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Abstract: In the current paper, the Cauchy problem for the inhomogeneous nonlinear Schrédinger
equation including inverse-square potential is considered. First, some criteria of global existence
and finite-time blow-up in the mass-critical and mass-supercritical settings with 0 < ¢ < ¢* are
obtained. Then, by utilizing the potential well method and the sharp Sobolev constant, the sharp
condition of blow-up is derived in the energy-critical case with 0 < ¢ < ](V;:;)Az’ c*. Finally, we
establish the mass concentration property of explosive solutions, as well as the dynamic behaviors of
the minimal-mass blow-up solutions in the L>-critical setting for 0 < ¢ < ¢*, by means of the variational
characterization of the ground-state solution to the elliptic equation, scaling techniques and a suitable

refined compactness lemma. Our results generalize and supplement the ones of some previous works.
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1. Introduction

This article discusses the Cauchy problem for the following inhomogeneous nonlinear Schrodinger
equation (NLS) with inverse-square potential:

{i(pt = (=A = o) — KX)le” 20, t >0, x e RY, 0

¢(0,x) = ¢p € H'RY), x e RV,

whereN23,O<T§oo,<p:[O,T)XRN—>C,K(x)ECI(RN,R),2<p§p*:%and0<c§c*,

2 . . .
where ¢* = % represents the sharp constant of the following Hardy’s inequality:

C*f |X|_2|90|2dx§f IVel’dx, ¢ € H'(RY).
RN N
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The model of inhomogeneous NLS (1.1) with inverse-square potential can be applied to a variety of
physical environments, such as black hole solutions of Einstein’s equations or quantum field equations
(see e.g., [1-3]) and quantum gas theory (see e.g., [4-6]).

In the present work, our interest focuses on the optimal criteria of global existence and finite-time
blow-up, as well as the L?>-concentration property and the dynamics of blow-up solutions for Eq (1.1),
which are pursued in both mathematics and physics.

Before going further, we recall some existing results. When ¢ = 0, Eq (1.1) becomes the following
common inhomogeneous NLS:

i = —Ap — KXl ¢, (1.2)

which is widely used in fields such as quantum mechanics, nonlinear optics and Bose-Einstein
condensation. In the past several decades, this kind of NLS has garnered a great deal of interest.
Under the condition of K(x) = 1 in Eq (1.2), Weinstein [7] not only applied the ground-state solution
to the scalar equation

2|+~

Ap—@+lplv =0 (1.3)

to establish the sharp criterion of global and blow-up solutions, he also showed the existence of the
unstable standing wave solutions in the L-critical case (p = 2 + %). Merle, in [8], proved the mass
concentration of explosive solutions and classified the minimal-mass blow-up solutions on non-radial
data in the L>-critical setting by utilizing the concentration lemma and pseudo-conformal
transformation, together with the variational characterization of the ground-state solution to Eq (1.3).
In [9], Hmidi and Keraani proposed a refined compactness lemma by applying the profile
decomposition to bounded sequences in H!(RY). In view of the obtained compactness result, they
also gave the simpler proofs to the concentration property of solutions blowing up in finite time,
the limiting profile and determination of the minimal blow-up solutions to the homogeneous
L?-critical NLS.

Under the condition that K(x) # constant and satisfies some appropriate assumptions, Merle [10]
explored, in detail, the existence or nonexistence for the minimal-mass blow-up solutions, as well
as the blow-up dynamical properties of solutions to Eq (1.2). Shu and Zhang [11] derived a sharp
condition for the existence of a global solution to Eq (1.2) with the mass critical exponent p = 2 + %
by constructing some cross-invariant manifolds and variational problems. It is also worth noting that,
forp=2+ ﬁ and K(x) # constant satisfying (A;) — (A;) (see Section 2), Liu [12] established a new
sharp criterion for the explosive solutions to the H'-critical inhomogeneous Eq (1.2) with p = 2 + ﬁ
for the non-radial case by using the potential well method. These studies are strongly dependent on
the hypotheses imposed on the inhomogeneous coeflicient K(x). Then, a natural problem arises: Are
these results valid for the inhomogeneous NLS (1.1) with inverse-square potential (¢ # 0) and variable
coeflicient K(x) # constant? It is one of our starting points to study problem (1.1) in the current article.

For the case that ¢ # 0 and K(x) = 1, Eq (1.1) corresponds to the homogeneous NLS with inverse-
square potential, which has been extensively discussed due to the singular property of inverse-square
potential c|x|~2. In [13, 14], the authors researched the global scattering and blow-up problems for the
focusing and defocusing NLS in the intercritical and energy-critical settings, respectively. By making
full use of the ground state to the elliptic equation

—Ap — clx o — el o+ 9 =0, ¢ € H'(RY), (1.4)
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Dinh [15] showed the finite-time blow-up and global existence of radially symmetric and non-radial
solutions of Eq (1.1) in the mass-critical and mass-supercritical settings with ¢ < O or 0 < ¢ < ¢*, as
well as the criterion of blow-up solutions for the energy-critical case with ¢ # 0 and ¢ < 1(\1'3:;‘5\2’ c’,
respectively. By replacing the power-type nonlinearity by —(1, * |¢|”)l¢|"~%¢ in Eq (1.1), in light
of Dinh [15], Li [16] investigated the criteria of global existence versus blow-up for non-radial
and radial solutions to the L’-critical and L*-supercritical Choquard equation in the cases of
0 < ¢ < ¢ and ¢ < 0, respectively. Under the condition that N > 3, p = 2 + % and 0 < ¢ < c¢"in
Eq (1.1), Csobo and Genoud [17] showed that the ground-state solution to the mass critical Eq (1.4)
exists, and they obtained an optimal condition for global existence. In addition, the ground-state
solution of Eq (1.4) and pseudo-conformal transformation were applied to classify the explosive
solutions with minimal-mass for Eq (1.1) in [17], and a detailed characterization of minimal blow-up
solutions was given via the variational characteristic of the ground-state solution to Eq (1.4) and the
concentration compactness principle related to the Hardy functional. For the critical case of ¢ = ¢* in
Eq (1.1), Mukherjee et al. [18] was the first to verify the existence and uniqueness of the ground-state
solution to Eq (1.4) for 2 < p < p*, which was applied to establish the criteria of blow-up versus
global existence dichotomy for the homogeneous Eq (1.1). Moreover, by taking advantage of the
variational characterization to the ground-state solution of Eq (1.4) and the corresponding
concentration compactness principle, they studied the mass concentration phenomenon of explosive
solutions and gave a complete characterization of the minimal-mass blow-up solutions. Regarding the
case that p = 2 + % and 0 < ¢ < ¢*, Bensouilah [19] proposed a refined compactness lemma related to
the Hardy functional by using the profile decomposition technique in H'(R"), and they applied it to
investigate the L?-concentration property of solutions blowing up at time 0 < T < co. Based on [17]
and [19], Pan and Zhang [20] demonstrated the accurate L>-concentration property for the explosive
solutions with a minimal mass by using the variational characterization to the ground state of Eq (1.4)
and the compactness lemma proposed by [19]. For 0 < ¢ < ¢* or ¢ < 0 in Eq (1.1), the authors
of [21,22] studied the stability and strong instability of standing waves for different values of p. For
the homogeneous NLS including combined nonlinearities and inverse-square potential, Xia [23],
Cao [24] and Li and Zou [25] researched the global existence and scattering, the existence of stable
standing waves or the existence and properties of normalized solutions, respectively. Regarding the
standing waves, Goubet and Manoubi [26] researched the existence and orbital stability of standing
waves for a class of NLS involving a discontinuous dispersion. Zuo et al. [27] applied a variational
approach based on the scaling function method to investigate the existence of normalized solutions for
a kind of fractional NLS with bounded parametric potential; the solutions have attracted widespread
attention due to their important applications in many settings, such as physics.

For K(x) = Alx|? with 2 = £1,0 < b < 2 and 0 < ¢ < ¢*, Campos and Guzmén [28] and An
et al. [29] considered the blow-up and global solutions to Eq (1.1). Pan and Zhang [30] studied the
existence of a ground-state solution to the corresponding L>-critical inhomogeneous elliptic equation
with K(x) = |x|™®, and they proved the uniqueness of the minimal-mass blow-up solutions by using
the concentration compactness principle, with respect to the Hardy functional and inhomogeneous
nonlinearity, as well as variational characterization to the ground state. To the best of our knowledge,
there is no literature concerning the inhomogeneous Eq (1.1) that includes inverse-square potential and
the general C! variable coeflicient K(x), which has significant differences with the cases of [15,17-20].
Therefore, it is particularly meaningful for us to study Eq (1.1).
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Motivated by the works mentioned above, the aims of this paper are to gain the criteria for the
existence of global or finite-time blow-up solutions to Eq (1.1) in the L*-critical, L>-supercritical cases
and the sharp criterion of blow-up in the energy-critical case, as well as the blow-up dynamics of
solutions in finite time. The main difficulty stems from the presence of inverse-square potential c|x|~>
and variable coefficient K(x), leading to the loss of pseudo-conformal symmetry and scaling invariance,
which play a vital role in the research on the blow-up dynamics; see [9, 18] for example. To overcome
the difficulty, we utilize the unique ground-state solution of Eq (3.1) to establish the global existence
and blow-up results to the mass-critical and mass-supercritical inhomogeneous NLS and apply the
ground state to characterize the blow-up dynamic behavior of solutions to Eq (1.1). To be more precise,
enlightened by [15,18], we first obtain some sharp thresholds for global existence and finite-time blow-
up in the L2-critical and L2-supercritical cases for 0 < ¢ < ¢* in terms of the ground state for Eq (3.1).
It is worth mentioning that, in this work, for 0 < ¢ < ¢*and p = 2 + %, the argument regarding
the existence of explosive solutions is established through scaling techniques, which differs from the
methods of [15, 18]. Then, under the assumptions (A;) — (A,) on the inhomogeneous coefficient K(x)
(see Section 2), following the ideas of [12] and [15], we derive the sharp criterion of blow-up in the
energy-critical case with 0 < ¢ < ?ﬁ:gg ¢* by utilizing the potential well method and the sharp Sobolev
constant. Finally, in light of [10, 19, 20], we establish the mass concentration property of explosive
solutions, as well as the dynamic behaviors of the minimal-mass blow-up solutions in the L>-critical
setting for 0 < ¢ < ¢*. The main ingredients we use in the proofs of the dynamics are the variational
characterization of the ground state for Eq (3.1), scaling techniques and a refined compactness lemma
proposed by Bensouilah [19]. Our results generalize and supplement the results of [12, 15, 18-20].

The remaining parts of the present article is structured as follows. Section 2 gives some notations
and important hypotheses, as well as some useful lemmas. Section 3 considers the criteria for the
global existence and finite-time blow-up of Eq (1.1) in the L*-critical and L*-supercritical cases, as
well as the sharp blow-up criterion in the energy-critical case, respectively. The last section focuses on
the blow-up dynamics of solutions in the L?-critical setting with 0 < ¢ < ¢*.

2. Notations and preliminaries

To simplify the symbols, we use the abbreviation f - dx to represent fRN - dx, and we denote || -
llr (1 < p <o) by ||-|l,. C represents a positive constant, which may vary from line to line.

Hereafter, we assume that the inhomogeneous coefficient K(x) satisfies some of the following
hypotheses: there exist K, > K; > 0 such that

(ADVx eRY, K| = infrepvK(x) < K(x) < supyepvK(x) = Ky < 005

(A))Vx e RN, x-VK(x) <0and |x-VK(x)| < C;
(A3) there is xy € RY satis fying that K(x) = K.
In accordance with Dinh [15] and Okazawa et al. [31], we have the following argument regarding

the local well-posedness of solutions to Eq (1.1).

Proposition 2.1. Let ¢y € H'RY), 2 < p<p*and0 <c <c*orp=p and0 < c < z(v;:g)z\zl

assume that (Ay) holds ; then, for T € (0, co0] (maximal existence time), the unique solution ¢(t, x) €
C([0,T), H'(RY)) for Eq (1.1) exists. Meanwhile, one has the alternative T = oo (global existence),

c*, and
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orelse T < oo and lim,_,7 ||¢(t, X)||p1gvy = o0 (blow-up). Furthermore, for all t € [0,T), the solution
@(t, x) possesses the conserved quantities of mass and energy as shown below:

f o, x)2dx = f eoldx, @.1)

1 1
E(go) = E(p(t, x)) = 5 f IVsolzdx—g f IXI_leolzdx—]—) f K(x)lel dx. (2.2)

Define the Hardy functional as below:

H(g) = f Voldx - ¢ f W lePdx,

which is of great importance in analyzing the dynamical properties for blow-up solutions. Taking
account of the hypothesis on c, the semi-norm defined by H(¢) on H'(R") is equivalent to ||Vgo||§.
Thus, the solution ¢(z, x) to Eq (1.1) blows up at 7 > 0 if and only if lim,_,; H(¢) = co.

To go further, we review some useful lemmas.

Lemma 2.2. (Hardy-Gagliardo-Nirenberg inequality ( [18,32])) Let N > 3,0 <c <c*and2 < p <

p*. Then, we obtain

- N, (2.3)
p

1 6 N
llellp, < H(p):ligl, ™, 6= =
P C‘HGN : 2

for all p € H'(RY), with the sharp constant

N(p=2)

p2 16 (
Crey = 1QM)I," (1 - Q)E(Q)T,

where Q(x) is the unique radial positive solution to the elliptic equation (1.4).

Lemma 2.3. ( [7]) Assume that ¢ € H'(RN); then, we get

2 1 1
[obar < o [ 1vetar) ( [ fiorar)
Lemma 2.4. (Sharp Sobolev embedding ( [33])) Let N > 3 and 0 < ¢ < c*; then, we have

11l < Csp(@H()?,
where the sharp Sobolev constant Csg(c) is as follows:
Csz(c) = sup{llfll, + H(f)? : f € H'®RY)). (2.4)
3. Global existence and blow-up of the solutions to Eq (1.1)
In the current section, we are devoted to researching the criteria for the global existence and finite-
time blow-up to Eq (1.1) in the L?-critical and L*-supercritical settings, as well as the sharp threshold of

blow-up in the energy-critical case, respectively. As we know, the ground state has a crucial role in the
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criteria for blow-up versus global existence, and it is the unique positive radially symmetric solution
of the following elliptic equation with power nonlinearity and inverse-square potential:

—Ap — o - Kolpl o +¢ =0, g € H'RY), (3.1

where K, is same as the hypotheses (A;) — (A3). Furthermore, we will apply the ground-state solution
of Eq (3.1) to characterize the dynamical properties of explosive solutions in the next section.
Assume that Q(x) is the unique radial positive solution to Eq (1.4); by the scaling transformation
1

Ok, (x) = Kz_ 2 O(x), it is easy to obtain that Ok, (x) is the positive ground state of Eq (3.1). Combining
Eqgs (1.4) and (3.1), we immediately get the scaling identity and PohoZaev identities as follows:

2
10k.15 = K, 11015, (3.2)
4-(N=-2)(p-2) 2p
2 _ H | ) 3.3
10x, I3 NG —2) (Ox,), 10k, I5 = NKxp—2) H(Qx,) (3.3)
Define the following functionals:
1 K
Ex,(¢) = 5H(p) — =gl
2 p
L(c) = EKZ(QKZ)”QKQH , G(c) = H(Q,)* 0k, IS, (3.4)
where o = % when 2 + % < p <2+ 5. From Eqgs (2.3), (3.2) and (3.3), one has
N(p-2)
2p - Np +2N ./ Np-2N %
4 = ——K P (— 3.5
CHGN 2p 2||QK2||2 2p Np +2N ( )
Np-2) - N =2(p -
- (”TKZH@Q) ik NG 2’; ]
P Y e () V) s A () B
K 1Okl ° o)
and
E(O) = =P 2828 o iz =22 2200, (3.6)
PERTTOU - (N -2 (p -2 T 2N(pp-2) ‘
It follows from Eqgs (3.2)—(3.6) that
L(c) Np — 2N — 4[ 2pCHGN :|Np—§N—4
c) =
2(Np—2N) L(Np —2N)K,
and
2pC? Npova
Glc) = [ HGN ] 37
©= |y 2mK; G
In particular, we have
Np-2N-4 _,
L(c) = ——G“(¢). 3.8
© =S 3w, O © (3.8)
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Now, we consider the virial-type identities, which play a key role in the research of the existence of
explosive solutions to Eq (1.1). Let

T ={peHM®R): xpe R,

and for ¢(¢, x) € X, we introduce the variance functional

V(D) = f ePl(r, )P dx.

Then, we are able to derive the following conclusion.

Proposition 3.1. Assume that2 < p < p*and 0 < c < c*orp =p*and( < c < 1(\1’3:;;2’ c*, and let

@(t, x) be a solution of problem (1.1) ont € [0,T). If o € H'(RY) and |x|¢y € L>(RY), then ¢(t, x) € T
foranyt € [0,T) and V(t) satisfies the following identities:

V'(t) = 4Im f xVopdx

and

8N —4N 8
8H(yp) + Tp fK(x)I(plpdx+ ; flgol” -x-VK(x)dx

4(4 + 2N — Np) f
p

V//(t)

16E(¢pg) +

K(x)|olPdx + I%flgol” -x - VK(x)dx. (3.9)

Proof. Based on the work of Csobo and Genoud [17] (see also Cazenave [34]), by a formal
computation, it is easy to obtain that

V'(f) = 2Re f x> @e.dx

2Re(~i) f @ (=Ag — clxl 20 — Klpl"2p)dx

= 4Im f xVopodx
and
44 d -
Vi@ = 4Im—fogogodx
dt
= 4(—Imngo,¢dx+ZImfogogZ)tdx):4(11 + 1), (3.10)
where
= =i [ Nepdy=NRe [ 6(-0¢ - i o~ K(lgl )
= N f (IVel — clxl Il — K(x)lgl)dx, (3.11)
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153

2Imfogo(,5tdx: —ZImfo@,o,dx

2Re f xVH(=Ag — clx| o — K(x)lpl"p)dx

“N-2) f Veldx - (2~ N) f el ZlpPdx
+ 27N fK(x)lgalpdx + % flgol” -x-VK(x)dx. (3.12)

From Egs (3.10)—(3.12), we claim that Eq (3.9) holds.

From Proposition 3.1 and Lemma 2.3, we get the following sufficient conditions for blow-up.

Corollary 3.2. Assume that 2 +
three conditions below:

Case 1): E(gpy) <0;

Case 2): E(¢y) =0 and Imfogoogo‘odx <0y

Case 3): E(yo) > 0 and Im fotpo(p_odx + (2V(0)E(g00))% <0,
then blow-up of the solution ¢(t, x) to Eq (1.1) occurs in finite time.

% < p < p*and (Ay) and (A,) hold; if ¢y € £ and ¢, meets one of the

Proof. Since K(x) satisfies (A;) and (A,), using Proposition 3.1, we have
V(1) < 16E(yy).

Thus

0< V(@) V() + V'(0) + f(t - s)V"(s)ds

0
V(0) + V'(0)t + 8E(¢o)t>.

IA

Then, for each of the cases 1, 2 or 3, one can deduce that 0 < 7 < +oco must exist and satisfy
lim V(r) = lim f IxI2le(t)*dx = 0.
t—>T~ t—>T~
This, together with Lemma 2.3, implies that
lim |[Vp(#)|l, = +oo.
t—T

Therefore, the explosion of the solution ¢(z, x) to Eq (1.1) happens in the time period of 0 < 7" < +oo0.

3.1. L*-critical case

The first argument of our work is about the global existence and blow-up of Eq (1.1) in the L*-
critical setting (i.e., p =2 + ).
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Theorem 3.3. Assume that p = 2 + % and ¢y € H'(RY). Let Qx,(x) be the positive ground state of
Eq (3.1).
(i) Global existence: Assume that (Ay) holds true. If 0 < ¢ < ¢ and ||¢oll> < ||Qk,ll2, then the solution
o(t,x) of Eq (1.1) exists globally in t € [0, +00).
(ii) Blow-up: Assume that (Ay) and (A;) hold.

(a) Then, for 0 < ¢ < c*, any A > 0 and any real constant C, satisfying that |C,| > (%)

there exists ¢y = C 1/1% Ok, (Ax) € X such that

N
P

> 1,

2 2
lleollz = 1Qx |l

and blow-up of the corresponding solution ¢(t, x) to problem (1.1) occurs in 0 < T < +oo.
(b) For ¢ = ¢*, if E(¢g) < 0 and |x|py € L*(RN), then the blow-up of the solution ¢(t, x) for Eq (1.1)
happens in the time period of 0 < T < +oo.

4
Proof. (1) Since p = 2 + 1%, we have that pf = 2 and pCZGN = 2||Qll;’. Thus, from Eq (2.2), (A)),
Eqgs (2.3) and (2.1), we have the following estimate:

Epo) = E(p) 2 %H«o)— R
2001
= 5= FHONGg)
= JH() - 3H) ||”52||Tz)[t
- %(1_%%%@.

Since ||goll2 < ||Qx,ll2, H(g) is bounded uniformly for ¢ € [0, +0c0). From Proposition 2.1, we claim that
¢(t, x) must be a global solution.
Next, we prove part (i1) of Theorem 3.3. For 0 < ¢ < ¢*, let

0o = C1A% Q, (1x)

for any A > 0, and C; € R will be determined later. Based on the scaling arguments, one has that

f lolPdx = |C1[? f Ox,dx; (3.13)
f VioPdx = |22 f IV Qs Plx; (3.14)
f polPdx = |CPA°E f 0, dx; (3.15)
f Ixl2lgoldx = €1 P22 f 2%, dx. (3.16)

Take

N
Py

K
C)| z(fz) > 1;

1
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then, we have that ¢) € H'(R") and |xlg, € L>(RY). Indeed, according to Bensouilah-Dinh-Zhu’s
conclusion in [21], one has that Q(x) € H'(R") and |x|Q(x) € L*(R"). Thus, we obtain that Qx,(x) €
H'(RY) and |x|Qx, (x) € L*(RV), which yields that ¢y = C; 12 Qx,(Ax) € E. Moreover, it follows from
Eq (3.13) that

Ky\>
leoll = 1C1PIQKIR = () 10kl > 0. IB
1
From Eq (2.2), (A;), Eqgs (3.14)—(3.16) and the PohoZaev identities given by Eq (3.3), we have

1 1
E(py) = EH(<P0)—I—)IK(X)|¢O|pdx

1 K
Emm—JIMWx
P

IA

1 Kl Np=2)
= §|C1|2/12H(QK2)—?CW 2 fQizdx

1 Ky .,
= —IC 212(1——01’ 1
2| 1| K2 1
< 0,

2 )H(0r)

where the last inequality is based on the fact that p =2 + % and |Cy| > (%)% > 1. Thus, we infer from
Corollary 3.2 that blow-up of the corresponding solution ¢(z, x) to problem (1.1) occurs in 0 < 7' < +o0.

For ¢ = ¢*, if E(py) < 0 and |x|gy € L*(R"), then, by Corollary 3.2, it is easy to derive that blow-up
of the solution ¢(¢, x) for Eq (1.1) happens in the time period of 0 < T < +o00.

3.2. L*-supercritical case

Then, we analyze the L*-supercritical case (i.e., 2 + % <p<p =2+ ﬁ). For this case, we obtain
the threshold for global existence as shown below.

Theorem 3.4. Suppose that N > 3,0 <c <c*and?2 + % < p < p*. Let oy € H'(RY) and ¢(t, x) be the
corresponding solution of Eq (1.1). Suppose that

E(po)llgols” < L(c). (3.17)
(i) Global existence: Assume that (Ay) holds. If
H(go)*llgoll] < G(o), (3.18)

then the global solution ¢(t, x) to Eq (1.1) exists. In addition,
H(@)?llpll§ < G(c) for anyt > 0.
(ii) Blow-up: Assume that (Ay) — (A,) hold. If
H(go)*ligoll§ > G(e) (3.19)
and |x|py € L>(RY), then the finite-time blow-up solution ¢(t, x) of Eq (1.1) exists and
H(@)2lIgllf > G(c) (3.20)
for any t € [0,T). Furthermore, the finite-time blow-up result still holds true if we assume that

E(po) <0, in place of Eqs (3.17) and (3.19).

Electronic Research Archive Volume 31, Issue 12, 7427-7451.



7437

Proof. (1) From Eq (2.2), (A,) and Eq (2.3), one has

E@olieols” = E@llll”
1 5 o o
> 5(H(so>%||so||2>2 - —||90||”||90||2
1 | o2 2+212vzv
> E(H(¢)2||90II2) -— H(p)™ llell3”
CHGN
1 |
= —(H@)?llgll§)* - (H(@)lell) ™7
2 pCIIZIGN
1 o
= fH@: I,
where K
f(0) = —x e 3.21)
CHGN

Enlightened by the idea of [35] (the function f in [35] differs from ours; however, this change does not
make a significant difference), we will utilize an important fact that f strictly increases in [0, G(c)] and
strictly decreases in [G(c), o). Moreover, from Eqs (3.21), (3.7) and (3.8), we get

16%06) - L # 20) =
f(G(e) = G () CZGN ) = (2 Np )G (c) = L(c). (3.22)
Thus, combining this with Eqs (3.17), (3.21) and (3.22), we have
FH@ IR < E@ligol3” < L(c) = £(G()). (3.23)

From the above inequality, Eq (3.18) and the continuity argument, we deduce that
H(@)*llglly < G(c) foranyt > 0.

From Eq (2.1), we obtain the boundedness of H (cp)%, which implies that the solution ¢(z, x) of Eq (1.1)
exists globally.

We next treat part (ii) of Theorem 3.4. For the case that E(¢,) > 0, we claim that Eq (3.20) holds.
Indeed, from Eqs (3.23) and (3.19) and the continuity argument, one has

H@) gl > G(e) foranyt <T,

which means that Eq (3.20) holds true.
On the other hand, from Eq (3.17) and the continuity argument, we can take 6 > 0 small enough
such that

E(go)lipoll3” < (1 = 6)L(e), (3.24)
which yields that
FH @) lel3) < (1= §)L(c). (3.25)
Applying Eqgs (3.21), (3.7) and (3.8) to Eq (3.25), one has that
Np —2N (H«p)%nsoug’ )2 4 (H«o) ”W) s
Np—-2N -4 G(c) Np—-2N -4 G(c) B )
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By making use of the continuity argument again, we deduce from Eq (3.19) that there exists 6 > O that
relies upon § satisfying
1 o /
H(p)?llell; = (1 +6)G(c). (3.26)

Moreover, taking

8N — 4N
LHS = 8H(p) + =P f K)lgldx + ¢,
p

then, for any ¢ € [0, T), we claim that
LHS <-C<0

for & > 0 small enough. In fact, multiplying LHS by ||¢|>”, we obtain

LHS x |lgl5” = (4pN = 8N)E(@)ll¢l3” + (8 + 4N — 2Np + &) H(p)ll¢ll3”
Utilizing Egs (2.1), (2.2), (3.24), (3.26) and (3.8), one has

LHS X |lgoll3” (4pN — 8N)(1 = 6)L(c) + (8 + 4N — 2Np + &)(1 + 6 )*G*(c)

[2(Np — 2N —4)(1 —6) + (8 + 4N — 2Np + £)(1 + 6 )*1G*(c)
[2(Np — 2N —4)(1 -6 — (1 +8)) + &(1 + 6 )*1G%(c).

I IA

We readily obtain LHS < —C < 0 by taking € > 0 small enough. Then, it follows from the virial
identity (3.9) and (A,) that
8N — 4N 8
V() = 8H(p) + —~— P f K)lglPdx + 2 f lol? - x - VK(x)dx < —C < 0.
p p

This yields that blow-up of the solution ¢(z, x) must occur in the time period of 0 < T < +oo.
The case that E(¢) < 0 is easy. By Corollary 3.2, we conclude that the finite-time blow-up solution
@(t, x) of Eq (1.1) exists.

3.3. Energy-critical setting

Finally, the energy-critical setting (i.e., p = p* = 2+ 3 ) for problem (1.1) is considered in this
subsection. According to Dinh [15], taking account the sharp constant (see also Eq (2.4))

S H(p)
e - int N, N2
sp(C)  geH' ®\0) ( f lp|¥2dx) %

9

then we are able to get the optimal blow-up criterion.
N
S2

= Let ¢(t,x) be
2

Theorem 3.5. Assume that p = p*, 0 < ¢ < Z\i:g\{c*, ¢o € H'(RY) and E(gpy) <
NK

[N

the corresponding solution of Eq (1.1), defined on [0,T) xRN, 0 < T < 0.
(i) Uniform boundedness: Assume that K(x) satisfies (Ay). If H(pg) < N 5, then the solution ¢(t, x) of

2

Eq (1.1) is bounded in H'(RN) fort € [0,T) and H(¢(t)) < w

K,*

(ii) Blow-up: Assume that K(x) satisfies (A1) — (A>). If H(gg) > N S2 and |x|lgy € L*(RY), then there
K,

exists 0 < T < oo such that the solution ¢(t, x) of Eq (1.1) blows up at T.
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ﬁ N
Proof. (i) Assume that ¢y € H'(RY) satisfies that E(¢,) < ,zv - and H(ypg) < Nz,z We claim that
K2 K2
%
H(p) < —— foranyt € [0,T). (3.27)
KT
2

We demonstrate Eq (3.27) by contradiction. Suppose that there exists #; € (0,7) such that
N

H(e(t;)) = 55 by using the continuity of the solution ¢(z, x) in H'(R") at time . By Eq (2.2), (A))
K 2

and Lemma 22.4, we found that

S%
= > E(po) = E(p(t1))
NK,’
1 1 .
> EH(QD(II))__ Kslp(t)1"dx
p*
1 Ky~ N
> JH((t) — oS T H(p(t)
_ 157 —&S_NI!Z(SZ )m: Sz
2g,7 kT Nk
2 2 2

which contradicts the fact that H(p(t;)) = 325. Therefore, Eq (3.27) holds. This means that the

2
solution ¢(t, x) is bounded in H'(R") for ¢ € [0, T).
Now, we prove part (ii) of Theorem 3.5. Since ¢, € H'(R") satisfies that E(py) < —+— and

H(py) > 3. It remains to be proven that
2

K,

wolz

H(p) > ST;Z foranyte[0,T). (3.28)

K,*

If otherwise, since ¢(t, x) is continuous with respect to time ¢ in H'(RV), we deduce that there exists
1, € (0, T) satisfying that H(¢(t,)) = = . Combining Eq (2.2) with (A,), and by Lemma 2.4, one has
K 2

2

the following estimate:

S3
= > E(po) = E(p(t2))
NK,’
1 1 .
2 SHm) - — | Klp(n)"dx
p*
1 Ky _n v
> JH(p() = 22575 Hipl) '
1S Ky n(S%\¥2 S5
= 5T __SNZ( Nz) = N2
2,7 P K, NK,*
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which gives a contradiction. Thus, Eq (3.28) holds. Keeping in mind that p* = 2+ s and ¢y € H'(RY)
with |x|gy € L2(RY), we have

16 o 4N -2
V() = 16E(¢po) — N fK(x)IcpINde + % fx . VK(x)Igpl%dx.

Then, we infer from Eqgs (3.28) and (2.2) that

2 2N
- f KWlpol2dx = ———(E(go) - —H(‘Po))
N-2
ON [ S% S S5
(== - H):— — (3.29)
NK,’ 2K, K,?
Inserting Eq (3.29) into V”'(#), and then from (A,), one has the estimate
. 16S 2 S7
V'(5) < 16E(gp) - ——— = 16(15((,00) u) <0,
NK,* NK,*

from which we know that explosion of the solution ¢(¢, x) to Eq (1.1) must happen within the time
period of 0 < T < oo.

Remark 3.6. (i) Under the conditions that K(x) = 1, c = c* and2 < p < p*in Eq (1.1), Mukherjee et
al. [18] studied the criterion of blow-up versus global existence in the L*-critical and L*-supercritical
cases (see [18], Theorem 3); Dinh [15] obtained the blow-up and global existence results for Eq (1.1)
for non-radial data in the mass-critical and mass-supercritical cases with 0 < ¢ < c*, as well as the
sharp blow-up criterion in the energy-critical case with 0 < ¢ < ij;‘g c* (see [15], Theorems 1.3,
1.6 and 1.12). Our results (Theorems 3.3-3.5) generalize the results of [15, 18] to the case of the
inhomogeneous NLS involving inverse-square potential and a bounded positive variable coefficient.

(ii) Given ¢ = 0, Liu [12] verified the sharp existence of non-radial finite-time blow-up solutions to the

inhomogeneous Eq (1.2) in the energy-critical case p = % (see [12], Theorem 1.2). We extend this

N2+4N C*
(N+2)2

conclusion to the case of the inhomogeneous NLS with inverse-square potential for 0 < ¢ <
(see Theorem 3.5).
(iii) For 0 < ¢ < xviggc and p = p*, we can derive that the global solution of Eq (1.1) exists for some

initial value small enough.
4. Dynamics of blow-up solutions in the L>-critical setting

In the present part, we investigate the dynamics of blow-up solutions in the L>-critical setting
(p=2+ %) with 0 < ¢ < ¢*, including the mass concentration phenomenon of blow-up solutions and
the dynamical properties of blow-up solutions with a minimal mass for Eq (1.1). To achieve these
goals, we first recall a key compactness lemma established by Bensouilah [19].

Lemma 4.1. Assume that {v,} . | is a bounded sequence in H L(RN) satisfying

limsup H(v,) < M, limsup|[v,|l, > m

n—o0o n—o0o
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(o)

~.C RN such that, up to a subsequence,

Then, there exists {x,}

vu(x + x,) = U weakly in H'RM),

Ny
with ||U]|, > (%)% &ﬂlllQ(x)llz, where Q(x) is the ground-state solution to Eq (1.4).
M4

With Lemma 4.1 in hand, we are able to obtain the following concentration property of the explosive
solutions to Eq (1.1).

Theorem 4.2. (L?-concentration) Assume that K(x) satisfies (A,) and (A,). Suppose that (t, x) is a
solution to Eq (1.1) blowing up at finite time T, and that s(t) is a nonnegative real-valued function
on [0,T) such that s(O)||Vo(t)|l, — +oo ast — T. Then, there exists a function x(t) € RN fort < T
satisfying

lim inf f l(t, )Pdx > f Q% dx, (4.1)
=T |x—x(8)|<s(t)
where Qk,(x) denotes the ground state for Eq (3.1).
Proof. Take
H 1
o0 = | T2 and vt,2) = ()t plo1), (4.2)
H(p)

Suppose that {z,})”, is an arbitrary time sequence satisfying that 7, — T as n — oo, and denote
on = p(t,) and v,(x) = v(t,, x). It follows from Eq (2.1) and the definition of v, that

vall2 = lle@)lla = ligollzs H(v,) = prH(@) = H(Qx,)- (4.3)

For v(x) € H'(R"), we define the functional
2K
F(v) = H) - 72||v||z.

From (A,) and Eqs (4.3), (2.2) and (4.2), we find that

1 1 K;
EF(Vn) = EH(Vn) - ?Ilvnllﬁ
1 1
< SHW,) - — | K@,ldx
2 p
5 1 1 »
= Pn(EH(QO) - — | K®lel"dx)
p
= pﬁE(‘po) — 0 since p, > 0 asn — oo.
Thus,
lim | pvalPdx > ~Z-H(Qx,) asn — co. (4.4)
n—oo 2K2

Take M = H(Qk,) and m2 = Z"’TZH(QKZ). Thanks to Lemma 4.1, it is sufficient to demonstrate
that there exist U(x) € H'(R") and {x.}2, C RY such that, up to a subsequence,

V(- + x,) = pn%(p(tn,pn - +x,) = U weakly in H'(R"), 4.5)
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with
" [N—”)H(Q )]q
N Em7+1 B N NK> K> 3
|Ull, = (m) Y 1QOll> = (N+2) H(QKZ)% 10ll> = 1Qk.l2, (4.6)

which leads to
V(- + x,) = U weakly in L*(R").

This, together with the lower semi-continuity of the L?>-norm, yields

lim inff p,llvlcp(tn,pnx + x,)Pdx > f |U|?dx forany A > 0. 4.7)
[x|<A [xl<A

n—oo

Since 1
. s(ty) . s(t,)H(p)?
lim — = lim ———— =
n—oo pn n—oo H(QKQ)Z
there exists ny > 0 such that for any n > ny, we obtain that Ap, < s(¢,). Combining this result and
Eq (4.7), one has

%

lim inf sup f lo(t,, x)*dx
|X—y|SS(tn)

N RN

liminf f lo(t,, X)|*dx
|X—Xn|SAPn

n—oo

timint [ pletp,x + )P
[x|<A

n—oo

\%

f |U|dx, forany A > 0,
[x|<A

which means that
iimintsup [ ofdx> [ 10Rdx= 01
[x=yl<s(t)

n—e0 RN

According to the arbitrariness of the sequence {z,}' ,, using the fact that |[U]|, > [|Qx,ll>, we obtain

liminf sup f lp(t, ¥)Pdx > || Ok, I3 (4.8)
[x=yl<s()

t—>T yERN

For any fixed ¢ € [0, T), it is simple to infer that the function g(y) := f lo(t, x)|*dx is continuous

lx—yl<s(r)
ony € RY and limy_, g(y) = 0. Thus, for any 0 < ¢ < T, there exists a function x(¢) € R" that satisfies

sup f lo(t, x)*dx = f lo(t, x)|*dx. (4.9)
YERN Jx—yl<s(n) [x—x(6)|< (1)

Therefore, from Eqgs (4.8) and (4.9) we infer that Eq (4.1) holds true.

Corollary 4.3. Suppose that ¢(t, x) is a solution of Eq (1.1) blowing up within the time period of
0 < T < oo. Then, for any | > 0, there exists x(t) € RN for 0 < t < T satisfying that
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lim inf f lp(t, )P dx > f Ok, dx,
=T I

where Qk,(x) denotes the ground state for Eq (3.1) and B(x(?),]) = {x € R¥||x — x(r)| < I}.
Now, in terms of Theorem 4.2 and Corollary 4.3, we are concerned with the dynamics of blow-up
solutions with the mass ||¢oll> = [|Qx,ll2-

Theorem 4.4. (Limiting profile) Let K(x) satisfy (A1) — (A2) and assume that ||oll> = ||Qk,|l2. Assume
that ¢(t, x) is a corresponding solution to problem (1.1) blowing up within the time period of 0 < T <
oo; then, there exist two functions 0(t) € [0, 2r) and x(t) € RY that satisfy

p(t)%eig(’)go(t, p()x + x(t)) = Qk, stronglyin H 'RYY whent — T,
%
where Qk,(x) denotes the ground state for Eq (3.1) and p(t) = [Hl(if)z)]

Proof. From Theorem 4.2, we have that ||U||, > ||Qk,|l. (see Eq (4.6)). Then, by using the assumption
that ||@oll. = ||Qk.ll» and Eq (2.1), we obtain

2 2 ER 2 I 2 2 2
19k.1l; < IUl; < liminf ||v,|l; = lim inf |l = lleoll; = 1Qk.lI3,
n—o00 n—oo

which implies that
lim [[v,[}5 = U115 = 1Qx.l5- (4.10)

It follows from Eqs (4.1) and (4.10) that
v,(- + x,) = pn%go(tn,pn -+x,) = U strongly in LXRM) as n — . “4.11)

From Eq (2.3), one has

v+ ) = VIl Y < S HOu 0+ ) = ) ¥ v+ x,) = UII”
HGN
p 4
= P Hu(x + x,) = OU)|[va(x + x,) — U”év
2015
4
< Clva(x + x) = U (19, (x + x5 + IVUI)
4
< Clva(x + x,) = UllY, (4.12)

where the last inequality is based on the boundedness of v,(x + x,) in H'(R"). Thus, Eqs (4.11)
and (4.12) give us that
4
V(- +x,) = U in L*YRY) as n — oo. (4.13)

Now, we claim that
V(- + x,) = U strongly in H'(RY) when n — . 4.14)
Indeed, we deduce from Eqs (4.3) and (4.4) that

lim | [, Pdx > 2 P
2K2 n

H =
lim > 5 H(Ok,)

im H(v,). (4.15)
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Then, from Eqgs (4.5), (4.15), (4.13), (2.3) and (4.10), one has
HWU) < limian(v,,) = H(Qx,)

2K,
< —1lim | |v,Pdx = —flUl”dx
p n—00
< T
IOIly
- . — H(U),
1Ok, 15

which implies that
. 2K,
liminf Hv,(x + x,)) = HU) = H(Qk,) = — | |U|"dx.
n—oo p
From this and Eq (4.5), we get Eq (4.14) and

FU)=HWU)-— flUl”dx =
In summary, we identify the properties of the proﬁle U as below:

U1 = 1Qk,ll,  H(U) = H(Qx,), F(U)=0

from which we deduce that there exist 6 € [0, 2r) and x, € R" such that

U(x) = € Qx, (x + xo)

and
N .
P2 @tn, pn - +x0) = € Qx, (- + xo) strongly in H'(RY) as n — o,

where we utilize the variational characterization to the ground state Qg,. Since the sequence {z,}
is arbitrary and tends to 7" as n — oo, one can infer that there exist two functions 8(¢) € [0, 2r) and
x(t) € RN such that

/l(t)%eie(’)go(t, At)x + x(t)) = Qk, strongly in H YRYY when t - T,

with p(f) = [Héfff)]z —0as 71— T.

Theorem 4.5. Assume that K(x) satisfies (A1) — (A3) and that ||lgoll, = |Qx,ll». Denote W = {x
RYN|K(x) = K>}. Let ¢(t, x) be the corresponding solution to Eq (1.1) blowing up within the time perlod
of 0 < T < oo, then the following holds true:

(i) (Location of L*-concentration point) There exists xo € W such that

lim x(¢) = x¢ and |(t, 0P - ||QK2||§6X x, in the distribution sense ast — T, (4.16)

t—T

where Qk, is the ground state for Eq (3.1).
(ii) (Blow-up rate) There is a positive constant C > 0 that satisfies

C
V@)l = 7— forall € [0.T). 4.17)
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Proof. (1) From Eq (2.1) and ||¢oll> = [|Qx,l2, we deduce that

el = ligoll = 1@k, ll> fort < T. (4.18)

On the other side, according to Theorem 4.2 and Corollary 4.3, for any / > 0, one has that

IIQK2||§S1imiTnf f |90(t,X)|2de1imiTnf f lp(z, )P dx < llgpoll5- (4.19)
t— t—

[x—x(1)|<l

From Eqgs (4.18) and (4.19), we have

lim inf f 6t DPdx = 10k,
[x—x(1)|<l

t—T

which shows that
lo(t, x + x())? - ||QK2||§6X=0 in the distribution sense ast — T. (4.20)
We shall demonstrate in what follows that there exists xy € W satisfying that
(2, )P - ||QK2||§(5X:XO in the sense of distributionast — T,

which implies that

lim f w()lp(t, x)Pdx = wxo)l|Qk,ll5, for any w(x) € C3'R").

As a matter of fact, for any real-valued function (x) € RY and any 3 € R, from (A,) and Eq (2.3), one
has the following estimate

. 1 : 1 ;
E@"g) = SH(E" ) - 5 f K()le™ el dx

1. K, .
Z EH(elﬁH(X)QO) _ _2||€lﬂ6(x)90||5
p
1 . K 1 . P .
> SH(E"g) - fcp—H(elﬁW)gp)z'”eﬂe( 07
1 K ||I;Gﬂ v
= —H(eiﬁf)(x)(p) _ J(#) H(eiﬁ(i(x)‘p)
2 2 \11Qll
1 ' K (1106 Ib\Y .
= —H(P __2(_ 2 )H iBO(x)
AT TR R
= 0,

where 6 is defined in Lemma 2.2. Here in the last equality, we have used the fact that ||Qk, |, =
_N
K, *1|Qll>. Therefore, from Eqgs (2.1) and (2.2), for any 8 € R, we obtain

‘ 1 1 .
0 < E(™Vyg) = EH(e’ﬁH(x)go)— . f K(x)|eP" ™ lPdx
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1
- 5[ f BIVO) - olPdx + 28Im f V() Vopdx + f |V¢|2dx]
1 | 1 |
—5fclxl_zle‘ﬁg(")golzdx—;fK(x)le’ﬂg(x)(,ol”dx
! _
= f VOGO PlePdx + BIm f V() - Vi - Gdx + E(go),

which implies that

Im f V() - Voo - gl < [2E(¢0) f |V0(x)|2|cp|2dx]2. 421
Then, choosing 8;(x) = x; for j = 1,2,---, N in Eq (4.21), it follows from Eqs (1.1), (2.1) and (2.2) that

d
‘E f lp(t, x)*xdx

ZImfigo, c@ - xidx

_ loim f [(=A = 1) — K@)lpl 2015 - x;dx

= 21megp~<,—0~ijdx

IA

2(2E(¢0) f |<,00|2dx)2 -C (4.22)

Take any two sequences {t,,}°° ., {t,}>_, € [0,T) such that lim¢#, = lim ¢, = T. Thus, for all j =

=1° =
n 1 m 1 n—-oo m—oo

1,2,---, N, from Eq (4.22), we have
tn d )
— t, id
flm dtflw( x)|"x;dx

‘fl(p(tn’x)lzxjdx - fl(ﬁ(tm,X)Iz.dex dt
Cltn_tml — 0 as n, m > oo,

IA

IA

which means that
linTlflgo(t, x)lzxjdx exists forany j=1,2,---, N.
t—

Thus,
lim f (2, x)|*xdx exists.
t—T
lim f|<p(t,x)|2xdx
Let xo = 2L—————; then, one has that x, € R" and

0,12
lim f lo(t, x)Pxdx = xol| Qg |I5- (4.23)

On the other hand, notice that p = 2 + %; then, from Proposition 3.1 and (A,), we have

V"(t) = 16E(py) + 4@+ ZZ —Np) fK(x)lgalpdx + % flgolp - x - VK(x)dx < 16E(¢y).

Therefore, there is a positive constant ¢y > 0 satisfying that

V(t) < ¢y foreacht e [0,T).
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Thus, one has the following estimate:

f IxPle(r, x + x(0)Pdx < 2 f lx + x(1)lep(t, x + x(1)|dx
+2 f lx(O)Ple(t, x + x()Pdx
< 2co + 2llgol 310
= 2co + 21k l31x(0)F.
From Eq (4.20), one has
limsup [x()I’|Q,ll; = limsup f lx + x(0)Ple(t, x + x(1)Pdx
t—T t—»T lx]<1
< f Ixle(t, x)Pdx < co.

We derive from Eq (4.25) that

a
=T " Okl
Combining Eq (4.24) with Eq (4.26), one has

lim sup |x(7)| <

lim sup f |x[*le(t, x + x(0)*dx < C.

t—T

Thus, we have the following for any [y > 0:

t—T t—>T

Therefore, for any £ > 0, there exists a large enough /y = ly(g) > 0 satisfying that

lim sup
t—T

f xlo(t, x + x(1)*dx
|x[=1o

C
<—<e
ly

Then, using Eqs (4.27) and (4.20), we infer that, for any € > 0,

lim sup
t—>T

f xlp(t, x)Pdx = x(D| Q. |I3

t—>T

= limsup f lo(t, x)[*(x — x(£))dx

t—»T

< limsup f lo(t, x + x(2))*xdx
|x|<lp

t—>T
= E&.

Combining Egs (4.23) and (4.28), we immediately get

lim x(r) = xo and limsup f xlo(t, )2 dx = x0||Qx, |15

=T t—T

lim supf Lol x|l(t, x + x(1)?dx < lim supf lezlgo(t, x + x(0)Pdx < C.
[x|=lo |x|>lo

lim sup f xlo(t, x)dx — x(r) f lo(t, x)|*dx

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)
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Thus, there exists xy € RY (see Eq (4.23)) such that
(2, x> - ||QK2||§5x=x0 in the sense of distribution whent — T.

Now, we claim that x, € W = {x € R¥|K(x) = K,}. Namely, x, is a global maximal point of K(x).
Indeed, since K(x) € C!, we deduce from Corollary 4.3 and Eq (4.29) that

(. )2 K, ligol2
’ 2(B(x ..
I < liminf L(B(z(t)’l)) < limin 2 NO 2 >
= 1Ok ayllz =T [K(x(0))] 210k, I5
. [K(x(t)):
= liminf
t—T K2
_ [K(xo)]’zv <
K, | ="

where Qkiy) = K (x(t))‘% Q(x(t)). This implies that K(xy) = K;. Thus,
xo € W= {x e RVIK(x) = K»).

Therefore, it is clear that Eq (4.16) holds true.
(ii) Choosing 6(x) = |x — xo|* in Eq (4.21), we get

d
’Eflso(t,x)lzlx—xolzdx ‘ZImf—Aso's_o-lx—xolzdx

IA

4(2E(Q00) f o(t, )P 1x X0|2dx)§

< ¢ f (e, 0P - xoPdx)

%( f (. X)|2|X—Xo|2dx)2

Therefore, for any ¢ € [0, T'), by integrating on both sides of this inequality from ¢ to T, we derive

A

which indicates that

<C

( f ot )2Lx — x0|2dx)E <C(T -1,

Based on the uncertainty principle and Holder’s inequality, we obtain

2
—NRergo-E-(x—xo)dx

of [ ettt = xoPax) ( [ 1vofar)
C(f - e,

ool = f ot x)Pdx

IA

IA

which means that c
IVe(Dll2 = T for Ytel0,T).

Therefore, the conclusion Eq (4.17) holds.
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Remark 4.6. (i) Given K(x) = 1 and 0 < ¢ < c¢*, Bensouilah [19] verified the L*-concentration
of explosive solutions to Eq (1.1) in the L*-critical case (see [19], Theorem I). Furthermore, Pan
and Zhang [20] obtained the precise concentration behavior for blow-up solutions with a critical
mass (see [20], Theorem 1.1). Our conclusions generalize and supplement the corresponding results
of [19, 20] for the inhomogeneous NLS with inverse-square potential and the coefficient 0 < K(x) #
constant (see Theorems 4.2, 4.4 and 4.5).

(ii) For the case that ¢ = 0, K(x) # constant and (A,) — (A3) and other proper conditions are satisfied,
the mass concentration property of blow-up solutions and the dynamical behaviors of the L*-minimal
blow-up solutions have been derived (see [10], Theorems 1 and 2). Our results extend the results
of [10] to the inhomogeneous NLS involving inverse-square potential for O < ¢ < c* (see Theorems 4.2
and 4.5).
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