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Abstract: Cylinder shell (CS) structures are widely applied in marine industry applications with the 
characteristics of high loading ability and high energy absorption performance. In this study, the triply 
periodic minimal surfaces (TPMS) lattices were filled into double cylinder shell structures to construct 
the cylinder shell (TPMS-CS) structures. The mechanical and energy absorption performances of these 
structures were investigated by simulation analysis. First, the finite element (FE) model of TPMS-CS 
structures was verified by experiments. Then, the crashworthiness characteristics of three different 
kinds of TPMS-CS, namely, primitive, diamond, and gyroid, under axial loading were studied using 
FE simulation. The results indicate that the diamond-based TPMS-CS structures exhibit a higher 
energy absorption efficiency compared to their counterparts. Next, parametric studies were carried out 
to investigate the influence of the design parameters (the relative density of the TPMS, and the inner 
and outer shell thickness) on the crashworthiness of TPMS-CS structures. Finally, to obtain the 
optimum design for the TPMS-CS, an optimization framework was proposed by combining the three 
surrogate models (KGR, PRS, RBF) and multi-objective particle swarm optimization. The optimum 
design of the D-TPMS-CS structures was obtained based on the proposed optimization framework. 
The TPMS-CS structures proposed in this study can also be applied in other engineering applications 
as energy absorbers. 
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1. Introduction  

Cylindrical shell structures, which have high specific stiffness and strength [1], high bucking 
resistance [2,3], and outstanding energy absorption performance [4,5], have been widely used as 
underwater vehicle hulls and ship propellers. Over the past decades, numerous research has been 
conducted to achieve more efficient structural configurations, such as composite sandwich cylindrical 
shells [6], lattice cylindrical shells (LCS) [7,8], and functionally graded designs [9,10]. Lattice 
structures, such as honeycomb [11–13], foam [14], and strut-based lattice [15,16], are widely used in 
the design of LCS. It has been shown that the LCS is more efficient in load-carrying and energy 
absorption than the cylindrical shell. 

For example, Zhang et al. [17] built the FE and analytical models to study the crushing responses 
of the lattice cylindrical shells. The optimization design was also conducted to seek the minimum 
weight design of the LCS structures. It was found that the Kagome and triangular LCS possess higher 
load-carrying efficiency compared with the hexagonal counterpart. Chen et al. [18] investigated the 
deformation and failure mechanism of the graded LCS with triangular and hexagonal configurations 
under axial impact loading. Numerical and theoretical models were constructed based on the FE 
method and one-dimension shock theory. The results show that the crashworthiness performances of 
these LCSs are significantly affected by relative density and the density gradient along the crushing 
direction can enhance energy absorption for LCS structures. A hierarchical honeycomb cylindrical 
structure was proposed and investigated by experimental tests [19]. It was found that the proposed 
structure exhibits excellent deformation recovery and energy absorption capabilities. 

Recently, researchers have found that the TPMS lattices possess superior mechanical and 
crashworthiness behaviors compared to the struct-based lattices [20,21]. For example, Zhang et al. [22] 
investigated the mechanical and energy absorption properties of the TPMS sheet structure to the body-
centered cubic lattice by experimental and numerical methods. It was found that the TPMS sheet 
structures are significantly superior to body-centered lattices in mechanical and energy absorption 
properties. Qiu et al. [23] proposed a three-dimensional functionally graded TPMS structure and 
studied their mechanical properties using experimental and numerical techniques. It was found that a 
higher volume fraction and the proper adoption of gradient could improve the energy absorption 
capability of the proposed structures. Yin et al. [24] studied the energy absorption behaviors of the 
TPMS sheet structures under axial loading by experimental and numerical methods. It was found the 
crashworthiness performance was affected by the level constant and the shell thickness. Moreover, 
multi-objective optimization was conducted to achieve an optimal design for the TPMS sheet structures. 

Nowadays, researchers have constructed LCS structures with TPMS lattices. For example, Wang 
et al. [8] constructed a Gyroid lattice-based cylindrical shell structure by a mapping method and studied 
their energy absorption and deformation modes using experimental tests and numerical simulations. 
The results show that the Gyroid lattice cylindrical shell exhibit superior mechanical and energy 
absorption properties compared to its counterparts. The parametric study showed that the energy 
absorption properties were significantly affected by the relative density, and geometric gradients. 
Following the proposed mapping method, Zhu et al. [7] proposed a modified mapping method to 
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design the Diamond lattice cylindrical shell structure and investigated their energy absorption 
performances by experimental and numerical methods. The experimental and simulation results show 
that deformation modes and crashworthiness performances were significantly affected by relative 
density, cell size, radial variation coefficient, and mapping angle. 

The LCS structures should be used with surrounded shells to facilitate engineering applications. 
To the author’s best knowledge, the crashworthiness and optimization design of the TPMS filled 
cylinder shell structures has not been reported to date. 

In this study, the energy absorption performances of TPMS-CS structures under axial compression 
were investigated. Firstly, the TPMS-CS structures were designed based on the LCS and double 
cylindrical shells. Then, the FE model was built to simulate the crushing responses and verified by the 
results of the test. Parametric studies were carried out to study the influence of the relative density of 
the TPMS, outer shell thickness, and inner shell thickness on the energy absorption of TPMS-CS 
structures. Finally, the optimal design of TPMS-CS structures was achieved by a surrogate-based 
optimization method. 

2. Materials and methods 

2.1. Design  

The proposed TPMS filled cylindrical shell (TPMS-CS) structure consists of a TPMS based lattice shell 
structure (LCS) and a double cylinder shell structure, as shown in Figure 1. The TPMS based LCSs are 
derived according to the mapping method proposed in ref [7,8]. Three TPMSs are used to construct the 
TPMS-LCSs, i.e., Primitive (P), Diamond (D), and Gyroid (G) surfaces, which can be described using the 
level-set function 𝜑 [20,25]: 

 

𝜑௉(𝑥, 𝑦, 𝑧) = cos(𝜔𝑥) + cos(𝜔𝑦) + cos(𝜔𝑧)𝜑஽(𝑥, 𝑦, 𝑧) = sin(𝜔𝑥)sin(𝜔𝑦)sin(𝜔𝑧) + cos(𝜔𝑥)cos(𝜔𝑦)cos(𝜔𝑧)+sin(𝜔𝑥)cos(𝜔𝑦)cos(𝜔𝑧) + cos(𝜔𝑥)cos(𝜔𝑦)sin(𝜔𝑧)𝜑ீ(𝑥, 𝑦, 𝑧) = cos(𝜔𝑥)sin(𝜔𝑦) + cos(𝜔𝑦)sin(𝜔𝑧) + cos(𝜔𝑧)sin(𝜔𝑥) (1) 

where 𝑥, 𝑦, 𝑧 are spatial coordinates, 𝜔 = 2𝜋/𝑙, and 𝑙 is the length of a unit cell. The sheet-based TPMS is 
derived from the equation 𝜑ଶ ≤ 𝑐ଶ, the relative density (𝑅𝐷) is controlled by the constant 𝑐 [25]. 

 

Figure 1. Construction of the TPMS-CS structure. 
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In this study, the geometric parameters of TPMS-CS structures are set as follows: height 𝐻 = 24 mm, 
outer diameter 𝐷௢௨௧ = 30 mm , inner diameter 𝐷௜௡ = 18 mm , 𝑙 = 6 mm . Three design parameters are 
considered in this study, namely, inner shell thickness (𝑡ଵ), outer shell thickness (𝑡ଶ), and TPMS filled relative 
density (𝑅𝐷), as shown in Figure 1. 

2.2. Numerical models 

The FE model is built to simulate the axial crushing process of the TPMS-CS structures by 
commercial finite element software LS-DYNA. The established FE model of TPMS-CS is shown in 
Figure 2. The TPMS-CS is compressed with a rigid wall with a compressive velocity of 1 m/s and the 
TPMS-CS is placed on a fixed rigid wall. The rigid walls are defined as rigid bodies with the MAT-20 
rigid material model. The TPMS-CS is modeled by the Belytschko–Tsay shell elements with reduced 
integration. The MAT-24 is used to simulate the TPMS-CS, which is made of 316L stainless steel. The 
base material parameters are used from the ref [7] and listed in Table 1. 

 

Figure 2. FE model of the TPMS-CS structure. 

Table 1. Material parameters of the 316L stainless steel [7]. 

Parameters Value
Density (g/cm3) 7.98
Young’s modulus (GPa) 190
Yield stress (MPa) 633
Ultimate stress (MPa) 1074
Poisson’s ratio 0.3
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To simulate the contact between the TPMS-CS and the rigid walls, the “automatic node to surface” 
contact algorithm is employed in this study [26]. To account self-contact of the TPMS-CS itself during 
compression, the “automatic single surface” contact algorithm is adopted. For static and dynamic 
friction, a friction coefficient is set to 0.3 for all contact conditions [27,28]. Mesh size convergence 
tests are conducted to obtain the optimal mesh size, and a mesh size of 0.4 mm × 0.4 mm is adopted 
in this study. 

2.3. Crashworthiness indicators 

To evaluate the energy absorption properties of the TPMS-CSs, the crashworthiness indicators 
include Energy Absorption (EA), Specific Energy Absorption (SEA), Peak Crushing Force (PCF), and 
Crush Force Efficiency (CFE) are used in this study. 

EA is defined as the total energy absorption of the whole energy absorber, and can be expressed 
as follows, 

 𝐸𝐴 = ׬ 𝐹(𝑥)ௗ଴ d𝑥 (2) 

where 𝑑  is the effective crushing distance, which is defined as the crushing distance at which energy 
efficiency has the maximum value [29]. 𝐹(𝑥) is the instantaneous crushing force at the crushing 
distance 𝑥. 

SEA is used to evaluate the energy absorption efficiency of the energy absorber with different 
materials and weights, which is defined as the energy absorption per unit mass, and can be calculated 
as follows, 

 𝑆𝐸𝐴 = ா஺௠  (3) 

where m is the mass of the structure. 
The PCF is the maximum value of the crushing force during the whole crushing process. The 

crushing force efficiency (CFE) is the uniformity of crushing force in the crushing process, which can 
be calculated as follow, 

 𝐶𝐹𝐸 = ெ஼ி௉஼ி × 100% (4) 

where MCF is the average crushing force within the effective deformation distance and can be derived 
as follows, 

 𝑀𝐶𝐹 = ா஺ௗ  (5) 

2.4. Validation of the numerical model 

The experimental results were adopted from the reference [7] and compared with the results of 
the FE model which building by the above-introduced method to verify the accuracy of the FE model. 
In the literature, the Diamond LCS (D-LCS) was compressed with a velocity of 5 mm/min, and the 
deformation modes of the D-LCS and force-displacement curves of tests were recorded. The 
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comparisons of the deformation modes and the force-displacement curves between the reference and 
simulation results are shown in Figure 3. It is seen that similar deformation patterns are founded both 
in reference and simulation results, and the force-displacement curves are in good agreement.  

Furthermore, the crashworthiness indicators of the experimental tests and simulations are listed 
in Table 2. The results of EA and PCF show that the error between simulation and reference results is 
no more than 2%, which proves the accuracy of the FE model used in this study. 

 

Figure 3. Validation of the FE models: (a) Experimental and simulation deformation 
patterns [7]; (b) Simulation deformation results by this paper; (c) Experimental and simulation 
force-displacement curves [7]; (d) Simulation force-displacement curve by this paper. 

Table 2. Error metrics between experiment and simulation results. 

Indicators Test (average) Reference results This paper Error (%)

EA (J) 633.38 669.97 672.15 0.33 

PCF (kN) 65.86 66.07 65.92 -1.34 
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3. Results and discussions 

3.1. Energy absorption performances 

Three different kinds of TPMS-CS structures (P, D, G) were investigated using FE analysis to 
explore their energy absorption performances. All the structures have the same structural parameters: 𝑡ଵ = 2 mm, 𝑡ଶ = 2 mm, and 𝑅𝐷 = 20%. 

Figure 4 gives the deformation modes of the three kinds of TPMS-CS structures after compression. 
It is shown that all the TPMS-CS structures deformed in a layer-by-layer mode, which is similar to the 
cylindrical shells [30]. 

 

Figure 4. Deformation modes of the TPMS-CS at different strains: (a) P, (b) D, (c) G. 

Figure 5 shows the force-displacement curves of the three TPMS-CS structures. All the TPMS-
CS structures exhibit similar crushing force responses. Specifically, the plateau stress of D-TPMS-CS 
is higher than two other structures. 

Table 3 further gives the crashworthiness indicators of the three kinds of TPMS-CS structures. 
The results show that the D-TPMS-CS possesses the highest EA and SEA as expected. Specifically, 
the SEA of D-TPMS-CS is improved by 2.7% and 3.5% compared with that of G-TPMS-CS and P-
TPMS-CS, respectively. However, the PCF of D-TMPS-CS is also higher than the other two structures. 
For crushing force efficiency, D-TPMS-CS exhibits the highest CFE among all the TPMS-CS 
structures. The results indicate that the D-TPMS-CS structure exhibits better energy absorption 
capacity and efficiency. 
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Figure 5. Comparison of force-displacement curves of three TPMS-CS structures. 

Table 3. Crashworthiness indicators for the three TPMS-CS structures. 

TPMS-CS EA (J) PCF (kN) SEA (kJ/kg) CFE 
P 4126.79 386.62 54.98 0.59 
D 4272.38 412 56.92 0.65 
G 4158.38 368.61 55.40 0.63 

3.2. Influence of design parameters 

To study the effect of design parameters on the crashworthiness of the TPMS-CS structures, three 
design parameters, i.e., inner shell thickness (𝑡ଵ), outer shell thickness (𝑡ଶ), and the relative density of 
filled TPMS (𝑅𝐷) were considered in this section. 

3.2.1. The influence of 𝑡ଵ 

To investigate the effect of the inner shell thickness 𝑡ଵon the crashworthiness of TPMS-CS, the 
FE analysis was carried out by changing the 𝑡ଵ from 1 mm to 3 mm. All the TPMS-CS structures have 
identical parameters for outer shell thickness 𝑡ଶ = 2 mm and 𝑅𝐷 = 20%.  

Figure 6 plots the force-displacement curves of three TPMS-CS structures with different 𝑡ଵ. The 
results show that all the curves exhibit three distinct regions: elastic deformation region, plateau stress 
region, and densification region. The plateau stress of all the TPMS-CS structures is improved with 
the increase of 𝑡ଵ. Interestingly, the crushing force increases rapidly at the densification region when 
the 𝑡ଵ possess a higher value. 
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Figure 6. Force–displacement curves of (a) P-TPMS-CSs, (b) D-TPMS-CSs, and (c) G-
TPMS-CSs for different 𝑡ଵ. 

Table 4. Influence of 𝑡ଵ on crashworthiness indicators of TPMS-CS structures. 

TPMS 𝑡ଵ (mm) EA (J) PCF (kN) SEA (kJ/kg) CFE 
P 1 2624.98 316.75 46.34 0.46 

1.5 3367.45 316.55 51.13 0.59 
2 4126.79 386.62 54.98 0.59 
2.5 4872.01 391.79 57.81 0.69 
3 5623.44 585.47 60.16 0.53 

D 1 2861.39 268 50.51 0.59 
1.5 3539.74 374.37 53.75 0.6 
2 4272.38 412 56.92 0.65 
2.5 4849.31 443.49 57.55 0.7 
3 5556.85 657.25 59.45 0.54 

G 1 2795.62 283.27 49.34 0.55 
1.5 3495.27 373.79 53.07 0.52 
2 4158.38 368.61 55.40 0.63 
2.5 4676.69 417.58 55.50 0.62 
3 5441.84 688.81 58.22 0.44 
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Figure 7. Comparison of (a) EA, (b) SEA, (c) PCF, and (d) CFE with different 𝑡ଵ. 

Table 4 and Figure 7 give the calculated results of structural crashworthiness indicators. It is 
shown that the EA and SEA of all three TPMS-CS structures increase with the increase of 𝑡ଵ, and the 
P-TPMS-CS with 𝑡ଵ = 3 mm  has the highest EA (5623.44 J) and SEA (60.16 kJ/kg). The results 
indicate that the P-TPMS-CS and D-TPMS-CS exhibit better energy absorption ability. 

The PCF of all the TPMS-CS structures also increases with the increase of 𝑡ଵ and increases rapidly 
while the 𝑡ଵ is bigger than 2.5 mm. The G-TPMS-CS has the highest PCF (688.81 kN) at 𝑡ଵ = 3 mm. 

For the crushing force efficiency, the CFE of P, D-TPMS-CS structures first increase with the 
increase of 𝑡ଵ and then decreases with the increase of 𝑡ଵ at 𝑡ଵ = 2.5 mm. There is no obvious trend in 
the CFE of G-TPMS-CS structures. The D-TPMS-CS have the highest CFE (0.7) at 𝑡ଵ = 2.5 mm. 

3.2.2. The influence of 𝑡ଶ 

To investigate the effect of the outer shell thickness 𝑡ଶon the crashworthiness of TPMS-CS, the 
FE analysis was carried out by changing the 𝑡ଶ from 1 mm to 3 mm. All the TPMS-CS structures have 
identical parameters for inner shell thickness 𝑡ଵ = 2 mm and 𝑅𝐷 = 20%.  

Figure 8 plots the force-displacement curves of three TPMS-CS structures with different 𝑡ଶ. All 
the force-displacement curves have similar trends. It can be seen that all the crushing force responses 
are increased with the increase of 𝑡ଶ.  
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Figure 8. Force–displacement curves of (a) P-TPMS-CSs, (b) D-TPMS-CSs, and (c) G-
TPMS-CSs for different 𝑡ଶ. 

Table 5. Influence of 𝑡ଶ on crashworthiness indicators of TPMS-CS structures. 

TPMS 𝑡ଶ (mm) EA (J) PCF (kN) SEA (kJ/kg) CFE 
P 1 3010.19 247.62 46.60 0.68 

1.5 3473.58 272.14 49.74 0.66 
2 4126.79 386.62 54.98 0.59 
2.5 4562.29 401.88 56.82 0.63 
3 5180.25 418.58 60.57 0.64 

D 1 3402.73 269.93 52.67 0.7 
1.5 3740.50 362.63 53.57 0.67 
2 4272.38 412 56.92 0.62 
2.5 4780.99 420.25 59.55 0.64 
3 5192.63 410.63 60.72 0.66 

G 1 3228.56 250.35 49.98 0.72 
1.5 3669.70 332.73 52.55 0.61 
2 4158.38 368.61 55.40 0.63 
2.5 4681.38 428.02 58.30 0.61 
3 5128.39 400.52 59.96 0.63 
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Figure 9. Comparison of (a) EA, (b) SEA, (c) PCF, and (d) CFE with different 𝑡ଶ. 

Table 5 and Figure 9 give the calculated results of structural crashworthiness indicators. It is 
shown that the EA and SEA of all three TPMS-CS structures increased with the increase of 𝑡ଵ, and the 
D-TPMS-CS with 𝑡ଶ = 3 mm  has the highest EA (5192.63 J) and SEA (60.72 kJ/kg). The results 
indicate that the D-TPMS-CS exhibits better energy absorption ability. 

The PCF of all the TPMS-CS structures also increases with the increase of 𝑡ଶ , and the PCF 
increases slowly at high outer shell thickness. The P-TPMS-CS have the highest PCF (418.58 kN) at 𝑡ଶ = 3 mm. 

For the crushing force efficiency, the CFE of all the TPMS-CS structures first decreases with the 
increase of 𝑡ଶ and then increases past 𝑡ଶ = 2 mm. The G-TPMS-CS have the highest CFE (0.72) at 𝑡ଶ = 1 mm. 

3.2.3. The influence of 𝑅𝐷 

To investigate the influence of the TPMS filled relative density 𝑅𝐷 on the crashworthiness of 
TPMS-CS, the FE analysis was carried out by changing the 𝑅𝐷 from 10% to 30%. All the TPMS-CS 
structures have identical parameters for outer shell thickness 𝑡ଶ = 2 mm and inner shell thickness 𝑡ଵ = 2 mm. 

Figure 10 plots the force-displacement curves of three TPMS-CS structures with different 𝑅𝐷. 
All the force-displacement curves have similar trends. It can be seen that all the crushing force 
responses are increased with the increase of 𝑅𝐷.  
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Figure 10. Force–displacement curves of (a) P-TPMS-CSs, (b) D-TPMS-CSs, and (c) G-
TPMS-CSs for different 𝑅𝐷. 

Table 6. Influence of 𝑅𝐷 on crashworthiness indicators of TPMS-CS structures. 

TPMS 𝑅𝐷 (%) EA (J) PCF (kN) SEA (kJ/kg) CFE 
P 10 3692.58 287.98 55.61 0.66 

15 3916.53 338.1 55.37 0.64 
20 4126.79 386.62 54.98 0.59 
25 4400.68 415.63 55.42 0.59 
30 4653.71 454.06 55.59 0.57 

D 10 3765.75 325.32 56.71 0.64 
15 4048.45 357.1 57.23 0.63 
20 4272.38 372.24 56.92 0.64 
25 4538.83 386.46 57.16 0.65 
30 4707.5 423.33 56.22 0.62 

G 10 3753.15 309.67 56.52 0.67 
15 4004.82 347.01 56.62 0.64 
20 4158.38 368.61 55.40 0.63 
25 4311.71 378.74 54.31 0.63 
30 4560.05 444 54.47 0.57 
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Figure 11. Comparison of (a) EA, (b) SEA, (c) PCF, and (d) CFE with different 𝑅𝐷. 

Table 6 and Figure 11 give the calculated results of structural crashworthiness indicators. It is 
shown that the EA of all three TPMS-CS structures increased with the increase of 𝑅𝐷, and the D-
TPMS-CS with 𝑅𝐷 = 30% have the highest EA (4707.5 J). The EA of all the TPMS-CS structures is 
almost constant with the increase of 𝑅𝐷. 

The PCF of all the TPMS-CS structures also increases with the increase of 𝑅𝐷. The P-TPMS-CS 
have the highest PCF (454.06 kN) at 𝑅𝐷 = 30%. 

For the crushing force efficiency, the CFE of P, G-TPMS-CS structures decreases with the 
increase of 𝑅𝐷. There is no obvious trend in the CFE of D-TPMS-CS structures. The results indicate 
that the 𝑅𝐷 of TPMS-CS structures should be properly adopted. 

4. Multi-objective crashworthiness optimization 

4.1. Optimization methodology 

4.1.1. Definition of the optimization problem 

In crashworthiness applications, the TPMS-CS structures should absorb as much energy as 
possible, while the PCF should be limited within a threshold value to guarantee the security of 
occupants [31–33]. In this regard, the optimization objectives of the TPMS-CS are to maximum 𝑆𝐸𝐴 
and minimum 𝑃𝐶𝐹. From the previous section, the simulation results indicate that the diamond TPMS-
CS structures exhibit superior crashworthiness performances. Thus, we conduct the optimization 
design for the diamond TPMS-CS structures in this section. 
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From the discussion in the previous section, the crashworthiness indicators of the TPMS-CSs are 
affected by the inner shell thickness (𝑡ଵ), outer shell thickness (𝑡ଶ), and the relative density of TPMS 
(𝑅𝐷 ). Therefore, the mathematical optimization formulation for this optimization problem can be 
defined as follows, 

 ൝Min. ሼ−𝑆𝐸𝐴(𝑡ଵ, 𝑡ଶ, 𝑅𝐷), 𝑃𝐶𝐹(𝑡ଵ, 𝑡ଶ, 𝑅𝐷)ሽ𝑠. 𝑡. 1𝑚𝑚 ≤ 𝑡ଵ, 𝑡ଶ ≤ 2𝑚𝑚0.1 ≤ 𝑅𝐷 ≤ 0.3  (6) 

4.1.2. Design of experiment (DOE) 

To generate the surrogate models, the first step is to sample the reasonable design sampling points. 
Design of Experiment (DOE) is the typical way to address how to explore the entire design space 
properly. Among the available DOE techniques, the Latin Hypercube sampling (LHS) is adopted 
because it can efficiently produce the uniformly-distributed sampling points in the design space [34,35]. 

4.1.3. Surrogate models and error metrics 

Crashworthiness optimization typically needs a larger amount of simulations. As an effective 
alternative, surrogate models are usually employed in literature to calculate the values of the objective 
function. In this study, three kinds of surrogate models, namely, Kriging (KRG) [36], polynomial 
response surface (PRS) [37], and radial basis function (RBF) [38] are used to approximate the objective 
function responses. The core functions of these surrogate models are listed in Table 7. 

Table 7. Core functions of three surrogate models [39]. 

Surrogate 
model 

Approximate function 𝑦ො(𝐱) Correlation function 

KRG 𝛽መ + 𝐫்(𝐱)𝐑ିଵ൫𝐲 − 𝐟𝛽መ൯ 𝑅൫𝐱௜, 𝐱௝൯ = exp ൭− ෍ 𝜃௞ห𝑥௞௜ − 𝑥௞௝หଶ௠
௞ୀଵ ൱0.05 ≤ 𝜃௞ ≤ 100 

PRS 𝑏଴ + ෍ 𝑏௜𝑥௜௡
௜ୀଵ + ෍ ෍ 𝑏௜௝𝑥௜𝑥௝ + ෍ ෍ ෍ 𝑏௜௝௞𝑥௜𝑥௝௫ೖ

௡
௞ୀଵ

௡
௝ୀଵ

௡
௜ୀଵ

௡
௝ୀଵ

௡
௜ୀଵ  

None 

RBF ෍ 𝜆௜𝜑൫𝑟(𝐱௜, 𝐱)൯௡ೞ
௜ୀଵ  

𝜑൫𝑟(𝐱௜, 𝐱)൯ = ඥ‖𝐱 − 𝐱௜‖ଶ + 𝑐ଶ 𝑐 = 1.0 

To evaluate the accuracy of these three different surrogate models, additional assessment sample 
points should be generated. Three kinds of metrics, namely, square value (𝑅ଶ ), relative average 
absolute error (RAAE), and relative maximum absolute error (RMAE) are used in this study [40, 41]. 
The mathematic expression of these metrics is given as, 

 𝑅ଶ = 1 − ∑೜೔సభ(௬೔ି௬ො೔)మ
∑೜೔సభ(௬೔ି௬ത)మ  (7) 
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 𝑅𝐴𝐴𝐸 = ∑೜೔సభ|௬೔ି௬ො೔|∑೜೔సభ|௬೔ି௬ത|  (8) 

 𝑅𝑀𝐴𝐸 = ୫ୟ୶൛|௬೔ି௬ො೔|,⋯,ห௬೔ି௬ො೜หൟ∑೜೔సభ|௬೔ି௬ത|/௤  (9) 

where 𝑦௜ is the exact function value at the assessment point 𝑖, 𝑦ො is the corresponding surrogate value, 𝑦ത is the mean value of 𝑦௜, and 𝑞 is the number of assessment points. 
In general, the 𝑅ଶ and RAAE indicates the overall performance of the surrogate model, while the 

RMAE indicates the local accuracy of the surrogate model. Overall, the larger the 𝑅ଶ, or the smaller 
the RMSE and RMAE, the better the accuracy of the surrogate model. 

4.1.3. The procedure of the optimization design 

To solve the proposed optimization problem, a multi-objective optimization method using the 
surrogate models and the multi-objective particle swarm optimization (MOPSO) algorithm [42,43] 
was developed. Firstly, the design points were generated using the Latin hypercube sampling (LHS) 
method. Secondly, the objective responses for the TPMS-CS structures were derived using the FE 
model at the design points. Three different kinds of surrogate models were constructed, and the error 
metrics were compared to choose the most accurate one for the following optimization design. Finally, 
the MOPSO algorithm was used to obtain the Pareto optimal solutions. 

4.2. Optimization results and discussions 

4.2.1. Accuracy evaluation of the surrogate models 

In this study, 40 training points were selected from the design space by the LHS method to 
construct the surrogate models. To evaluate the accuracy of the surrogate models, additional 10 
assessment sampling points were generated from the design space and the error metrics of three 
surrogate models are listed in Table 8. It is shown that the KRG surrogate model exhibits the best 
accuracy performance. Thus, the KRG model was used to evaluate the objective value of the D-TPMS-
CS structures in the following optimization design. 

Table 8. Error metrics of the three surrogate models. 

Surrogate model Response 𝑅ଶ RAAE RMAE 
KGR SEA 0.9750 0.1251 0.2954 

PCF 0.9351 0.1691 0.4205 
PRS SEA 0.9708 0.1454 0.3295 

PCF 0.8667 0.3211 0.4905 
RBF SEA 0.9334 0.2160 0.4070 

PCF 0.7429 0.2911 0.5734 
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4.2.2. Multi-objective optimization results and discussions 

The Pareto frontier of the D-TPMS-CS structure for the optimization problem was plotted in 
Figure 12. To guarantee the safety of the occupants, the PCF value was limited to 300 kN in this study, 
and the optimum design (𝑡ଵ = 1 mm, 𝑡ଶ = 2.87 mm, and 𝑅𝐷 = 17.6%) was selected from the Pareto 
frontier. Furthermore, the FE analysis was carried out on the optimum points to obtain the FE values 
which were compared with the optimization results, as listed in Table 9. It can be found that the error 
between the surrogate model predicted value and FE simulation value in the PCF and SEA is less 
than 7%, which indicates the proposed optimization framework has high accuracy and acceptability. 

 

Figure 12. Pareto frontier for the D-TPMS-CS structure. 

Table 9. Comparison between predicted value and FE value. 

Indicator FE value Predict value Error (%) 
SEA (kJ/kg) 57.17 60.19 5.28 
PCF (kN) 319.56 298.08 -6.72 

5. Conclusions 

In this paper, a series of novel TPMS lattices filled cylindrical shell (TPMS-CS) structures are 
proposed and their energy absorption properties are studied using FE analysis. The comparison of 
crashworthiness among different TPMS-CS structures, the parametric studies, and the multi-objective 
optimization design is conducted in this study. Some conclusions can be concluded as follows: 

• By analyzing the energy absorption performances of three different TPMS-CS structures under 
axial loading, the SEA of D-TPMS-CS increased by 2.7% and 3.5% than the other two TPMS-CS 
structures. It can be concluded that the D-TPMS-CS structure exhibits the highest energy absorption 
ability and efficiency than the other two structures.  
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• The parametric studies show that the inner shell thickness, outer shell thickness, and relative 
density of filled TPMS have significant influence on the crashworthiness performances of TPMS-
CS structures. 

• The multi-objective optimization design method, which combines three surrogate models (KRG, 
PRS, RBF) and a multi-objective particle swarm optimization algorithm, was carried out to seek the 
optimum configuration of D-TPMS-CS structure (𝑡ଵ = 1 mm, 𝑡ଶ = 2.87 mm, and 𝑅𝐷 = 17.6%). The 
relative errors of the proposed method are less than 7%. 
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