ERA, 31(3): 1613-1624.

EE DOI: 10.3934/era.2023083

Ghwig Llectronic Received: 02 August 2022

@ Research Archive Revised: 04 January 2023
Accepted: 08 January 2023

http://www.aimspress.com/journal/era Published: 31 January 2023

Research article

Relative cluster tilting subcategories in an extriangulated category

Zhen Zhang and Shance Wang*
Department of Mathematics, Qilu Normal university, Jinan 250200, China
* Correspondence: Email: zhangzhenbiye@163.com.

Abstract: Let # be an extriangulated category which admits a cluster tilting subcategory 7. We
firstly introduce notions of 7 -cluster tilting subcategories and related subcategories. Then we prove
there is a correspondence between 7 -cluster tilting subcategories of % and support 7-tilting pairs of
modC(7"), which recovers several main results from the literature. Note that the generalization is
nontrivial and we give a new proof technique.
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1. Introduction

In [1] (see [2] for type A), the authors introduced cluster categories which were associated to finite
dimensional hereditary algebras. It is well known that cluster-tilting theory gives a way to construct
abelian categories from some triangulated and exact categories.

Recently, Nakaoka and Palu introduced extriangulated categories in [3], which are a simultaneous
generalization of exact categories and triangulated categories, see also [4—6]. Subcategories of an
extriangulated category which are closed under extension are also extriangulated categories. However,
there exist some other examples of extriangulated categories which are neither exact nor triangulated,
see [6-8].

When 7 is a cluster tilting subcategory, the authors Yang, Zhou and Zhu [9, Definition 3.1] intro-
duced the notions of 7 [1]-cluster tilting subcategories (also called ghost cluster tilting subcategories)
and weak 7 [1]-cluster tilting subcategories in a triangulated category %, which are generalizations of
cluster tilting subcategories. In these works, the authors investigated the relationship between %" and
mod7 via the restricted Yoneda functor G more closely. More precisely, they gave a bijection between
the class of 7 [1]-cluster tilting subcategories of ¢ and the class of support 7-tilting pairs of mod7,
see [9, Theorems 4.3 and 4.4].

Inspired by Yang, Zhou and Zhu [9] and Liu and Zhou [10], we introduce the notion of relative
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cluster tilting subcategories in an extriangulated category Z4. More importantly, we want to investigate
the relationship between relative cluster tilting subcategories and some important subcategories of
modQ(T") (see Theorem 3.9 and Corollary 3.10), which generalizes and improves the work by Yang,
Zhou and Zhu [9] and Liu and Zhou [10].

It is worth noting that the proof idea of our main results in this manuscript is similar to that in [9,
Theorems 4.3 and 4.4], however, the generalization is nontrivial and we give a new proof technique.

2. Preliminaries

Throughout the paper, let % denote an additive category. The subcategories considered are full
additive subcategories which are closed under isomorphisms. Let [ 2 ](A, B) denote the subgroup of
Homy(A, B) consisting of morphisms which factor through objects in a subcategory 2. The quotient
category A/[ 2] of £ by a subcategory 2 is the category with the same objects as Z and the space
of morphisms from A to B is the quotient of group of morphisms from A to B in % by the subgroup
consisting of morphisms factor through objects in 2. We use Ab to denote the category of abelian
groups.

In the following, we recall the definition and some properties of extriangulated categories from [4],
[11] and [3].

Suppose there exists a biadditive functor E : #? x &8 — Ab. Let A,C € 2 be two objects, an
element 0 € E(C, A) is called an E-extension. Zero element in E(C, A) is called the split E-extension.

Let s be a correspondence, which associates any E-extension 6 € E(C, A) to an equivalence class

s(0) = [A 5B S C]. Moreover, if s satisfies the conditions in [3, Definition 2.9], we call it a
realization of E.

Definition 2.1. /3, Definition 2.12] A triplet (4, E, s) is called an externally triangulated category, or
for short, extriangulated category if

(ET1) E : 8°? x 98 — Ab is a biadditive functor.
(ET2) sis an additive realization of E.

(ET3) For a pair of E-extensions ¢ € E(C,A) and ¢’ € E(C’,A"), realized as s(0) = [A 5B C] and

’ Y . .
s(0’) = [A’ 5B 5 C’]. If there exists a commutative square,

then there exists a morphism ¢ : C — C” which makes the above diagram commutative.
(ET3)?? Dual of (ET3).

(ET4) Let 6 and ¢’ be two E-extensions realized by A J, B LN DandBSCSF , respectively. Then
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there exist an object E € %4, and a commutative diagram
A A B .

e
l

S

—_—
u

&

A—sC——

-
Y

g/

F

B

and an E-extension ¢” realized by A i) C i) E, which satisfy the following compatibilities:
(). D5 E 5 F realizes E(F, /)8,
(ii). E(d,A)(0") = 6,
(iii). E(E, f)(0”) = E(e, B)(¢").
(ET4°P) Dual of (ET4).

Let 2 be an extriangulated category, we recall some notations from [3, 6].

e We call a sequence X S5v57Za conflation if it realizes some E-extension 6 € E(Z, X), where
. . : . . . . x 5 .
the morphism x is called an inflation, the morphism y is called an deflation and X — Y ENYARST
called an E-triangle.

e« WhenX 5 ¥ 5 Z 5 isan E-triangle, X is called the CoCone of the deflation y, and denote it by
CoCone(y); C is called the Cone of the inflation x, and denote it by Cone(x).

Remark 2.2. 1) Both inflations and deflations are closed under composition.

2) We call a subcategory .7 extension-closed if for any E-triangle X 5y 5z with X, Ze Z,
thenY € 7.

Denote 1 by the subcategory of all injective objects of 4 and P by the subcategory of all projective
objects.
In an extriangulated category having enough projectives and injectives, Liu and Nakaoka [4] defined
the higher extension groups as
EF(X,Y) = E(Q/(X),Y) = E(X,Z(Y)) for i > 0.

By [3, Corollary 3.5], there exists a useful lemma.

1 m d e
Lemma 2.3. For a pair of E-triangles L - M — N --> and D — E — F -->. If there is a commutative
diagram

L—sM-2-N-—~

0

D—EsF— ‘s F——»

f factors through 1 if and only if h factors through e.
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3. Results

In this section, & is always an extriangulated category and 7~ is always a cluster tilting subcategory
[6, Definition 2.10].

Let A, B € % be two objects, denote by [T1(A, =B) the subset of (A, TB) such that fe [T1(A, =B)
if wehave f: A - T — XB where T € 7 and the following commutative diagram

Ao
|
|

L

B——s=[]—'>3B-"-~

where [ is an injective object of 2 [10, Definition 3.2]. .
Let .# and .4/ be two subcategories of . The notation [T 1(#,X(N")) = [T (A, Z(A")) will
mean that [7 (M, XN) = [T (M, 2N) for every object M € .# and N € 1.

Now, we give the definition of 7 -cluster tilting subcategories.
Definition 3.1. Let X be a subcategory of Z.

1) [11, Definition 2.14] X is called 7 -rigid if [?](X, 2X) = [TIX,ZX);
2) Xis called 7 -cluster tilting if X is strongly functorially finite in % and
X={MecC|[TIX,ZM) = [T (X, ZM) and [T |(M, 2X) = [T (M, ZX)}.

Remark 3.2. 1) Rigid subcategories are always 7 -rigid by [6, Definition 2.10];
2) T -cluster tilting subcategories are always 7 -rigid;
3) 7 -cluster tilting subcategories always contain the class of projective objects # and injective ob-
jects 1.

Remark 3.3. Since 7 is a cluster tilting subcategory, VX € 4, there exists a commutative diagram
by [6, Remark 2.11] and Definition 2.1((ET4)°?), where Ty, T, € 7 and h is a left 7 -approximation
of X:

QX—S>QT1—QT1
R
PX—>QT2 P Tg——>
]
X X T] Tz——>
| Loy

I I I

Y Y Y

Hence VX € 4, there always exists an E-triangle
QT B QTy) - X - with T, € T

By Remark 3.2(3), P € 7 and & = CoCone(7,7") by [6, Remark 2.11(1),(2)]. Following from [4,
Theorem 3.2], # = 2/T is an abelian category. ¥ f € (A, C), denote by f the image of f under the
natural quotient functor 4 — %.

Electronic Research Archive Volume 31, Issue 3, 1613-1624.



1617

Let Q(7) =CoCone(P,7 ), then (7)) is the subcategory consisting of projective objects of %A
by [4, Theorem 4.10]. Moreover, modQ(7") denotes the category of coherent functors over the category
of Q(77) by [4, Fact 4.13]. S

Let G : # — modT), M — Homg(—, M) |o¢) be the restricted Yoneda functor. Then G is
homological, i.e., any E-triangle X — ¥ — Z --> in 4 yields an exact sequence G(X) — G(Y) — G(Z)
in mod€(7"). Similar to [9, Theorem 2.8], we obtain a lemma:

Lemma 3.4. Denote pro j(modSQT")) the subcategory of projective objects in mod<Q(7"). Then

1) G induces an equivalence Q(7) > pro j(modQ(7)).
2) For N € modQ(T), there exists a natural isomorphism
Homyoaor(GEUT)), N) = N(C(T)).

In the following, we investigate the relationship between % and mod€(7") via G more closely.

Lemma 3.5. Let 2 be any subcategory of 4. Then

1) any object X € X, there is a projective presentation in mod Q(7T")

n.G(X)
PI¥ = PY — G(X) — 0.
2) X is a T -rigid subcategory if and only if the class {n°® | X € 2} has property ((S) [9,
Definition 2.7(1)]).

Proof. 1). By Remark 3.3, there exists an E-triangle:
AT B Ty - X
When we apply the functor G to it ,there exists an exact sequence G((T)) — G(Q(Ty)) — G(X) — O.
By Lemma 3.4(1), G(€X(T))) is projective in mod €2(77). So the above exact sequence is the desired
projective presentation. -
2). For any X, € 2, using the similar proof to [9, Lemma 4.1], we get the following commutative
diagram

Homyoaair) (G(QUT), G(Xo)) ——= Homyeaar (GEUT)), G(Xo))

l Homg(fx,Xo) l
Homg(€(Ty), Xo) Homg(CT), Xo)

where @ = Homyaar (n°®,G(X))). By Lemma 3.4(2), both the left and right vertical maps are
isomorphisms. Hence the set {x°% | X € 2} has property ((S) iff « is epic iff Homg(fx, Xo) is epic
ift 2 is a 7 -rigid subcategory by [10, Lemma 3.6].

Lemma 3.6. Let 2 be a T -rigid subcategory and T a subcategory of T. Then 2"V T is a T -rigid
subcategory iff E(T1, Z7) = 0.

Proof. Forany M € 2" VT ,then M = X T forX € Z andT; € 7,. Let h : X — T be a left
T -approximation of X andy : 77 — Z(X’) for X’ € 2 any morphism. Then there exists the following
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commutative diagram

Xol,——TeT
((UnY)
) P, yp—— -
| /
X’ I v YX)--- -~
l((')) L(t‘)) )

XoT —Iol —E3(X)eX(T) - -~

withPleP,f:(g ?)andﬁ:(lg lo)
1

When 2" Vv 77 is a 7 -rigid subcategory, we can get a morphism g : X & 7T — X(X’) © X(T) such
that Bg = ((l))y(O 1)f.i.e.,Ab: T, — I such that y = iph. So E(T, X’) = 0 and then E(77, Z") = 0.

Lety = ( :“ :12 ): ToT, - X(X')®X(T)) be amorphism. As 2" is 7 -rigid, rjh : X — Z(X")
21 2

factors through iy. Since E(7, Z2) = 0, ri, : T, — Z(X’) factors through iy. As 7 is rigid, the
morphism rp1h © X — T — X(T7) factors through i, and the morphism ry, : T} — Z(T7) factors

through i;. So the morphism yf can factor through g = ( l(()) lO ) Therefore 2~ V 77 is an 7 -rigid
1

subcategory.

For the definition of 7-rigid pair in an additive category, we refer the readers to see [9, Definition
2.7].

Lemma 3.7. Let % be a class of T -rigid subcategories and V' a class of t-rigid pairs of modQ(T).
Then there exists a bijection ¢ : % — V, given by : 2" +— (G(Z),Q(T) N QZ)).

Proof. Let 2 be 7 -rigid. By Lemma 3.5, G(Z") is a 7-rigid subcategory of mod Q(7").

Let Y € Q7)) N Q(2), then there exists X, € 2 such that ¥ = Q(X,). Consider the E-triangle
QXy) —» P - Xy > with P € P. VX € 2, applying Homy»(—, X) yields an exact sequence
Homgz(P,X) — Homgz((Xo),X) — E(Xo,X) — 0. Hence in & = Z/T, Homg(Q(X)),X) =
E(Xo, X).

By Remark 3.3, for Xj, there is an E-triangle (7)) — Q(T,) — X, --» with Ty, T, € 7. Applying
Homg(—, X), we obtain an exact sequence Homgz(LX(T>),X) — Homgz(XT,),X) — E(Xo,X) —
E(€(T»), X). By [10, Lemma 3.6], Homz({X(T,), X) — Homgz(CU(T)), X) is epic. Moreover, (T») is
projective in % by [4, Proposition 4.8]. So E(€X(T,), X) = 0. Thus E(X,, X) = 0. Hence VX € 2",

GX)(Y) = Homz(QU(Xy), X) = 0.
So (G(Z), UT )N QX)) is a T-rigid pairs of modQ(T").
We will show ¢ is a surjective map. -
Let (.4, o) be a 7-rigid pair of modQ(7"). YN € .4, consider the projective presentation

ﬂ.N
PL—>Py—>N—>O0
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such that the class {#"|[N € N} has Property (S). By Lemma 3.4, there exists a unique morphism
fv o QT;) — QTy) in Q(T") satisfying G(fy) = n" and G(Cone(fy)) = N. Following from Lemma
3.5, Z1 := {cone(fy) | N € A"} is a T -rigid subcategory.

Let 2" = 21 V¥, where % ={T € T | Q(T) € o}. Forany T, € %, there is an E-triangle
Q(Ty) - P — T, --» with P € P. For any Cone(fy) € Zi, applying Homg(—, Cone(fy)), yields an
exact sequence Homgz(Q(Ty), Cone(fy)) — E(Ty, Cone(fy)) — E(P, Cone(fy)) = 0. Since (A, 0) is
a 7-rigid pair, Homz(LX(Ty), Cone(fy)) = G(Cone(fy))((Ty)) = 0. So E(Ty, Cone(fy)) = 0. Due
to Lemma 3.6, 2" = 2,V % is 7 -rigid. Since % C 7, we get (%) = Homgz(—,T) lor)= 0
by [4, Lemma 4.7]. So G(Z") = G(Z,) = A.

It is straightforward to check that Q(7) N Q(Z7) = 0. Let X € Q(7) N Q(XZ"), then X € Q(7") and
X e QZ) = Q(Z7))Vo. Sowe can assume that X = Q(X,)®E, where E € o-. Then Q(X,)®E € Q7).
Since E € Q(7), we get Q(X;) € UAT)NQ(Z1) =0. So QT )NQZ) C o. Clearly, o € Q7).
Moreover, o C Q(Z"). Soo C Q(T) N QAUZ"). Hence XU(T) N Q(Z") = o. Therefore ¢ is surjective.

Lastly, ¢ is injective by the similar proof method to [9, Proposition 4.2].

Therefore ¢ is bijective.

Lemma 3.8. Let 7 be a rigid subcategory and A S B> CSan E-triangle satisfying [T 1(C, 2(A)) =
[T1(C,Z(A)). If there exist an E-extension y € E(T,A) and a morphismt: C — T with T € T such

that t'y = 0, then the E-triangle A 4SBoCS splits.

Proof. Applying Homy4(T, —) to the E-triangle A — [ 4 2(A) % with I € T, yields an exact sequence
Homg(T,A) — E(T, X) — E(T,I) = 0. So there is a morphism d € Hom (T, Z(A)) such thaty = d*a.
So 6 =ty =t'da = (df)'a. So we have a diagram which is commutative:

A—4~B— ~C-2-~

|k

A—sT—L53A) -~

Since [7_'](C, 2(A)) = [TI(C,2(A)) and dt € [T ](C,Z(A)), dt can factor through i. So 1, can factor
through a and the result follows.

Now, we will show our main theorem, which explains the relation between 7 -cluster tilting subcat-
egories and support 7-tilting pairs of modQ(7").

The subcategory 2" is called a preimage of % by G if G(Z") = ¥'.

Theorem 3.9. There is a correspondence between the class of T -cluster tilting subcategories of % and
the class of support t-tilting pairs of modQ(T") such that the class of preimages of support T-tilting
subcategories is contravariantly finite in 2.

Proof. Let ¢ be the bijective map, such that 2" +— (G(2), AT N Q(Z))), where G is the restricted
Yoneda functor defined in the argument above Lemma 3.4.

1). The map ¢ is well-defined.

If Z7is T -cluster tilting, then 2" is 7 -rigid. So ¢(Z") is a 7-rigid pair of modQ(7") by Lemma
3.7. Therefore Q(7) N Q(Z") C KerG(Z"). Assume Q(Ty) € Q(7) is an object of KerG(Z"). Then
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Homgz(Q(Ty), ') = 0. Applying Homg(—, X) with X € X to Q(Ty) — P — T, --> with P € P, yields
an exact sequence
Homg(P,X) - Homgz(LXT),X) — E(Ty, X) — 0.
Hence we get E(Ty, X) = Homz((Ty), X) = 0.
Applying Hom»(Ty, —) to X — [ — 2(X) -->, we obtain
G [TNTo, 2(Z)) = [T I(To, Z(Z)).

For any ba : X 4R 2(Ty) with R € 7, as 7 is rigid, we get a commutative diagram:

Ve
HI/L
- b
Ve

»
Ty —Ig—=X(To)- - =

Hence we get  (3.2) [T I(Z,2(To)) = [T UL, X(Ty)).
By the equalities (3.1) and (3.2) and 2 being a 7 -rigid subcategory, we obtain
[TUZ,2XDTy) = [TUZL,ZX & Ty)) and [T1(X & Ty, 2(2)) = [T1(X & To, 2(Z)).
As 2 is T -cluster tilting, we get X ® Ty € 2. So Ty € 2 . And thus Q(Ty) € Q(7) N Q(Z"). Hence
KerG(Z) = QUT) NQXL).

Since 2 is functorially finte, similar to [6, Lemma 4.1(2)], YQ(T) € Q(7), we can find an E-
triangle Q(7) J X; — X, --», where X;, X; € 2 and f is a left 2 -approximation. Applying G,
yields an exact sequence

GOQR) 3 GxX) - GXy) - 0.
Thus we get a diagram which is commutative, where Homg(f, X) is surjective.

Homgg(f,X)

Homg(X,, X) Homg(CU(R), X)

]

Homuyoaaor)(G(X1), G(X)) —— Hompeaar(G(EAR)), G(X))

By Lemma 3.4, the morphism oG(f) is surjective. So G(f) is a left G(Z")-approximation and
(G(Z), QAT ) N QX)) is a support 7-tilting pair of modQ(7T") by [3, Definition 2.12].

2). ¢ is epic.

Assume (N, o) is a support 7-tilting pair of mod€2(7"). By Lemma 3.7, there is a 7 -rigid subcate-
gory 2 satisfies G(Z") = N. So YQ(T) € Q((T)), there is an exact sequence G(Q(T")) N G(X3) —
G(X4) — 0, such that X3, X; € 2 and « is a left G(Z")-approximation. By Yoneda’s lemma, we have

a unique morphism in mod€Q)((T)):
B QT) — Xz such that @ = G(B) and G(cone(B)) = G(Xy).
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Moreover, VX € 2, consider the following commutative diagram

Hom g (B,X)
Hom (X3, X) Homg((T), X)

LGH L

Homyano(G(X3), G(X)) —== Hompoaour)(GUT)), G(X))

By Lemma 3.4, G(-) is surjective. So the map Hom (B3, X) is surjective.
Denote Cone(B) by Yr and 2" V add{Yg | QT) € Q(7T)} by Z.
We claim 2 is T~ -rigid.
(I). Assume a : Yz NN Ty Y Y(X)with Ty € 7 and X € 2. Consider the following diagram:

QT) Xy = V= = -

3g| Hfl la
Y A ,
X 1 oYX - - >

Since & is 7 -rigid, Af : X3 — [ such that ay = if. So there is a morphism g : (7)) — X making
the upper diagram commutative. Since Homg(B3, X) is surjective, g factors through . Hence a factors
through i, i.e., [T 1(Yz, 2(2)) = [T1(Yr, 2(2)).

(I1). For any morphism b : X ﬂ) To 2 Y(Yg) with Ty € 7 and X € 2. Consider the following
diagram:

Q(T) X3 Y--->
P——1 1
bk
I ——2(Xy) qum
| | |
N Y Y

By [3, Lemma 5.9], R — Z(X3) — X(Y7) --» is an E-triangle. Because 7 is rigid, b, factors through
v1. By the fact that 2 is 7 -rigid, b = b,b; can factor through iy. Since y,iy = iy, we get that b factors
through iy. So (T2, 2(Y7) = [TUZ,2(Yr)).

By (/) and (II) we also obtain [T](YT, (YD) =717, Z(Y7)).

Therefore Z = 2V add{Yr | Q(T) e QT )} is T - I‘lgld

Let M € A satisfying [T 1(M, 2(3{)) [T 1(M, Z(,%”)) and [‘7‘](3{ M) = [‘7'](3%” 2M). Consider
the E-triangle:

QTs) L T % M-

where Ts, T¢ € 7. By the above discussion, there exist two E-triangles:

Q(T6) —u) X6 —v> Y6 --> and Q(T5) i) X5 v—> Y5 ikl
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where Xs, Xs € X, uand u’ are left 2 -approximations of Q(7), Q(T’s), respectively. So there exists a
diagram of E-triangles which is commutative:

Q(Ts) —L= QT £~ M- - -

N

OTs) s Xg——>N- -~
[
Y Y
I I
A Y

We claim that the morphism x = uf is a left 2 -approximation of Q(75). In fact, let X € £ and
d: Q(Ts) — X, we can get a commutative diagram of E-triangles:

Q(T5) == Q(T5) =X
Pl

QTe) P—4 o1
S
M ——T5s— = X(X)
| | |
A Y A

where P € . By the assumption, [‘7_'](M, X(X)) = [T1M,2Z(X)). So d,h factors through iy. By
Lemma 2.3, d factors through f. Thus 3f; : Q(Ts) — X such that d = f;f. Moreover, u is a left
2 -approximation of Q(Ts). So Ju; : X¢ — X such that fi = uju. Thusd = fif = wyuf = u;x. So
x = uf is a left 2 -approximation of Q(Ts).

Hence there is a commutative diagram:

QUTs5) = Xg——N - -~

| bk

QTs) *—Xs —— Y5 - = >

69 Xs
By [3, Corollary 3.16], we get an E-triangle Xg SN Xs > Ys --695
Since ' is a left 2 -approximation of Q(Ts), there is also a commutative diagram with P € P:

OTs) > Xs —> Y5 =2 =

|
| 3t
Y

QTs) —= P——T5-" -

such that 65 = 'u. So x.05s = x.r" = t"x.u. By Lemma 3.8, the E-triangle x.65 splits. So N & X5 ~
Xe®Ys e Z.hence N e 2.
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Similarly, consider the following commutative diagram with P € P:

Q(T) —— X — Y L

|
Pl It
’ ’ Y

QT) “—P——=Ts-"= >

and the E-triangle M - N — Y éi*-éf. Then dt : Y — Tg such that ¢ = ¢*6. Then g.0¢ = g.1"0 =
t*(g.0). Since [‘7_'](5&7: M) = [‘7'](327, XM), the E-triangle g.0¢ splits by Lemma 3.5 and M is a direct
summands of N. Hence M € 2 .

By the above, we get 2 is a T -cluster tilting subcategory.

By the definition of Yk, G(Yg) € G(Z"). So G(ﬁ?) = G(XZ) = N. Moreover, o = QU(T)NUZ) C
QIH)NUZ)and QT )NQZ) CkerG(Z) = 0. So QUT)NQ(Z) = 0. Hence ¢ is surjective.

3). ¢ is injective following from the proof of Lemma 3.7.

By [4, Proposition 4.8 and Fact 4.13],  ~ modQ(7"). So it is easy to get the following corollary
by Theorem 3.9:

Corollary 3.10. Let 2 be a subcategory of A.

1) Z is T -rigid iff Z is T-rigid subcategory of A.
2) X is T -cluster tilting iff 2 is support t-tilting subcategory of A.

If let H = CoCone(7,7), then H can completely replace % and draw the corresponding con-
clusion by the proof Lemma 3.7 and Theorem 3.9, which is exactly [12, Theorem 3.8]. If let # is a
triangulated category, then Theorem 3.9 is exactly [9, Theorem 4.3].
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