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Abstract: We discuss a poly-Laplacian system involving concave-convex nonlinearities and parame-
ters subject to the Dirichlet boundary condition on locally finite graphs. It is obtained that the system
admits at least one nontrivial solution of positive energy and one nontrivial solution of negative energy
based on the mountain pass theorem and the Ekeland’s variational principle. We also obtain an esti-
mate about semi-trivial solutions. Moreover, by using a result due to Brown et al., which is based on
the fibering method and the Nehari manifold, we get the existence of the ground-state solution to the
single equation corresponding to the poly-Laplacian system. Especially, we present some ranges of
parameters for all of the results.
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1. Introduction

The research on the existence of nontrivial solutions of elliptic partial differential equations and sys-
tems involving concave-convex nonlinearities in Euclidean space have attracted some attentions. In [1],
Ambrosetti et al. studied the second order Laplacian equation involving concave-convex nonlineari-
ties with a constant coefficient. With the help of the sub- and supersolutions, as well as variational
arguments, they obtained some existence and multiplicity results of solutions. In [2], Brown and Wu
also studied the second order Laplacian equation involving concave-convex nonlinearities with weight
functions. With the help of the fibering method and the Nehari manifold which was introduced by
Pohozaev in [3], they obtained that the equation has at least two nontrivial solutions. Moreover, in [4],
Brown and Wu studied a potential operator equation. By using methods similar to those in [2], they
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obtained that the equation has at least two nontrivial solutions when the functionals related to poten-
tial operators satisfy some appropriate conditions. In [5], Chen et al. studied a class of second order
Kirchhoff equations involving concave-convex nonlinearities and parameters. Their result was that the
equation has multiple positive solutions basd on the fibering method and the Nehari manifold. In [6],
Chen et al. studied the nonhomogeneous p-Kirchhoff equation involving concave-convex nonlineari-
ties with weight functions and a perturbation. Their result was the existence of two nontrivial solutions
of the equation basd on the mountain pass theorem and Ekeland’s variational principle. In [7], Wu
investigated the following second order Laplacian elliptic system:

—Au = Af (Ol ?u + -Zh()ul*2upf, xe€Q,

a+f
—Av = ug(x)v v + a%h(x)Iul“lvlﬁ‘%, x e, (1.1)
u(x) = v(x) =0, x € 0Q),
where Q € R" is abounded domainand 1 <y <2 < a+f8 < % With the help of the fibering method

and the Nehari manifold, he obtained that when the parameters A and u belong to the appropriate range,
the system has two nontrivial nonnegative solutions. In [8], Echarghaoui and Sersif investigated a class
of second order semilinear elliptic systems involving critical Sobolev growth and concave nonlinear-
ities. By using the fountain theorem, they obtained that the system has two completely different but
infinitely many radial solution sets. Moreover, the energy functional of one solution set is positive, and
the energy functional of the other solution set is negative. In [9], Bozhkova and Mitidieri considered
the (p, g)-Laplacian elliptic system with the Diriclet boundary condition. Their results were on the
existence and multiplicity of solutions of the system basd on the fibering method and the Nehari man-
ifold. Moreover, by using the Pokhozhaev identity, they obtained the nonexistence result of solutions.
In [10], Liu and Ou investigated the following (p, g)-Laplacian elliptic system:

—Ayu = Aaa(x)|ul*2ulvlP + yb(x)lul2uly|’, x€Q,
—Ayv = ABa()ul®ulvP~? + nb()lulup|’2,  x€Q,
u(x) = v(x) =0, x € 0Q,

where Q C RY is a bounded domain, 1 < p,g < N, a,8,v,n > 0, 1 < a + 8 < min{p, g} and
max{p, g} <y +n < min{p*, g*}. Their result was on the existence of two nontrivial solutions basd on
the fibering method and the Nehari manifold. We refer the reader to [11-14] for more results about the
elliptic systems involving concave-convex nonlinearities.

Moreover, in recent years, the research about equations on graphs have also attracted some atten-
tions. For example, see [15-17]. In [15], Grigor’yan et al. considered the second order Laplacian
equation with the nonlinear term satisfying the superquadratic condition and some additional assump-
tions on finite graphs and locally finite graphs. With the help of the mountain pass theorem, the
conclusion they reached was on the existence of a nontrivial solution for the equation. Furthermore,
they also investigated the p-Laplacian equation and poly-Laplacian equation on finite graphs and lo-
cally finite graphs and obtained some similar results. In [16], Han and Shao studied the p-Laplacian
equation with the Dirichlet boundary condition on the locally finite graph. With the help of the moun-
tain pass theorem and the Nehari manifold, their result was the existence of a positive solution and a
ground-state solution for the equation. In addition, in [17], Han et al. studied a nonlinear biharmonic
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equation with a parameter A and the Dirichlet boundary condition on the locally finite graph. With the
help of the mountain pass theorem and the method of the Nehari manifold, they obtained that when the
parameter A is small enough, the equation has a ground-state solution. Moreover, when 4 — +oco, the
ground-state solutions converge.

Next, we recall some basic knowledge and notations of locally finite graphs, which were taken
from [15-17]. Suppose that G = (V, E) is a graph, where V is a vertex set and E is a edge set. xy
denotes the edge connecting x with y. Assume that for any x € V, there are only finite edges xy € E;
then, (V, E) is called a locally finite graph. Moreover, assume that both the vertex set V and edge set
E are finite sets; then, (V, E) is called a finite graph. w,, > 0 is defined as the weight of the edge
xy € E, and it is assumed that w,, = w,,. Furthermore, for any x € V, the degree is defined as
deg(x) = Xy, Wy, Where y ~ x denotes that y € V and xy € E. d(x, y) is the distance of two vertices x
and y, which is the minimal number of edges that connect x with y. Let Q C V. Assume that for any
x,y € Q, there exists a positive constant ¢ such that d(x, y) < c; then, Q is a bounded domain in V. The
definition of the boundary of Q is as follows:

0Q ={yeV, y¢ Q3 xeQsuchthat xy € E}.

Assume that u : V — R* is a finite measure and it is assumed that u(x) > yo > 0. For any function
u: V —> R, one denotes

f udp = ) u(ou(). (1.2)

v xeV

Let C(V) = {ulu : V — R}. Define the Laplacian operator A : C(V) — C(V) by

1
Au) = = Z Wy (u(y) — u(x)) (1.3)
and define the associate gradient I'(u;, u,) as
1
[(up, up)(x) = 20 ; Wiy (u1(y) — ur () (u2(y) — uz(x)). (1.4)
Denote I'(u#) := I'(u, u). The definition of the length of the gradient is as follows:
| %
[Vul(x) = yT'(w)(x) = (m Z Wi (u(y) — u(x))*| (1.5)
y~X

and the definition of the length of the m-order gradient is as follows:

. VA" ul, if m is odd,
|V ul = m . . (1‘6)
|Azul|, if mis even.
For any given s > 1, define the s-Laplacian operator A; : C(V) — C(V) by
1
Agu(x) = — IVul () + [Vul (%)) iy (u(y) — u(x)). (1.7)
2u(x) ; ( Joo
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Let Co(Q) ={u:V — R|supp u C Qand Vx € V\Q,u(x) = 0}. For any function ¢ € C.(Q), the
following equality holds:

f Aupdu = — f \Vul* T (u, ¢p)dpu. (1.8)
Q QUIQ

For any 1 < r < 400, assume that the completion space of C.(€2) is L"(€2) under the norm

el @) = (f IM(X)Ird,U)r-
Q

Moreover, the completion space of C.(Q) is W;"*(Q2) under the norm

1
”u”W{)"’S(Q) = (f |Vmu(x)|sdﬂ) s
QUAO

where m is a positive integer and s > 1. For any u € W;"’(Q), we also define the following norm:

llullc = max |u(x)|.
xeQ

W, (Q) is of finite dimension. See [15, 16] for more details.

In this paper, our work was mainly inspired by [4, 6,7, 10, 15]. We shall employ the mountain
pass theorem and Ekeland’s variational principle as in [6] to investigate the multiplicity of solutions
for a class of poly-Laplacian systems on graphs, which can be seen as a discrete version of (1.1) on
graphs in some sense, and we also obtain that a poly-Laplacian equation on a locally finite graph has
a ground-state solution basd on an abstract result in [4], which was essentially obtained by using the
fibering method and the Nehari manifold as in [2,4,7, 10]. To be specific, we discuss the following
poly-Laplacian system on a locally finite graph G = (V, E):

£ ptt = A (Ol 2u + S0l ulyP’, xeQ,
Ergv = Lha (D)2 + LscOolul" vy, xeQ, (1.9)
u=v=0, X € 0Q),

where Q U 0Q C V is a bounded domain, m;,i = 1,2 denotes positive integers, p,q,vi,y> > 1,
A, A, B > 0, max{y;,y.} < min{p,q} < max{p,q} < a + B, hi(x), hh(x),c(x) : Q@ — R* and the
definitions of £, ; (i = 1,2, s = p, q) is expressed as follows for any function ¢ : Q U Q2 — R:

m; 4 ,|5—2 mi—1 mi=1 . .
f('f'm,-,su)(bdﬂ - fQan |V ulv F(nf 2 mfl’A .2 ¢),‘ if m; is odd, (1.10)
@ fQuag IV ul" 2 AT uA? ¢, if m; is even.

Whenm = 1, £, ,u = —A,u, and when p = 2, £, ,u = (=A™)u, which is called a poly-Laplacian
operator of u. More details can be seen in [15] for the definition of £,, ,. Obviously, system (1.9) with
m =my =1,p=¢q=2andy, =7y, =vyisa generalization of (1.1) from the Euclidean setting to a
locally finite graph.

In this paper, when (u, v) is a solution of system (1.9) with either (u,v) = (&,0) or (&, v) = (0,v),
(u,v) is called a semi-trivial solution of system (1.9). Moreover, when (u,v) is a solution of system
(1.9) and (u,v) # (0, 0), (u, v) is called a nontrivial solution of system (1.9).
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Denote

1= Chy p(Q) 1= ,C, (&
M(/h,/lz) = 21—max{p,q} mln{ ! I,P( ), 2 z,q( )}’
p q

C a+ a+
o +0ﬁ)2 (aCor (@) + BCa (@),

where Cp = max,cq c(x) and C,,, ,(Q) and C,, ,(2) are embedding constants given in Lemma 2.1
below. Especially, we present concrete values of C,,, ,(Q2) and C,,, ((Q2) if m; = my = 1, p,q > 2 and
for each x € Q, there is at least one y € JQ satisfying that y ~ x (see Lemma 2.2 below).

Our main results are as follows. We suppose that A, and A, satisfy the following inequalities:

M,

0<2 <Gl (),
0<b <G q(g)
atf 1.11
M(/Il /12) — mdx{p q} ( )
a+fl max{p,q}
A (p— 71)”h ”17 71 + A (g— 72)”h ”t] 72 < a+f—max{p,q} a+B—max{p.q} (maX{p,q})(Hﬁ—me;{p.q}
m L7 (@) a2 LT (@) a+h (1-42) (@B, '

Theorem 1.1. Suppose that G = (V, E) is a locally finite graph, Q # 0 and 0Q # 0. If (1,, A») satisfies
(1.11), system (1.9) admits one nontrivial solution of positive energy and one nontrivial solution of
negative energy .

Remark 1.1. There exist A, and A, satisfying (1.11). For example, let m; =2, my =3, y; =2, y, =3,
p=4qg=5a=2B=4and

° 56
2 4 2 s
Co= C8 (D) +2C8 (Q)’ 11l ) = 9. g a1 C24(Y); IIthI fo = 55035,
2,4 35
When Ay = $C;4(Q) and A, = {C;3(Q), we can obtain that
My e =L oot
(/117/12)_3'25 _96’ 2 = 18.
Evidently,
6
My ) < Mo
Moreover,
5° 5% 55

| R 3
20C2 4(Q)||h1||L2(Q) 5C3’5(Q)||h2||z%(g) =

Hence, (1.11) holds for A, = 1C53(Q) and 2, = ;C;3().

Theorem 1.2. Suppose that G = (V, E) is a locally finite graph, Q # 0 and 0Q # (0. For each 1, > 0,
assume that (u,0) is a semi-trivial solution of system (1.9). Then

9,233+9,232 <9,231'

mi,p

lellymir ) < (/hHlC” (Q))w.

where Hy = max,cq hi(x). Similarly, for each 1, > 0, assume that (0,v) is a semi-trivial solution of
system (1.9). Then

1
M0y < (AHZCJR ()77,

ma,q

where Hy = maX,cq hy(x).
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Moreover, we also investigate the existence of a ground-state solution for the following poly-
Laplacian equation on G = (V, E) by applying Theorem 3.3 in [4]:

(1.12)

£, pu = AUl 2u + c(xX)|ul*2u, xeQ,
u(x) =0, x € 09,

where Q U 0Q c V is a bounded domain, m is a positive integer, p,y > 1, 4 > 0,y < p < a and
h(x),c(x) : Q —» R*. Denote

p—_O’yCl;yp(Q) ((COCZ’p(Q))p_Q (Q _ p)a—p(a _ y)y_a)ﬂ ’

/10: H

y(@—p) = .
=T (c,C® ()", A, = min{dy, A, ), 1.13
. pcyHoC,ZW(Q)( 0Ca ()", Ay = min{ly, 4.} (1.13)

where Hy = max,cq h(x) and Cy = max,cq c(x). We obtain the following result.

Theorem 1.3. Suppose that G = (V, E) is a locally finite graph, Q # 0 and 0Q # 0. If 1 € (0, Ay), then
(1.12) admits one nontrivial solution of positive energy and one nontrivial solution of negative energy.
Furthermore, if A € (0, A,4), the negative energy solution is the ground-state solution of (1.12).

Remark 1.2. Similar to the arguments of Theorem 1.1, applying the mountain pass theorem and Eke-
land’s variational principle, we can also get one nontrivial solution of positive energy and one non-
trivial solution of negative energy for (1.12). We do not know whether these two solutions are different
from those two solutions in Theorem 1.3 which were obtained, essentially, by using the fibering method
and the Nehari manifold.

2. Preliminaries

Define the space W = W,"""(Q) x W;*(Q) with the norm

G, Wlw = llullymr gy + IVllyraq)-

Then, W is a finite dimensional Banach space. The energy functional ¢ : W — R of system (1.9) is
defined as follows:

1 A
Y(u,v) = —f IVm‘ul”du——lfhl(X)luly‘d#
P Jouaa Y1 Ja

1 A 1
+— f IV™yfidy — =2 f hy ()" dp — —— f c(O)lul*vPdu. (2.1
q Jouvso Y2 Jo a+pB Jo

Then, ¥(u,v) € C'(W,R). Moreover,

<1V(M,V),(¢,(P)> = jg; 9Q(£m1,pu)¢dﬂ_/llfhl(X)lulyl_2M¢d/l

Q

+ f (EmygV)pdp — A5 f ha () pdu
QUON Q
()|l ulvPpdu — - f c()|ul* WP 2vedp. (2.2)
(04 +B 0

a
a+ﬁ Q

Electronic Research Archive Volume 31, Issue 12, 7473-7495.
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Definition 2.1. («,v) € W is called a weak solution of system (1.9) whenever, for all (¢, p) € W, the
following equalities are true:

(0

f Emy pt)pdu = 4 f I (0l ugdps +
QUIQ

O a +

a'i 7 fg (Ol W vepdp. (2.4)

f c(Olul**ulvP gdp, (2.3)
B Jao

f EmygV)pdp = 2 f hy ()" vedy +
QUA o)

Evidently, (u,v) € W is a weak solution of system (1.9) if and only if (, v) is a critical point of .

Proposition 2.1. Assume that (u,v) € W is a weak solution of system (1.9). Then, (u,v) € W is also a
point-wise solution of (1.9).

Proof. We define two functions ¢, ¢ : V — R as follows for any fixed y € V:

I, x=y,
(x) = ¢(x) = {
0, x#y.
Hence, by (2.3) and (2.4), the following holds:
£, pt(y) = L) uly) + ai IBC(y)Iu(y)I“_Zu(y)IV(y)Iﬁ ;
£,V (V) = LIV () + af_ IBC(y)Iu(y)I"IV(y)Iﬁ ().

By the arbitrariness of y, we come to the conclusion.

Lemma 2.1. ( [15]). Assume that G = (V,E) is a locally finite graph: Q U 0Q C V is a bounded
domain with Q # 0. For any given m and s with m € N* and s > 1, W;"*(Q) is embedded in L'(Q) for
each 1 < r < +oo. Especially, there exists a positive constant C,, ((£2) such that

( f |u<x>|rdu)’ scm,sm)( f |V'"u<x)|~vdu)x, 2.5)
Q QUOIN

where

C
(1 + Q) with C satisfying that ||ullprq) < CIIuIIW(r)n-r(Q), (2.6)

min

Cins(Q) =

and |Q| = 3, cq u(x). Furthermore, W;"*(Q) is pre-compact.

Moreover, if for each x € Q, there is at least one y € 0Q satisfying that y ~ x, we can present a
specific value of C,, ((€2) with m = 1 and s > 2. The details are as follows.

Lemma 2.2. Suppose that G = (V, E) is a locally finite graph, Q U 9Q C V is a bounded domain with
Q # 0 and 0Q + 0, and for each x € Q, there is at least one y € 0Q satisfying that y ~ x. Then, for any

s>2and 1 <r < +oo,
( f IM(X)Ird,u) < C14(Q) ( f IVM(X)I“'dM) ) 2.7)
Q QUAQ
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where

1

_l 2 max 2
cl,s<sz>:<1+|ﬂ|>ﬁm;n( f: ) :

min

Mmin = MNyeQ ,LL()C), HMmax = MaXxecouoQ ,u(x) and Wmin = MNxeQuaQ Way-

Proof. The following holds:
lellyyriqy = fQ o [Vu(x)l*du
%

1
> (m D wiyu(y) - u(x))z) p(x)
y~x

X€QUOQ
Whmin % s
> \g| 20 20— uluco
XeQUIQ y~x
Wmin % K s
= |5 (Z D) = u@l + T ) - u()] )ﬂ(x)
Hmax XEQ y~x XEOQ y~x
Wmin % K s
> |3 (Z D) —u@l+ Y > )l )u(x)
Himax xeQ y~x,yeQ X€Q y~x,ye0Q
Whmin % s
N e DI
Himax XeQ y~x,yedQ
Win : s
> (5] D @l uC).
ﬂmax xeQ
Hence,
) 3
HMmax
”uHLX(Q) < ( mé ) ||u||Wé’5(Q)'
Moreover, by (2.8), we have
) 3
it (2t
lills < fi el < ,umin( e ) [
min

It follows from (2.9) that for any 1 < r < 400, the following holds:

1

(Z |u<x>|fu(x>)

el =
xeQ
1
< Q" |l
1
L, -1 2,umax ’
< Q@ lleell .
/’lmm( Winin W0 Q)

(2.8)

(2.9)
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1

A—l 2,umax :
< (1+|Q|),Umfn(w ) llly -

min

Assume that B is a real Banach space and f € C'(B,R). We say that f satisfies the Palais-Smale
condition if any Palais-Smale sequence {u,} C B has a convergent subsequence, where {u,} is called
the Palais-Smale sequence if for all n € N, there exists a positive constant ¢ such that |f(u,)| < ¢ and
f'(u,) > 0asn — oo.

Lemma 2.3. ( [18]) Assume that B is a real Banach space and f € C'(B,R), where f satisfies the
Palais-Smale condition and f(0) = 0. Moreover, if f satisfies the following conditions:

(i) there exist two constants r and m with r,m € R* such that fsp,) > m, where B, = {x € B : ||x||g < r};
(i) there is x € B\B,(0) satisfying that f(x) <0,

then f admits a critical value m, > m and

m, := inf max (7w (¢)),
nmell tE[O,l]f( ())

where
II:={reC(0,1],B) : 7(0) = 0, 7(1) = x}.

Lemma 2.4. ( [19]) Assume that (B, p) is a complete metric space and f : B — R, which is lower-
semicontinuous and bounded from below. Moreover, there exist 6 > 0 and x € B such that

f(x) < i%ff + 6.
On that occasion, there exists y € B such that

f) < f(x), plx,y) < 1.

Furthermore, for all w € B, the following holds:
fO) < fw) +6p(y, w).
3. Proofs for Theorems 1.1 and 1.2

Lemma 3.1. For each (A,, ) satisfying (1.11), there exists a positive constant r, ., such that
Y(u,v) > 0 whenever ||(u, v)llw = 1o, 1)-

Proof. Note that

c(x) < man c(x) :=Cy, hl := miél hi(x) < hi(x) < magx h(x):=H;, i=1,2, forallxe Q. (3.1)
XE XE X€E

Then, by using Lemma 2.1 and Young’s inequality, for all u € W;""*(€Q), the following holds:

f hi(0)ul” du
Q

Electronic Research Archive Volume 31, Issue 12, 7473-7495.
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< p_”fhl(x)p‘%dwﬂfwdu
V4 Q P Jao
P—=7

=7 71 »
< IHL%@ S (®)]117] W Q) (3.2)
Similarly, for all v € W;*(€Q), the following holds:
q-7y = Y
fmmWWd 2ol +im¢mwmﬂ. (3.3)
Q LT72(Q) (%))
Furthermore, for all (1#,v) € W, Lemma 2.1 and Young’s inequality imply that
f c(O)lul*vPdu
Q
< Coflul"IVIﬁd,u
Q
< Co( a f|u|“+ﬁdﬂ+%f|w“+ﬁdﬂ)
aCpp@) g B r‘z:i( -
= CO ” || mlp || || qu . (34)
+ @ "o+ @

Thus, (2.1) and (3.2)—(3.4) imply that when (1, 4,) € (0,C,” () x (0, C,;gﬂ(Q)), for any (u,v) € W
with [|(u, v)|lw < 1, the following holds:

1 A
R e e T
p @y Ja

1

A 1
q _ ay, 18
+mw%m)mﬁmmm@ fEJRMMMW

A(p - 71)| 1”,,”
(&) PY1 L7771 (Q)

1 (g =) =
— q q =) 72
+2 (1= 220 (@) Mg, = Wl
Co (2Ch@ og B :z:’;@) s
- ll —
a+p

\%

1
p(l—/u65”xﬂnnmwmw

a+p W) + /(o)

. 1 - /11 m p(Q) 1 - mz q('Q) max{p,q max{p,q}
mm{ - (i + ez

(eCo (@ + BC (@) llaw I

my,p my,q

2

0
(@ +p)?
Ai(p— o

_ 1(p ’}’1)”}11”1,1 A(g — ’}’2)”h ”MZ

LP1(Q) qy> L" 2(Q)

max{p,q}
[z, VN,

\%

21—max{p,q} min {1 B AICZI,P(Q)’ 1- mz q(Q)}

p
aCeb (Q) + BCoE () I, vy

miy,p m.q

Co
_m+mA
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/1 _ 9
1(19 71)|Ih & = _ 2(q yz>||h2||ﬁi . 3.5)
PY1 LPT 20 Q) qY2 LT72(Q)
Note that
1-2 C,ﬁ Q) 1-2 C,‘L Q
Mg,y = 2i7mird min{ o ), 2o )},
P q
Co " "
M, = «y+ﬁy( aCoth (Q) + BCaB(QY).
Define
/l _ _pP /l _ 49
) = Moy ™ 09 = pygeep = L= it Ay a0y 3e)
PY1 LP™71(Q) qy2 L1772 (Q)

To find r(y, 1, satisfying that y(u, v) > 0 whenever ||(u, v)[lw = r(4,.1,), it suffices to prove that there is

(Al 1 € (0, 1] satisfying that f(tu y )) > (. In fact, by (3.6), we have

F(© = max{p,g}Mp, it™ P4 — (@ + )M,
/(0 = max{p,qglmax{p, q} — DM, 1, "™ P9 — (a + B)(a + B — 1)Mt""#2.

Let f'(zf), 1,)) = 0. We obtain that

1
~ max{p, g} M, 1, \** "0 9
e =\ " p, |

Since A, and A, satisfy (1.11), we have that 0 < ¢* < 1. Moreover,

(A1,42) —
max{ D, q} M(/h o max{p,q}-2
(1 = - DM, ’
J( (/11,,12)) max{p, g}(max{p, g} ) (/11,/12)( (@ +B)M,
max{p, ¢}M, 1\
—(a + +p5-1M

(@+pB)a+B-1) 2( (@t P,
max{p, q}M(/h A2) ah

= —a—-BM. :

(max{p,q} —a - p) 2( @+ P,

< 0.

Hence, by (1.11), we have
max f(1) = f(t(tll,/lz))

te[0,1]

max{p,q}

T Bmar ol __atf
max{p, q}M(/ll,/lz) a+f—max{p.q) max{p, q}M(/ll,/lz) a+B—max{p.q}
M, .20 - M,
(@ +BM, (o +pB)M,

/l( - ) p=y /l( ) q-y
e [ [ e 22l

P71 LPYT(Q) qy2 LT72(Q)
max{p.q}

a+p—-maxip, g} riea ( max{p, i |
a+p ) (e +p)M;

Electronic Research Archive Volume 31, Issue 12, 7473-7495.



7484

Ai(p =) (g —72) P
S I A g - ——hll"7
PY1 LP= 71 Q) qy2 L1772(Q)

> 0.
Let ray 1) = (3, 4, Hence, we have come to the conclusion.

Lemma 3.2. For each (A,,4) satisfying (1.11), there exists (Ugp, 1), Vaa)) € W with
(.00 Vo)l > Ty a0 such that Y(ug, a,), v, ) < 0.

Proof. For any given (u,v) € W with fQ c(x)|u|*vPdu # 0 and any z € R*, we have

1 A
W(zu,zv) = —Z”Ilullpmlp S fhl(x)|u|71du
p Y Q

@

1 A 1
+ﬂM%M-"% fmuwwm———ﬂwfdmwwwt
q )’ +p Q

Q)

1 l 1
P Y1 Y1
S el = =, =2 wfﬂlul dp

+— q v q " _ Y2 v72d _
1) ||WOM(Q) e L

IA

: Pl f c(O)lul*vPdu. (3.7)
B 0

a +

Note that @+ > max{p, g}. So, there exists z(4, .,) large enough such that ||(z(1, 1,)%, 20, 1) V)Iw > T(4,.00)
and Y (21, 10U Z0,.1,)V) < 0. Let uey, 1,) = 20, .1)% and v, 4 = Z(1,.1,)v- Then, the proof is finished.

Lemma 3.3. For each (A, Ay) satisfying (1.11), ¥ satisfies the Palais-Smale condition.

Proof. For any Palais-Smale sequence (u;, vi) € W, there exists a constant ¢ with ¢ > 0 such that
[ (uy, vi)l < ¢ and ¥'(ug,vi) > 0 ask — oo, forall k € N.
Hence, the following holds:

c+ ”ukllw(;”l’l’(g) + ”Vk”W(')"Z’q(Q)

W%

1
Yug, vi) — m(%ﬁl(uk, Vi), (U, vi))

1 1 1 1
(; - m) llotell? W (@) + (5 - m) [vill? W)
- (i - ) f o GOl s — Az(l - L) f IOl dy
i a+B)Jo Y2 a+B)Ja

1 1 1 1
— - ol W ~ = [lvill} e
p a+p @7 q a+p (o)

1 1
- _— V1
A (’}/1 a +B) Hlle p(Q)”uk' Wml ])(Q)
1 1
- —_— - 72 V2
/l (!}/2 o +ﬂ)H2Cm2 q(Q)”vk”ngz,q(Q). (3.8)
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We claim that ||(u, vi)||w 1s bounded. In fact, if
”“k”w(’)”l"’(g) — oo and ||vk||W(ran,q(Q) — oo as k — oo, 3.9
then it follows from (3.8) that

¢ + ||(ug, vi)llw

Lol 11 ,
> min > aiBa aiB (Ilukllwgll,p(m + | k||Wm2q(Q))
1

1 1 1
_ o Y1 o V2
max {/11 ()/1 > +,8)H1C’"1 p(Q) Ao (y2 " +B)H2Cm2q(Q)} (llukll gy + |[vll mzq(g))
1 1 1 1

2l mm{— - }n( vl
p a+fq a+p "

1 1 1 1
- A |— - ——=|HC}} (Q), 1| — - —— |H.CP, (Q [z,
rnax{ 1()/1 a+ﬁ) 1G5, (€2) 2(72 a+,3) 2G50 o ( )}ll(uk villy

which contradicts (3.9). If

%

ltgllym iy — 0 @ k — oo, (3.10)

and ||Vk||W(’)”2~tl(Q) is bounded, then (3.8) implies that there exists a constant ¢; with ¢; > 0 such that

1 1
)” dhyisgy = (— - a—w)chz; SNl

cr + llugllymr gy 2 (_ -
0 p Y1

«@’

a+p
which contradicts (3.10). Similarly, if

”Vkllw(')"Z*”(Q) —> ooask — 00,

and ||uk||W(r)n.‘p(Q) is bounded, we can also obtain a contradiction. Hence, [[ullym»q, and ||Vk||W(’)"2~q(Q) are
bounded. Then, there exist subsequences {uy,} C {ux} and {vy,} C {vi} such that u;, — up and vy, — vo
for some uy € Wy'""(Q) and vy € W;*(Q) as n — co. Moreover, Lemma 2.1 implies that

g, — o in Wy'"(Q) and vy, — vy in Wy>(Q) asn — oo.
The proof is complete.

Proof of Theorem 1.1. Applying Lemmas 3.1-3.3 and Lemma 2.3, we obtain that for each (4, 4,)
satisfying (1.11), system (1.9) admits one nontrivial solution (u, vo) which has positive energy. Next,
similar to the proof of Theorem 3.3 in [20] and Theorem 1.3 in [21], we prove that system (1.9) admits
one nontrivial solution of negative energy. Note that y; < p and y, < g. Then, it follows from (3.7)
that there exists z small enough such that

W(zu, zv) < 0.

So,
—oo < inf{Y(u,v) : (u,v) € Bm 1>} <0,
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where r(,, ,,) 1s given in Lemma 3.1 and Brumz) ={(u,v) € W|||(u,v)||W < r(,.1))- Moreover, by Lemma
3.1, for each (4, A,) satisfying (1.11), the following holds:

—oo < inf Y(u,v) <0< inf Y(u,v).

"(1.42) "(A1.47)
Set
1 ) .
- ¢e|0, inf ¢(u,v)— inf Y(u,v)|, n € N. 3.11)
n 9 A1) (A1.42)
By the definition of an infimum, we obtain that there is a point (u,, v,) € Bml,@ satisfying
. 1
Uuy,vy) < inf Y(u,v) + —. (3.12)
n

"(A1.49)

Since y¥(u,v) € C YW, R), W (u,v) is lower semicontinuous. Hence, using Lemma 2.4, we get

1 _
Y, Vi) < Y(u,v) + le(u,V) = (U, va)llw, Y(u,v) € By, -

Moreover, (3.11) and (3.12) imply that

U(u,,vy) < inf Y(u,v) + % < inf Y(u,v);

"(A1.42) "(1.42)

thus, (u,,v,) € B Set M, : W —> R as

T(1,9) "
1
M, (u,v) = Y(u,v) + le(u, V) = (Up, vi)llw-

Then, (u,,v,) € B is the minimum point of M, on B Hence, for some (u,v) € W satisfying

r(A1,47) r(y,49) " =
that ||(«, v)|lw = 1, assume that ¢ > 0 is small enough such that (u, + tu, v, + tv) € B,“l’/lz). Then
Mn(un + fu, Vn +ttv) - Mn(una Vn) > 0 (313)
By (3.13) and the definition of M,, the following holds:
, 1
<w (I/ln, Vn), (I/l, V)> > _;l.
Similarly, if # < 0 and |¢| is small enough, then
, 1
<w (un’ Vn), (I/t, V)> < ;l
Therefore,
’ ’ 1
W s vi)ll = sup |4 (i, Vi), (1, v))| < e (3.14)

llGu)llw=1
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Thus, (3.12) and (3.14) imply that

U(u,,v,) = inf Y(u,v) and || (u,,v,)|| = 0 asn — oo.
"(21,12)

Hence, by using Lemma 3.3, we know that there exists a subsequence {(u,,, v,)} C {(u,, v,)} satisfying
that (i, v,) — (3, v3) € By, . ask — oo, and that

Yuy,vy) = inf y(u,v) <0 and ¢'(uj,vy) = 0.

"(A1,49)

Hence, system (1.9) admits a nontrivial solution (u, vy) which has negative energy.

Proof of Theorem 1.2. For each A4, > 0, assume that (u, 0) is a semi-trivial solution of system (1.9).
Then, we have

f V™" ulPdu = A, fhl(x)|”|71dll < A4H, f ' du < A H,C) (el
QUIQ Q Q ’ Wo ()

0

Hence,
i
”ullwg’l-l’(g) < (/IIHICYI (Q))p—n )

mi,p

Similarly, for each 1, > 0, if (0, v) is a semi-trivial solution of system (1.9), we can also obtain

1

My o) < (LHCP ()7 .
4. Proofs for Theorem 1.3
In this section, we discuss the existence of a ground-state solution for (1.12) by using Lemma 2.5

and Theorem 3.3 in [4]. In [4], Brown and Wu researched the following operator equation basd on the
fibering maps and the Nehari manifold:

Am)—Bu)—Cu)=0, ues, 4.1

where § is a reflexive Banach space, A, B,C : § — S* are homogeneous operators of degree p—1,a—1
and y — 1 with 1 <y < p < a. The energy functional of (4.1) is

1 1 1
J(u) = —(A@), u) — —(B(u), uy — —(C(u), u), (4.2)
p @ Y
the fibering map is
Gu(1) = 1<A(u), ut’ — l<B(u), ut’ — 1<C(u), mt’, (4.3)
p a Y

for all ¢ > 0, and the Nehari manifold is

N = {u €S\ {0} (w),u) = 0}.
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Define
d(u) = (J'(w), u).

Then, N can be divided into the following three parts:

N* = (u e N[(¢'(u),u) > 0},

N® = {u e N|(¢' (u),u) = 0},

N~ = {ue N[(¢'(u),u) < O}.
In [4], Brown and Wu obtained the following results.

Lemma 4.1. ( [4], Lemma 2.5) For any u € S, when (B(u), u) > 0 and (C(u),u) > 0, there exist t, and
t; with 0 < t} < t, such that G,(t) is increasing on the interval (t},t,) and decreasing on the interval
(0,£)) and interval (¢, +0).

Lemma 4.2. ( [4], Theorem 3.3) If the following conditions hold:

(Hy) u — (A(u), u) is a weakly lower semicontinuous function on S and there is a continuous function
k : [0,+00) — [0,+00) with k(s) > 0 on (0,+00) and lim,_,., k(s) = oo such that for all u € §,
(AQu), uy = k(|leelDlleell;

(H») there existu; € S, i = 1,2 such that

(B(up), ur) > 0,{C(u3), uz) > 0;

(H3) B, C are strongly continuous;
(Hy) there exist two positive constants dy, d, with

&) < (p =)@ = p) (e -y
such that

(B(u), uy < di[(A(w), u)]7, (4.4)
(C(uy, uy < dr[{Au), u)]?, (4.5)

then (4.1) admits at least two nontrivial solutions uj and u;, where
uy € N°, J(ug) = Mier)1\£ J(u),
ug € N7, Juy) = ulelll\;‘ J(u),
and N° = 0.
In the locally finite graph G = (V, E) setting, let S = W;*"(Q) and

(A(w),uy = ||u||€‘,0m,p(m, (4.6)

(B(u),uy = fg c(x)lul*du, 4.7

(C(w),uy = /lfh(x)lulyd,u. 4.8)
Q
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Similar to the arguments in [4], (H;)—(H3) hold with A, B and C respectively defined by (4.6)—(4.8).
Note that
Co = max c(x), Hy = max h(x).
xeQ xeQ

Lemma 2.1 implies that the following holds:

[ ettt du < Cuc (@l (4.9)
Q

0

and

Y
/lfgh(x)lulydu < /lHOCZn’p(Q)llullW,,z,p(g). (4.10)

0
Let

dy = GGy, ,(Q), dy = AH,C), (D).
Then (4.4) and (4.5) hold. Moreover, note that

n= 2o @((ac, @) @-pra-yr)

Then, it is easy to see that (Hy4) holds if 1 € (0, Ap). Thus, by Lemma 4.2, (1.12) admits at least two

nontrivial solutions u; € N and u; € N, and one of them must be a ground-state solution. Next, we
discuss which is the ground-state solution. Note that the energy functional of (1.12) is

1 A 1
Jw) = =l np o~ = f h()|ul”dp — — f c(O)lul*du, Yu e Wi (Q), 4.11)
p M@y g a Jao
and for each u € W(')11 P(Q)\{0}, the corresponding fibering map is

tP A ¢
Gu(t) = —lulll .y, — =1 | AOuldu— — | c(X)lul®du, Vt € (0,+00). 4.12)
p Wo @y Q a Jo

We can obtain that G,(f) has positive values if 4 € (0, A,) where A, is defined by (1.13). In fact, we
define

P I
F — p _ a

By (4.9), we have

max Fu(1) = Fu(tou) s
P 2 , .

Ly W )1 fc(x)wczﬂ ellpog,

P e Ve Jo, c@lulodu

p )| [, c(oluldu
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a— e
> L (ac @) (4.14)
a
with ) n
[ g
Ou — | —(+ . ., . . .
Jo cOOMuledps
Furthermore,
P!
—13, f h(x)|u|”du
Y Q
AH, .,
P w7
AH {171]
= 20y (@Ml |
y ™ 0o DL c(oluldy
= Moy Ml )
y " e@)luledp
AH, ,
= —OCL,,,(Q)(ﬂFu(roa) . (4.15)
y @—p
It follows that
/l Y Y
G.(tow) = Fu(tOM)_;t()u h(x)|ul d,LL
Q
b Py H, ’
> F;(zou)[F/ <r0u>—ﬂ7°czn,p<ﬂ>(apfp) ) (4.16)
Note that
y(@ - p) i
=12 (e ().
: paHoc,L,,,(Q)( oCrr(@)

Then, for all u € W’ (Q)\{0}, if A € (0, A,), it follows that
G, (t,) > 0. “4.17)

Moreover, for all u € N7, the following holds:

G;(1)=IIMII’V’V(T,p(Q)—Lh(X)Iulydﬂ—LC(X)luladM=<J'(u),u>=0,
and
G,(1) = (p—1)||u||’V’Vsn.p(Q)—(7—l)fgh(X)lulyd,u—(a—l)fQC(X)Iulo‘d,u

pllully,n, —th(X)lulyd,u—afC(X)IMI"d,u—(Ilullpm,p —fh(X)Iulyd,u—fC(X)Iul"dM)
Wy (@) o Q o @ g Q
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= (¢'(w),u) — (J'(u), u)
< 0.

Then G, (1) is a local maximum value of G,(r) on (0, +0). It is easy to see that for any u € W’ (€)\{0},
we have

(B(u),uy = f c(0)lul"dp > 0,
Q

(C(u), u)

/lfh(x)lulyd,u > 0.
Q

Then, by Lemma 4.1, for all u € N7, there exist 7, and 7, with 0 < ¢/ < ¢, such that G,(?) is
increasing on the interval (¢, ;) and decreasing on the interval (0, 7)) and interval (7, +0), together
with G,(0) = 0 and (4.17), which implies that both the local maximum point 7, = 1 and 7, belong to
the interval (¢, +o0). Thus, for each u € N~, we have

J(Lt) = Gu(l) = Gu(l()u) > 0.

Similarly, for each u € N*, we know that G,(1) is a local minimum value of G,(#) on (0, +oc0), which
is located at (0, #,) by Lemma 4.1. Hence, for each u € N*, we have

Jw) =G,(1) <G,(0)=0.

Therefore, we conclude that (1.12) admits a nontrivial ground-state solution u; € N if 1 € (0, A44)
where A,, = min{Ay, 4,}.

5. Some results on the finite graph

Assume that G = (V, E) is a finite graph. Using similar arguments as for Theorems 1.1 and 1.2, we
can obtain similar results for the following poly-Laplacian system on finite graph G:

£y ptt + a(Olul”u = Ay () ul 2u + ﬁC(x)lul"_zuIVIﬂ, xeV, 5.1)
£mr.qV + DOy = (X)W 72y + cf%ﬁC(x)lul"lvlﬁ_z\/, xeV, .

where m;,i = 1,2 are positive integers, p,q,y1,y> > 1, A1, A, @, > 0, max{y;,y,} < min{p,q} <
max{p,q} < a+p, a,b,h,hy,c : V — R*. Moreover, similar to the arguments in Theorem 1.3, we can
also obtain a similar result for the following equation:

£ ptt + a0’ u = Al u + c(xX)ul*2u,  xe€V, (5.2)

where m is a positive integer, p,y > 1, 4, > 0,y < p < a, a,h,c : V — R*. For any given m and
s with m € N* and s > 1, the definition of W™*(V) is similar to that of W"™*(Q), which changed the
region from Q to V; the norm is defined as follows:

1

lllwmsvy = (f(lel//(X)l‘Y + h(X)Il//(X)IS)d/l)S :
Vv
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Similarly, for any given 1 < r < +oo, the definition of L"(V) is also similar to that of L"(Q2), and the

norm is defined as follows: 1
il = ( f Iu(x)lrd,u) |
1%

For system (5.1), we work in the space of W(V) = W™-?(V) x W"4(V), and for (5.2), we work in the
space of W"?(V). Both W(V) and W"?(V) are of finite dimension. See [15] for more details.
Denote

M(/ll 1 )(V) — 21—max{p,q} min {1 - /11CZ(V) 1 - ﬂzCZ(V)}
A2 5 , ; ’
Co(V
M (V) (a/o.:ﬁ;Z (aC;‘j*'B(V) +,3CZ+’B(V)) ,

where Co(V) = max ey c(x) and C,(V) and C (V) are embedding constants from W™-?(V) and W">4(V)
into LP(V) and L9(V), respectively, which have been obtained in [22] with

Cvy = Caev O Eeers)”
N:I’lln lfl:ln ’Ll:illl’l T‘i’ll]’l

Next, we state the results similar to Theorems 1.1-1.3. Suppose that 4, and A, satisfy the following
inequalities:

0< 2 <C,(V),
0< A <CAV),

+ 5.3
Mo, an(V) < 55 o My(V), (5.3)
a+p max{p.q}
/ll(p Y1) =7 /lz(q v2) =y 72 a+f—max{p,q} a+f—max{p.q) (max{p,q})n+ﬁ—max(p,q)
m 12y ”Lp (V) + qy2 172 ”L‘i (V) < a+f Ml (a+B)M, ’

Theorem S.1. Assume that G = (V,E) is a finite graph. If (1, A,) satisfies (5.3), then system (5.1)
admits at least one nontrivial solution of positive energy and one nontrivial solution of negative energy.

Theorem 5.2. Assume that G = (V,E) is a finite graph. For each A, > 0, suppose that (u,0) is a

semi-trivial solution of system (5.1). Then

1
lellwm oy < (A HI(VICH(V))

where H (V) = maX,cy hi(x). Similarly, for each 1, > 0, suppose that (0,v) is a semi-trivial solution
of system (5.1). It follows that

s < (VG0

where Hy(V) = max ey ha(X).

Denote

1) = F LW ((@c)™ @ = pr e -y)
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y(a - p) z

W) = T (CoNICEV))™, Aus(V) = min{o(V), A (V)},

where Hy(V) = max,cy h(x) and Cy(V) = max,cy c(x).

Theorem 5.3. Assume that G = (V, E) is a finite graph. If A € (0, 1o(V)), then (5.2) admits at least one
nontrivial solution of positive energy and one nontrivial solution of negative energy. Furthermore, if
A € (0, 1« (V)), the negative energy solution is the ground-state solution of (5.2).
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