively. The
mosquitoes are classified into two compartments, which are denoted by S ,,: susceptible mosquitoes
and 7,,: infected mosquitoes, respectively. Then the model of malaria transmission is proposed as
follows:

BiSuOAKD  BaSwOI()

$ult) = A = =08 N HnSa),
It = PoA R0 B0 10,
Sut) = A - ﬁhsztf:ztl)m(t) ~ K0 @.1)
Ay = pP hsh(;,;(:)_l”;(; =D Gy A0,
b = (1= P DD i,
Ri(0) = yaAn() + vili(2) = iRy (0),

where N,,(t) = S,.(t) + I,(t). Here, time delay 7 > 0, and all other parameters of system (2.1) are
assumed to be positive and p € (0, 1). The description of parameters are listed in Table 1.
The phase space of system (2.1) is

Co = {6 = (1.2, 63 64.65.06) € C = C(I-T.0L.RS) : $1(8) + $2(6) > 0.6 € [-7,0]}.

where C is the Banach space of continuous functions mapping from [—7, 0] to RS with R, = [0, o0) and
the supremum norm. In the following, the well-posedness as well as dissipativeness of system (2.1)
will be investigated in C,.

Theorem 2.1. The solution u(t) = (S ,,(t), L), S u(t), An(?), In(2), Ry () of system (2.1) with any ¢ €
C. exists uniquely, and is non-negative and ultimately bounded on R.. In particular, (S ,(t), S y(1))" >
0 on (0, ), and C, is positively invariant for system (2.1).
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Table 1. Descriptions of parameters in the model.

Parameter  Description

i The natural death rate of mosquitoes

Up The natural death rate of humans

Am The natural birth rate of mosquitoes

A The natural birth rate of humans

B The infection rate of susceptible mosquitoes biting asymptomatic individuals
B> The infection rate of susceptible mosquitoes biting symptomatic individuals
B The infection rate of infected mosquitoes biting susceptible individuals

T The incubation period of malaria

YVa The recovery rate of asymptomatic infected individuals

Vi The recovery rate of symptomatic infected individuals

p The transition probability of asymptomatic infected individuals

Proof. In view of the basic theory of delay differential equations (DDEs) [19, 20], the solution u(?)
of system (2.1) with any ¢ € C. is unique on its maximum interval [0, T) of existence. Firstly, we
will prove that the solution u(¢) is non-negative on [0, 7). According to the continuous dependence of
solutions of DDEs on parameters [19, 20], then for any b € (0, T,) and a sufficiently small € > 0, the
solution u(t, €) = (u1(t, &), ux(t, &), us(t, ), us(t, €), us(t, €), ug(t, €))" through ¢ of the following model:

_ BiSn(AD)  BaSw(DI(D)

Sm(®) = Ay, N0 N HnSn(®,
it =~ 15}”\’/523”(” B 25;’%”(0 — i d(0) + €,
Sult) = 4 - % ~ HaSat), 2.2)
Ay = pP ”S’“(fv;(:)_l”;(; “D G+ A0 + 5,
i =1 -pP hsh(fv;(:)_l”;(; —D G (0 + e,
Ri(0) = YaAn(®) + yili(1) = puRi(0) + &,

uniformly exists on [0, b]. Consequently, we claim u(¢, &) > 0 on [0, b). It is clear that i;(0, &) > 0,i €
Is = {1,2,3,4,5,6} whenever u;(0,&) = 0. Next, we prove the claim by contradiction. Suppose that
there exists 7 € (0, b) such that u;(f, &) = 0 for some i € Is and u(z, &) > 0 for ¢ € (0, ), where

f = min{t;}, t; = sup{t € (0,b) : u;(x,&) >0, x € (0,1]}.

1<i<6

As a result, it holds
i;(t,e) < 0. (2.3)

Since
+ &

_ o, ] ]
u(t, &) 2 0, Ny(t) = Ny(t, &) = (1 —e™") + N, (0,&)e*" >0,

m
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it follows from (2.2) that i;(¢, £) > 0, which yields a contradiction to (2.3). Thus, we have u(t, &) > 0
for ¢t € (0, b).

Letting € — 0" gives that u(t,0) = u(t) > O for any ¢t € [0,b). Note that b € (0,T,) is chosen
arbitrarily, so that u() > 0 on [0, T). It is obvious that 7 > 7. Therefore, from system (2.1), we have
that for any 1 > 7,

Su(t = 7) + Ap(t) + L) + Ry(t) = Ay — (S u(t = T) + Ap(t) + Ii(1) + Ry(1)),
Sm(t) + Im(t) = /lm - ,um(Sm(t) + Im(t))

As a consequence, by the comparison principle, we can obtain that u(?) is bounded. Accordingly,
from the continuation theorem of solutions of DDEs [19], it follows T, = co. Consequently, we have

Hm(S (t = 1)+ Ay(1) + 1(0) + Ru(1) = A/,
lim N, (1) = /lm/#m (2.4)
1—00
Therefore, the solution u(¢) with any ¢ € C, uniquely exists, and is non-negative and ultimately

bounded on R,. Moreover, it is not difficult to get that (S ,,(?), ST > 0 on R, \{0}, and C, is a
positive invariant set for system (2.1).

3. Local stability

To begin with, it follows easily the malaria-free equilibrium E, = (S5,,0,59,0,0,0)", where S), =

A/ and S 2 = Ay, /uy. By using the similar method in [21,22], we can calculate the basic reproduction
number

R, = PBrdinBi N (I = p)Brdipa
#h/lm(ﬂh + ya) ,Llh/lm(,Uh + 71)

T
To get a malaria-infected equilibrium (i.e., positive equilibrium) E* = (S;, I,,S;,A;, IZ,R;) , We
have the following lemma.

Lemma 3.1. System (2.1) exists a unique E* > 0 when and only when Ry > 1.

Proof. First of all, the malaria-infected equilibrium equations can be obtained as follows:
BiS Ay + B2S wl

0=, = S+ = HnS s
STAY 4 BoSt I
ST
ozﬂh—gf%—uﬁ*, (3.1)
0= pf;S;Iél — (U + Vo)A,
0=(l- p)fgsflé — (i + YD1},
0 = v A, + Vil — R},
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Note that S, + I, = A4,/ tm, 1t follows from (3.1) that

. BiSLAL+BS T,
m — /lm >
S)y=—7+,
ﬂh/lm + /’Lmﬁhlm (3 2)
" (/Jh + 'Ya)(/lm/lh + /—lmﬁlll;,) ’
= (1 = p)BrAnpiml,,
" (un + ) ot + pnBaly)’

Substituting the third and the fourth equations in (3.2) and S, = A,,/u, — I, into the first equation
in (3.2), there holds

Atin Ly = o (1)
Hndm + Bl

In consequence, (3.3) possesses a unique positive root

L=

m

R (3.3)

Anpin(RG = 1)
=0
Hm(Un RS + Br)

if and only if Ry > 1. Thus, we can conclude that E* is a unique malaria-infected equilibrium of system
(2.1) if and only if Ry > 1, where E* satisfies

§* = A + Bn)

" ﬂm(ﬂhR% + ﬁh) ,
ARG = 1)
MR+ By
B (RS + Br)

" + BuunRy

_ PBARG = 1)
"+ B + Y )RY
_ (= pBru(Ry 1)

(3.4)

I >
(tn + B + YDRG
RZ _ yaA; + 7ilh
Mn

Next, by adopting similar techniques in [23-25], we will discuss the local dynamic properties of
the malaria-free equilibrium E, and the the malaria-infected equilibrium E* with respect to Ry. First of
all, for the local stability of the equilibrium E,, we have the theorem as follows.

Theorem 3.1. For any T > 0, the malaria-free equilibrium E is locally asymptotically stable (LAS)
when Ry < 1, and unstable when Ry > 1.
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Proof. With some calculations, the characteristic equation of the linear system of system (2.1) at E
can be obtained as follows:

A+ oy, 0 0 Bi B> 0
0 A+ 0 -6 —B2 0
0 Bt A+ 0 0 0
0 —”ﬂ‘f—/‘;j‘"’e‘“ 0 A+ (up+v) 0 0
0 _(l—ljl)[lfz’/?hﬂm e 0 0 A+ (up + ) 0
0 0 0 ~Ya —i A+
= (A + )+ ) H() = 0, (3.5
where
H) = (A + ) A+ i + Ya) A+ i + 7i)
Aplln 1- Anfim -
_ | PB\BrAnp A+ + 90 + (1 = P)BaBrdnpt A+ 1+ y0) | e (3.6)
/lm/Jh /lm/lh

Clearly, Eq (3.5) possesses three negative real roots: —u; (double) and —u,,. The other roots of
Eq (3.5) satisty H(1) = 0. Next, we will prove that any root A of H(1) = 0 has negative real part.
Suppose, by contradiction, A has the nonegative real part. Then it follows from H (1) = 0 that

1 _ pB\BrAntm e (L= Dp)BoBrdnptn _y,
T e+ e,
A (A + g + Vo) At (A + iy + i)

(3.7)

Taking the modulus of both sides in (3.7), we have
|4+ t| = i
and

—At

[ PB1BrAnttm N (1 = p)BoBrdntim
Anftn(A + iy +Va)  Awptn(A + i + 70
PB1Br A (1 = p)BoBrdntim
At (A + pp + ¥ | N At (A + g, +y3)
<_PBiBi At N (1 = p)BoBrAnptm
C Antn(n +¥a)  Awpn(pn + ¥i)

for Ry < 1 and 7 > 0, which leads to a contradiction. Therefore, the real part of each root of the Eq
(3.5) is negative. Accordingly, E, is LAS for Ry < 1 and 7 > 0.

Now, we prove that the Ej is unstable for Ry > 1 and 7 > 0 by the zero theorem. Clearly, for Ry > 1
and 7 > 0, we can get

<

= ,ung < HUm

H(0) = pn(tn + Vo) + y)(1 = Rg) <0, lim H(A) = co.

According to the zero theorem, there must exsit a positive real root in Eq (3.6). Thus, E is unstable
for Ry > 1land 7 > 0.
For the local stability of the equilibrium E*, we can obtain the theorem as follows.
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Theorem 3.2. For any T > 0, the malaria-infected equilibrium E* is LAS if and only if Ry > 1.

Proof. By Lemma 3.1, we just require to demonstrate the sufficiency. Let

R - D H - Brnttn(RG — 1) _ _Hnt P
(n +BOGRE+ B+ PR R+ B
T Butn(RG — 1) M= Budttm  _ Mmptn(RG = 1)
HnRS + By ARG MRS+ By

With direct calculation, the characteristic equation of the linear system of system (2.1) at E* can be
got as follows:

1+G+u, "y 0 B8,K B, K 0
-G A+J + U 0 _ﬁlK —ﬁzK 0
-H M A+T +puy, 0 0 0
pHe ™ —pMe™ —pTe™ A+ (U +Ya) 0 0
(1-p)He™ (p—DMe™ (p—-1DTe™ 0 A+ +y) 0
0 0 0 ~Ya —Vi A+
= (A + ) A+ ) g(D) =0, (3.8)

where

g = A+ +y) A+ +v) A+ G+ J + ) (A+T + )

Apbn 1
= [(1 = p)Ba (A + iy +¥a) + PB1 (A + i+ ¥)] (A + pay) 'Bh—hﬂze it
/Jh/lmRO

Clearly, Eq (3.8) has two negative roots: —u,, and —u,,. The other roots of Eq (3.8) satisfy g(1) = 0.
Then, we will prove that any root A of g(1) = 0 has negative real part by contradiction. Assume that A
has the non-negative real part. By g(1) = 0, we can get

A+T +pn _ (1 - p)B, N PBi BrAnptm T (3.9)
/l+#h (/1+G+J+ﬂm)(/l+/lh+yi) (/1+G+J+,um)(/l+,uh+7a) /Jh/lmR% . .
Taking the modulus of both sides in (3.9), for Ry > 1 any 7 > 0, it follows
A
' + T + uy, o1
/1 + HMh
and
(I -p)B: N PP BrAnttm oA
A+G+ T+ ) A+ py+v)  (A+G+J + ) (A + i+ ¥a) | ARG
< (I -p)B2 ‘ N ‘ PP BrAntim o
TUHQA+G T+ ) A+ +y) 1A+ G+ T+ ) (A+ iy + vl | | RS
< [ (I = p)BaBrdn N PB1BrAn Hom
TN A G+ T+ ) iy n + ) An (G + T + ) i (s + va) | RY
- [ (1 - p)BoBrd . PBB . _
| Attt (U + i) Anpnfti, (1 + Ya) | R

Obviously, this is a contradiction. Hence, the real part of each root of the Eq (3.8) is negative for
Ry > 1 and 7 > 0, which ensures the local stability of the equilibrium E*.
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4. Weak persistence

Generally, to obtain the global stability of the equilibrium E*, we need to prove the strong
persistence or uniform persistence of system (2.1). However, we study the weak persistence of system
(2.1), which can ensure the global stability of the equilibrium E*. Of course, the weak persistence of
system (2.1) is more accessible than its strong or uniform persistence. Now, we define

F={¢eC.:¢0) >0},

and let
u(?) = (S (), Lu(0), S (1), An(t), Iy(t), Ry(t))"

be the solution of system (2.1) with any ¢ € F. It follows easily that F is a positive invariant set of
system (2.1), and u(#) > 0 for r > 0. Hence, we discuss the weak persistence of system (2.1) in F.
According to [26], system (2.1) is said to be weakly persistent if

limsupo(t) > 0, 0 = S, L, S s A, Ins Ry

t—00

We define u;, = (S s Luts S s Ants Ines Rie)T € Ci to be u,(0) = u(t + 6), 0 € [-1,0] for r > 0, and u,
is the solution of system (2.1) with ¢. Inspired by the work in [13], we study the weak persistence of
system (2.1). First, we have the following lemma.

Lemma 4.1. Assume that Ry > 1, 6 € (0, 1) and lim sup,_,, 1,,(t) < 0I;,. Then

A= Ol AR (1= 6) + By + 6

liminf S ,,(t) > S, iy, AnlptnRo (1= 6) + By + 6]
t—00 M Mm (,uhRg +ﬁh)

a = S, > S

OBl /S +un OBy + B [ un(unR2 + By + 1~ "

> S

lim infSh(t) > gh
—oc0

Proof. 1t follows from (2.4) that

liminf S ,(t) = liminf(N,,(¢) = L,(t)) = S° — limsup I,,(t) > S° — 0I' = § .
t—o00 — o0

m
t—00

For any € > 1, there can be found o = o(¢, €) > 0 such that

I,(t)  €bI
<—" t>o0,
N,(1) ~ 89,

and then
BiSs(DIn(t)
N,u(2)

e@ﬁ h I :1

Su(t) = A = S0

MpS (1) > A, — ( + ,Uh) S ().

Consequently,
Ap

epul: /SO +

liminf S (1) >
t—o00

Letting € — 1%, it holds
liminf S ,(¢) > S}.

t—00
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The malaria-infected equilibrium equations imply that

_ Am (,uhR% (1 - 0) +ﬁh + gl-lh) S g S _
m 0 (#hR(Z) +ﬂh) m> Oh

Theorem 4.1. Let Ry > 1. Then limsup,_, 1,,(t) > I,.

S .
5 > 8.
OB (n + Br)  un(unRG + Br) + 1

Proof. We will use the proof by contradiction to verify this result. Provided that lim sup,_,, ,,(¢) < I,.
Whereupon, one can find a 6 € (0, 1) such that limsup,_,, 1,,(#) < 6I;,. Using Lemma 4.1, we can get

that there is an ¢, > 0 such that for any € € (0, &),
Sh A S

m
> — >

0 0° g0 0"

Sy +e S8, +e §)

4.1)

Thanks to Lemma 4.1, it follows that for any € € (0, &), there can be found .7 = 7 (¢, ¢) > 0 such
that

S h(t) S h Sm(t) S m
> , >
Nu(t) SO +€ Ny(r) S%+e€
Now, we define the functional on F as follows,

BiS:, BaS:, AnRGS f(’ $3(0)$2(0)
L(¢) = S° $,(0 0 0 do.
@)= 3nt O O PO T | @+ 6.0

Obviously, L(u,) is bounded since L is continous on F. Then for ¢t > .7, the derivative of L along
the solution u, is given by

Sult)> S, 12 T

. /lngS S n(t)
L(Mt) > T oOnN Am Im(t)
SONW()
R3S 58 1
> 2mTh ) ).
SS9 +e)

Denote

I, = min I,(7 +1+86),
0el-7.0]

= (i + ¥)S ) + QAT + 1) (i +¥)(S,, + OL(T + T)}

¢ = min {Im, = , =
PBrS» (I =p)BuSn

Next, we will prove that 1,,(r) > ¢ for t > 7. If not, there exists a .7, > 0 such that 1,,(t) > ¢

fort € (7,7 +17+ %), I(T +7+ %) = cand [,(7 + 7+ F) < 0. Then it follows that for
telT,7 +1+ %,

BrSu(t =), (t -7 PBuS e

Antt = PP DD G A > L — YA (42)
It easily follows from Eq (4.2) that fort € [.7, T + T+ %],
PBuS e PBuS ne Tt PBiS ne
Au(t) > + AT - HTTHE > .
02 G amrrs M TS om ) Z B0+ 0
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Analogously, one can get .

(1 = p)BrS ac
(ng + E)(“/’l + '}’i)’
forte [T, 7 +1+ %] By R; = S9S9/S:S: and (4.1), we have

Iy(1) >

AuRES S, N >/lmR§S;S,’;

0. a0 . ~ “tm _/lm:O-
SS9 +€) AR

Accordingly, we conclude that

(T +1t+ %)

_(BISw(T + 1+ AT + T+ D) + oSl T + 1+ T)W(T + 1+ F)

- N7 + 7+ T)

S PBuS ne = (1-p)BiS,c

>,BISm (521 T 6)2(/.1]1 n ya) +ﬁ25m(S81 " e)z(ﬂh n yz)
R3S S 1, R28* S

:c(oo—h_/lm)> ( Omh_m):().
SpSn+e? 5980

- A (T + 1+ )

m

Clearly, this contradicts 1,,(.7 + 7+ %) < 0. As aresult, 1,,(.7) > c fort > 7. Hence, for t > ,
AnRES 1S 1

————— = Ay |c >0,
SS9 +€) )

L(u,) > (

which hints L(u,) — oo as t — oo. Accordingly, this contradicts the boundedness of L(u,).
According to Theorem 4.1, we have the following result.

Corollary 4.1. If Ry > 1, then for any T > 0, system (2.1) is weakly persistent.
5. Global stability

We will study the global asymptotic stability of the equilibria Ey and E* with respect to R,. For this
purpose, we get from (2.4) the following limiting system of system (2.1):

_ BiSwDAW) + BoS m(DI4(7)

Su(®) = Ay, 50 = S (D),
i) = :81Sm(t)Ah(t)S;ﬁZSm(t)lh(t) )
Salt) =4 - ﬁhs+t2)fm(t) ~ ) (5.1)
Aty = PR DIEED Gy,
e O R )
Ri(1) = yaAn(t) + Vilhz;) — KRy (1),
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Adopting a similar argument as in the proof of Theorem 2.1, it follows that the solution

2(8) = (S (0, Ln(0), S 1(2), A(0), In(D), Ri(0))"

of system (5.1) through any ¢ = (1, ©2, ¢3, 4, @5, 0s)] € C, uniquely exists, and is non-negative and
ultimately bounded on [0, o). Setting

z(0) =z(t+0), 0¢€[-71,0]

gives that 2, = (S s Lues S s Apes Ity Ri)T € C is also the solution of system (5.1) through ¢ for ¢ > 0.
We can find easily that E* and E are also the equilibria of system (5.1), and C, is a positive invariant
set of system (5.1). By the way, (S,,(£), ()" > 0 for ¢t > 0. Define Hv) = v—1—1Inv, v > 0.
Thereupon, for the global dynamic property of the equilibrium E of system (2.1), we have the theorem
as follows.

Theorem 5.1. For any T >

> 0, the malaria-free equilibrium E\ is GAS when Ry < 1 and GA when
RO = 1 il’L C+.

Proof. By Theorem 3.1, it follows that for Ry < 1, E; is LAS. Thus, we only need to prove that for
Ry < 1, Ey is GA. Let u, be the solution of system (2.1) with any ¢ € C, and z; be the solution of
system (5.1) though any ¢ € C,. Let w(¢) be the w-limit set of ¢ with respect to system (2.1). In order
to prove the global attractivity of E\, we just need to show that w(¢) = {Ey} . By Theorem 2.1, we know
that , is bounded on C,. Hence, it follows from (2.4) that w(¢) is a compact set, and is also a subset
of C..

Let us define the following functional V on L; = {¢ € C, : ¢1(0) > 0,¢3(0) > 0} € C,

1lm 0
V() = Vi(e(0)) + 'u’/l, f ©3(0)p2(0)dO, (5.2)
where
‘101( ) 0 S?n/lm 903(0) ﬁlSm ﬁz m
Vi(p(0) = (S)) H( 50 ) S 2(0) + 5, H( 50 )+ it n ¢4(0) + . %905(0)-

Obviously, YV, is continuous on L. Since z, € L; for t > 1, the derivative of V along z, (t > 1) is
given by

A, So B1S m(DAR(D) + B2S (D) L(t)
Vo= 215 5 -4 0)
An (BiS w(DAKD) + BoS uOI() A S,
+ ( 50 . mu)) st ( s, (t))uh — hS W)L (t) — unS 4(t))
B£1S°
+ (PhS 1(t = T)Lu(t — T) = (Ui, + Vo) An(2))
Mp + 7
/f 2+ '; (1 = pYhS y(t = Tt — T) — (up, + ) L) + “” (S WO (t) = S 1t = T)u(t — 7))

S =80 (S a(t) - §9)? ﬂmﬂh )
= S (D) 1SS (1) 1, Syt =), (t—T)(R5— 1) <0, (5.3)
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where h = B,u,/A,. Considering (5.2) and (5.3), we can conclude that both S,(¢) and §S,,(¢) are
persistent. In other words, there exists a ¢ = o(¢) > 0 such that liminf,,, S,(f) > o and
liminf, ., S,,(f) > 0. As aresult, w(yp) C L, where w(yp) is the w-limit set of ¢ with respect to system
(5.1). It is evident that V is a Lyapunov functional on {z,:#>1} C L;. Then it follows
from [27, Corollry 2.1] that V() = 0, V¢ € w().

Assume that z; is the solution of system (5.1) through any ¥ € w(¢). Then the invariance of w(y)
gives that z, € w(yp) for t € R. According to (5.3), we have §S,,(¢) = 521 and S ,(7) = Sg for t € R. From
system (5.1) and the invariance of w(y), it follows that 7,,(t) = A,(¢) = I,(t) = R,(t) = 0 for r € R. Thus
for Ry < 1, it holds that w(¢) = {E,}, which implies that W*(E,) = C,, where W*(E,) is the stable set
of E, with respect to system (5.1).

Now, we prove that the equilibrium Ej of system (5.1) is uniformly stable for Ry < 1 by using
the similar approach in [28,29]. Observe that the first five equations of system (5.1) can constitute an
independent subsystem

_ BiSu(DAD) + BoSwOL(1)

Sm(®) = A 50 HomS m(1),
um=ﬁﬁﬁaﬁq&&&ﬁmm—mwmx
&@:@—@&gﬁ@—mﬁm, (5.4)
Ay = PRI sy,

i) = (- p)ﬁhSh(St%— Dt —7) 1t + V)LD,

It is not difficult to find that

C‘+ = {é: = (‘flaé‘:Z’ 63’ §4’ §5)T € C([_T’ 0]9R-51—) : gl(e) + fZ(Q) > 0’9 € [_T» 0]}

is a positive invariant set with respect to system (5.4). Clearly, system (5.4) has a malaria-free
T
equilibrium X° = (S?n,O,Sg,O, O) . According to (5.2), (5.3), [27, Corollary 3.3] hints that X° is

uniformly stable. Define
k := min {’ﬂ, 'ﬂ, 1}.
Ya Vi

By the definition of uniform stability of X0, it follows that for any € > 0, there is 6 < 2¢€/3 such that
for any & € C, and || — X°|| < 6, there holds

k
nx-x%<%3wza

where X; is the solution of system (5.4) with £. Then considering the sixth equation of system (5.1),
we can get

! !
R (1) = ¢(0)e™™' + yae_“"’f An(s)e' ds + y,-e‘"”’f I,(s)e"*dss. (5.5)
0 0
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Consequently, for any ¢ € C, and ||¢p — Ey|| < 9, it follows that for any ¢ > 0,

R,(f) < 2_66—;1;1! " ya'ﬂfl — e + %ﬂfl —em %’
3 Ya3 Yi3 3

and then

ek 2e
ltr = Eoll < 11X, = X°ll + IRull < 5 + = < e.

3 3
Thus, the equilibrium Ej is uniformly stable for system (5.1).
Next, we claim that w(¢) = {Ey} for Ry < 1. We first have Ey € w(¢) since w(¢) C C, = W*(E)).
Assume that there exists ¥ € w(¢) such that v # E,. Let a(y) be the a-limit set of ¢ for system (5.1).
Then it follows from the invariance and the compactness of w(¢) that a(y) C w(¢). The invariance of
a(y) and the stable set C, of Ej yield that E, € a(y). Obviously, this contradicts to the stability of E
for system (5.1). Therefore, w(¢) = {Ep} .

Remark 5.1. In fact, the stability of the malaria-free equilibrium E, of system (5.1) can be acquired
for Ry = 1 in the proof of Theorem 5.1. But using the proof of Theorem 3.1, we can not obtain the
stability of the equilibrium E for Ry = 1.

For the global dynamic property of the equilibrium E* of system (2.1), we can draw the following
theorem.

Theorem 5.2. For any T > 0, the malaria-infected equilibrium E* is globally asymptotically stable if
and only if Ry > 1 in F.

Proof. From Lemma 3.1 and Theorem 3.2, we just require to prove that E* is GA for Ry > 1. Let u, be
the solution of system (2.1) with any ¢ € F and z; be the solution of system (5.1) through any ¢ € F.
We can obtain that F is positively invariant for system (5.1), and z(t) > 0 for ¢t > 0. In order to show
that £ is GA, we only need to show that w(¢) = {E*}. It follows from Theorem 2.1 that u, is bounded
on F. Thus, it holds that w(¢) is compact.

Let us define a functional Von L, = {p € C, : ¢;(0) > 0,i = 1,2,3,4,5} C F as follows
€03(9)902(9)) o, (5.6)

0
V(p) = Va(p(0) + Aul,, f H ( S I
h™m

-7

where

0
Va((0)) = 2—"’5;11(9”1(0)) + EI;H(%(O)) , Sadn H(¢3<o>)

S m L, Br S
N BiS;, H(%(:)))_I_ BaS, H(‘Ps(*o)).
i+ Ya Ay Hn +Yi I

Clearly, V, is continuous on L,. In as much as z, € L, for t > 7 + 1, the derivative of the functional
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“Valong z;int > 7 + 1 is given by

ey Am [ Sh _ BiSuDALD) + BaS m(OIn(t)
V) = Lo (1 m(r))(ﬁ’" S0 umSm(t))

( (t))( | m(r)Ah(r)+ﬁsz(t)Ih(t) umlm(r))

sl s

ﬂle (1
(/lh +ya
BaS;,

I
S e (1 T )) (1= PAS it = Dt = 7) = (s + 7 1n(0)
Syt —1),(t—71)

Am A h
+ /=S, (OL,(t) — =St — T),,(t —T) + A, [ 1
5 SHOID = oSt = DIt =7) 4 Al In ==

) (A = hS (O I(1) = S w(1))

+

A )) (PhS n(t = D)(t = 7) = (pn + Ya) An(1))

where h = B,/ A,n. Further, it follows from the equilibrium equations that

—§*)2 x \ .
Vi) = - 2D =80l ) H( ol ) ﬂls,f,,AZH(—S’"(’)Ah(m’”)—ﬁzs;zzH(_SmWh(f)Im)

S0 S0 Sy A () ARG
Anttn(S,(8) = S ( 5; ) ( ha—ﬂlma—r)A;)
_ — Al H S AH
RS 0S; san) P! SiTAnD
oo S =Tt — T)];)
-B,S'IH 0. 5.7
it (M) S D

By (5.6) and (5.7), it follows that w(¢) C L,. It is clear that “V is a Lyapunov functional on
{z; :t > 71+ 1} C L,. As a consequence, [27, Corollary2.1] implies that V(@) = 0 for any ¢ € w(y).

Let z; be the solution of system (5.1) for any ¢ € w(y). Then the invariance of w(y) indicates that
Z; € w(yp) for any ¢ € R. Thus, from (5.7), it follows that for any 7 € R,

Su(®) =85 Su0) =S, Ay, = AL(©), 1(OL, = I 1(1). (5.8)

By (5.8) and the third equation of system (5.1), we get that for any ¢ € R, 1,,(¢) = I,, A;(t) = A} and
I,(t) = I,. Consequently, by the invariance of w(y) and system (5.1), it holds that R,(r) = R, for any
t € R. Therefore, it follows that zo = ¢ = E*, and then w(¢) = {E*}, which implies W*(E*) = F, where
WS(E™) is the stable set of E* with respect to system (5.1).

Now, we prove that the equilibrium E* of system (5.1) is uniformly stable by using the similar
argument in [28, 29].  Note that system (5.4) has a unique malaria-infected equilibrium
X" = (S;,I;,S;,A;,I;). It follows from (5.6), (5.7) and [27, Corollary 3.3] that X* is uniformly
stable. By the definition of uniform stability of X*, it follows that for any € > 0, there is 6 < 2¢/3 such
that for any ¢ € C, and ||¢ — X*|| < ¢, there holds

k
I1X, - X|| < % Vi >0,
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where X; is the solution of system (5.4) through &. Hence, for any ¢ € L, and ||¢p — E*|| < ¢, it follow
from (5.5) that

. 2¢ _ wy €1 —e ! el —et e
IRy(f) = R}|| < =& + y,—— i— =
] "3 Y3 m VY3 3

for any ¢ > 0, where

! t
Ry = Rie ™ +y,e f A eds + ye f [1eds
0 0
is used. Thus, we have
ek 2e
lu, = E*|| < 11X = XTIl + ||Rp: — Ryl < 3 t3 <6

which gives that the equilibrium E* is uniformly stable with respect to system (5.1).

Next, we claim that w(¢) = {E*}. From Theorem 4.1, it follows that w(¢) N F # 0, which gives that
E* € w(¢). Assume that there is ¥ € w(¢) such that ¢ # E*. Then the invariance and the compactness
of w(¢) implies that a(y) C w(¢). By Theorem 3.2, we have that E* € a(y). Obviously, this contradicts
to the stability of E* with respect to system (5.1). Therefore, w(¢) = {E*}.

Remark 5.2. Indeed, the proof of Theorem 5.2 can be simplified, i.e., the stability of system (5.1) is not
a must, because E* € w(¢p) and Theorem 3.2 can imply that w(¢) = {E*}. But if we use [30, Theorem
4.1] to prove that w(¢) = {E*}, then the stability of system (5.1) is required.
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