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Abstract: A new class of matrices called partially doubly strictly diagonally dominant (for shortly,
PDSDD) matrices is introduced and proved to be a subclass of nonsingular H-matrices, which general-
izes doubly strictly diagonally dominant matrices. As applications, a new eigenvalue localization set for
matrices is given, and an upper bound for the infinity norm bound of the inverse of PDSDD matrices is
presented. Based on this bound, a new pseudospectra localization for matrices is derived and a lower
bound for distance to instability is obtained.

Keywords: PDSDD matrices; eigenvalue localization; pseudospectra localization; infinity norm;
H-matrices

1. Introduction

A matrix A = [a;;] € C™" is called a strictly diagonally dominant (SDD) matrix if
laii| > ri(A) (L.1)

forallie N :={1,...,n}, where rj(A) = 3 lajjl.
jeEN\{i

The concept of SDD originated from tJhe\i}Jell—known Lévy-Desplanques Theorem [1], which states
that if condition (1.1) holds, then A is nonsingular, i.e., SDD matrices are nonsingular. It is well known
that the class of SDD matrices has wide applications in many fields of scientific computing, such as
the Schur complement problem [2, 3], eigenvalue localizations [4-10], convergence analysis of the
parallel-in-time iterative method [11], estimating the infinity norm for the inverse of H-matrices [12-15],
error bound for linear complementarity problems [16, 17], structure tensors [18, 19], etc.

Some well-known matrices have been presented and studied [4, 7, 20] by breaking the diagonal
dominance condition (1.1). For instance, by allowing at most one row to be non-SDD, Ostrowski
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introduced the class of Ostrowski matrices [20] (also known as doubly strictly diagonally dominant
(DSDD) matrices). Here, a matrix A = [a;;] € C™" is an Ostrowski matrix [20] if for all j # i,

laiilla;;| > ri(A)r;i(A).

In addition, based on the partition-based approach that allows more than one row to be non-SDD, a
well-known class of matrices called S-SDD matrices has been proposed and studied [7,21].

Definition 1.1. [7,21] Let A = [a;;] € C™" and S be a nonempty proper subset of N. Then, a matrix A
is called an S -SDD matrix if

jail > r$(A)i€S, B
(lail = 17 (Al = 5 (A) > rf (A (A),i €S, j €S,

where r; (A) = Y, |ayjl.
JeS\{i}

Besides DSDD matrices and S -SDD matrices, there are many generalizations of SDD matrices, such
as Nekrasov matrices [22,23], DZ-type matrices [24], CKV-type matrices [25] and so on.

Observe from Definition 1.1 that §-SDD matrices only consider the effect of “interaction” between
ieSandje S on the nonsingular. However, other “interaction,” such as the “constraint condition’
betweeni€ S (i € S) and jeS (je S) withi # J, might also affect the non-singularity of the matrix.
Naturally, an interesting question arises: When we consider this “constraint condition,” can we get
the non-singularity of the matrix? To answer this question, in this paper, we introduce a new class of
nonsingular matrices arising from this “constraint condition” and show several benefits from this new
class of matrices, which we will call partially doubly strictly diagonally dominant matrices.

This paper is organized as follows. In Section 2, we present a new class of matrices called PDSDD
matrices and prove that it is a subclass of nonsingular H-matrices, which is similar to, but different from,
the class of §-SDD matrices. Section 3 gives a new eigenvalue localization set for matrices and presents
an infinity norm bound for the inverse of PDSDD matrices. It is proved that the obtained bound is better
than the well-known Varah’s bound for SDD matrices. Based on this infinity norm bound, we also
obtain a new pseudospectra localization for matrices and apply it to measure the distance to instability.
Finally, we give concluding remarks in Section 4.

b

2. Partially doubly strictly diagonally dominant matrices

We start with some preliminaries and definitions. Let Z™" be the set of all matrices A = [a;;] € R
with a;; <0 and i # j. A matrix A € Z™" is called a nonsingular M-matrix if its inverse is nonnegative,
ie., A”' > 0[26]. A matrix A = [a;;] € C™" is called a nonsingular H-matrix [26] if its comparison
matrix M(A) = [m;;] € R defined by

P layl, =,
Y —laijl, i# J

is a nonsingular M-matrix. Let |N| be the cardinality of set N.
In the following, we define a new class of matrices called PDSDD matrices.
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Definition 2.1. Let S be a subset of N and S be the complement of S. Given a matrix A = [q; il ecm™,
for each subset A € {S, S}, denote A_ :={i € Ala;; < ri(A)} and A, :={i € Ala;; > ri(A)}. Then, a matrix

A is called a partially doubly strictly diagonally dominant (PDSDD) matrix if for each A € {S, S} either
ALl =0o0r|A_| =1, and fori e A_,

. A
{MA>nML @.1)

(lail = r2A)(al = r2(A) + la;l) > rAA)A) +lal). j € A,

where rl.A(A) = 2 lail
JEA{i}

Note that the class of DSDD matrices allows at most one row to be non-SDD, whereas the class of
matrices defined in Definition 2.1 allows at most one row to be non-SDD in each subset A € {S, S}. For
this reason, we call it the class of PDSDD matrices.

The following theorem provides that the class of PDSDD matrices is a subclass of nonsingular
H-matrices.

Theorem 2.1. Every PDSDD matrix is a nonsingular H-matrix.

Proof. According to the well-known result that SDD matrices are nonsingular H-matrices, it is sufficient
to consider the case that A has one or two non-SDD rows. Assume, on the contrary, that A is a singular
matrix, and then there exists a nonzero eigenvector X = [x;, X2, ..., x,]? corresponding to 0 eigenvalue
such that

Ax = 0. 2.2)

Let |x,| := m%]x{lxil}. Then, |x,| > 0,and p € AU A, where A € {S,S}. Without loss of generality, we
€

assume that A = S. Next, we need only consider the case p € S, and another case p € S can be proved
similarly. For p € §, it follows from Definition 2.1 that p € S_ U §,, where S_ := {i € Sla; < ri(A)}
and S, :={i € S|a; > ri(A)}.

If p € §_, then by Definition 2.1 we have

appl > 13 (A), (2.3)
and forall j€S,,
(appl = 5 (AN ajl = 75 (A) + laj,l) > A (A) + laj,). (2.4)

Note that [S_| = 1. Then, S \ {p} = S,. Let |x,| := krrsle\l{x}{lxkl}. Considering the p-th equality of (2.2),
es\{p

we have

AppXp = — Z Apk Xk — E ApkXk-

kpkesS k#pkeS

Taking the modulus in the above equation and using the triangle inequality yields

el < > lapdind + D laplixd

k#p.keS k#p,keS
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< D apligl+ )l

k#pkeS k#pkeS

= 1S (Al + 15 (A,
which implies that
(lappl = S (Ax,] < 75 (A)]x,. (2.5)

If |x,| = 0, then |a,,| — rfT(A) < 0 as |x,| > 0, which contradicts (2.3). If |x,| # 0, then from the g-th
equality of (2.2), we obtain

agqllxg < D" lagdhl + - lagdixd

k#q.keS k#q.keS
<( 2 taal = lagpll + (D lage + lagpl
k#q.keS k#q.keS

= (5 (A) = lagDlxgl + (73 (A) + lagDIx, |,
1.e.,
(lgql = 13 (A) + lagpDlx,l < (5 (A) + lag,Dlx, . (2.6)

Multiplying (2.6) with (2.5) and dividing by |x,||x,| > 0, we have
(appl = 75 (A))lagql = 13 (A) + lagy]) < 73 (AXrS (A) + lag,)),

which contradicts (2.4).
If p e §,,thenla,,| > r,(A). Considering the p-th equality of (2.2) and using the triangle inequality,
we obtain

lappllpl < > laplixd < rp(A)lxl,

k#p

ie., |a,,| < r,(A), which contradicts |a,,| > r,(A). Hence, we can conclude that O is not an eigenvalue
of A, that is, A is a nonsingular matrix.
We next prove that A is a nonsingular H-matrix. For any € > 0, let

B, = M(A) +el = [blj]

Note that b;; = |a;| + &, b;; = —|ajjl, and B, € Z™". Then, A_(B,) C A_(A), and A, (A) C A.(B,). If Ais
an SDD matrix, then A_(A) = 0, and thus A_(B,) = (0, which implies that B, is an SDD matrix. If A is
not an SDD matrix, then |A_(A)| = 1 for some A € {S, S}. For this case, |A_(B.)| = 0 or |A_(B,)| = 1. If
|A_(B,)| = 0 for each A € {S, S}, then B. is also an SDD matrix. If |A_(B,)| = 1 for some A € {S,S},
then A_(B,) = A_(A) and A, (B,) = A,(A). Hence, fori € A_(B,),

bl = rA(By) = lai| + & — r\(A) > 0,
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and for all j € A, (B,),
(1biil = riK(Bs))ijjl - ”JA(BS) +1bjil) = (lag| + & - rl‘Z(A))(lajﬂ +&-— 7”]4(14) + lajil)
> (lazl = ri AN la) = (A + la)
> AN A) + )
= r2(B)(r2(By) + b;l).

Therefore, B, is a PDSDD matrix and thus nonsingular for each &£ > 0. This implies that M(A) is a
nonsingular M-matrix (see the condition (D,s) of Theorem 2.3 in [26, Chapter 6]). Therefore, A is a
nonsingular H-matrix. The proof is complete. O

Proposition 2.1. Every DSDD matrix is a PDSDD matrix.

Proof. If A is an SDD matrix, then A is a PDSDD matrix. If A is not an SDD matrix, then by the
assumptions it holds that there exists iy € N such that |a, | < r;,(A) and

|a,~0i0||ajj| > I’iO(A)I"j(A) for all ] * io.
Taking S = N, we have r?(A) =0 and rl.S (A) = ri(A) for all i € N. This implies that for all j € S \ {iy},
(tigisl = 75 (A)laj;l = 5 (A) + laji,]) = r3 (A (A) + laji)
= |aioi0|(|ajj| - ”j(A) + |aji0|) - rio(A)|ajio|
= |aioio||ajj| - |ai0i0|(rj(A) - |ajio|) - rio(A)lajiol
> |ajyipllaj| — riy(A)(rj(A) = laji| + laji|)
= |aioi0||ajj| - ”io(A)i’j(A)
> 0.
Hence, by Definition 2.1, we conclude that A is a PDSDD matrix. The proof is complete. O

Next, we give an example to show that neither PDSDD matrices nor S -SDD matrices are included in
each other.

Example 2.1. Consider the following matrices:

3 -1 -3 0 300 -3
-1 3 0 -8 03 0 -3
A= 0O -1 3 0| B= 0 03 -3
0 0 0 8 000 8

By calculation, we know that A is a PDSDD matrix for § = {1, 3}, but it is not an S -SDD matrix for
any nonempty proper subset S of N and thus not a DSDD matrix. Meanwhile, B is an S-SDD matrix
for § = {1, 2,3}, but it is not a PDSDD matrix, because B has three non-SDD rows.

According to Theorem 2.1, Proposition 2.1 and Example 2.1, the relations among DSDD matrices,
PDSDD matrices, S -SDD matrices and H-matrices can be depicted as follows:

{PDSDD} c {H}, {PDSDD} ¢ {S-SDD}, {S-SDD} ¢ {PDSDD},
and

{DSDD} c {PDSDD} n {S-SDD}.
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3. Some possible applications

3.1. A new eigenvalue localization set for matrices

It is well known that the non-singularity of matrices can generate the equivalent eigenvalue inclusion
set in the complex plane [4,5,7,9,24]. By the non-singularity of PDSDD matrices, we in this section
give a new eigenvalue localization set for matrices. Before that, an equivalent condition for the definition
of PDSDD matrices is given, which can be proved immediately from Definition 2.1.

Lemma 3.1. Let A = [a;;] € C™" and {S, S} bea partition of the set N. A matrix A is called a PDSDD

matrix if and only if S* is not empty unless S is empty, and 5" is not empty unless S is empty, where
S* = {i €S : lasl > 15 (A), and forall j € S\ i}, laj;| > ri(A) and
(lail = rf (A))lal = 5 (A) + lal) > rf (A (A) + |a,-,-|>},
and
5= {i €S :lay| > i (A), and forall j € S \{i}, laj;| > rj(A) and
(lail - r}g (A))(lajjl - V?(A) + |Clji|) > ”?(A)(’*j (A) + |aji|)}
with rf(A) = 2 laijl

JeS\(i)

By Lemma 3.1, we can obtain the following theorem.

Theorem 3.1. Let A = [a;;] € C™" and S be any subset of N. Then,
(A @A) = )| |\,

where o (A) is the set of all the eigenvalues of A,

) = |(Fw) U{ ) Sayu r,(A))]

ieS jeS\{i}
and
() = )(rf @) U[ RGN Fj(A))]
ieS JeS\ti)
with
[F(A):={z€C: - al <7 (A)}, TjA4) :={ze C: lz—aj| < r(A)},
and

Vi) = {e € Cx (lz = aal = 77 ()12 = a5 = 5 (A) + laz)
< r?(A)(rf (A) + |aj,-|)}.
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Proof. Without loss of generality, we assume that S is a nonempty subset of N. For the case of § = 0,
we have ®%(A) = 6°(A), and the conclusion can be proved similarly. Suppose, on the contrary, that
there exists an eigenvalue A of A such that 2 ¢ ©°(A), that is, 4 ¢ 6°(A) and A ¢ 6°(A). For A ¢ 6°(A),
there exists an index i € S such that A ¢ Ff (A),and forall je S \{i},1¢T'j(A)and A ¢ ij(A), that is,

A= ayl > rS(A), |1 - aj;| > ri(A), and
(|4 = a;| - r,-g(A))(I/l —ajj| - rf (A) +lajl) > r,-S(A)(rjs(A) + lajil).

Similarly, for A ¢ 9§(A), there exists an index i € S such that A ¢ FiS (A), and for all j € S\{i},1¢Tl i(A)
and A ¢ V3(A), that is, |4 — a;| > ¥ (A), |4 a;;| > r,(A), and

(14 = @yl = 15 (AN = al = i (A) +laz) > rf (A (A) + laji).

These imply that S *(A — A) and 5" (Al — A) are not empty. It follows from Lemma 3.1 that A/ — A is a
PDSDD matrix. Then, by Theorem 2.1, Al — A is nonsingular, which contradicts that A is an eigenvalue
of A. Hence, A € ®(A). This completes the proof. O

Remark 3.1. Take the intersection over all possible subsets S of N, and we can get a satisfactory
eigenvalue localization although it has more computation costs:

o (A) C O(A) := ﬂ 05 (A).

SCN

To compare our set @(A) with the GerSgorin disks I'(A) in [8], Brauer’s ovals of Cassini K(A) in [27]
and the Cvetkovic¢-Kosti¢-Varga eigenvalue localization set C(A) in [7], let us recall the definitions of
I'(A), K(A) and C(A) as follows.

Theorem 3.2. [8] Let A = [a;;] € C™" and o(A) be the set of all eigenvalues of A. Then,

o(A) CT(A) := U Ti(A),

ieN
whereT';(A) ={z € C : |a; — z| < ri(A)}.
Theorem 3.3. [27] Let A = [a;;] € C™" and o(A) be the set of all eigenvalues of A. Then,

o) c K@) = | ] KA.

i,jeN,i#j
where K;ij(A) = {z € C : |a; — 2llaj; — z| < ri(A)r(A)}.

Theorem 3.4. [7] Let S be any nonempty proper subset of N, and n > 2. Then, for any A = [a;;] € C™",
all the eigenvalues of A belong to set

C*(A) = [U r? (A)) U [ 9 vf,(A)],
ieS i€S,jes
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and hence

o(A) C C(A) := ﬂ CS(A),

SCN,S#0,S #N

where I' (A) is given by Theorem 3.1, and
VE(A) = {2 € C: (12— aul — 1 (D)2 — ajyl - i (A) < rf (A)r (A)}.

Remark 3.2. Observe that the class of SDD matrices is a subclass of DSDD matrices, which is a
subclass of of PDSDD matrices. Hence, the corresponding set ®(A) will contain Brauer’s ovals of
Cassini K(A), which contains the Gersgorin disks T'(A), that is,

O(A) C K(A) CT'(A).

In addition, because PDSDD class and S-SDD class do not contain each other, it follows that the
relation between ®(A) and C(A) is

O(A) ¢ C(A) and C(A) ¢ O(A).

3.2. An infinity norm bound for the inverse of PDSDD matrices

In this section, we consider the infinity norm bounds for the inverse of PDSDD matrices, since
it might be used for the convergence analysis of matrix splitting and matrix multi-splitting iterative
methods for solving large sparse systems of linear equations, linear complementarity problems and
pseudospectra localizations.

Theorem 3.5. Let A = [a;;] € C™" be a PDSDD matrix. Then,

1 1 <
lA™"|l.o < max { min max { ——————, ¢} (A) { , min max {—S,¢E(A)} , (3.1
ies* lai| — r? (A) ies* lai| — r; (A)
where S* and S are defined by Lemma 3.1,
@ (A) := max { X5.(A) _
: jesvir U7 agil = ri(A)

with : s
lal = 15 (A) + la;l + 15 (A)

(ail = r (AD(la) = 5 (A) + lazl) — 3 (A5 (A) + lajil)

X}(A) =

Proof. According to a well-known fact (see [10, 30]),

. 1AX][oo . .
IA7YIS = inf IAx] _ min [|AX||e = [[AX"||c = max [(AX")]
x20  [|X||o (Ixlleo=1 ieN
for some x* = [x], x5, .. .,x:]T such that ||x|| = 1. Denote Ix;‘,l = ||X||l.e = 1. It follows that

AL = 1(AX), .
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Consider the p-th row of Ax*, and we have
(AX)y = @y + D @y, 3.2)
J#p

Since A is a PDSDD matrix, it follows from Lemma 3.1 that S * is not empty unless S is empty, and
5™ is not empty unless S is empty. We only consider the case both S and S are not empty, and the case

of S =0 orS = 0 can be proved similarly. B
The first case. Suppose that either S or S is a singleton set. We assume that S = {k}. Then, S = N\{k},

and from Lemma 3.1 it holds that S * is not empty and 5™ is not empty, that is,
laul > 1 (A) = ri(A).
Foreach iy € S, lajyi,| > 1 (A), and for all j € S \ {io),
(il = (Al = 5 (A) + laj]) > 15 (A (A) + la, ). (33)
Note that pe S US. If p € § = {k}, then
la,pl < I(AX7),| + rp(A),

and
IATL > I(AXY),] > la,,| — r,(A) > 0.
Hence,
1
Moo < = _
lappl = 1p(A) Jag - r (A)

A~ (3.4)

Itpe S, then p = ip or p # iy, where i, € 5" If p = iy, then let |XZ| = max {Ix;‘.l}. By (3.2), it follows that
JjeS\{p}

appXx, = (AX"), Z apjX; Z apix;,

1#p.jes Jj£p.jes

and taking absolute values on both sides and using the triangle inequality, we get

lapp iyl S HAX), + > lapllxil+ > laylx)]

j#p.jes #pjes
<IAXY I+ D dapilixgl+ Y laylix)
j#p.jes #pjeS

-1y-1 S * S *
<A + A+ A,
which implies that
lappl = A7 = F(A) < (A (3.5)

Electronic Research Archive Volume 31, Issue 5, 2994-3013.



3003

Consider the g-th row of Ax*, and we have

(AX"), = agqx, + Z AgjX;.

J*q
It follows that
gl < IAX Y+ > lagl = lagyl |1x;] + { D lagl+ |aq,,|] 1)
J*q.j€S J#q,jeS
< AT + (75 (A) = lagl) 1] + (75 (A) + lagl)
1.e.,
(lagql = 73 (A) + lag,DIx;| < AT + (75 (A) + lag,).
Then, from (3.5) and (3.6), we get that
lappl = IATIE =) AT+ (A) +lag

5 = Hql = 5
I’p (A) |aqq| - rq (A) + |aqp|

which implies that
laggl = 75 (A) + lagyl + 15 (A)

(lappl = S (A))agyl = r$ (A) + lagpl) = rs (A (A) + lag,))
lail = S (A) + laji| + i (A)
< max

1A oo <

S\l (lai,| — 13 (Al = 75 (A) + laji) — 3 (A (A) + la,|)

= max Xfoj(A).
JeS\io}

If p # iy, then |a,,| > r,(A). Similarly to the proof of (3.4), we obtain

1

Ao € ———— < max ————.
la,pl = 1p(A) ™ jesviio) lajl — 1i(A)

Hence,

5 1
IA”llo < max {Xf .(A),—}_
JjeS \tio} o/ |Cljj| - rj(A)

Since iy is arbitrary in §*, it follows that
< 1
A~ lo < min max {Xf.(A), —}
ies* jesvir U7 lagil = ri(A)
By (3.4) and (3.8), it holds that

1 < 1
lA™"l.e < max § min —————, min max {ij(A), —} )
€S ag| — 13 (A) 5™ jeS\i lajj| — ri(A)

(3.6)

(3.7

(3.8)
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IfS isa singleton set, then similar to the above case, we obtain

1 1
A7 < max<{min max { X5,(A), ——— n————»4.
1A=l {ieS* jeS\{i}{ ;) la;;| — r](A)} ,eS |a,,| r (A)}

The second case. Suppose that both S and S are singleton sets. By Lemma 3.1, it follows that §* is not

empty, and 5™ is not empty. Then, similar to the proof of the first case, we have

1
47 Il < min max {XS(A) m}
and
A" | < mm max {XS (A), ;}
ies* jes\li) lajjl — ri(A)
Now, the conclusion follows from the above two cases. m]

In [15], an elegant upper bound for the inverse of SDD matrices is presented.

Theorem 3.6. [15] Let A = [a;;] € C™" be an SDD matrix. Then,

Al < max ———.
|all| l",‘(A)

This bound is usually called Varah’s bound and plays a critical role in numerical algebra [11,16,28,29].
As discussed before, an SDD matrix is a PDSDD matrix as well. Thus, Theorem 3.5 can be applied to
SDD matrices. In the following, we show that bound (3.1) of Theorem 3.5 works better than Varah’s
bound of Theorem 3.6.

Theorem 3.7. Let A = [a;;] € C™" be an SDD matrix and S be any subset of N. Then,

147"l < 65 (4) < max ———,
4 N gl — ri(A)

where

1 1 _
¢° (A) := max { min max { —————, ¢? (A) ¢ , min max {—s’ o5 (A)}
< lail = 1} (4) ies jaal - S (A)

and ¢; (A) is given by Theorem 3.5.

Proof. Since A is an SDD matrix, it follows from Lemma 3.1 that S$* = § for any subset S of N. Hence,
by Theorem 3.5, it follows that

1A e < &5 (A).

We next prove that ¢35 (A) < max oo
i€EN,

o | " Define |a;;,| — r;,(A) = I,Iéi,\?{'a"il — ri(A)}. Obviously, for each

1 1 1 1
5 < and .
|aii| - r[ (A) |ai()i0| - ri()(A) |aii| S(A) |alol()| ri()(A)
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Note that for eachi € §,

S
>(A) := max
¢i (A) Jjes\(i)

1
X34), — 3.9
{ i) |a,-j|—rj<A>} G2

n lajil = 15 (A) + la;il + 1} (A)
ajl—r +la| +r;
X%(A) - = J

* (ail = S (ANagl — 75 (A) + lagl) = S (AN A) +laj)
If |a;| — ri(A) > |a;;| — ri(A), then

(il = V,S(A))(Wjﬂ = rf (A) +la;l) - r} (A)(fj(A) +lajil)

= (laal = ri(A)aj;l = r} (A) + la;l) + 7 (A)(ajjl = ri(A))
> (lajjl — ri(A)(aj;l - 7‘;(14) + lajil) + V,~S(A)(|ajj| —ri(A))
= (lajjl — ri(A)(aj;l - V?(A) +laj| + r} (A)),

which implies that

1 1
ij(A) = |ajj| - i’j(A) : |aigiy| — rio(A). ©G-10)
If |a;i| — ri(A) < lajjl — rj(A), then
(al = 75 (A ajjl = 5 (A) + lajl) = r$ (A5 A) + la)
= (laul — ri(A))ajl - T’JS' (A) +lajl) + 1} (A)(layl - ri(A))
> (la;i| — ri(A)(ajjl — TJS- (A) +lajl) + ”gS (A)(laiil = ri(A))
= (la;i| — ri(A)(ajjl - rf-(A) +lajl + ¥ (A)),
which implies that
— < X5(A) < < ! . (3.11)
|ajj| - rj(A) Y |a;i| — ri(A) |ai0io| - rio(A)
By (3.9), (3.10) and (3.11), it follows that for each i € §,
¢} (A) < _
l |@igig| = 73y (A)
Similarly, for each i € S, we can see that
< 1
AN
This completes the proof. O

Remark 3.3. For SDD matrices, consider the intersection over all possible subsets S of N, and a tighter
upper bound for ||A™" ||« can be obtained from Theorem 3.7:

A7l < ming®(A) < ¢*(A) < max ———.
|| || grlgl]{]l¢ ( ) ¥ ( ) nzgl\lx |ai,~|—ri(A)
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Besides SDD matrices, for other subclasses of H-matrices, such as DSDD matrices, S -SDD matrices
and Nekrasov matrices, various infinity norm bounds for their inverse have also been derived. For details,
see [12,23,28-33] and references therein. A numerical example is given to illustrate the advantage of
the proposed bound in Theorem 3.6.

Example 3.1. Consider the matrix in Example 2.1:

3 -1 -3 0
-1 3 0 -8
A= 0 -1 3 O
0 0 0 8

By computation, we know that A is a PDSDD matrix for § = {1, 3} but neither SDD nor a Nekrasov
matrix. Moreover, it is easy to verify that there is no nonempty proper subset S of N such that A is an
S-SDD matrix, and so it is not a DSDD matrix. Therefore, neither of the existing bounds for SDD,
DSDD, S-SDD, and Nekrasov matrices can be used to estimate ||A™!||.. However, by our bound (3.1),

we have
Al < 2.

The exact value of the infinity norm of the inverse of A is [|A™!||, = 1.

3.3. A new pseudospectra localization and its application

For a given &€ > 0, denoted by
A(A)={1eC:IAxeC"\ {0}, E € C™,||E|l < & such that (A + E)X = Ax},
the e-pseudospectrum of a matrix A consists of all eigenvalues of matrices [30], which is equivalent to

AfA) ={zeC:(A-zD)7'I"" < &), (3.12)
where the convention is [[A~!||"! = 0 if A is singular [30]. This implies that the infinity norm bounds of
the inverse of a given matrix could be used to generate new pseudospectra localizations. For details,
see [13,25,30]. So, in this section, we shall give a new pseudospectra localization using the obtained

bound in Section 3.2. Before that, a useful lemma is given that will be used later.

Lemma 3.2. Let A be an arbitrary matrix and S be any subset of N. Then,
1AM = p(A) = min {£(A), g(A)},
where
— : S : S
fM%—%?mm%m—€M%£$ﬁMMLMﬂ—MM%
and

@@:mwmm@m—ﬁmxmn@%ﬁmﬂ—mm§
ieS JeS\{i}

with the convention ||A~Y||Z! if A is singular, and ,ul.Sj(A) =0if la;l - rJS. (A) +laji| + r; (A) = 0; otherwise,
(laal = S (A))(lajj| - r5(A) +lajl) = r? (A)(rjs(A) + lajil)

sl = P (A) + lagl + 1 (A)

p(A) =
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Proof. For any given subset S of N, if A is a PDSDD matrix, then it follows from Lemma 3.1 and
Theorem 3.5 that

_1_1> . . _§ . S N
471 = min {rirelg;xmm {|a”| 7 (A). min {u5(A). a) r,(A)}},

maz(min{lai,-l rf(A), min {3(A), lal - rj(A)}}}

ieS jes\i}

= H(A).

If A is not a PDSDD matrix, then it follows from Lemma 3.1 that at least one of the following conditions
holds: (i) laz| < 73 (A) for all i € S; (i) la;| > r; (A) for some i € S; but for some j € S\ {i}, |a;;| < r;j(A) or

(lail = "?(A))ﬂajﬂ - l’jS' (A) +la;l) <r; (A)(” (A) + lajil);

(iii) la;| < rf (A) forallie S (v) |ag| > rl.S (A) for some i € S'; but for some jE€ S\ (i, la;j| < ri(A) or
(ail = ¥ A)(Ja;l = FS(A) + lazl) < A A) + lal).

This implies that u(A) < 0 < ||A7!||Z!. The proof is complete. o

Now, a new pseudospectra localization for matrices is given based on Lemma 3.2.

Theorem 3.8. (&-pseudo PDSDD set) Let A = [a;;] € C™" and S be any subset of N. Then,

ALA) CO5(A, &) = (4, €) U & (A, &),

where
(A e) = ﬂ[rS(A s)U[ ) Vi@a,euria,e) ]
ieS jes\{i}
and
B A, e) = ﬂ[rS(A s)U[ ) Vi@a,euria,e) ]
ieS jeS\{i}
with
[} (A8):={r€C: s - ail <7 (A) + &},
TjA,e):={zeC:lz—ayl <r(A)+e},
and

Vi(A.e) = {zeC: (e —ail -} (A) — &)z — ajl - r§(A) + )
<7 (A (A) + lazl + &)}
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Proof. From Lemma 3.2 and (3.12), we immediately get
AA) ={zeC:JA-zD "' <&} C{zeC: uA -zl < &}, (3.13)

where (A — zI) is defined as in Lemma 3.2. Note that 5 (A — zI) = r5(A) and (A — zI) = 7} (A).
Therefore, for any 4 € A,(A), it follows from (3.13) that

fA-A)<eorg(A—AD <e,

where f(A — Al) and g(A — Al) are given by Lemma 3.2. B
Case L If f(A—Al) < g, thenforalli € S, |a; — A| < r (A) + & or la; — A| > r; (A) + & for some i € S';
but for some j € S\ {i}, la;; — A < rj(A) + € or,ufj(A —Al) < g, ie.,

(laii = Al = rf (A))aj; — Al = r5(A) +lail) = rf (A5 (A) + lajil) B

E. (3.14)
|ajj - /ll — TJS(A) + |ajl~| + rf(A)

If laj; — Al - rf. (A) > 0, then it follows from (3.14) that
(lai — Al - V?(A) —&)(laj;— Al - rf(A) +lal) < rf(A)("Jg(A) +lajil + &).
If la;; — A — rJS.(A) <0, then|a;; — A| < rf(A) +¢& < rj(A) + &. These imply that 1 € #° (A, &).
Case II. If g(A — Al) < &, then for all i € S, |a; — A| < r¥(A) + g or laz — A| > r¥ (A) + & for some
i € S; but for some je S\ {i}, lajj— Al <ri(A) + ¢ or,ufj(A -Al) <eg e,

(laii = Al = r¥ (A))aj; — Al = r5(A) + lail) = rs (A5 (A) + lajil) B

— — E. (3.15)
lajj — A — rf.(A) + laj| + rf(A)

Ifla;; — A — rjg(A) > 0, then it follows from (3.15) that
(ai = A = S (A) = &)((aj; — Al = P (A) + lail) < 15 (A (A) + laj] + o).

If la;; = A| = r$(A) < 0, then |a;; — A| < r$(A) + & < r,(A) + &. These imply that A € 65 (A, £).
From Case I and Case 11, the conclusion follows. O

As an application, using Theorem 3.8, we next give a lower bound for distance to instability. Denote
by Red(A) € R™" the real matrix associated with a given matrix A = [a;;] € C"™" in the following way:

Re(ai), j =1,

(Red(A)); :{ il i
ijls .

Theorem 3.9. Consider A = [a;;] € C™", such that Red(A) is a PDSDD matrix with all diagonal
elements negative. Then, u(Red(A)) > 0 and

As(A) CO°(A,e) C C forall 0 < & < u(Red(A)), (3.16)

where C™ is the open left half plane of C, u(Red(A)) is defined as in Lemma 3.2, and A,(A) denotes the
infinity norm g-pseudospectrum of A.
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Proof. Since Red(A) is a PDSDD matrix, it follows from Lemma 3.2 that u(Red(A)) > 0. To prove (3.16),
for 0 < & < u(Red(A)), it suffices to show that Re(z) < 0 for each z € ® (A, ¢). It follows from Theorem
3.8thatze (A, e)orze 3 (A, &). We only consider the case of z € 8% (A, ), and the case of z € 65 (A, e)
can be proved similarly. Since z € 6% (A, &), it follows that for all i € S, either (i) |a; — z| < rf (A) + & or (ii)
la; — z| > r?(A) + g for some i € §; but for some j € S \ {i}, la;; — 2| < rj(A) + gor

(laii — 2l = r?(A) —&)laj; — 2l — 5 (A) +la;l) < r; (A)(r (A) +laj| + &). (3.17)
Note that
H(Red(A)) = min {f(Red(A)), g(Red(A))},

where
f(Red(A)) := max min {|Re(a,-,->| -} (Red(A)), min {yz5(Red(A), IRe(a;;)| - rJ-(Red(A))}}
1€ JeS\i
and

g(Red(A)) := max min {lRe(a,-l-)l r; S (Red(A)), min {,ul (Red(A)), |Re(a;;)| — rj(Red(A))}}

ieS JjeS\{i}
with ,ufj(Red(A)) defined as in Lemma 3.2.
For case (i), i.e., |a; — 7] < r?(A) +eforalli €S, we have
Re(z) — Re(a;;) < |Re(z) — Re(a;;)| = |Re(z — a;i)| < |z — ajil

<rfA) +e
<1} (A) + |Re(a;)| - 7 (A)
= —Re(a;),

which implies that Re(z) < 0.

For case (ii), i.e., |z — a;;| > r?(A) +eforsomei€S,iflaj; —z| < ri(A) + &, then

Re(z) — Re(a;j) < |Re(z) — Re(ajj)| = |Re(z — ajj)| < |z —ajjl

<rjA)+e
< rJ(A) + |Re(ajj)| - l"j(A)
= —Re(a;;),
which implies that Re(z) < 0. If (3.17) holds, then
Re(z) — Re(aj;) < |Re(z) — Re(aj;)| = |[Re(z — a;;)l
<lz-ajjl (3.18)
ﬁmmﬂm+mﬂ+@ S
< + 15 (A) — lajl.
il e Wl
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If |z — a;| < |Re(a;;)|, then Re(z) — Re(a;;) < |z — a;i| < |Re(a;;)|, which leads to Re(z) < 0. Otherwise, since

(IRe(ai)| = r (A))(IRe(ajp)| = r (A) + laji) — rf (A (A) + lajil)
IRe(a;)| = 5 (A) + lajil + r} (A)

_ e —ail - rS (A)(IRe(a;)| = r (A) + la;l) = rf (A (A) + lajil)

B |Re(a;;) — T”JS~ (A) + laji| + Vf(A)

O<e<

b

it follows that

rS (A (A) + laz] + &)
|Z_aii|_rf(A)_8

+ 71 (A) = laj| < [Re(a)),

which together with (3.18) yields that
Re(z) - Re(ajj) < IRe(ajj)I = —Re(ajj),
and thus Re(z) < 0. This completes the proof. O

The following example shows that the bound p(Red(A)) in Theorem 3.9 is better than those of [13]
and [30] in some cases.

Example 3.2. Consider the matrix A € R'"10 jn [13], where

[ -78 -7 10 5 10 8 3 5 1 7
4 -95 9 -3 3 5 3 5 5 2
4 4 -58 6 8 1 -3 4 4 6
9 7 8 =87 2 5 6 -8 8 3
A= 0 2 -4 2 -9 1 7 2 6 7
10 9 3 6 -3 -8 8 2 6 9
-9 6 5 4 8 7 =86 7 1 10
7 9 1 7 7 -3 4 -93 11 3
10 8 4 4 3 5 6 4 -45 -5
4 2 2 10 9 9 2 10 -3 -47 |

It follows from [13] that A is a DZ-type matrix, and £ = u(Red(A)) = 0.66. On the other hand, it
is easy to verify that A is also a PDSDD matrix for § = {1, 2, 3,4,9}. Hence, from Theorem 3.9, we
can get a new lower bound for distance to instability € = u(Red(A)) = 4.17 and plot the corresponding
pseudospectrum as shown in Figure 1, where [,(A), D(A, &), @5 (A, &), the pseudospectrum A,(A) and
the eigenvalues of A are represented by a blue solid boundary, a green dotted boundary, a red solid
boundary, a gray area, and a black “X,” respectively.

As can be seen from Figure 1, the sets I';(A) of [30] and D(A, ¢) of [13] propagate far into the right
half-plane of C, but the localization set ®5(A, &) touches the y-axis. This implies that we cannot use
[',(A) and D(A, &) to determine the stability of A. However, using the localization set ® (A, ), we can
determine that A is a stable matrix.
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Figure 1. Localization sets for e-pseudospectrum for &€ = u(Red(A)) = 4.17.

4. Conclusions

This paper proposes a new class of nonsingular H-matrices called PDSDD matrices, which is similar
to but different from §-SDD matrices. By its non-singularity, a new eigenvalue localization set for
matrices is presented, which improves some existing results in [8] and [27]. Furthermore, an infinity
norm bound for the inverse of PDSDD matrices is obtained, which improves the well-known Varah’s
bound for strictly diagonally dominant matrices. Meanwhile, utilizing the proposed infinity norm bound,
a new pseudospectra localization for matrices is given, and a lower bound for distance to instability is
provided as well. In addition, applying the proposed infinity norm bound to explore the error bounds
for linear complementarity problems of PDSDD matrices is also an interesting problem. It is worth
studying in the future.
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