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Abstract: This paper is concerned with the following Keller—Segel-Navier—Stokes system with
indirect signal production and tensor-valued sensitivity:

n+u-Von=An-V-(nS(x,n,v,w)Vy), xeQ,t>0,

vitu-Vv=Av—v+w, xeQ,t>0,
w,+u-Vw=Aw—-—w+n, xeQ,t>0, ©)
u + k(u-Vyu+ VP = Au+ nVe, xeQ,t>0,
V-u=0, xeQ t>0,

in a bounded domain Q c R? with smooth boundary, where k € R, ¢ € W°(Q), and S is a given
function with values in R?*?> which satisfies |S (x, v, w, u)| < Cs(n+ 1)"* with Cy > 0. If @ > 0, then for
any sufficiently smooth initial data, there exists a globally classical solution which is bounded for the
corresponding initial-boundary value problem of system (9).

Keywords: Keller-Segel-Navier-Stokes system; tensor-valued sensitivity; indirect signal production;
classical solution; global boundedness

1. Introduction and main results

Chemotaxis is a biological phenomenon which describes the oriented movement of cells (or
organisms) in response to chemical gradients [1,2]. As early as 1970, Keller and Segel [3] originally
introduced a chemotaxis model through a system of parabolic equations. This model reads

(1.1)

n,=An-V-mS(x,n,c)Vc), xeQ,t>0,
c;=Ac—c+n, xeQ,t>0,
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where Q ¢ R is a bounded domain with smooth boundary, the unknown functions » and ¢ respectively
represent the cell density and the signal concentration, and S denotes the chemotactic sensitivity. This
model is primarily used to describe the aggregation phenomenon of Dictyostelium discoideum, where
the effects of the chemical signal secreted by themselves are taken into consideration. During the past
half a century, the Keller-Segel model has been attracting many scholars’ attention. The known results
are concentrated on whether the solutions for Neumann boundary problem of (1.1) globally exist or
blow up in finite time. Concretely, if S := §(n) is a scalar function fulfilling S (n) < Cs(n + 1)™® with
some Cg > 0 and @ > 0, then foralla > 1 — % the corresponding problem has a global solution which
is uniformly bounded [4]. However, if S satisfies S(n) > cgn™ with some ¢g > 0Oand @ < 1 — % for
N > 2, and Q is a ball, then the solution of (1.1) will blow up in finite time. So,
N-2
o=—-—=
N
is called the critical exponent of the blow-up phenomenon. Recently, some results relating to the
well-posedness of the hyperbolic Keller-Segel equation in the Besov framework were obtained in [5].
Afterwards, Zhang et al. [6] improved these results and established two kinds of blow-up criteria of
strong solutions in Besov spaces by means of Littlewood-Paley theory. For more results about (1.1)
and its variations, we refer interested readers to [7—16]

If we consider the framework where the chemical is produced by the cells indirectly, the
corresponding chemotaxis model turns to the following Keller-Segel system with indirect
signal production:

n,=An-V-mS(x,n,v,w)Vv), xeQ,t>0,
vw=Av—v+w, xeQ, >0, (1.2)
w, = Aw—w+n, xeQ,t>0,

in a bounded domain Q c RY with smooth boundary, where the functions n, v and w represent the cells,
density, the signal and the chemical concentration, respectively. If S(x,n,v,w) = y with y > 0 and
N < 3, Fujie and Senba [17] showed that the homogeneous Neumann (or mixed) boundary problem of
system (1.2) possesses a unique and globally bounded classical solution.

However, in many cases, the migration of cells (or bacteria) is largely affected by their surrounding
environment [18, 19]. If the cells consume the chemical signal, Tuval et al. [19] introduced the
following chemotaxis-fluid system:

n+u-vn=An-V-mS(x,n,c)Ve), xeQ,t>0,

c;+u-Ve=Ac—nf(c), xeQ,t>0, (1.3)
u, + k(- Vyu+ VP = Au + nVe, xeQ, >0, ’
V-u=0, xeQ,t>0,

in a bounded domain Q C R? with smooth boundary, where f(c) measures the rate that cells consume
the oxygen, and S (x, n, ¢) is a tensor-valued (or scalar) chemotactic sensitivity. Most remarkably, by
means of the chemical consumption setting and the maximum principle of the parabolic equations, we
may directly deduce that ¢ is uniformly bounded from the second equation of (1.3). This significant
feature leads to the chemotaxis-fluid model with the framework of signal consumption being more
intensively studied than the signal production mechanism. For instance, Winkler [20] proved that the
global weak solution of system (1.3) which has enough regularity properties and thereby fulfills the
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condition of so-called eventual energy solution (this concept is newly proposed in his paper) becomes
eventually smooth after some waiting time. For more studies about this system, one can refer to
Zheng [21], Winkler [22-25] and other results on the global solvability and asymptotic behavior, such
as [26-28], for details.

Considering the framework where the chemical signal is produced by the cells instead of
consuming it, the corresponding chemotaxis-fluid model becomes the following
Keller-Segel(-Navier)-Stokes system:

n+u-Vn=An-V-mS(x,n,c)Ve), xeQ >0,

c;+u-Ve=Ac—-c+n, xeQ,t>0, (1.4)
u,+ k(w-Vyu+ VP = Au +nVg, xeQ,t>0, )
V-u=0, xeQ,t>0,

where S is a tensor-valued (or scalar) function, and Q ¢ R" with smooth boundary. Let us just list a
few representative results. For the Navier-Stokes fluid (i.e. « # 0), if |S(x,n,¢)| < Cs(n + 1)™* with
Cs > 0and a > 0, in 2D case Wang et al. [29] showed that the initial-boundary value problem of (1.4)
admits at least one classical solution. In the 3D Stokes case (i.e. k = 0) of (1.4), Wang and Xiang [30]
got the same results for @ > % For the 3D Navier-Stokes version of system (1.4), Liu and Wang [31]
verified that there exists at least one global weak solution for the corresponding initial-boundary value
problem of (1.4) if |S (x, n,c)| < Cs(n+1)"* with some Cs > 0 and a > % Recently, Ke and Zheng [32]
improved the restriction admitting a global weak solution from a > % toa > %, which compared with
the known result of the fluid-free system is an optimal restriction on @. As for the further results,
under assumption @ > 1 and an explicit condition on the size of Cy, Zheng [33] confirmed that the
weak solution of system (1.4) would be eventually smooth, and that it is close to a unique spatially
homogeneous steady state. Additionally, one can see [34-36] and the references therein to find more
conclusions about this system.

Motivated by the above works, in this paper we consider the following initial-boundary value
problem of the Keller-Segel-Navier-Stokes system with indirect signal production:

n+u-Vo=An-V-mS(x,n,v,w)Vv), xeQ,t>0,
vitu-Vv=Av—v+w, xeQ, >0,
w,+u-Vw=Aw —w +n, xeQ,t>0,

u,+ k(u-Vyu+ VP = Au+ nVg, xeQ, >0, (1.5)
V-u=0, xeQ,t>0,
(Vn-—nS(x,n,v,w)Vv) . v=Vy-v=Vw-v=0, u=0, x€eo,t>0,

n(x, 0) = ny(x), v(x, 0) = vo(x), w(x, 0) = wo(x), u(x, 0) = uy(x), x €,

where Q c R? is a bounded domain with smooth boundary, and S (x, n, v, w) satisfies
S € C*(Q x [0, 0)*; R**?), (1.6)

and
IS(x,n,v,w)| < Cs(n+ 1), (x,n,v,w) € QX|O0, c>o)3 (L.7)

with some Cg > 0 and @ > 0. To state our main results of this paper, we make the following
assumptions that
¢ € W(Q), (1.8)
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and the initial data (ng, vo, wo, Up) satisfies

ny € CH(Q) with ny > 0 in Q for certain ¢ > 0,

vo € W2 (Q) with vy > 0in Q,

wo € Wh2(Q) with wy > 0in Q,

up € D(A}) for some y € (%, 1) and any r € (1, o),

(1.9)

where A, denotes the Stokes operator with domain D(A,) := W>"(Q) N WS”(Q) N L () and L] (Q) :=
{p € L'(QIV - ¢ = 0} [37].
With these assumptions at hand, we can state the following main results.

Theorem 1.1. If(1.6), (1.7), (1.8) and (1.9) hold, then for any
a >0, (1.10)
there exists a global classical solution (n,v,w, u, P) of problem (1.5) which fulfills
n € COQ x [0, ) N C*1(Q X (0, 0)),
v e C%Q x [0,00)) N C*(Q X (0,00)) N L™ ([0, c0); W'P(€Y)),
w e CUQ X [0,00)) N C(Q X (0, 00)) N L™ ([0, 00); WH(Q)), (1.11)

uecC’ (Q x [0, o0); Rz) N C?! (Q x (0, 00); RZ) N L= ([0, 00): D (A")),
P e CY(Q x (0, 0))

with p,q > 1 and y € (0, 1), where n, v and w are nonnegative in Q X (0, o). Moreover, the solution is
bounded, and there exists C(y) > 0 such that

InC, Dlle=@) + IWC, Dllwrs@) + IIVC, Dllwro@) + 1A uC, D2 < C(y) (1.12)
forallt > 0, where vy is given by (1.9).

Remark 1.1. Theorem 1.1 improves the result of Yu [38], which showed that if @ > 0, then the Stokes
version of problem (1.5) possesses a global classical solution.

This paper is organized as follows. In Section 2, we claim that the regularized problem possesses
at least one local classical solution which is nonnegative. Relying on a series of e-independent a priori
estimates obtained in Section 3, in Section 4 we verify the local existence of a classical solution for
regularized problem can be extended to the global. In Section 5, we will construct a global weak
solution which has enough regularity to become a classical solution to prove our main results.

2. Preliminaries

Compared with the classical Keller-Segel model, the convection term presenting in the Navier-
Stokes equations engenders more mathematical difficulties. We define

S e(x, 1, v, W) 1= p(X)e()S (x,n, v, w) for all (x,n,v,w) € Q x [0, ), (2.1)

where {p,}zc0,1) € C; () is a family of standard cut-off functions fulfilling 0 < p, < 1in Qandp, " 1

inQas e\ 0, and y, € C;([0, 00)) satisfies 0 < y, < 1in [0, 00) and y, /" 1in [0, 00) as & | 0.
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Then, we can introduce the following approximate system of (1.5):

Ng + Ug - Vg = Ang — V- (.S o(x, ng, ve, wo)Vv,) , xeQ, >0,

Ve +Ug - Vv, = Av, — v + W, xeQ,t>0,

We + s - Vw, = Aw, — w, + ng, xeQ,t>0,

Uy + VP, = Au, — k Yeu, - V)u, + n.Vo, xeQ,t>0, (2.2)
V-u, =0, xeQ,t>0,
Vn,-v=Vv,-v=Vw,.-v=0, u, =0, x€ o, t>0,

ng(x, 0) = no(x), ve(x, 0) = vo(x), we(x, 0) = wo(x), us(x,0) = up(x),  x€Q,

where
Y& :=(1+eA)'¢ forall € € L2(Q)

is the standard Yosida approximation, and A := —PA is the realization of the Stokes operator with
denoting the Helmholtz projection of L*(€2) onto solenoidal subspace L(ZT(Q) [37].

Our main idea is to construct a weak solution which is globally bounded (the concept of weak
solution can be found in Definition 5.1), and we claim it possesses adequate regularity to be a classical
solution. The biggest obstacle we must deal with is the bad regularity of n caused by the small exponent
a. Our main tool is based upon an energy estimate concerning the functional

fni+a('7t)+f|vvs("t)|29
Q Q

which successfully overcomes this difficulty. The appropriately regularized problem (2.2) possesses
local-in-time classical solution, which can be stated as follows.

Lemma 2.1. Suppose ¢ € W>*(Q) and & € (0,1). Let Q C R? be a bounded domain with smooth
boundary. Then, there exist Ty, € (0,00] and a classical solution (ng, ve, We, u., Pe) of (2.2) in Q X
(0, Typaxe) such that

n, € C*(Qx [0, Tpar)) 0 C2(Q X (0, Tars))
Ve € CO(Q X [0, Tpax)) N C* (2 X (0, Topars)

e € CO(QX [0, Thrax)) N C (X (0, Thas.s)) (2.3)
tts € C*(Q X [0, Thnae)) 0 C* (X (0, Thnare))

P, € C'0(Q X (0, Tars))

solves (2.2) in the classical sence in Q X [0, Tyure), and that n,, v, and w, are nonnegative in Q X
(0, Thaxe)- Moreover, if Tpuye < 0, then we have

(-, Dll oy + VeCs Dllwioqy + We(, Dllwrey + 1A U, Dl 12y — 0
as t = Tyare Where vy is similar to that in (1.9).

Proof. The fixed point argument which is established in [39,40] enables us to immediately substantiate
the local existence for a classical solution which complies with (2.3). That n., v, and w, are nonnegative
is a clear conclusion of the maximum principle [41]. O
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3. A priori estimates

In this section, we will derive a series e-independent a priori estimates of the classical solution
(ng, Ve, We, u) of regularized problem (2.2) from Lemma 2.1. By the way, we take 7 = min {1, iTmax,E}.
The positive constants C; (i € N*) appearing in the proof of every lemma are independent of € € (0, 1),
which only depend on Q, a, Cs, ¢, ng, vo, wy and u if there is no especial explanation. Firstly, by simple
integration and ODE comparison arguments, we obtain the following boundedness of L'-norms, which
1s common in many chemotaxis models.

Lemma 3.1. For any € € (0, 1), the solution of (2.2) satisfies

fn€(~, 1) = fno forallt € (0, Tpuxe) (3.1
Q Q

fwg(-,t) < max {f no,fwo} forallt € (0, Tpuxe) (3.2)

Q 0 Q

fvg(~, f) < max {f no, f Vo, f WQ} forallt € (0, Tpuxe) (3.3)
Q o) Q Q

Lemma 3.2. If @ > 0, then for any u > 0, there exists a constant C > 0 independent of € € (0, 1)
such that

as well as

and

a 2
G Doy < 1 [[VAEC D] pq) + € forall t € (0, Trare) - (3.4)

Proof. For any u > 0, the Gagliardo-Nirenberg inequality and the Young inequality provide positive
constants C; and C, such that

2
||n€||Ll+a(Q)
=|\ne EL‘“
20 s : (3.5)
all l+a a || a(l+a, al|a
<Ci an‘g L@ ”ns LE Q) tG ”ng LE©Q
2
<t |[VnZ7. ) + Ca for all 1 € (0, Tas)
where the boundedness of [[1.|.1(q, from (3.1) and the fact that % < 2 by @ > 0 are used. o

Lemma 3.3. Ifa>0and p € [2,2 + ﬁr—“a), then there exists some C > 0 such that for all € € (0, 1) the
solution of (2.2) satisfies

1
fnﬁ“ b+ fvi(-,t) + fwé’(-,t) <C forallte 0,Txs) ifa+ <
Q Q Q | 2
1 3.6)
fng(-,t) Inn.(-, 1) + f vi(-,t) + f wl(,t) < C  forallt e (0, Tuz) ifa ==
Q Q Q | 2
and
I+T 5 1+T I+T p 2
f f vl + f f Vv + f f Vwi| <C forallte O, Tpue-1. 37
t Q t Q t Q
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Proof. This proof may be divided into two cases:
Casel,a # 1.
First, multlplylng the first equation of (2.2) by n;
by parts, we derive

2a=1 "employing the fact that V - u, = 0, integrating

1d 20[
Qa dt

= f nﬁ‘“V (168 (X, Mgy Ve, We)VV,) .
Q

(3.8)

Applying the Young inequality and the trivial fact n:i] <1, by (1.7), we obtain

sgn(2a/—1)df 2 2a — 1|f|V
2a

:sgn(2cy - 1) f nia_lv : (nsSE(x’ Ng, Vg, WE)VVS)
Q

S|2a—1|fni"_llSs(x,ng,vg,wg)IIvalangl (3.9)
Q

<Pa - 1Cs f 27 (n, + 1)V, |V

2a — 1| |2a )
<= fg|v csfw o

sgn(ZQ—l)ifn +|2a—1|f|v
a dt a?

s|2a—1|c§f|vv€|2.
Q

Namely,

(3.10)

Next, testing the second equation of (2.2) by v,, utilizing the fact that u, is divergence-free and the
continuous embedding W!'*(Q) < L (Q), by virtue of the Holder inequality and the
Cauchy-Schwarz inequality, we deduce that there exists a constant C; > 0 satisfying

1d
——fv§+f|Vv£|2+fv§
:fvswa
Q

= ||Vs||L1+,n @ Wellpive()

(3.11)

<C, ”Va”WL,Z(Q) ||W£||L1+Q(Q)

1 2 | » 1, 2
SE jg;va + 5 L |Vva| + ECI ||W¢9||L|+(I(Q) .
d
— f Ve + f Vvl + f V2 < CT IWelfrieqy - (3.12)
dt Jo Q Q

Electronic Research Archive Volume 31, Issue 3, 1710-1736.
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This along with a multiple of (3.10) yields that

_ Sgn(2a - 1) 2(1 f 2) 1 f |Vna/ 2
a’t 202 — 1|C2 Ve 20°CE Jo'  f (3.13)

2 2 2
+ E f |Vv8| + f Ve < C] ||W€||L|+(I/(Q) .
Q Q

Then, multiplying the third equation of (2.2) by w2 with p € [2, 2+ 2" 1), integrating by parts, applying
the Holder and the Cauchy-Schwarz inequalities as well as the fact V u, = 0, we have

1d W+ 4(1)—1)]"V§+‘fw5

pdt

:‘fngwf”_1
o (3.14)

|| I+a

L (Q)

SE ||n8||il+n(g) + E ||w§‘ ||Ll¢+TH(Q) .

Combining (3.13) and (3.14), we get

d 2a -1 1 1 Ap -1 E
_(—Sg"( a— D ngw+fvg+—fwg)+ 2f|Vn32 2 )fj wi |
dt\2a2a - 11C% Jo o Pla 22°C (3.15)

1 2 2 2 2 1 2 1 1 .
3 fg Vv, + fg Ve < ClIWeleay + 5 Wellzinnca + 5 W8 ||LM(Q) for all £ € (0, Tyax.s)-

To handle these three terms on the right side of (3.15), one can employ the Gagliardo-Nirenberg and

the Young inequalities as well as Lemma 3.2 to estimate

2 2
C] ||W8||L1+(Y(Q)

:C% WZ p2(1+¢y)
L™7 (Q
g Trap 4 T T (3.16)
<C2 Ws ell 2 Cz Well 2
12 (Q) L7 (Q) L7 (Q)
— 212
p2 12(©)
as well as |
2
Z Pt
2||Ws [
4([7 1)
2(/7 ])(]+(r) (Q)
(p-1- _da_ 4p-1) (3.17)
r (1’ 1+a) g p(+a) z >
<C4 VW - 2 4 |[wg 2
L2 L7 (Q) L7(Q)
p—1 212
<—(|Vwe |, Cs
p LA(Q)
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and
2
5 ”na‘”LHa(Q) < m (318)
with positive constants C,, C3, C4, Cs and Cg, where we have (110) < 2and = ( -1- ) < 2 by
peE2,2+; ) Substituting (3.16), (3.17) and (3.18) into (3.15), one has
d 20— 1 1 1
E(zsg};( alc)2 nza+fvz+_fwg)+4 2C2f|Vngz

2(19— l)f‘v

with C7 := C3 + C5 + Cg. If sgn(2a—1) =1 (i.e. @ > %), (3.19) in conjunction with some standard
arguments implies that (3.6) and (3.7) hold. On the other hand, if sgn(2a — 1) = -1 (i.e. 0 < a < %),

+ = f IVvel* + f V2 < C;forall t € (0, Tpax.s)
Q

we set | .
1) = ———+—— | ¢, 0+ 2',t+—f (ot 3.20
Je(0) 2a|2a—1|C§ang ) ng( ) » ng( ) (3.20)
and . | | )
a 2 2, P~ z
() = Vri@, 0| + = Vv, " + Vwz(, 0| . 3.21
80 m@ll“)|2ﬁ”(” Z\Uw(ﬂ (3.21)
By the Gagliardo-Nirenberg estimate
1pr
:_‘ i
Yol
2—; g g 2
<C8H we L2(Q)' ‘s @ CS‘Wg L7 (@
p- 22
< [vw:| +Co
P2 Q
and (3.19), we deduce
d
= fe(t) + fo(®) + g:(t) < Cyp forall £ € (0, Tpare) (3.22)

with Cyy := C7 + Cy, where we observe the fact that f,.(¢) < fQ VA, 1)+ i fQ w?(-,1). In view of an ODE
comparison argument, from (3.22), we obtain a constant C;; > 0 such that

1 1
s [ [ [wrscn (3.23)
2@’|20’—1|CS Q Q P Jo
1

Since 0 < @ < 3, the boundedness of fgng" is an immediate consequence by (3.1). Thus, (3.23)

guarantees the existence of some constant Cy, > 0 satisfying

1 1
f V24— f wh S ————— f n2 + Cy; < Cpyforall t € (0, Taxs) - (3.24)
Q P Jo 2Q'|20,’ - 1|CS Q

Electronic Research Archive Volume 31, Issue 3, 1710-1736.



1719

Integrating (3.19) in time, there exists a Cy3 > 0 fulfilling

I+T 9 +T +T P
f f|Vng +f f|va|2+f f'ng
t Q t Q t Q

Consequently, (3.6) and (3.7) hold for a # %

Case2, @ = 1.

By the first equation of (2.2), one may exploit the Young inequality to estimate

df

— | nglnn,

dt Jo

:fng,lnn£+fns,
Q Q

2
< Cyforallt € (0, Tpgre — 7)- (3.25)

:LAnslnnS—fglnnEV~(ngSg(x,ng,vg,Wg)VVs) (3.26)
< [Dnd e IR
Q nNe Q
S_%LW::IZ +%C§L|V"€|2'
That is,
%Lnglnng+%L|V::|2 S%C_%LWVAZ- (3.27)

Using the same arguments as proving case 0 < @ < %, it is deduced that

f ngInn, + f V2 + f wl < Ciy forall t € (0, Tpars), (3.28)
Q Q Q

and

1+T |Vl’l8|2 1+ 1+ ?12
f f —+ f fleglz + f f |Vw§ < Cisforallte€ (0, Tyure —T) (3.29)
' Q nNg ' Q t Q
with positive constants Cy4 and C;s. Thus, (3.6) and (3.7) hold for @ = %

Therefore, we may merge these two cases to conclude that (3.6) and (3.7) hold for any @ > 0. We
complete this proof. O

Lemma 3.4. There exists a constant C > 0 independent of € € (0,1) such that the solution
of (2.2) satisfies

f lug|* 1) < C forallt € (0, Tpars) (3.30)
Q

and

I+T
f f \Vu > <C  forallt € (0, Tyaxe — 7). (3.31)
t Q

Electronic Research Archive Volume 31, Issue 3, 1710-1736.
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Proof. Multiplying the fourth equation of (2.2) by u,, recalling the fact that u, is divergence-free,
integrating by parts we have

f|u8| +f|Vu£| _fngug V¢ forall t € (0, Thaxe) - (3.32)
Zdt o

Then, in light of the Holder inequality as well as the Young inequality and the continuous embedding
W'A(Q) — L'+ (Q), we apply Lemma 3.2 to estimate

f”gus Vo < lIngllpie) ||Ms||L1;a(Q) IVRll=@)
Q

< C1 Ingllprveq) IVuell2) IVllLo )
(3.33)

2 2
< E ||Vus||L2(Q) + C2 ||ns||Ll+a(Q)

1
< 5 IVl + Iva2];

+C3

(9] L2(Q)

with positive constants Cy, C, and C3. Now, inserting (3.33) into (3.32) and considering the estimate
obtained by (3.7), we obtain

f lul* < Cy for all £ € (0, Tae) (3.34)
Q
and
+T
f f |Vug|* < Cs for all £ € (0, Tyax.s — 7) (3.35)
t Q
with positive constants C4 and Cs. The proof is completed. O

By almost exactly analogous argument with Lemma 6.1 in [29], one can directly derive the higher
norm estimate of w,.

Lemma 3.5. For any q > 2, one can find a constant C > 0 independent of € € (0, 1) such that

we(, Dl gy < C  forallt e 0, Trpare) - (3.36)
Lemma 3.6. For any € € (0, 1), there exists a constant C > 0 that satisfies

f Vv, 0OF <C  forallt € (0, Tpans) (3.37)

Q

and

t+7

f f Av.? <C  forallt€(0,Tpes—T). (3.38)
t Q

Proof. Testing the second equation in (2.2) by —Av,, by applying the Young inequality and integrating

by parts, we derive
d
——fIVvs|2+fIAvg|2+f|Vva|2

f WAV, + f (ug - Vvo)Av,

(3.39)
f |Av.|> + f w? — f Vv, - (Vu, - Vv,)
f |Av,|? — f Vv, - (Vu, - Vv,) + Cy,
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where the positive constant C satisfies fg wg < Cy, and we have the fact that

1
f va'(Dzvg-ug)z— f u, - V|V [* = 0. (3.40)
Q 2 Q

In view of the standard elliptic regularity theory, the Gagliardo-Nirenberg inequality and the Young
inequality provide a constant C, > 0 fulfilling

- vag - (Vu, - Vv,)
Q

2
<[IVugllr2) IVVellza (3.41)

<C [[Vugll 2y IVVell 20y 1AVl 12
1
2 2 2 2
S6‘2 ||Vu8||L2(Q) ||Vv8||L2(Q) + Z ||Av8||L2(Q) .
This in conjunction with (3.39) indicates that

ldf 2 1 2 2
—— | WP+ f A + f Vvl
2dt Jo 2 Jo o (3.42)

<CaVutgl} 2|1V Vell72q) + Ci for all £ € (0, T -

LX(Q)
If we put
1
Ye(t) 1= 3 f Vv (-, O
Q
and
ps(1) :=2C3 f V-, D,
Q
then (3.42) yields that
d
d—tya(t) + 2:(t) < pe(t)ye(t) + C; for all t € (0, Tpaxe) » (3.43)
where

1
(1) = §LIAV8(-,I)I2-

Recalling the estimates inferred from (3.7) and (3.31), there are two positive constants C3 and Cy
satisfying

4T
f Ve(s)ds < C; forall t € (0, Tpure — 7)
t
and

1+T
f pe(8)ds < Cyforall 1 € (0, Tpuxe — 7) -
t

Furthermore, for any ¢ € (0, T),4.), one can pick a ty € [(t — 7),, 1) such that y.(-, ) < Cs with some
Cs > 0. Invoking the Gronwall inequality, we obtain

1 .
Ye(t) < ye (1) efto PO f ek PO ds

)

!
< Cse™ +f e“C ds (3.44)

0]
< C5€C4 + C1€C4 forall r € (O, Tmax,s) >
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which implies (3.37). Finally, integrating (3.42) in time and exploiting the estimates obtained in (3.37)
and (3.31), we can verify (3.38) is valid. O

Lemma 3.7. If « > O, then there exists a constant C > 0 independent of € € (0, 1) such that

f nt, < C  forallt € (0, Tpars) (3.45)
Q
and
I+T
f f n N Vn? <C  forallt € (0, Tpurs — 7). (3.46)
t Q
Particularly, one has
I+T
f f n;<C forallt€ (0, Tpus—T). (3.47)
t Q

Proof. Testing the first equation of (2.2) by nZ, noticing the fact that V-u, = 0 and integrating by parts,
by using the Young inequality and (1.7), we arrive at

1 d )
— Il o) + @ f n2™ |Vn,|
1+adt @ Q e

=— fngV - (neS (x,ng, v, we)Vy,)
Q

<aCy fng(ng + )7 |Vn,||Vvg|
Q

f n ' \Vng* + aC3 f nt(ng + 1)72 |V, ?
Q

Q

aC? aC?
f g~ Ve + —= f n;+ —> f ! (g + D7 [V,
1) 2 Q 2 Q

aC? aC?
fng-‘ |Vn€|2+—sfn§+—sf|vv€|4,
Q 2 Q 2 Q

2a
where one can readily see that n>*(n, + 1) = (n”ﬁ) (n, + 1)™* < 1 by @ > 0. By means of the

Gagliardo-Nirenberg inequality and the Young inequality, we conclude that

aC?
sfnz
2 Q °

(3.48)

IA

IA
A~ KL KR

IA

aC3 || 1oyt
=—||n, 4
2 LT+a (Q) (3.49)
2 2 4 )
Lie || T5a L || Tia “TW T+a
<C, ”Vn,S 2 N 2 + Cy ||n, 2
[2(Q) LT+a (Q) LT+a (Q)

[04
= fg n®" Vi 2 + C

with positive constants C; and C,, where we observe the truth that ﬁ < 2 by @ > 0. Moreover,
looking back on the estimate in (3.37), we utilize the Gagliardo-Nirenberg inequality and the elliptic
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regularity to ensure the existence of constants C3 > 0 and C4 > 0 such that

aC2 v
T | Vsl
aCS
||VV8||L4(Q) (350)

2
<C3 ||AV8||L2(Q) ”VVSHLZ(Q)
<C4llAvI;

LX)

Accordingly, (3.48) in combination with (3.49) and (3.50) leads to

1 1 a -1 2
— || nellig +5 | et Ind
Q

<C4 f |Av,* + C, for all £ € (0, Tpars) -
Q

(3.51)

Recalling the spatio-temporal boundedness of f; s fg |Av.|* inferred from (3.38), (3.51) implies (3.45)
and (3.46). Finally, integrating (3.49) in time, (3.46) yields (3.47). O

Relying on the spatio-temporal estimates of ft o fQ |Vu,|* (see Lemma 3.4) and fl o fgng (see
Lemma 3.7), one can improve the regularity features of the corresponding fluid field. Since the proof
may be found in many papers [42], the details are omitted in order to avoid duplication.

Lemma 3.8. There exists some C > 0 such that for all € € (0, 1) the solution of (2.2) satisfies
f \Vu(-,0F < C  forallt € (0, Tars) - (3.52)
Q

4. The global solvability of regularized problem (2.2)

In this section, we will prove the local-in-time solutions of regularized problem (2 2) are actually
global. Without loss of generality, in this section we presume 0 < @ < % If a > é at least the
boundedness of ||n€||L%(Q) can be deduced from (3.45). With the higher regularity of n., it becomes
easier than case 0 < a < % to get our desired conclusion. Thanks to the well-known smoothing
properties of the Stokes semigroup and the Neumann heat semigroup, one can derive the following

uniform L* estimates for n,, Vv., Vw, and u,.

Lemmad4.1. Ifa>0andvy € (%, 1), then there exists a constant C > 0 such that for all € € (0, 1), the
classical solution of (2.2) satisfies

I:C:, Oll @) HIVe(, Dllwroy HIWe s Dl Hle(:, Ollo@) HIA ue( Dllr2q) < C for all t € (0, Tyaxe)-
4.1
Moreover, for p > 1, we can find a positive constant C(p) such that

”Vue(" Z‘)”LI’(Q) < C(P)for allt € (0, Tmax,s) . (42)
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Proof. For the sake of clarity, this proof is divided into several steps. It is worth mentioning that the
following constants C; (i € N*) are independent of € € (0, 1).
Step 1. The boundedness of |Vw,(:, t)||L @ and ||Vv.(-, Dl|sq with p > 2 for all t € (0, Tpxc)-

Since 0 < @ < 3, we have 7= > 2. First, utilizing the variation-of-constants formula for w,, we

2 b
obtain

19w D, 2 g

< el g+ [T ] @3

f||Ve DY - (g (-, 5)Wol, )| 2

With the boundedness of [|n.(:, s)||,1+(q) obtained by Lemma 3.7, in view of the L” — L7 estimates
associated heat semigroup, we deduce

L% (Q)

[Ve™ Do, 2. ) < Cun forall 1 € (0. Thuars) (4.4)
and ,
f ||Ve—(t—s)(—A+l)n8(_’ s)” 5 ds
o LT3 (Q)
!
<C f (= 5725 4 1] e llng - )l ds )
0
<C, forallt € (0, Tprs)
with 2 > 0, where we have the fact that —1 — (ﬁ - IT“) > —1by 0 < @ < 3. Furthermore, taking
= E and § = 3 o sothat%+(§ - T) <gand —¢ — 3 5 —0 > —1, we can infer that
!
f ||Ve*(t7s)(fA+l)V (W, S)ut(e, S))”Ll*
0
!
<C; f ”(_A + D5 DY L (- 9ug (- S))||L5(Q) ds
0
(4.6)

!
o=l =
<Cu [ 0= 9T st s s
0

A
1
o= s -
Scsf(l— $) 720 w9l oy e (s Il 10y ds
0
<Cg forall 1 € (0, Tpare) »

where the boundedness of [[u,(:, s)| 10y 1s derived from Lemma 3.8 along with the continuous
embedding W'*(Q) — L'Q), and [w.(-, $)ll g is ensured by Lemma 3.5. Therefore, by
accumulating (4.3)-(4.6), the boundedness of [[Vw,(, t)||L . is obtained. With some very similar
arguments, one can derive the boundedness of ||Vv.(-, H)||»q) With some p > 2.

Step 2. The boundedness of ||.(-, 1)||;~q) for all 7 € (0, Ty4x.c)-

Letting

M(T) := sup [Ins(:, Dllz=q)
1€(0,7)
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and
hs = Ss (X’ Ng, Ve, Va) Vvs + Ug,

then by the L? estimate of Vv,, we obtain

he( D iy < C7 for all £ € (0, Thare) - 4.7)

Exploiting the associate variation-of-constants formula for n, in light of the fact that V - u, = 0, we
obtain

!
n.(, 1) = (- 1) — f e(’_S)AV-(nS(-, s)ﬁg(-,s))ds fort € (ty, T) withtg:= (t—1),. (4.8)

fo

If 0 < ¢ < 1, then in view of the maximum principle, we have
e ¢, )| oy < M0l - (4.9)
If £ > 1, then by the L” — L9 estimates of the Neumann heat semigroup, we deduce
||e(’_’°)An‘g (¢, l‘o)”Lm(g) < Cg(t— lo)_% e (-, t)ll 1) < Co. (4.10)

Next, fixing ¢ € (2, p), we may utilize the well-known smoothing properties of the Neumann heat
semigroup and the Holder inequality to conclude

!
f ”e(f—S)AV . (na(-, S)hg(', s))”Lm(Q)ds
to

!
<Cio f (= 5) 2 2|ng(, $)he(, Sllzayds
fo

! 12 - 4.11
SQ{[U‘@ZMW&JNWHQQWWQM @11
o L7-4(Q)

t

12 l—o 113

SClof(t—S) 272 (-, N 7w(ylineC, Ol gy, Olleryds
fo

<CyM°(T)forallte (0,7T),

where o = % € (0,1), and —% - 2% > —1 by g > 2. Collecting (4.7)—(4.11) and utilizing the

definition of M(T), there is a Cy, > 0 such that
M(T) < Cip+ CoM(T) forall T € (0, Taxe) -
Since o < 1, by some basic calculation we have
(Ol oy < Ciz forall £ € (0, Tz -

Step 3. The boundedness of ||u.(-, 1)||.~) and [|AYu.(-, D)ll;2q) for all ¢ € (0, Ty z)-
Employing the Helmholtz projection # to the fourth equation in (2.2), we get the variation-of-
constants formula of u,

!
us(-, 1) = e Aug + f e (-, s)ds for all t € (0, Tpaxs) »
0
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where h.(-, 5) = P [n.(:, )V — k (Yeu.(-, 5) - V) u.(-, s)]. With the standard smoothing properties of the
Stokes semigroup, we derive that for all ¢ € (0, T}..) and any y € (%, 1), there exist C;4 > 0 and
Cy5 > 0 fulfilling

A us (-, Dl 12

!
<IIA” oIz + f l7e™ " hels 9] 2 4.12)
. .

f L1
<Ci+Cis f (t— S)_y_(% 2)6_10_‘?) As (s )l Lro () ds-
0

Choosing p, € (ﬁ, 2) such that

_),_(___)>_1, (4.13)
the L™ -estimate of n, provides a Cy¢ > O fulfilling

”l’ls(', t)”LPO(Q) < C16 forallt e (O, Tma_x’g) .

2p,
Next, considering the embedding W!(Q) — L7 (€2) and the boundedness of |[Vu,(-, 1)ll;2q) (see
Lemma 3.8), we employ the Holder inequality and the fact that # is continuous in L” (Q; Rz) to achieve

that
(-, Dl o)

<Ciy I(Yeue(-, 1) - V) tto (-, Ol oy + Cr7 lIneC Dll o)

<Ci YeuzC5 DNl 200 NV, Dllp20) + Cis (4.14)
L27”0(Q)

<Cyo IVYeu.(, Dl 2 Ve, Dll 2 + Cis
<Cy forall t € (0, Tpare)

where we notice the fact that
IV Yettellogy = A2 Vet = VoA uell2) < A2 ull2@) = V6l
Assembling (4.12), (4.13) and (4.14), we conclude that
A7 U (-, D2

<Cy + f (1= 5y e Y Dl ds (4.15)

<C,, for all toe 0, Traxe) »
which in combination with the continuous embedding D (AY) — L*(Q)) by y € (%, 1) yields that

llue(, Dll oy < Coz Tor all £ € (0, Tyaxe) - (4.16)

Step 4. The boundedness of ||Vu.(-, )| With p > 1 for all 1 € (0, T4, ).

For any p > 1, we can pick suitable y € (% 1) satisfying y > 1 — %. By means of the embedding
D(A”) — W'P(Q;R?) (see [37]), (4.2) holds.

Step 5. The boundedness of ||w,(-, 1)||y1.~q) and ||vs(-, 1)|ly1.q) for all # € (0, T yars)-
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Fixing 6 € (% + 1‘7“, 1), the domain of the fractional power D ((—A + 1)6) can be embedded into

Wh=(Q) [4]. Accordingly, exploiting the L” — LY estimates associated heat semigroup, one has

W, Dl
<Cou (= + D'we 1), 2,

-9 —
<Cost e Il 2,

!
o\ (=) _ X 3
o+ s fo (1= e g = e - Vw) (9, 2, s

LT (Q) LT (Q)

!
SC26+C26f(t—S)_96_W—” [Ilng(~,S)|| 2o TG lo IVWe, 9l 2 fds
0

<Cy; for all t € (79, Tuaxe)
with 7 € (0, T,n0r¢)- An application of the local solvability of (2.2) indicates that for some C,g > 0,
e, Dty < Cas for all 1 € (0, Tavs) (4.17)
Meanwhile, a similar argument yields a Cy9 > 0 satisfying
Ve, Dllwresy < Cao for all £ € (0, Thpaxe) - (4.18)

The proof is completed. O

With the uniform L® bounds of n,., Vv., Vw, and u, at hand, we claim that the local classical solution

of regularized problem (2.2) which is constructed in Lemma 2.1 can be extended to the global.
Proposition 4.1. Let o > 0, y € (%, 1). Let (ng, ve, We, g, Pg)ec0.1) be classical solutions of (2.2)
constructed in Lemma 2.1 on [0, Ty4y). Then, we have T, = 00. Moreover, one can find a C > 0
which is independent of € € (0, 1) such that

(-, Oll o) + Ve Dllwreoy + We (e, Dllwreoqy + Ntte(c, Oll o) + 1A 1 (-, Dll;2q) < C for all t € (0, o0).
(4.19)
In addition, there is a C(p) > 0 fulfilling

IVus(-, Dll oy < C(p) for all t € (0, ). (4.20)

As the straightforward result of Proposition 4.1, in light of the standard parabolic regularity (see
e.g. Lemmata 3.18 and 3.19 in [43]), we can get the following Holder continuity of v, Vv, as well as
we, VW, and u,.

Lemma 4.2. If @ > 0, then there exist u € (0, 1) and some C > 0 such that

. . . <
IV Dl pgrnny * 195G DMl oy + 1 Dll st oy < Cfor all € (0,00). (421

Moreover, for any T > 0, one can find a C(t) > 0 satisfying

IVve(, Dl + IV, Dl < C(7) forall t € (7, ). (4.22)

C“’%(QX[I,HI]) C“’%(Qx[t t+1])
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5. The proof of main results

With all the results established above, we are adequately prepared for proving Theorem 1.1. First,
we state the concept of global weak solution.

Definition 5.1. Let (ng, vy, wo, ug) satisfy (1.9) and T € (0, oo]. Then, a fourfold of functions (n, v, w, u)
which fulfills )

nelL, (Ax[0,T)),

ve L (10.T):; W"(Q).

we L (10, T); Wh(Q)),
ue L}, (10.7):; W"(Q),

(5.1)

and n as well as v and w are nonnegative in Q) X (0, T) and u is divergence-free in Q X (0,T), and

uuelL (Q x [0, 00); R2X2) and n € L;, (Q x [0, 0)),

loc

vu, wu, nu and nS (x,n,v, w)Vv € L} (Q X [0, ); RZ) (5.2)

loc

is called a weak solution of problem (1.5) if the following integral identities are satisfied:

T
- f f ne, - f nog(-, 0)
0 Q Q

. r - (5.3)
:f an-V<,0+f fnS(x,n,v,w)Vv-Vgo+f fnu-V(,o
0o Ja 0 Ja 0 Ja
foranygoeC(‘;"(Qx[O, T)) satisfying‘;—f:Oon 0Q x(0,T) and
T
- f f gy f Vo, 0)
0 Jo Q
T T T T 5.4
:—f va-Vgo—f fv:,o+f fwgo+f fvu-Vgo
0 Ja 0 Ja 0 Ja 0 Ja
as well as
T
—f fwsof—fww(-,o)
0 Ja Q
T T T T (5.5)
:—f fVW'Vgo—f fwg0+f fngo+f fwwV(p
0 Ja 0 Ja 0 Jo 0 Ja
foranygoeC(‘;"(Qx[O, T)) and
T
—f f”%‘f”O‘P('aO)
0 (5.6)

Q Q
T T T
:Kf fu@ngo—f wath—f an¢~¢p
0 Jo 0 Ja 0 Jo

forany ¢ € Cy’ (Q x [0, 7T); Rz) which is divergence-free in Q x (0, T). If Q x (0, 00) — R? is a weak
solution of (1.5) in Q x (0, T) for all T > 0, then (n,v,w, u) is called a global weak solution of (1.5).
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In the following auxiliary outcome, we will derive the regularity property of time derivative so as to
invoke the Aubin-Lions compactness lemma, which plays a prominent role in proving Theorem 1.1.

Lemma 5.1. If @ > O, then for any T > 0 and all € € (0, 1), there exists C(T) > 0 such that
T
f f Vi[> < C(T) (5.7)
0 Jo

T
j; 10:1:C, Dll(ypayy d < C(T). (5.8)

and

Proof. Firstly, in view of Proposition 4.1, there exists a C; > 0 such that
n. <Ci, |Vv,| <C;and |u <C;in Q X (0, 0). (5.9
Then, testing the first equation in (2.2) by n,, by virtue of (5.9), we have
L 2 +f|V|2 fvw( ) V)
=7 1Ine ngl = — ngV - (Ngd g (X, g, Ve, We) VVe
2dt L@ Q Q
< Cg fng |Vig| Vv, (5.10)
Q
< lfwn |2+1czc4|9|
T2Jq 278

Integrating (5.10) over (0,7), (5.7) is valid. Testing the first equation in (2.2) by ¢ € C7(Q), we
conclude there is a C := C(C;, Q, Cs) > 0 such that

fnst(" t) 4
Q

= f [An, =V - (n.S s (x,n.,ve, we) V) —us - Vingl - @
Q

(5.11)
=— f Vn, - Vo + fngSg(x,ng,vg,wg)va -V + fngus -V
Q Q Q
<C (IVnellzzy + IV vellziay) el o
Therefore, by the definition of the operator norm, one has
s DI 12 < € (1976l + 190el ) (5.12)

Recalling the estimates obtained in (5.7) and (3.37), integrating (5.12) in time, we finally get (5.8). O

As an application of the parabolic regularity theory, we may further derive the following Holder
continuity of n,.

Lemma 5.2. For any € € (0, 1), there exist a positive constant C and 0 € (0, 1) such that

|lnsC-, Dl < Cforallt e (0,0). (5.13)

"8 (@x(ri+1])
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Proof. Firstly, the first equation of (2.2) can be rewritten as the following sub-problem:

ng = V-alx, t,Vng) + b(x, t,Vn,), xeQ,t>0,
a(x,t,Vn,)-v=0, x€eoQ,t>0, (5.14)
na(x, 0) = nO(-x)a X € Q’

where a(x, t,&) 1= & — n,S o(x, ng, Ve, wo) Vv, and b(x, 1, &) := —u, - & with (x,1,£) € Q x (0, 00) X R%. By
means of the Young inequality and basic analysis as well as Proposition 4.1, we obtain

1
E-a(x, t,&) = €7 — 1S (X, ngy Vo, W) Vv - € > Elflz — CiIVvl,  (x,1,6) € Q% (0,00) X R* (5.15)

and
la(x,1,E)] < ColVv| + 1€, (x,1,&) € QX (0, 00) X R? (5.16)

as well as .
b(x,t,&)| < Elfl2 +Cy, (5,1,6) € QX (0,00) X R? (5.17)

with positive constants C;, C, and C3. Moreover, Proposition 4.1 points out that |Vv,| and [Vv,|> belong
to L7((0, 00); LP(Q)) for any p > 1. In light of the parabolic regularity theory [44], for any 7 > 0, there
exist 8 := 0(t) € (0, 1) and some constant C(7) > 0 such that

[ln:C-, DI <C(r)forallt >, (5.18)

5 (@x[ti+1])

which completes the proof. O

According to classical Schauder estimates, we may exploit the same arguments with Lemmata
9.1, 9.2 and 9.3 in [29] to derive the Holder estimates in C*0:1+5 for ve, W, and u,, so we leave out
the details.

Lemma 5.3. If @« > 0, then for T > 0, there exist 0 € (0,1) and C(t) > 0 such that the solution
of (2.2) satisfies
llete (-, Dl

+ [[ve(, DI + [w.(, t)llc <C(r)forallt > 1. (5.19)

6 _ 6 _ 0 _
CHO Y (Qx 1) CHO Y Qe+ 1]) PO @+ T

Based on above preparations, Theorem 1.1 may be proved by utilizing some standard compactness
arguments and the parabolic regularity theory.

Lemma 5.4. If a > O, then there exist 6 € (0, 1), {g;}jen C (0, 1) and functions

ne " Qx[0,00) N CH*E

loc loc

(@ (0,00)),
ve (@ x[0,00) N C (@ x (0, 00)),
we Cl @ x [0,00) N C (G x (0, 00)), (5.20)
we Cp (@x10,00:R2) 1 €t (@ x (0,001 R2),

P e CY(Q x (0, 0))
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such that n, v and w are nonnegative in Q X (0, T), and that

0 (@ x[0,00)),
Ve D VE CZ)C (Q x [0, 00)),

w, > weC) (Qx]0,c0)),
us > ueCl (Q x [0, oo);RZ)

ne — neCo

(5.21)

ase=¢; N\ 0, and (n,v,w,u, P) solves (1.5) classically in Q x (0, o).

Proof. By virtue of Proposition 4.1, Lemmata 4.2 and 5.1 and the Arzela-Ascoli theorem, we can find
asequence € = g; \, 0 as j — oo such that

n. — n weakly star in L*(Q X (0, c0)), (5.22)
Vn, — Vn weakly in L; _(Q x [0, 0)), (5.23)
ve = vin Cp, (Q x [0, 00)), (5.24)
Vv, = Vvin C) (Q x (0, 0)), (5.25)
Vv, — Vv weakly star in L*(Q X (0, 0)), (5.26)
we — win Cp (Q X [0, o)), (5.27)
Vw, = Vwin C) (Q X (0, 0)), (5.28)
Vw, — Vw weakly star in L*(Q X (0, 0)) (5.29)

as well as
ue — uin Cp, (Q x [0, 00)), (5.30)

and

Du, — Du weakly star in L*(Q X (0, 00)) (5.31)

hold with some limit functions n, v, w and u.

By Lemma 5.1, we assert that n, belongs to L*((0,T); W'*(Q)), and d,n, is bounded in
L'((0,T); (W,*(Q))") for any T > 0. Noticing the embedding W'(Q) <> L2(Q) < (W,*(Q))*, the
Aubin-Lions lemma ( [45]) along with some standard arguments allows us to derive

n. —n ae. in Qx (0, 00). (5.32)

Now, we may verify the limit functions n, v, w and u exactly comply with the properties of a weak
solution which are stated by Definition 5.1. The integrability conditions in (5.1) and (5.2) and the
nonnegativity of n, v and w are evident by (5.22), (5.23), (5.24), (5.26), (5.27), (5.29), (5.30) and (5.32).
Applying the dominated convergence theorem and some standard arguments to the corresponding weak
formulations in the regularized problem (2.2) as € = g; \, 0, one can derive the integral identities
(5.3)—(5.6) by using (5.22)—(5.32). Moreover, we have

n.Se(x,ng,ve,ws) Vv, = nS (x,n,v,w) Vv a.e. in Q X (0, c0). (5.33)
Thus, (n, v, w, u) becomes a global weak solution which exactly enjoys the conditions in Definition 5.1.
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Lastly, we claim that this weak solution is virtually a solution in the classical sense. Our method is
strongly inspired by Lemma 4.3 in [46]. By means of Lemmata 5.2 and 5.3, we obtain

ne—nec, Z(Qx[o 00)),
o _
v, o vech? (Q X [0,00)) N Cor* 2 (Q x (0, o)),
6
We > w € c 3 (G x [0, 00)) 1 CZ (@ % (0, 00)),

loc
Uy — U € c,(jcz (@ [0, 00):R?) xR (Qx (0, 00); R?)

(5.34)

with some 6, € (0, 1) and subsequence € = &;. In view of (5.7) and the Holder regularities provided by
(5.34), n possesses the needed regularity properties of a well-established result concerning the gradient
Holder continuity [47], which entails

1+92 I+2€

loc

necC (Q % (0,00)) for some 6, € (0, 1). (5.35)

Now, we consider the sub-problem n, — An = g(x,t) with boundary condition % = h(x,t) - v, where
g:=-V.-(nu+nS(x,n,v,w)Vv) and h := nS (x,n,v,w)Vv. As the desired Holder estimates

llgCx, Dl

o 7 (@x(0.00)
<|lu- Vn]| o + ||nS (x, n, v, w)Vv|| ar (5.36)
7 (©x(0,00)) 7 (©x(0,00))
<C, forsome a; € (0,1)
and
[lA(x, t)|| v 2 = [[nS (x, n, v, W)VV]| | 1se <(C, forsomea, € (0,1) (5.37)

Cr 77 (@x(0,00))

loc

(Q2%(0,00))

lor

are warranted by (5.34) and (5.35), invoking the standard parabolic regularity theory [48], we can find
a6; € (0,1) such that

2+93

€eC,
This in combination with (5.34) yields a 6, € (0, 1) such that

3 (3 (0, 00)). (5.38)

2+94

(@ x (0, 0)),
0,
“f(fz % (0, 00)),
“7@ % (0, 00)),
2+04,1+% (Q % (0, 0o); Rz) ’

n€C64 2(Q><[0 c0)) N Cp
ve CI;‘CZ (@ X [0,00)) N CM“
2+94

wec“(gx[o ) NC,,
uec"“(gx [0,00):R2) N C,,"

(5.39)

which guarantees the sufficient Holder regularity of (n, v, w, u) to be a solution in the classical sense
and thereby completes the proof. m|

Finally, Theorem 1.1 is immediate.

Proof of Theorem 1.1. The statement follows from Lemma 5.4 in conjunction with Proposition 4.1.
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