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Abstract: The tempered pullback dynamics and robustness of the 3D Navier-Stokes-Voigt equations
with memory and perturbed external force are considered in this paper. Based on the global well-
posedness results and energy estimates involving memory, a suitable tempered universe is constructed,
the robustness is finally established via the upper semi-continuity of tempered pullback attractors when
the perturbation parameter epsilon tends to zero.
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1. Introduction

The Navier-Stokes equations are a typical nonlinear system, which model the mechanics law for
fluid flow and have been applied in many fields. There are many research findings on the Navier-Stokes
system, involving well-posedness, long-time behavior, etc., [1-10]. Furthermore, to simulate the fluid
movement modeled by the Navier-Stokes equations, some regularized systems are proposed, such as
the Navier-Stokes-Voigt equations. The Navier-Stokes-Voigt equations were introduced by Oskolkov
in 1973, which describe the motion of Kelvin-Voigt viscoelastic incompressible fluid. Based on the
global well-posedness of 3D Navier-Stokes-Voigt equations in [11], many interesting results on long-
time behavior of solutions have been obtained, such as the existence of global attractor and pullback
attractors, determining modes and estimate on fractal dimension of attractor [12—14] and references
therein for details.

The influence of past history term on dynamical system is well known, we refer to [15-18] for
interesting conclusions, such as the global well-posedness, the existence of attractors and so on. In
2013, Gal and Tachim-Medjo [17] studied the Navier-Stokes-Voigt system with instantaneous viscous
term and memory-type viscous term, and obtained the well-posedness of solution and exponential
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attractors of finite dimension. In 2018, Plinio et al. [18] considered the Navier-Stokes-Voigt system
in [18], in which the instantaneous viscous term was completely replaced by the memory-type viscous
term and the Ekman damping Su was presented. The authors showed the existence of regular global
and exponential attractors with finite dimension. The presence of Ekman damping was to eliminate the
difficulties brought by the memory term in deriving the dissipation of system.

Some convergence results of solutions or attractors as perturbation vanishes for the non-autonomous
dynamical systems without memory can be seen in [19-22]. However, there are few convergence
results on the system with memory. Therefore, our purpose is to study the tempered pullback dynamics
and robustness of the following 3D incompressible Navier-Stokes-Voigt equations on the bounded
domain Q with memory and the Ekman damping:

(%(u — alAu) — fom g(s)Au(t — s)ds + (u-Vyu+ Bu+ Vp = f(t,x), (t,x) € Q,,

divu =0, (t,x) € Q,,

u(t,x) =0, (t,x) € 0Q,, (L.1)
u(t,x) = u(t), x € Q,

u(t — s,x) = ¢(s, x), (s,x) €y,

where Q, = (7, +00) X Q, 0Q, = (1,+00) X 0Q, Qy = (0,00) X Q, 7 € R* is the initial time, & > 0 is
a length scale parameter characterizing the elasticity of fluid, 8 > 0 is the Ekman dissipation constant,
u = (u(t, x), uy(t, x), us(t, x)) is the unknown velocity field of fluid, and p is the unknown pressure. The
non-autonomous external force is f.(z, x) = fi(x) + €f2(t, x) (0 < € < &), where g is a fixed constant
small enough. In addition, u(7) is the initial velocity, and ¢(s, x) denotes the past history of velocity.
The memory kernel g : [0, c0) — [0, o0) is supposed to be convex, smooth on (0, o) and satisfies that

g(c0) =0, j(: g(s)ds = 1.

In general, we give the past history variable

n=ns)= f u(t —o)do, s >0,
0

which satisfies
0 0 +u()
—nn=—-—— u(r).
51 = a5

Also, 7 has the explicit representation

1n'(s)
17'(s)

fos u(t—o)do, 0 <s<t,

770(3 -1+ fot u(t —o)do, s >t, (1.2)

and

7 (s) = fo (o)

Next, we give the main features of this paper as follows.
1) Inspired by [18, 23], we provide a detailed representation and Gronwall type estimates for the
energy of (1.1) dependent on € in Lemma 2.1, with a focus on the parameters w, A and the increasing
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function J(*). Using these parameters, we construct the universe 9 and derive the existence of
PD—pullback absorbing sets, see Lemma 4.9.

2) Via the decomposition method, we show that the process of the system has the property of
D — k—pullback contraction in the space Ny, and the D—pullback asymptotic compactness is obtained
naturally. Based on the theory of attractor in [1,24], the D-pullback attractors for the process {S*(z, 7)}
in Ny are derived, see Theorem 3.3.

3) When the perturbation parameter € — 0 with the non-autonomous external force, the robustness
is obtained via the upper semi-continuity of pullback attractors of (1.1) by using the technique
in [18,21,22], see Theorems 3.2 in Section 3.

This paper is organized as follows. Some preliminaries are given in Section 2, and the main results
are stated in Section 3, which contains the global well-posedness of solution, the existence of pullback
attractors and robustness. Finally, the detailed proofs are provided in Sections 4 and 5.

2. Preliminaries

2.1. Some functional spaces

e The Sobolev spaces
Let E = {ulu € (Cy(Q))*, divu = 0}, H is the closure of E in (L*(Q))’ topology with the norm and
inner product as

3
jul = Nl = (e, )", (u,v) = ) f (v (0dx, ¥ u,v € H.
=1 ve
V is the closure of E in (H'(€2))* topology with the norm and inner product as

3
ou; 0v;
= Ilully = 1/2 =y [ 2uh
el = llelly = ((u, )y, (u,v)y = iFlL ox, 8xl~dx’ YuveV.

Also, we denote
((w, M), = (u,v) + a(u, )y, lully, = ul® + ellull®.

H and V are Hilbert spaces with their dual spaces H and V’ respectively, || - ||. and (-,-) denote the
norm in V' and the dual product between V and V’ respectively, and also H to itself.

e The fractional power functional spaces
Let P; be the Helmholz-Leray orthogonal projection in (L*(Q))* onto H [3,7], and
P.: H®H" —> H,
where

H* = {ue (LX) Iy € (L Q) : u=Vy).

loc

A = —P; A is the Stokes operator with eigenvalues {4 j}‘;il and orthonormal eigenfunctions {w j}‘;il.
Define the fractional operator A® by

A=) B w)w), seR, jeL'
J
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foru = Z(u, wj)w; with the domain D(A*) = {u|A*u € H}, and we use the norm of D(A*) as

J

2 2 2 2
B, = AUl = " 1w, w)P

J

Especially, denote W = D(A), and V = D(A'/?) with norm ||u||; = |A"?u| = ||u|| for any u € V.

e The memory spaces

For any s € (0,00), we define u(s) = —g’(s), which is nonnegative, absolutely continuous,

decreasing (1" < 0 almost everywhere) and

K= f u(s)ds > 0.
0

W (s) +ou(s) <0, ae. s € (0,).

Also, there exists 6 > 0 such that

Let
My = LLR":;X), X=VorW,

which is a Hilbert space on R* with inner product and norm

7.0y = f H(S)((s), £(5))ydls, lmllar, = ( fo ()ln(s)IRds) .

0

Moreover, the extended memory space can be defined as
Ny = X X My

equipped with the norm
Gt Iz, = Naally + 17l -

2.2. Some inequalities and conclusions

e The bilinear and trilinear operators
The bilinear and trilinear operators are defined as follows [8]

B(u,v) ;= P ((u-Vyv), Yu,veV,

3
O

b(u,v,w) =< B(u,v),w >= Z f u,-a—‘;jwjdx.
Q i

ij=1
Denote B(u) = B(u, u), B(u, v) is a continuous operator from V X V to V’, and there hold

b(u,v,v) =0, b(u,v,w) = =b(u,w,v), Y u,v,w € V.

(2.1

(2.2)

(2.3)

(2.4)

(2.5)
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e Some useful lemmas

Lemma 2.1. ( [23] ) Assume that
1) A nonnegative function h is locally summable on R*, and for any € € (0,0l and any t > 7 > 0
there holds

t 8 1+1
gf eI n(s)ds < 3 supf h(s)ds < oo.
T t

>0

2) The nonnegative function y.(t) is absolutely continuous on [1, ), and satisfies for some constants
R,Cy > 0 that

!
C
ye(t) < Re "0 4 gF f e IN(5)y.(5)lds + —

81+r’

where p,q,r >0, and p—1> (g—1)(1 +r) > 0.
3) Let z(t) > 0 be a continuous function on (0, o) equivalent to y.(t), which means there exist some
constants M > 1, L > 0 such that

1) < Mye(1) < M(z(1) + L).
Then, there exist w, A > 0 and an increasing function J(x) : R* — R* such that
z2(t) < J(MR)e™ "™ + A(MCy + L).
Remark 2.1. Under the assumptions in Lemma 2.1, there exists a constant 0 € (0, 1) satisfying
pr=p—-0+1-qg>0,p=1-60-r8>0.

Denote

141
p3 = max{e;'"’, (2 sup f h(s)ds)"'"', CY/™), py = 2max{6Rp;', 1),
t

>0

then

1
_ _ -0 _ _ 1-p2
W = Wo,pqrcy = 5173 s N=Nopgrc, =5p; ",

0

P
J(R) = Jopgrey(R) = 2ppsexp(—51n(6p)).

Lemma 2.2. ( [15] ) Let  be the past history variable and (1.2) holds. Then

7' (g, = M7 (g, <2 f (", u(o))mydo.

3. Main results

3.1. Some assumptions

We assume that f;(x) and f>(z, x) satisfy the following hypotheses:
(C1) The function f; € H.
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(C2) fr(t, x) is translation bounded in LIZOC(R, H), which means there exists a constant K > 0 such
that

r+1
sup f IA(s)IPds < K,
t

teR
and for any ¢ € R, there also holds

!
0
f e”llfz(s)llzds <00, 0<t<ve, v= min{%, 1}, (3.1

where k, 0 are the same as parameters in (2.1) and (2.2) respectively.

3.2. Equivalent problem

Construct the infinitesimal generator of right-translation semigroup on My

0
Tn=—-—n,
n asn
whose domain is

d
D(T) ={ne€ My : 557 € My, n(0) = 0}

Given initial datum U(r) = (u(1),n") € Ny, then (1.1) can be transformed into the following
abstract form

a%(” + aAu) + fow H()An(s)ds + B(u,u) + pu = Ppf.(t,x), (t,x) € Q,
%n =Tn+u,

divu =0, (t,x) € Q,,

u(t, x) = 0, (¢, x) € 04,

u(t, x) = u(t), x € Q,

7'(s) = [ @(o)dor.

(3.2)

3.3. Main results for the system (3.2)

e Global well-posedness of solution

Definition 3.1. A function U(t) = (u(t),n") : [1,+00) — Ny is called the weak solution to (3.2), if for
any fixed T > 1 there hold
(i) U(t) € C([7, T1; Ny), & € LX(x,T; V).

> ot
(ii) U(7) = (u(7),n°).
(iii) for any w € C'([1, T1; V) with w(T, x) = 0, there holds

T T oo T T
- f (u+ aAu,w)dt + f f u(s)((n(s), w))ydsdt + f b(u, u, w)dt + f (Bu, w)dt
T T 0 T T

T
= ((u(1), w(1))y, + f (PLfe,w)dt. (3.3)

Theorem 3.2. Let U(t) € Ny, and the hypotheses (C1)—(C2) hold. Then the global weak solution
U(t, x) to system (3.2) uniquely exists on (1, T), which generates a strongly continuous process

Sé(t,1): Ny >Ny, Vi>1, 0<e<g

and Sé(t,T)U (1) = U(1).
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Proof. The global well-posedness of solution can be obtained by the Galerkin approximation method,
energy estimates and compact scheme. The detailed proof can be found in [15, 18] and is omitted here.

e Existence of D-pullback attractors

Theorem 3.3. Assume U(t) € Ny and the hypotheses (C1)—(C2) hold. Then the process S°(t,7) :
Ny — Ny generated by the system (3.2) possesses a minimal family of D-pullback attractors A° =
{A®(D)}er in Ny.

Proof. See Section 4.2.

When & = 0, the system (3.2) can be reduced to the following autonomous system

(%(u + cAu) + fooo u(s)An(s)ds + B(u,u) + pu = P fi(x), (¢, x) € Q,
%n =Tn+u,

divu = 0, (t,x) € Q,,

u(t,x) =0, (t,x) € 0Q,,

u(t, x) = u(t), x € Q,

n(s) = [ elo)do.

3.4)

Remark 3.1. The existence of global attractor A° in Ny can be achieved for the semigroup S°(t — )
generated by (3.4).

e Robustness: upper semi-continuity of D-pullback attractors
Let \/ be a metric space, and {A%} aey 18 a family of subsets in X. Then it is said that (A"} has the
property of upper semi-continuity as 4 — Ay in X if

lim disty (A", AY) = 0.
A—- Ao

The upper semi-continuity of attractors and related conclusions can be referred to [1, 19, 20, 22] for
more details.

In the following way, we intend to establish some results on the convergence between D-pullback
attractors A° to system (3.2) and global attractor A° to system (3.4) as & — 0.

Theorem 3.4. Let U(t) € Ny, A° is the family of D-pullback attractors of S°(t, ) in Ny to system (3.2),
and A° is the global attractor of S°(t — 1) in Ny to system (3.4). Then the robustness of system is
obtained by the following upper semi-continuity

lim disty, (A", A%) = 0.
Proof. See Section 5.
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4. Pullback dynamics

4.1. Theory of dynamics

In this section, we first give the fundamental theory of attractors for dissipative systems, and the
related conclusions can be seen in [1-3, 7].

e Some relevant definitions

Definition 4.1. Assume that P(X) is the family of all nonempty subsets in a metric space X. If D is
some nonempty class of families in the form D = {D(t) : t € R} C P(X), where D(t) C X is nonempty
and bounded, then D is said to be a universe in P(X).

Definition 4.2. The family 505 {Dy(?) : t € R} C P(X) i:v\ D-pullback absorbing for the process S (-, -)
on X if for any t € R and any D € D, there exists a 1o(t, D) < t such that

S(t,7)D(t) C Do(t), ¥ T < 79(t, D).

Definition 4.3. A process S (-, -) on X is said to be D-pullback asymptotically compact if for any t € R,
any D € D, and any sequences {t,} C (—oo,t] and {x,} C X satisfying T, — —oo and x, € D(1,), the
sequence {S (t,T,)x,} is relatively compact in X.

The D-pullback asymptotic compactness can be characterized by the Kuratowski measure of
noncompactness «k(B) (B C X), relating definition and properties can be referred to [25,26], and the
definition of D — k-pullback contraction will be given as follows.

Definition 4.4. Foranyt € R and € > 0, a process S (t,7) on X is said to be D — k-pullback contracting
if there exists a constant Tp(t, g) > 0 such that

kSt t—1)D(t—-1) <¢e VYT2Tp(te).

Definition 4.5. A family A(t) = {A(t)},er is called the D-pullback attractors of process S (t,7), if for
any t € R and any {D(t)} € D, the following properties hold.

(i) A(t) is compact in X.

(ii) S (t, T)A(T) = A(t), t > T.

(iii) Tl_i)moo disty(S (z, 7)D(1), A(¢)) = O.

In addition, D-pullback attractor A is said to be minimal if whenever C is another D-attracting
Jamily of closed sets, then A(t) C C(t) for all t € R.

e Some conclusions

Theorem 4.6. ( [1,27] ) Let S(-,-) : R2 X X — X be a continuous process, where RS = {(t,7) €
R2|t > 1}, D is a universe in P(X), and a family 50 ={Dy(?) : t € R} Cc P(X) is D-pullback absorbing
for S(-,-), which is D-pullback asymptotically compact. Then, the family of D-pullback attractors
Ap ={Ap(t) : t € R} exists and

X
Ap(t) = ﬂUS(t,t—T)D(t—T) _teR.

s>0 =5
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Remark 4.1. If 50 € D, then Ay is minimal family of closed subsets attracting pullback to D. It is
said to be unique provided that Dy € D, Dy(t) is closed for any t € R, and D is inclusion closed.

Theorem 4.7. ( [21] ) Assume that D = {B(t)} is a family of sets in X, S (-,-) is continuous, and, for
any t € R, there exists a constant T(t, D, f)) such that

S(t,t—1)D(t-71)c D@, ¥ 1>T(tD,D).

If S(,-) is D-pullback absorbing and D — k-pullback contracting, then the D-pullback attractors
Ap = {Ap(t) : t € R} exist for S(-,-).

Lemma 4.8. ( [28] ) Assume that S(-,-) = S1(,-) + S»(-,-), D = {B(t)} is a family of subsets in X, and
forany t € R and any T € R* there hold

(i) For any u(t — 1) € D(t - 1),
IS 1(z, 1 = Du(t — 7)llx < O, 7) = 0 (1 —> +o0).

(ii) For any T > T, Uy<r<r S 2(t, t—T)D(t = 7) is bounded, and S »(t,t—T)D(t —7) is relatively compact
in X.
Then S (-,-) is D — k-pullback contracting in X.
4.2. Proof of Theorem 3.3

From Theorems 3.2, we know that the system (3.2) generates a continuous process S °(¢, 7) in Ny.
To obtain the D-pullback attractors, we need to establish the existence of D-pullback absorbing set
and the D-pullback asymptotic compactness of S (¢, 7).

e Existence of D-pullback absorbing set in Ny
Let D denote a family of all {D(#)},cr C P(Ny) satisfying

lim e“" sup JQIU(T)*) =0,

T U(t)eD(t)

,,,,,,,,,,

absorbing set.

Lemma 4.9. Lft (u(t),n") € Ny, then the process {S(t,T)} to system (3.2) possesses a D-pullback
absorbing set Di(t) = {Dj(1)}ier in Ny, where

Dj(1) = By, (0, p%, (1),

with radius

P}gvv(l) = ‘/E\/A3/4,1 43f;(2C(|fl|2 +¢eK) + 1). 4.1)

s*ds e
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Proof. Multiplying (3.2) by u, we have

1d «
Ed_”un%/" + f p()An(s)u(tyds + Blul* = (P fo, ),
t 0

that is

1d

Ed—tllullza + f H()AN()Dn(s) + dya(s)ds + Blul’
0

1d 1 d
= id_t(”u”%/" + 17l ) + Efo .U(S)%”'ﬂlzds +Blul® < |(fe, w).

Multiplying (3.2) by u,, we have

1 d
llelly,, + (7. u))na, + Eﬁzlul2 + b(u, u, u;) = (P for uy).

Then, the interpolation inequality and Young inequality lead to

ﬁ%lul2 + 2llu I,
< 2|, u))aay | + 20(fer )l + 2|b(u, u, uy)|
< 2|(Gr, u))my | + 20(fe, udl + Clluallsfoelllaell s
< 20, u )|+ 21(fos u)| + Claed 2l el o
< allul® + Clinllyy, + Clulllul® + CIfI.

4.2)

4.3)

4.4)

4.5)

To estimate the term fooo u(s)%llnllzds in (4.3) and avoid the possible singularity of u at zero, we

refer to [18] and construct the following new function

_ u(s),0 < s <3,
a(s) = { .
u(s),s > §,

where § is fixed such that fog u(s)ds < «/2. Also, if we set

—4 [
(1) = — fo A()((n(s), u(n))ds,

then differentiating in ¢ leads to

d 2 4u(s) d 2 4 2 2
72O+ llull” = =7 ; us)—linlds + ——[lnlly, + el

We use the technique in [18] and set
ye(t) = E(t) + ve®(t) + 2 ¥(¢),

where
_ 1 2 2 _ 2
E(r) = 2(|Iullva +1Inlly,), P (@) = 2Blul”.

(4.6)
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For sufficient small ¢, it leads to
E(t) <2y.(t) <2(E(t) + 1),

where we choose g satisfying

vey sup D(7) + 8(2) sup Y(r) =1,

te[1,T] re[r,T]

and O < ¢ < gj. Then, there holds

d
e+ Cays() < Ce'y.(1)* + CIf.l,

and

IA

V()
teR

IA

Then by Lemma 2.1, there exist
w=w3s143f >0, A=Aspu1435 >0,

and an increasing function
J() = J3a1455(): RT >R

such that
E(t) < JRE(T)e ™™ + AQC(fi]* + eK) + 1),

which implies the conclusion holds.

Remark 4.2. For the semigroup S°(t — 1), it has the global absorbing set Dg in Ny, where

DY ={U € Ny; 1Ully, < 9%, = VZ[Asja 13, QCIAR + 1)
and
lim sup p§, (1) = py, -
&—0

e D — k-pullback contraction of S*(z, 7) in Ny
To verify the pullback contraction of S*(z, ), we decompose S *(¢, 7) as follows

S, U =87t —DUI(7) + S5(1, DUx(7) =: Ui(1) + Ua(),
which solve the following two problems respectively

%(ul + aAuy) + fooo U(s)An(s)ds + B(u,u;) =0, (t,x) € Q,,
=M =Tm +u,

divu; =0, (1, x) € Q,,

ui(t,x) =0, (t,x) € 0Q,,

ui(t, x) = u(r), x € Q,

() = [ ¢lo)do,

t +1
ye(T)e 2 + C£4f e 1y (s)ds + C supf |fol?e"ds
T t

!
ye(T)e ™ + C84f e ¥ 1y (s)’ds + C(fil* + eK)e™".

4.7)

4.8)

4.9)

(4.10)

4.11)
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and

bus + @) + [ (AR (5)ds + Blusts) + Pty = Puf, = Pu, (1:2) € Q.
52 =Tm + uy,

divu, =0, (t,x) € Q,,

ur(t,x) =0, (t,x) € 0Q,,

(1, x) =0, x € Q,

n5(s) = 0.

Lemma 4.10. Let U(t) € D;(7), then the solution S{(t — T)U(7) to the system (4.11) satisfies

(4.12)

1S2(2 = T)U(T)Ily, < JQRE(T))e™ ™ = 0 (1 — —o0).

Proof. Multiplying (4.11) by u; and gul respectively, and repeating the reasonings as shown as in
Lemma 4.9, in which 8 = 0 and f, = 0, we can derive the conclusion finally. The parameter w is
dependent on & and the increasing function J(x) is different from the one in Lemma 4.9. Despite all
this, these parameters can be unified in same representation, and the concrete details are omitted here.

Lemma 4.11. Let U(r) € D{(7), then for any t € R, there exists C*(t) > 0 such that the solution
S5, T)U(7) to the system (4.12) satisfies

1S5 DUy, < C().

Proof. Multiplying (4.12) by Au,, we have

1d “
EE(Iluzll2 + alAuf’) + f H()AN()Aur(D)ds + Bllioll® + blu, s, Auz) = (PLf, = Buy, Au), (4.13)
0

from the existence of pullback absorbing set, Lemma 4.10, the interpolation inequality and Young
inequality, we have

2dt 2
(e, Au)l + |(Butr, Auz)| + llull sl Vil 3| Auy |

Ve 2 12 12 2
ZlAuzl + Cllulllluall'*|Aua| | Aus| + CIf3

1d 1 e d
——(lual® + @lAwol® + Imallyy,) + = f ﬂ(S)glAnzlzds + Bllusl?
0

IA

IA

%Auzﬁ +CIfP+C. (4.14)
Multiplying (4.12) by Ad,u,, we have
2 2 1. d. 0
10:u2]” + @|Adyuo|”™ + (12, Ostt2)) y, + Eﬁd—t||u2|| + b(u, up, 0iur) = (Ppfe — Pur, Adup).  (4.15)

By the existence of pullback absorbing set, Lemma 4.10 and Young inequality, one has

Electronic Research Archive Volume 31, Issue 2, 928-946.



940

d
ﬁajt”btzﬂz + 2/|0,u|* + 22| Ad,us|?
< 2|((1n2, Ou2)) my | + 21(Prfe — Bur, Adsuo)| + 2|b(u, uz, 0,us)|
< 2|((72, Oru2)) mayy | + 2I(Prfe — Bur, Adsuz)| + ClAus||Adus|
< alAduy|* + C||772||i4w + ClAus* + CIf.)%.

To estimate the term fom ,u(s)%lAnzlzds in (4.14), we set

@) = =2 f A5 Ama(s), Aux()ds,
0

and differentiating in ¢ leads to

d 6
d—q)z(f) + - f A(S)(Au(1), Aun(2))d s
t K Jo

6 (™ 6 [~
S—;f ﬁ(S)(—Aasnz,Auz(l))dS—;f A(s)(Ana(s), Aduy(t))dss,
0 0
where
6 (. 6 (. 2
;fo () (Aur (1), Aus(2))ds > ;fg f(s)ds - |Auy (D)7,
and
6 (™. 6 (™,
—;fo M(S)(—Aasnz,Auz(t))dS=—;f 1 () (AN, Auy(1))ds

6 ™ 6 ©
< —f — (A Auy(D)ld s < —(f
K 5 K K

6 « d
< f () lAnPds) " () 1A )
KN Js ds

wopanfas) ([ olnord)

18u(s) [~ d
< A1) + —2 f H(s)lAmsPds,

K

and

IA

6 (7 6 (™
— j; A(s)(Ana(s), Adjur(1))d s p fo U()IAN()|ADux(D)ld s

9

aelAdu (D + —
aK-&

IA

2
Il -

Also, from the fact that u’(s) + ou(s) < 0, we have

(o) d (o]
f #(S)d—|A772|2dS > f Su()IAnI*ds = dlimallyy,, -
0 N 0
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Thus

18u(s) [ d 9
”2( ) f u()—IAmlds + —Iinlly;, + aelAdusl. (4.22)
K 0 ds ake

d
—D,(1) + 2|Awy)? <
7 2(1) + 2|Auy|” <

We use the technique in [18] and set
2:(t) = Ex(t) + ve®y(t) + £2W, (1),

where
_ 1 2 2 2 _ 2
Es(1) = 2(Iluzll + alAuws|” + |Imallyy,, ), P2 () = Bllull”

For sufficient small enough &, it leads to
E5(1) < 2z,(1) < 2(Ex(2) + 1),

and there holds

d 2

Ezg(t) +vez(t) < C + C|f|", (4.23)
it follows from the Gronwall lemma that

!
Ex(H) < Ce™ ™ E (1) + Ce f eS| fo(s, x)Pds + C|fi]* + C

!
< Cege™ f e’ (s, x)|*ds + CIfi|* + C, (4.24)

which means the conclusion holds.
Above all, Lemmas 4.10, 4.11 and 4.8 lead to

Lemma 4.12. Let U(t) € Ny, then the process S°(t,7) : Ny — Ny generated by the system (3.2) is
D — k-pullback contracting in Ny.

Consequently, from Theorem 4.7, we can finish the proof of Theorem 3.3.
5. Robustness

5.1. Theories on robustness

By the definition of upper semi-continuity, the following lemmas can be used to obtain the
robustness of pullback attractors for evolutionary systems.

Lemma 5.1. ( [20] ) Let € € (0,&], {S°(, 1)} is the process of evolutionary system with
non-autonomous term (depending on &), which is obtained by perturbing the semigroup S°(t) of
system without g, and, for any t € R, there also hold that

(i) Sé(t, ) has the pullback attractors AE(t), and A° is the global attractor for S°(t).
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(ii) For any T € R* and any u € X, there holds uniformly that
lim dx(S*(t, t = T)u, S°(Tu) = 0.
(iii) There exists a compact subset G C X such that
(lgi_r)% distx(A*(1),G) = 0.

Then, for any t € R, there holds
lim disty(A%, A°) = 0.

Lemma 5.2. ( [2]] ) Foranyt € R, T € R*, and € € (0, &, Bg(t) = {Dg(?) : t € R} is the pullback
absorbing set for S¢(t, 1), and g“g(t) ={Cy(1) : t € R} is a family of compact subsets in X. Assume that
SeC¢,) =87C,") + S5, ), and there hold

(i) For any u,_, € D{(t — 1),
ST, t — Du—|lx < O, 7) = 0 (7 — o).

(ii) For any T 2 1, Up<r<rS5(t,1 — T)D(t — 7) is bounded, and there exists a constant Ty (1),
independent of &, such that

S5t =)Dt — 1) € Co(0), Y 7> T ().
(iii) There is a compact subset G C X such that
Li_r}ré disty(Ci(1),G) = 0.
Then, the process S¢(t,7) has the pullback attractors A*(t), and
};i_r)ré distx(A*,G) = 0.

5.2. Proof of Theorem 3.4

We give the following procedure to verify Theorem 3.4.

Lemma 5.3. Let (u®,n°) = Sé(t,7)U(7) be the solution to system (3.2), and (u,n) = S°(t — 1)U (1) is
the solution to system (3.4), then, for any bounded subset B C Ny, there holds

lim sup dy,(S°(t,7)U(1),S°(t = )U(7)) = 0.
e20 y(reB

Proof. We know

{ L + aAu®) + fo"" w($)AnE(s)ds + B(u®,u®) + Bu® = PLfs(t, x), (t,x) € Q., 5.1)

%ns — Tns + us’
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and
{ 2(u+aAu) + [ p(s)An(s)ds + Blu,u) + fu = PLfi(x), (1,%) € Q. 5.2
%7] =Tn+u.
Let w® = u® — u and £° = n° — i, we can derive
a (o)
E(w‘S + aAw®) + f U(HAE(s)ds + B(u®, w®) + Bw®, u) + Bw® = ePy f5(t, x), (5.3)
0
and multiplying it by w® leads to
1d «
Ed—tnwsni + f U(S)AE (), wo(1)ds + b(W*, u, w®) + BIw?* = (P f(t, X), W), (5.4)
0
it follows that
1d a
Eztllwslli + f H(H(E°(9), w)ds < [bw®, u, w)| + &l(fa(t, x), w°). (5.5)
0
Integrating (5.5) over [7, ], from Lemma 2.2 we derive that
W OI + 1€°( = 9)l3s,
! t
< IW* @Il + 1€°(r = 9y, + 2f lb(w®, u, w®)lds + 28f |(falt, ), w*)lds
t !
< I, €I, + Cf llullllw?lPds + 28f I(f2(2, x), w)lds
T , . T
< [lw”, ey, + Szf |falPds + Cf Iw’lPds, (5.6)
that is
t !
Iw®, Ely, < NOw”, ENIIR, + 82[ |folPds + Cf W, €1,lI3,, s, (5.7)
and the Gronwall inequality leads to
t
Iw®, €Y, < CUW, EIR, + ng \falPds) — 0 (e — 0), (5.8)

which means that the conclusion is finished.

Proof of Theorem 3.4. From (4.24) and the fact that W < V is compact, we know that there exists
a compact subset G C Ny such that

2lﬁ:i_r)r(} distx(C;(1), G) = 0. (5.9
Combining Lemma 4.10, Lemma 5.2 and (5.9), we have
li_rg distx(A®,G) = 0.
In addition, the confirmation of condition (i7) in Lemma 5.1 is finished from Lemma 5.3, and we have

1in01 distx (A%, A°) = 0.
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