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Abstract: In this paper, we define a cohomology theory for differential Lie algebras of any weight. As
applications of the cohomology, we study abelian extensions and formal deformations of differential
Lie algebras of any weight. Finally, we consider homotopy differential operators on L, algebras and
2-differential operators of any weight on Lie 2-algebras, and we prove that the category of 2-term L,
algebras with homotopy differential operators of any weight is same as the category of Lie 2-algebras
with 2-differential operators of any weight.
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1. Introduction

Derivations play a crucial role in studying deformation formulas [1], differential Galois theory [2]
and homotopy algebras [3]. They also are useful of control systems theory [4,5] and gauge algebras [6].
The authors studied the operad of associative algebras with derivation in [7]. Recently, the authors
introduced Lie algebras with derivations, and studied their cohomology and deformations, extensions
in [8]. Later, Das [9] considered the similar results for Leibniz algebras with derivations. The authors
studied cohomology of Leibniz triple systems with derivations in [10].

More and more scholars have begun to pay close attention to the structures of any weight thanks to
the result of outstanding work [11, 12], all kinds of Rota-Baxter algebras of any weight [13-18]
appear successively. In order to study non-abelian extensions of Lie algebras. The notion of crossed
homomorphisms of Lie algebras was introduced by Lue [19], which was applied to study the
representations of Cartan Lie algebras [20]. For A € k, the notion of a differential algebra of weight A4
was first introduced by Guo and Keigher [21], which generalizes simultaneously the concept of the
classical differential algebra and difference algebra [22]. Applying the same method as for differential
Lie algebras of weight A. Later, the authors defined the cohomology of relative difference Lie
algebras, and studied some properties in [23]. Our aim in this paper is to consider Lie algebras with
differential operators of weight A (also known as differential Lie algebras). More precisely, we define
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a cohomology theory for differential Lie algebras and consider some properties.

The paper is organized as follows. In Section 2, we consider the representations of differential Lie
algebras of any weight. In Section 3, we define a cohomology theory for differential Lie algebras of
any weight. In Section 4, we study central extensions of differential Lie algebras of any weight. In
Section 5, we study formal deformations of differential Lie algebras of any weight. In Section 6, we
consider homotopy differential operators on L., algebras and 2-differential operators of any weight
on Lie 2-algebras. In Section 7, we prove that the category of 2-term L., algebras with homotopy
differential operator of any weight and the category of Lie 2-algebras with 2-differential operators of
any weight are equivalent.

Throughout this paper, k denotes a field of characteristic zero. All the vector spaces, algebras, linear
maps and tensor products are taken over k unless otherwise specified.

2. Representations of differential Lie algebras of any weight

For A € k. A differential operator of weight A on a Lie algebra g is a linear operator d, : g — g such
that
dy([a,D]) = [dy(a), D] + [a,dy(D)] + Aldy(a),dy(b)],  Va,b € g. 2.1)

We denote by Der,(g) the set of differential operators of weight A of the Lie algebra g.

Definition 2.1. Denote a Lie algebra g with a differential operator d, € Der,(g) by (g, d,) and we call
it a differential Lie algebra.

Definition 2.2. Given two differential Lie algebras (g, d,), (b, dy), a homomorphism of differential Lie
algebras is a Lie algebra homomorphism ¢ : g — ) such that ¢ o d; = dj o ¢. We denote by LieD, the
category of differential Lie algebras and their morphisms.

To simply notations, for all the above notions, we will often suppress the mentioning of the weight
A unless it needs to be specified.

Definition 2.3. (i) A representation over the differential Lie algebra (g,d,) is a pair (V,dy), where
dy € Endk(V), and (V, p) is a representation over the Lie algebra g, such that Vx € g,v € V, the
following identity holds:

dy(p(x)v) = pdy(x))v + p(x)dy(v) + Ap(dy(x))dy (V).

(i1) Given two representations (U, py, dy), (V,pv,dy) over (g,d,), a linear map f : U — V is called a
homomorphism of representations, if f o dy = dy o f and

fopu(@=pyvl@of, Vaca.
One denotes by (g, d,)-Rep the category of representations over the differential Lie algebra (g, d,).

Example 2.4. Any differential Lie algebra (g, d,) is a representation over itself with
p: g — Endy(g), a = (b + [a,b]).

It is called the adjoint representation over the differential Lie algebras (g, d,).
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Example 2.5. Let (V, p) be a representation of a Lie algebra g. Then the pair (V, 1dy) is a representation
of the differential Lie algebra (g,Id,) of weight —1.

Example 2.6. Let (g, d,) be a differential Lie algebra of weight 4 and (V, dy) be a representation of it.
Then for « # 0 € Kk, the pair (V, kdy) is a representation of the differential Lie algebra (g, kd,) of any
weight %/l.

The following result is easily to check and we omit it.

Proposition 2.7. Let (V,dy) be a representation of the differential Lie algebra (9, d,) of weight A. Then
(9@ V,d, @ dy) is a differential Lie algebra, where

la+u,b+v]=1lab]l+payv-pbu Vabeg, u,vel.
3. Cohomology of differential Lie algebras of any weight

Recall that the cochain complex of Lie algebra g with coefficients in representation V' is the cochain
complex

(Cile(g’ V) - @n OCﬁw(g’ V) aLle)

and the coboundary operator
6£ie : Cﬁie(g’ V) - Cﬁ—el(g, V)a nz 0

is given by

n+1

Fief Gty Xat) = D (=D () (X1, s Ry )
i=1

n
L 1 " R
+ Z (_1)l+]+n+ f([xi’xj]’xl"'-’xi’---’xj7-",xn+1)’

1<i<j<n+1

forall f € C{,.(8,V), x1,..., %41 € 8. The corresponding cohomology is denoted by Hj; (g, V). When
V is the adjoint representat10n we write Hf'. (g) = Hf, (g, V),n > 0.

In the following, we will define the cohomology of the differential Lie algebra (g, d,;) of weight 4
with coeflicients in the representation (V, dy).

Define
Cr.(,V)yeChle, V), n>2,
Cliep, (8, V) 1= Lle(g, V)= Hom(g, V), n=1, (3.1
Lle(g, V) = n=0.

and define a linear map 6 : C7. (g, V) = C{. (g, V) (n > 1) by

Shxt, )= Y AT T G dy (), dy(X), s X) = dy f(xrs o X),
k=1

1<ij<-<ix<n

for any f, € CﬁieDﬂ(g, V) and

6v = —dy(v), YveEClip (3, V)=V.
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Lemma 3.1. We have 8Lie od=0do aLie.

Theorem 3.2. The pair (C; ., (8, V), OLien,) is a cochain complex. So d 0.

2 =
LieD/l
Proof. For any v € CgieDﬂ(g, V), we have
aiieDAV = 8LieD4(aLieD4V’ ov) = (aiieV, OLicOV — 00Liev) = 0.
Givenany f € C7..(8,V), g € Cfi‘el(g, V) with n > 1, we have
O iep, (f+ &) = OLiep, (OLic [+ OLieg + (=1)'6f) = (B, f Oic(OLicg + (1)) + (=1)"*'60p:e f) = 0.
Hence, the proof is finished.

Definition 3.3. The cohomology of the cochain complex (Ciiem(g’ V), OLien, ), denoted by HfiieDA(g, V),
is called the cohomology of the differential Lie algebra (g, d,;) of weight A.

4. Abelian extensions of differential Lie algebras of any weight

In this section, we show that abelian extensions of differential Lie algebras are classified by the
second cohomology.

Definition 4.1. An abelian extension of differential Lie algebras is a short exact sequence of
homomorphisms of differential Lie algebras

0 N L 0
dvl dﬁl dll
0 v 552y 0

such that [u,v]y = 0 forall u,v € V.
(§, dy) is called an abelian extension of (g, d,) by (V, dy).

Definition 4.2. Let (§,,d;,) and (G2, d;,) be two abelian extensions of (g, d,) by (V,dy). They are said
to be isomorphic if there exists ¢ : (§1,d;,) < (82,d;,) is an isomorphism of differential Lie algebras
such that:

0 — (V,dy) —— @1.d;) —— (8,d,) —— 0

H d |

0 —— Vidy) —— (Gods) —— (@.dy) — 0.
A section of an abelian extension (g, d;) of (g,d,) by (V,dy) is a linear map s : g — § satisfying
pos=1d,.
Given a section s : g — §, define p : ¢ — Endk(V) by
p(x)v = p(s(x))v, VYVxeg,velV.
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Proposition 4.3. With the above notations, (V,dy) is a representation over the differential Lie algebra
(9,dy)

Proof. Firstly, we prove that p is a Lie algebra homomorphism, in fact, for any x,y € g, v € V, we have

p(Lx, YD) = p(s([x, yDIv = p([s(x), s()Dv = p(x0)p(r)(v) = p(n)p(X)(v).

Moreover, we obtain

dy(p(x)v) = dy(p(s(x)v) = ds(p(s(x))v)
= p(dy)(s(x))v + p(s(x)ds(v) + Ap(d4(5(x)))ds(v)
= p(s(dy(x)v + p(s(x))dy(v) + Ap(s(dy(x)))dv(v)
= p(dg (X)) + p(x)dv(v) + 2p(dy(x))dy (v).
Hence, (V, dy) is a representation over (g, d,).
We further consider linear maps ¢ : g® g — Vand y : g —» V by

Yx,y) = [s(x), s(] = s([x,yD),  Vx,yeq,
X(x) = dy(s(x)) = s(dy(x)), Vxeq.

The differential Lie algebra structure on g&V with a multiplication [, -], and the differential operator
d, defined by

[x+u,y+vly =[xyl +p)v —pOu + ¢(x,y), Vx,y € g, u,v €'V, 4.1)
d,(x+v) =dy(x) + x(x) +dy(v), Yxe€g,veV. 4.2)

Proposition 4.4. The triple (3 ® V,[-,"1,,d,) is a differential Lie algebra if and only if (y,x) is a
2-cocycle.

Proof. For any x,y,z € g, By (4.1), we have
Y(x, [y, 2D + Y, (v, 2) + Yy, [z, x]) + Y, Y(z, X)) + §(z, [x, y]D) + ¥(z, ¢ (x, y) = 0. (4.3)
Since d,, satisfies Eq (2.1), we deduce that

X([x, ¥]) = p()x (y) — Ap(dy()x () + p(0)x (x) + 2o(dy(¥))x (x) (4.4)
+dy(Y(x,y)) — (dy(x),y) = ¥(x,dy(y) — AW(dy(x), dy(y)) = 0.

Therefore, (¢, ) is a 2-cocycle.
Conversely, if (¢, x) satisfies Eqs (4.3) and (4.4), direct verification that (g ® V,[-,-],,d,) 1s a
differential Lie algebra.

In the following, we will classify abelian extensions of differential Lie algebras.
Theorem 4.5. Let V be a vector space and dy € Endi (V). Then abelian extensions of a differential Lie

algebra (g,d,) by (V, dy) are classified by HiieD/l(g, V) of (g,d,).
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Proof. Let (8, d;) be an abelian extension of (g, d,) by (V,dy). We choose a section s : g — § to obtain
a 2-cocycle (¥, x) and let s, and s, be two distinct sections providing 2-cocycles (1, 1) and (¥2, x2)
respectively. Define ¢ : ¢ — V by ¢(x) = s1(x) — s52(x), we have

Yi(x,y) = [51(x), s1(0)] = s1([x, ¥])
= [52(0) + ¢(x), 52(0) + dV)] = (s2([x, ¥]) + ([x, y])
= ([52(x%), s20)] = s2([x, Y1) + [52(x), p(W)] + [¢(x), s2(»)] — &([x, y])
= ([5200), $200)] = s2([x, D) + [x, ] + [¢(x), y] — p([x, ]
= Ya(x,y) + p(x, y)

and

X1(x) = dy(51(x)) = 51(dy(x))
= dy(52(x) + P(x)) = (52(dy () + P(dy(x)))
= (d3(52(x)) = 52(dy(x))) + dv((x)) — P(dy(x))
= x2(x) + dv(¢(x)) = P(dy(x))
= x2(x) = 6¢(x).

That is, (Y1,x1) = (Y2, x2) + OLien,(¢). Thus (¥, x1) and (¥, x») are in the same cohomological
class in HﬁieDﬂ(g, V).

Next, we prove that isomorphic abelian extensions give rise to the same element in HﬁieDﬁ(g, V).
Assume that (§;, d;,) and (§s, d;,) are two isomorphic abelian extensions of (g, d,) by (V,dy) with the
associated homomorphism ¢ : (§;,d;,) — (82, d;,). Let s be a section of (§;,d;,). As pp o = p1, we
have

p2o({os))=pros =Id,.

Therefore, { o s; is a section of (§,,d;,). Denote s, := { o s;. Since ¢ is a homomorphism of

differential Lie algebras such that |y = Idy, we have

Ya(x,y) = [52(x), $2(0)] = s2([x, ¥]) = [(s1(x)), {(s1(vN] = L(s1([x, 1))
= {([s1(0), siW] = s1([x, y1)) = LW (x,y))
=yi(x,y)

and

X2(x) = dg, (52(x) = $2(dy(x)) = dg, ({(51(x))) = {(51(dy(x)))
= {(d;, (51(x) — s1(dy(x))) = {(x1(x))
= x1(x).
Therefore, the result can be obtained.
Conversely, given two 2-cocycles (¥, x1) and (¥, x2), we can construct two abelian extensions

@& V[ ly,.dy,) and (g ® V, [, *]y,.d,,) via Eqs (4.1) and (4.2), and then there exists a linear map
¢ : g — V such that

Wi, x1) = W2, x2) + OLiep, (9).

Electronic Research Archive Volume 31, Issue 3, 1195-1211.



1201

Define :g@®V — g® V by
{(x,v) 1= (x, ¢(x) +v).

Then ¢ is an isomorphism of these two abelian extensions.
5. Deformations of differential Lie algebras of any weight

In this section, we show that if HﬁieDl(g, g) = 0, then the differential Lie algebra (g, d,) is rigid.
Let (g,d,) be a differential Lie algebra. Denote by p, the multiplication of g. Consider the 1-
parameterized family

(o8]

o=y pit'y pi€ CLu(a,9), d =) dit, di € Cli(s,9).
i=0 i=0
Definition 5.1. A 1-parameter formal deformation of a differential Lie algebra (g, d,) is a pair (i, d;)
which endows the K[[¢]]-module (g[[]], i, d;) with the differential Lie algebra over K[[7]] such that

(to, do) = (llg, dg)-

Given any differential Lie algebra (g, d,), interpret y, and d, as the formal power series y, and d,
with y; = 6;0u, and d; = 6,d, respectively for all i > 0. Then (g[[?]], iq. d,) 1s a 1-parameter formal
deformation of (g, d,).

The pair (i, d;) generates a 1-parameter formal deformation of the differential Lie algebra (g, d,) if
and only if the following identities hold:

0 = wxuy,2) + w(y, iz, X)) + ps(z, pi(x, y)), (5.1)
di(u(x,y)) = pldi(x),y) + p(x, di(y) + Au(di(x), di(y)), Vx, 9,2 € g. (5.2)

Expanding these identities and collecting coefficients of #*, we see that Eqs (5.1) and (5.2) are
equivalent to the systems of identities:

0 = Zui(x,un_f(y, 2)) + pi(Ys tn-i(2, X)) + pi(2, phn-i(X, y)), (5.3)
i=0
D dw(y) = D (uldi),y) + e N + A Y A, dn(y). (54)

Remark 5.2. For n = 0, Eq (5.3) is equal to the Jabobi identity of y,, and Eq (5.4) is equal to the fact
that d, is a differential operator of weight A.

Proposition 5.3. Let (g[[t]], u;, d;) be a 1-parameter formal deformation of a differential Lie algebra
(9,dy). Then (u;,d,) is a 2-cocycle of the differential Lie algebra (g,d,) with the coefficient in the
adjoint representation (g, d,).

Proof. Forn =1, Eq (5.3) is equal to dp;eu; = 0, and Eq (5.4) is equal to
aLiedl + 6/11 =0.

Thus for n = 1, Eqgs (5.3) and (5.4) imply that (u;, d,) is a 2-cocycle.
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If 4, = p, in the above 1-parameter formal deformation of the differential Lie algebra (g, d,), we
obtain a 1-parameter formal deformation of the differential operator d,. Consequently, we have

Corollary 5.4. Let d, be a 1-parameter formal deformation of the differential operator d,. Then d, is
a I-cocycle of the differential operator d, with coefficients in the adjoint representation (g, d,).

Proof. In the special case when n = 1, Eq (5.4) is equal to d;.d; = 0, which implies that d; is a
I-cocycle of the differential operator d, with coefficients in the adjoint representation (g, d;).

Definition 5.5. The 2-cocycle (u;,d;) is called the infinitesimal of the 1-parameter formal deformation
(g[[t]]aﬂla dl‘) Of (g’ dq)

Definition 5.6. Two 1-parameter formal deformations (g[[#]], u» d;) and (a[[#]], ji;, d,) of (g, d,) are said
to be equivalent if there exists a formal isomorphism from (g[[¢]], .. d,) to (a[[f]], is» d;) is a power
series ®, = Yoo ¢it' = a[[t]] — a[[£]], where ¢; : ¢ — g are linear maps with ¢ = Id,, such that
O, o, = po(P XD, (5.5)
(Dl [¢] dl‘ = d[ o (Dt- (5.6)

Theorem 5.7. The infinitesimals of two equivalent 1-parameter formal deformations of (g,d,) are in
the same cohomology class Hfi eD}(g, a).

Proof. Let @, : (a[[t]], tz»d;) — (al[£]], us» d;) be a formal isomorphism. For all x,y € g, we have

D, o i, (x,y) = pyo (O X D)(x,y),
®, 0 d_t(x) d; o D(x).

Furthermore, we obtain

Hi1(x, ) + [@1(x), y] + [x, 01 (D] = &1([x, ¥]),
di(x) + dy(¢1(x)) — ¢1(dy(x)).

ﬁl(xay)
gl(x)

Thus, we have

(1, dy) = (i, dy) + OLien, (1),
which implies that [(@i;,d))] = [(u1,d})] in Hﬁiem(g’ q).

Definition 5.8. A 1-parameter formal deformation (g[[z]], i, d;) of (g,d,) is said to be trivial if it is
equal to the deformation (g[[f]], 14, d,;), that is, there exists @, = ¢ ¢t < allt]] — ol[t]], where
¢; : ¢ — g are linear maps with ¢y = Id,, such that
D, op, = Mg © (D, X D)), (5.7)
D,0d, = dyo®,. (5.8)

Definition 5.9. A differential Lie algebra (g,d,) is said to be rigid if every 1l-parameter formal
deformation is trivial.

Theorem 5.10. Regarding (g,d,) as the adjoint representation over itself, if Hfiem(g’ g) = 0, the
differential Lie algebra (g,d,) is rigid.
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Proof. Let (a[[]], s, d;) be a 1-parameter formal deformation of (g, d,). By Proposition 5.3, (u;,d;) is

a 2-cocycle. By HfieDA(g, g) = 0, there exists a 1-cochain ¢, € C|, (g, 3) such that

(u1,d1) = —OvLien, (¢1). (5.9

Then setting @, = Id, + ¢,¢, we have a deformation (g[[7]], iz, d,), where

f(xy) = (@7 o py 0 (@ x D))(x, y),
d(x) = (D' od, o ®)(x).

Thus, (a[[¢]], fi:» d,) is equivalent to (g[[¢]], i, d;). Furthermore, we have

fe(xy) = (dy—¢it+ ¢it> + -+ (=D)'@f + - ) (wx + $1 (0L y + $1(0))),
d(x) = (Idy—¢it+ @i+ + (1)@t + - H)d(x + ¢ (X)D)).

Therefore,
B(xy) = [yl + e, y) + [ ¢i0)] + [61(x), ¥] = 1 (L6, YD + fia(x, )2 + -+ -,
d(x) = dy(x) + (dy(¢1(x)) + di () = 1 (dy())E + do () + -+ .

By Eq (5.9), we have

[, y] + o (e, )2 + -+ -
dy(x) + dy(X)F* + - - .

lat(x’ )’)
C?t(x)

Then by repeating the argument, we can show that (g[[#]], 1, d;) 1s equivalent to (g[[#]], i44, d,). Thus,
(9,d,) 1s rigid.

6. Homotopy differential operators of any weight on 2-term L -algebras

In this section, we pay our attention to the homotopy differential operator of any weight on 2-term
L..-algebras introduced by [24].
Definition 6.1. A 2-term L -algebra consists of

d
e a complex of vector spaces L; — Ly,

e bilinear maps [, : L;® L; — L;,j, where i + j < 1,

e a skew-symmetric trilinear map /5 : Ly ® Ly ® Ly — L, satisfying:

(a) h(a,b) = —=L(D,a), h(a,u) = —h(u,a),

(b) dly(a,u) = l(a,du), L(du,v) = l(u,dv),

(¢) dl5(a, b, c) = h(l(a,b), c) — h(k(a,c),b) — h(a, (b, c)),

(d) li(a, b, du) = h(l(a, b),u) — L(a, (b, u)) — L(k(a,u),b),

(e) L(xa, (b, c,w)) + L(l5(a, c,w), b) — L(l3(a, b,w),c) + L(l5(a, b, c),w) = 3(L(a, b),c,w)
—l3(Iy(a, c),b,w) + lz(L,(a,w), b, c) + 3(a, l,(b, c),w) + I3(a, lL,(b,w), c) + I3(a, b, [,(c,w)).

for any a,b,c,w € Ly and u,v € L.
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One denotes a 2-term L,-algebra as above by (L; i> Lo, b, 13). A 2-term L.,-algebra is called
skeletal if d = 0.

Definition 6.2. Let L = (L R Lo, 1, 13) and L’ = (L] i) Ly, 1, I}) be two 2-term L.,-algebras. A
morphism f : L — L’ consists of
e a chain map f : L — L’ (which consists of linear maps fy : Ly — Ljand f; : Ly — L] with
food=d o f),
e a bilinear map f, : Ly ® Ly — L] satisfying

(@) d(f2(a, b)) = fo(l(a, b)) — L(fola), fo(b)),

(b) fola,du) = fi(h(a,u)) - L(fola), fi(w)),

(o) fillz(a, b, 0)) + [(fola, b), fo(c) — Ly (fa(a, o), fo(b)) — (fo(a), f2(b, ¢))

+ falla(a, b), ©) = fa(la(a, ©),b) = fala, Lr(b, ©)) = L(fo(a), fo(b), folc)) = 0,

for any a,b,c € Ly and u € L;.

If f=(fo,f1,f2): L— L and g = (g0, 81,82) : L' — L” are two morphism of 2-term L,-algebras,
their composition g o f : L — L” is defined by (g o f)o = go © fo,(g© f)1 = g1 o f1 and

(8 © f(a,b) = g(fola), fo(b)) + &1(f2(a, b)), Va,b € L.

For any 2-term L,-algebra L, the identity morphism Id; : L — L is given by the identity chain map
L — L together with (Id;), = 0.

The collection of 2-term L.-algebras and morphisms between them form a category. We denote
this category by 2Lie...

Definition 6.3. Let L = (L, 4, Ly, b5, [5) be a 2-term L.,-algebra. A homotopy differential operator of
weight A on it consists of a chain map of the underlying chain complex (i.e., linear maps 6, : Ly — Ly
and 6, : L — L, withfyod = do6, ) and a bilinear map 6, : Ly® Ly — L; such that for any a, b, c € L
and u € L, the following identities are hold

(a) d(62(a, b)) = by(l(a, b)) — L(Bo(a), b) — L(a, Oy(b)) — A (6o(a), B (b)),
(b) 62(a,du) = 01(l(a,u)) — L(Bo(a), u) — L(a, 01 (w) — A (6o(a), 01 (u)),
(¢) l3(60(a), b, ¢) + I3(a, 0 (D), ¢) + I3(a, b, 6y(c)) — 61(l3(a, b, ©))
= h(6x(a,b), c) — L(02(a, ¢),b) — h(a, 0:(b, ¢)) + 0:2(l2(a, b), ¢) — 6:(l(a, ¢), b) — 6x(a, L (b, ¢)).

A 2-term L,-algebra with a homotopy differential operator of weight A as above denoted by the pair

((L, i> Lo, b, 13), (6,01, 6,)). A 2-term L,-algebra with a homotopy differential operator of weight A
is said to be skeletal if the underlying 2-term L, -algebra is skeletal, i.e., d = 0.

Definition 6.4. Let (L —— Lo, L. 15). (6. 61.62) and (L, - L1, 1. 1;). (6.6, ))) be two 2-term
L-algebras with homotopy differential operators of weight 4. A morphism between them consists
of a morphism (fy, fi, f2) between the underlying 2-term L, -algebras and a linear map ¥ : Ly — L]
satisfying

(D) ‘I’o¢0:¢'lo‘I’,
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(2) folbo(@)) = 6y(fola)) = d'(¥(a)),

(3) fi61(w)) = 61(fi(w)) = ¥(da),

(4)  fi(6x(a, b)) = 65(fo(a), fo(b)) = 6,(f2(a. D)) = f2(6o(a), b) = fa(a, Oo(D))
+¥(h(a, b)) — L(¥(a), fo(b) — L(fola), ¥(b)).

We denote the category of 2-term L,-algebras with homotopy differential operators of weight A and
morphisms between them by 2LieD ..

Theorem 6.5. There is a one-to-one correspondence between skeletal 2-term L..-algebras with
homotopy differential operators with weight A and tuples ((g,d,),(V,dy), (6, 9)), where (g, dy) is a
differential Lie algebra of weight A , (V,dy) is a representation and (6,6) is a 3-cocycle of the
differential Lie algebra of weight A with coefficients in the representation.

Proof. Let (L, i> Lo, b, 15, (6y,6,,6,)) be a skeletal 2-term L,-algebra with a homotopy differential
operator of weight A. Then 6, is a differential operator of weight A for the Lie algebra (L, [). We have
that (L, 6;) is a representation of the differential Lie algebra (L, 6,) of weight A from Definition 6.3.
According to the condition (c¢) in Definition 6.3, we have dpip,(6>) + 6(l3) = 0. Therefore (I3, —6,) is a
3-cocycle.

Conversely, define Ly = L,L; = V and 6y = d,,0, = dy,0, = —6. We define multiplications
12 . L,'®Lj - Li+j andl3 . L()®L0®LO - L1 by

l(a,b) = [a,b], h(a,u) = [a,u], [)(u,a) = [u,a],l3 =0,

for a,b,c € Ly = Land u € Ly = V. Then it is easy to verify that ((L; i> Lo, 1, 13),(6y,01,0,)) is
a skeletal 2-term L,-algebra with a homotopy differential operator of weight A. Hence, the proof is
finished.

A 2-term L,-algebra with a homotopy differential operator of weight A is said to be strict if the
underlying 2-term L,-algebra is strict, i.e., 6, = 0. Next we introduce crossed modules of differential
Lie algebras of weight A and show that strict 2-term L,-algebra with a homotopy differential operator
of weight A are in one-to-one correspondence with crossed module of differential Lie algebras of weight
A.

Definition 6.6. A crossed module of differential Lie algebras of weight A consist of
((8,dy), (b, dy), dt, A) where (g,d,) and (b, dy) are differential Lie algebras of weight 4, df : g —» hisa
differential Lie algebra morphism and

A:h—gllg), am A,
such that for u,v € g,a,b € ),

(@)  di(A(w) = [a,dtW)]y,

D) Aaw(v) = [u,v],,

©  Awpy, = NNy — ApAyg,

(d)  dy(AaW) = Adyy () + Au(dy(u)) + AN gy a)(dy (1))
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Theorem 6.7. There is a one-to-one correspondence between strict 2-term L,-algebras with homotopy
differential operators of weight A and crossed module of differential Lie algebras of weight A.

Proof. Let (L, i> Lo, b, 15 =0, (69, 01, 6,)) be a strict 2-term L,-algebra with a homotopy differential
operator of weight A. Then 6, is a differential operator of weight A for the Lie algebra (L, /;) and 6,
is a differential operator of weight A for the Lie algebra (L, /;) from Definition 6.3. Thus (L, 6y) and
(L4, 6,) are both differential Lie algebras of weight A. Since §yod =d o6, themapdt =d : L, — L
is a morphism of differential Lie algebras of weight A. Finally, the condition (b) of Definition 6.3 is
equal to the condition (d) of Definition 6.6. Hence, the results are obtained.

7. Categorification of differential Lie algebras of any weight

In this section, we study categorified differential operators of any weight (also called 2-differential
operator) on Lie 2-algebras.

Definition 7.1. A Lie 2-algebra is a 2-vector space L equipped with
e a bilinear functor [-,-] : L& L — L,
e a trilinear natural isomorphism, called the Jacobiator

ja,b,c : [[a’ b],C] - [[aa C],b] + [as [b’ C]]’

satisfying

[lla, b1, cl, w] o (U, b1, wl, c] + [[a, b1, [c, wl]

Tape ’Wll lm @bt

[[[a,c], b] + [a, [b,c]], w]

R
Jla,clbw +Ja.[l),c],wl l@
Q,

P

[Ta,cowbl+1+1+[aTp ¢ 1]

where O, R, P and Q are given by

O = Jumibe + Tapwre + Tapiew

R =[[[a,w], b], c] + [la, [b,w]], c] + [[a, b], [c, w]],

P =[la,cl,w],b] + [la, c], [b, wl] + [la, w], [b, c]] + [a, [[b, c], Wi,

Q = [lla,wl, c], bl + [la, [c, w]], b] + [la, c], [b,w]] + [[a, w], [, c]] + [a, [[b, w], c]] + [a, [D, [c, w]]].
Definition 7.2. Let (L, [-, ], ) and (L', [-,-],J’) be two Lie 2-algebras. A Lie 2-algebra morphism
consists of

e a linear functor (Fy, F'y) from the underlying 2-vector space L to L';
e a bilinear natural transformation

Fy(a,b) : [Fo(a), Fo(b)I" = Fo(la, b])
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satisfying
[[Fo(a), Fo(b)Y', Fo()f ——220 (1 Fy(a), Fo(e)Y', & Fob)Y + [Fo(a), [Fo(b), Fo(@)I'Y
[Fa(a,b),1] [Fa(a,c), 11 +[1,F(b,0)]
[Fola, bl, Fo(c)! [Fola, cl, FoB)) + [Fo(a), Folb, ¢l
Fz([a,b],c)l JF;(Iu,c],b)+F2(a,[b,cl)
Folla, b, c] o Fo(lla, c],b] + [, [b, ])).

Let L, L' and L” be three Lie 2-algebras and F : L - L’,G : L' — L"” be Lie 2-algebra morphisms.
Their composition G o F : L — L” is a Lie 2-algebra morphism whose components are given by
(GoF)y=GyoFy,(GoF); =G;oF;and (G o F), is given by

’” (GoF)(é,m)
[Go 0 Fo(&), Gy o Fo()] ekl

(Go o Fo)([&, 1)

G2 (Fo(&).Fo(n o0(F2(£.m)

Go([Fo(&), Fo(m]).

For any Lie 2-algebra L, the identity morphism Id; : L — L is given by the identity functor as its
linear functor together with the identity natural transformation as (Id; ),.

Lie 2-algebras and Lie 2-algebra morphisms form a category. We denote this category by Lie2.

In the next, we define 2-differential operators of weight A4 on Lie 2-algebras. They are
categorification of differential operators on Lie algebras.

Definition 7.3. Let (L, [-, -], ) be a Lie 2-algebra. A 2-differential operator of weight A on it consists
of a linear map functor D : L — L and a natural isomorphism

D,y : Dla,b] = [Da, b] + [a, Db] + A[Da, Db],¥a,b € L

satisfying
J
Dlla,b],c] D([la,c],b] + la, [b,clD)
Diaple
[Dla, b, c] + [[a, b], D(c)] + A[D|a, b], Dc] P
[Z).l]+]+ll J/[D.IJ+]+I+I+I+[I,D]
[[Da, b] + [a, Db] + A[Da, Db], c] + [[a, b], D(c)] + A[D|a, b], Dc] 0,
T+T+1+J+1
where
P = [Dla,cl,b] +[la,cl, D(b)] + [D(a), [, cll + [a, DIb, c]] + A[Dla, c], Db] + A[Da, D[b, c]]

Q
Il

[[Da,c], b] + [[a, Dc], b] + A[[Da, Dc], b] + [[a, c], D(b)] + [D(a), [b, c]]
+[a, [Db, c]] + [a, [b, Dc]] + Ala, [Db, Dc]] + A|Dla, c], Db] + A[Da, D|b, c]].
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Definition 7.4. Let (L,[,'].9,D,D) and (L,[.-],9',D',D’) be two Lie 2-algebras with
2-differential operators of weight 4. A morphism between them consists of a Lie 2-algebras mophism
(F = (Fy, Fy), F») and a natural isomorphism

0, : D'(Fy(a)) = Fo(D(a)),Ya € L

satisfying
D'([Fo(a), Fo(b)]') i D' (Fola, b])
D’J/ J/g[a,b]
[D'(Fo(a)), Fo(b)]" + [Fo(a), D' (Fo(b)) Fo(Dla, b])

[®u,1]’+[1,®/7]l D

[Fo(D(a)), Fo(b)]" + [Fo(a), Fo(D(b)) Fo([Da,b] + [a, DD]).

Fr+F;

We denote the category of Lie 2-algebras with 2-differential operators of weight 4 and morphisms
between them by LieD2,.
In the following, we will give our main result of this section.

Theorem 7.5. The categories 2LieD ., and LieD2, are equivalent.

Proof. First we construct a functor 7' : 2LieD,,, — LieD2, as follows. Given a 2-term L-algebra

with a homotopy differential operator of weight A4 ((L, i) Lo, 15, 13), (6y,6,,0,)), we obtain the 2-vector
space C = (Lo ® L; =3 Ly). Define a bilinear functor [-,:] : C® C — C by

[(Cl, u)’ (b’ V)] = (ZZ(G’ b)’ 12(0’ V) + ZZ(M’ b) + lZ(du, V)),
for (a,u), (b,v) € C; = Ly ® L. Define
ja,b,c = ([[a’ b]9 C]’ 13(61, b9 C))

According to the identities (a)—(e), we can check that (C, [-,-], J) is a Lie 2-algebra. Moreover, we
define a 2-differential operator of weight A4 (D, D’) by

D(Cl, l/t) = (90(61), 91 (u))a Da,b = ([Cl, b]’ 02(61’ b))

Given any 2-term L.-algebra with a homotopy differential operator of weight A4 morphism
(fo, f1, f»,P) from L to L', for any Fy = f, F; = f; and

Fy(a,b) = ([fo(a), oD, fo(a, b)), 0 =¥

Direct verification that F' is a morphism from C to C’. Furthermore, we can check that 7" preserve the
identity morphisms and composition of morphisms. Hence, T is a functor from 2LieD ., to LieD2,.

Conversely. Given a Lie 2-algebra C = (C; & Cy, J, D, D) with a 2-differential operator of weight
A, we have the 2-term chain complex

d=tlger;
L, = kers — Cy = L.
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Define l, : Li® Lj — L;,; by
b(a,b) = [a,b], bh(a,u)=la,ul, bL(u,a)=[u,al].
Themap /5 : Ly ® Ly ® Ly — L is defined by

l3(a,b,c) = pr(Jape), Ya,b,c € Ly,

where pr denote the projection on ker(s). Moreover, we define a homotopy differential operator by
bo(a) := D(i(u)), 61(t) := Dliers)(t), 62(a, b) := pr(Da,p).

For any Lie 2-algebra morphism (Fy, F'y, F,®) : C — C’, then fy = Fy, fi = Fil, = kers with a
2-differential operator of weight A and define f, by

fa(a,b) = prFy(a,b), ¥ = ©.

Moreover, S preserve the identity morphisms and composition of morphisms. Therefore, S is a
functor from LieD2, to 2LieD ...

Finally, it is easy to prove that 7 o S = ly4ep2,, and the composite S o T = 1,p4p,, and we omit
them.
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