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Abstract: In this paper, we study the number of the Lehmer primitive roots solutions of a multivariate
linear equation and the number of 1 < x < p—1 such that for f(x) € F,[x], k polynomials f(x+cy), f(x+
), ..., f(x+cy) are Lehmer primitive roots modulo prime p, and obtain asymptotic formulae for these
utilizing the properties of Gauss sums and the generalized Kloosterman sums.
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1. Introduction

Let g be a power of odd prime. Several researchers have looked into a variety of properties about
the primitive roots modulo ¢. Let gy, g, represent two primitive roots modulo ¢, a, b and ¢ represent
arbitrary non-zero elements in F,. Is there some gy such that for all g > g, there is always one
representation

a=>bg +cg? (1.1)

For b = 1 and ¢ = —1, Vegh [1] considered a specific form of Eq (1.1), which is known as Vegh’s
Conjecture, (see [2, §F9 ] for further details). Cohen [3] demonstrated Vegh’s Conjecture for all g > 7.

For b = 1 and ¢ = 1, Golomb [4] proposed another specific form of Eq (1.1). This was proved by
Sun [5] for g > 2%° ~ 1.15 x 108,

Moreover, Cohen et al. [6] studied linear sums of primitive roots and their inverses in finite fields
IF, and showed that if g > 13, then for arbitrary non-zero a, b € F,, there is a pair of primitive elements
(81, &2) of F, such that both ag, + bg, and ag;' + bg," are primitive.

Let p be an odd prime. Carlitz [7] relied on some results of Davenport and obtained for any k — 1
fixed integers ci,cp,...,c-1 With ¢; > 1(@ = 1,2,...,k - 1). Let g,g1,...,81 be primitive roots
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modulo p and N; denote the number of g mod p such thatg, —g=cy,...,8-1 — g = c—1- Then

k
(-1
Ny ~ % (p = ).
p

More results of the primitive roots distribution can be found in [8—11].

Lehmer [2, §F12] proposed the definition of Lehmer number, according to which a is a
Lehmer number if and only if a and a have opposite parity, i.e., (2,a + a) = 1, where a is the multi-
plicative inverse of @ modulo p. It is simple to demonstrate that there are no Lehmer numbers modulo
p when p = 3 or 7. Zhang [12] established that if M, denotes the number of Lehmer numbers modulo
p, then

b 1 1.2
M, = 3 +O(p21n p).

A Lehmer number that is also a primitive root modulo p will be called a Lehmer primitive root or
an LPR. The inverse of an LPR is also an LPR. We assume that p > 3 because there is no Lehmer
number modulo 3. Wang and Wang [13] investigated the distribution of LPRs involving Golomb’s
conjecture. Let G, denote the number of Golomb pairs (a, b) (i.e., a + b = 1(mod p)) are LPRs. They
showed

20 20
Gp_laﬁ(p 1)+0(¢(p 1)

= 440D n? p 1.
4 p-1 pi np

Let N, denote the number of LPRs modulo p. For odd integers m > 3, define the positive number
T, by

) (m-1)/2
m

T, = tan—]).
mlnm Z:l an(m)

Cohen and Trudgian [14] improved the result of Wang and Wang [13] and showed

(p—1 P-=1 00 L
Np_qﬁpz ‘<T§¢;_l 2P 1)péln2p
and
(]52(]7—1) ¢2(P_1) 2r~2w(p-1) 2 1
-—(p-2 — T2 1 -1
Gy 4(p_1)2(p )<4(p_1)2 ol OIn"p+1) - 1]p2,

where 2 (1 +%‘;8)< T, <2(1+12%2).
Specifically, they obtained that for an odd prime p(# 3, 7), there exists an LPR modulo p.

Inspired by the results of Cohen and Trudgian [14] and Wang and Wang [13], we mainly studied the
distribution of LPRs modulo p related to the Golomb’s conjecture in two aspects. On the one hand, we
extend Eq (1.1) to the case involving k > 1 variables. Let R be set of LPRs modulo p that is a subset
of F,. ai,as,...,a, c are non-zero elements in F, and N(R, p) denotes the number of solutions of the
equation

aigr+ag+ - +rag=¢, g1,8,---,8 €R.
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We consider the distribution properties of N(R, p), and obtain the following:

Theorem 1. Let p > 3 be an odd prime. Then we have
k k
¢ (Pk— 1) 410 ¢ (P: 1)2kw(p—l)1n2k
2 P pi
where the symbol O is dependent on k.
When k = 2, we can obtain the number of the Golomb pairs that are LPRs.
On the other hand, we consider the distribution of k& consecutive LPRs and generalize it to a more

general form.
Let f(x) € F,[x]. Define

M(f(x),Rp)=#x:1<x<p-1,f(x+c1), f(x+c2), -, f(x+cx) e R}

Then we have:

N@R,p) = rl

Theorem 2. Let f(x) € F,[x] with degree | > 1. cy,c,...,ci are distinct elements in F,. Suppose
that one of the following conditions holds:

(1) f(x) is irreducible,

(i1) f(x) has no multiple zero in IF‘,, and k = 2,

(iii) f(x) has no multiple zero in F, and (4k)" < p.
Then we have

k(. _ k(y _
M(f(x),R, p) = 1T#p-1 + O(¢ (p 1 1)2kw(17—1) 1n2kp)’

26 (p = D! pkz
where the symbol O is dependent on k and .

Take f(x) = x, ¢, = 0 in Theorem 2. Then we can get the number of k consecutive primitive roots
X, X +cy,...,x+ cy_1 are Lehmer numbers, which is:

Corollary 1. Let p be an odd prime. Then for any 1 < x < (p — 1) that is an LPR modulo p, we
have

M(x,R, p) =

P(p-1) + O((ﬁk(P—1 1)2kw(p_1)1n2k p) ’
P

1
2 (p— 1!
where the symbol O is dependent on k.

When k = 1,2, we can easily deduce the Theorem 1 and Theorem 6 in Cohen and Trudgian [14],
respectively.

Notation: Throughout this paper, F, denotes a finite field of characteristic p, F, denotes the al-
gebraic closure of F,, ¢(n) is reserved for the Euler function, u(n) is the Mobius function. We use

w(n) to denote the number of all distinct prime divisors of n. Write 3}, to denote a sum over all ¢(d)

multiplicative characters y, of order d over F,, and denote by }.” :1' the summation of 1 < n < p with

(n,p) = 1. 1(y) is the classical Gauss sums associated with character y mudulo p. f < g means
|f] < cg with some positive constant ¢, f = O(g) means f < g.
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2. Some lemmas

To complete the proof of the theorems, we need following several lemmas. The proofs of these
lemmas require some basic knowledge of analytic number theory, which can be found in [15].

Lemma 1. Let p be an odd prime. Then for any integer a coprime to p (i.e., (a, p) = 1), we have
the identity

¢p -1 u(d) Z (@) = 1, ifais a primitive root mod p;
p—1 £ éd) < XED =20, ifais not a primitive root mod p.
- d

Proof. See Proposition 2.2 of Narkiewicz [16]. O

Lemma 2. Let p be an odd prime, xy be a nonprincipal multiplicative character modulo p of order
d. Suppose g(x) € F,[x] has precisely m distinct ones among its zeros, and suppose that g(x) is not the
constant multiple of a d-th power over F,. Then

D x (@)

x€F,

<(m-1)-p2.

Proof. See Theorem 2C in Chapter 2 of Schmidt [17]. O

Lemma 3. Let F, be a finite field of characteristic p, ¥ be a nontrivial additive character and
be a nonprincipal multiplicative character on F, of order d. For two rational functions f(x), g(x) €

F,[x], define K(, f5x,8) = Xxers XMW (f (X)), where S denotes the set of poles of f(x) and g(x).
Suppose the following conditions hold:

(1) g(x) is not the constant multiple of a d-th power over F,,.
(i1) f(x) is not of the form (h(x))? — h(x) with a rational function h(x) over F,,.
Then we have

KW, f1x,8)| < (deg(f) +m—1)+/q,

where m is the number of distinct roots and (noninfinite) poles of g(x) in F,.
Proof. See Theorem 2G in Chapter 2 of Schmidt [17]. O

Lemma 4. Let p be an odd prime. Let cy,--- , ¢, be distinct elements in F,. Assume that f(x) €
F,[x] with deg(f) = I. Define the polynomial

h(x) = f(x+cp)- flx+ o).

Suppose one of the following conditions holds:
(1) f(x) is irreducible,
(ii) f(x) has no multiple zero in F, and k = 2,
(ii1) f(x) has no multiple zero in IF"I, and (4k)' < p.
Then h(x) has at least one simple root in ]Fp.
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Proof. Suppose that f(x) is irreducible. Then f(x + ¢;), -+, f(x + ¢;) are distinct irreducible polyno-
mials, and A(x) has at least k simple roots in Fp. The cases of (ii) and (iii) can be proved by Theorem 2
and Lemma 2 of [18], for k = 2 or (4k)! < p, (I, k, p) is “admissible triple,” then f(x +cy)--- f(x + cx)
has at least one simple root. O

Lemma 5. Let p be an odd prime, my, . ..,my,ny,...,n; be integers with (my - --mgny -+ -ny, p) = 1,
and polynomials g(x), fi(x), ..., fi(x) € F,[x]. Let xy be a Dirichlet character modulo p of order d.
Define

K(X’g’fl,""fk;p) o
= Zp: x(g(x)e [mlfl(x) +o A m i)+ i)+ + nkfk(x))'
p

x=1
(1) fie(x),p)=1
Suppose the following conditions hold:
(1) g(x) can not be the constant multiple of a d-th power over I,
(11) F(x) = fi(x)- - fi(x) has at least one simple root in Pp.
Then we have

IK(x. 8 f1-- -+ » fis p)I < (max(deg(f1), - - -, deg(fi)) + 1) VP,

2mix

where e(x) = e”™ and l is the number of distinct roots of g(x) in Fp.

Proof. 1t is clear that

myfi(x) + -+ my fulX) + ny fi(0) + -+ g fi(X)
CFmAG) + o mfil0) F M MG Glx)
B F(x) T F(x)

Condition (i) is the same as Lemma 3. So our goal is to prove the rational function G(x)/F(x) sat-
isfies condition (ii) in Lemma 3 if F(x) has a simple root in IF’,,. Assume that there are polynomials
K(x), L(x) € F,[x] with (K(x), L(x)) = 1 such that

G(x) K(x))p_ K(x)
F(x) \L(x L(x) )

Then we have
G(x)L(x)" = (K(x)” - K(x)L(x)P-l) F(x). (2.1)

Since F(x) = fi(x)--- fi(x) has at least one simple root in IF},, then there exists an irreducible poly-
nomial w(x) € F,[x] such that w(x) | F(x) and w(x)*> ¥ F(x). Assume that w(x) | fi(x), then we
have

F(x)

F
@ o E96 =0, .

)
W()f() )

Hence, from Eq (2.1)
w(x) 1 G(x) = w(x) | L(x)" = w(x) | L(x)
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w(x)* | L))" = w(x)* | K()PF(x) = w(x) | K(x),
which contradicts to (K(x), L(x)) = 1. Therefore, from Lemma 3 we get
IK(x, g fi, 5 fis p)| < (max(deg(f1), - -+, deg(fi)) + 1) \/p,
where [ is the number of distinct roots of g(x) in P,,. O

Lemma 6. Let x be a primitive character modulo p, x . be character modulo p of order d;. There
exist some 1 < s; < d; with (s;,d;))=1,i=1,2,...,k. Then we have

3> (G e xa(Fx o+ c0)

Xdl )(dk
Z Z x (e e ™ e e ™).
se=1

Proof. From the definition of the Dirichlet character modulo p, we can get

S S vt e xa(Fa+ )

Xd Xd
_ dZie sl~ind<f(x+c])>).__e(sk~ind<f<x+ck>>)
B s1=1 si=1 di di

qeo & (B ind(f(x+ ) + -+ 2 ind(f(x + )

d dy . s1=1) . sk(p=1)
ST S| ) T ind (o + ) ]
_ N
-1

dy dy 1nd((f(x+c1))3 ”’)11 . (f(x+ck))é(5kl))

_ Zze —
dy dy

- Z""Z,X(f(x*‘cl))mj'l)'~-(f(x+ck))W),

s1=1 sp=1

where ind(a) denotes an index of a with base g of modulo p, and g is a positive primitive root of
modulo p. |

3. Proofs of the theorems

Firstly, we prove the Theorem 1. Let p be an odd prime, k be any fixed positive integer. Then for
any k different integers a;, a,...,a; € F,, from Lemma 1 and the definition of Lehmer number we

have
1p_1p = & b(ag, + - +akgk—C)
NRp)==> > e( )
p b=0 gi=1g=1 8k=1
81,825--8kER
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L h(p—1) [~ [ w(d) — 5 }
- —ll Ya(g) (1 - (~1)#%
P | 2 6@ 20 2@ (1= 0)

& (b(algl +oe+ r8k — C))

'Ze -

b=0
1gtp-1) ¢ 1(d) & ]’” (b(a1g1+ +akgk—c>)
= — — Xa(8i) e
p2p-DF L [dilp_lqb(di)zz_ R P
1 gp—1) [© u(dy) : tk 3
+1_921<(p— 1)k L {d;] (d);;)(d(gl ]Z( 1)) ”Z:; ‘;lilliz"'lit
_”Z‘ie(b(alg1+---+akgk—c>)
b=0 p
= A1+A2 (31)
where [; = (-=1)%*& i=1,2,--- ,k.
L¢hp-1 1 p(d) ¥« < o (b(a1g1+ +akgk—c>)
A= £ :
p2(p -1 H[d;w,);; Xal8)| 24
_ 1gp-D ”Zl S ”‘le(b<a1g1+---+akgk—c))
pRp- | L AL p
PR M(dl).../l(dk) P p_l...lj_l PR
+d§1 d;ﬁb(dl) ¢(dk))(zd]1 %; ng:l)(dl(gl) X, (8k)
dy-di>1
_ pz_le(b(algl +oe 4k 8r — C))}
b=0 p
1gk(p-1) % kil puldy)  p(dy)
= X Zip-1 -1
p2p—1p | P FED +d§1 %m(dl) 6 (o)
dydi>1
pzl o pol el _
IS g mgk)Ze( (g1 v+ C)). (3.2)
Xd, Xd, g1=1 gr=1 b=0 p

From Eq (3.2), let

A = Yy

dilp—1 dilp—1
dy-di>1

1 1
u(dl)__.u(dk)z ZPZ pz:/\/dl(gl) "X (k)

o) o) &

.
§ e(b(algl +axgo + -+ argk — C))

» .

b=0
Volume 31, Issue 11, 6913-6927.
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Oy A pd) v v 6
2. 2 i ¢(dk)z ZZ 3 xaen - xaso

dilp-1 dilp-1 Xd, g1=1 gr=1
dy-di>1
p(d)  pldy) LS baig
| k 181
+ : : Xd (gl)e( )
;§IJ§IMO (@§:A§;Lﬂ‘ p
d] dk>1
& baigi\ (-bc
"Z)(dk(gk)e e\—
ey p P
p(d)  p(d) SES baig
I k 181
: Xd (31)6( )
PRI i A IEDIIPY
d] dk>1
o bakgk bc
Z/\/dk(gk)e .
ol P P

Using the properties of Gauss sums we can get

-1

.U(dl) ,U(dk) (balgl)

|A | = Xl(g)e

! d;I d;wl) ¢(dk>zl XZ e W
dy-di>1

it bawgi\ (—bc
o Z/\/dk(gk)e el —
P p V4

p(d)  pldy) &G (balgl)
dél d;wl) ¢(dk)2 Z Xa,(81)e

‘E
"B

S
1l

Xap b=1 gi=1
d1>1 dk>l
bakgk bc
Z/\/dk(gk)e
gk=1 p
1 p-1
u(dy) w1 (di-r) < balgl
N PRI
d;llp_ll ds_llp_ll ¢(d)  ¢(dioy) =
1> k—1>
p-1
b -b
Z X1 (8k- 1)6( ms 1)26( akgk)e(—c)
gr-1=1 p gr=1 p p
1 p-1 p-1
u(dy) < (balgl) (bazgz)
+... X e
d%:1 ¢ (dy) sz—]:éq:l r 4 p
d1>1

Sl

Electronic Research Archive Volume 31, Issue 11, 6913-6927.
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k+1

< koDt

where we have used the fact that 3, [u(d)| = 200
Hence, Eq (3.2) and the above formulae yield that

¢k(P— 1) O(¢k(1? l)zkw(p 1))

2kp pk;l

A=

Then we compute A, in Eq (3.1). For simplicity, let

m(u)—Z( 1) e(

u=1

noting that

] 50 _ s
u=1 p |

1+ e(%) cos(tm/ p)

p-1

2 cosonip

sin(zrm/ p)

=T,pl
cos(tm/ p) pP 0P

Hence,

p-1
(-1 ( )‘ =T,plnp.

u=1

Noting that, if m = 0, then Zu 1( 1)“e ( p”) Zf;l(—l)” = 0, since p is odd. Hence,

I = (—1)%*%
1 p—1 p-1 mi(gi — ;) p—1 p-1 ni(@ = vi) v,
m;=0 u;=1 n, =0 v;=1
1 &8 8+ g7\ S —m;u; —n;v;
S
p m;,n;=0 p 1
= Z ( & +”’g’)Um,.(u,-)Un,.<vi).

From the above discussion and Eq (3.1), we can obtain

1ép-1) 1 (dy) LS«
|Ay| = 2k(p— Dk 2 [d%_ll & (dy) ZZM(& ]Z(—l) Z Zlil "'li:

Xd; 8i= =1 i i=1
i1<-+<iy

-1
_pze(b(algl +axgrt -+ ar8r — C))
p

b=0

(3.3)

(3.4)

(3.5)
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IA

1L¢hp-1) + (k) N )| lu(dy)]
71
p%(p—l)kz N DIED) o) Py

1 dilp-1 dilp-1

Xdy X dy

_e(mlgl +ni1g +

-1 p-1 p-1

> xa(81) - Xa,(80)

b=0 g1=1 gr=1
ot mgt+ ”zg)e(b(algl +oee
p p

<

+ ar8k — C))

L¢tp-1) « () 2 @) u(d)]
- T2
pﬁ(p—l)kZl p 0P d;l %l 6d) o)
di>1 di>1

p-1 p—-1 p-1

Z "'Z)(dl(gl)---xdk(gk)

b=0 g1=1 gr=1

(m1g1 +migr+ -+ mg, +n@)e(b(a1g1 +o gk - c))
p p
N Z Z |,U(d1)|”_|ﬂ(dk—1)|
rrt B ¢ (d)) ¢ (di-1)
d1>1 dk 1>1
p-1 p-1
D> ZZ Zxdl(go X (8k1)
Xd, Xdy_; 16=0 g1=1 8k=1
_e(mlgl +nig+ -+ g, +nzgt)e(b(algl + ot a8 — C))
p p
MARNISISEES
1
+- —_— Z "Z){dl(gl)
d P Higid =
d1>1
_e(mlgl +ﬂ1g_1+"‘+ngt+”z§)e(b(algl +"'+akgk—c))
)4 )4

1 1 1 _ _
ShS pze(mlgl+n1g1+---+mtgt+nzgz)
p

+

0gi=1  g=I

=
(b(algl + - +akgk—C))

)

] . (3.6)

Summing the above formula for ¢ from 1 to &, then the last term of Eq (3.6) is

1 p-1 - _ _
! gl;(k(p — l)k ( )T2’1n2fp pZ: < Z (mlgl +n g+ tmg t nzgz)
p25p-1) £ P
_e(b(algl +oe k8 — C))
p
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p=1 p=

1¢p-1
p2¢(p— 1D

+ argr — C))

+mgr\ (b + -
kT§1n2p migi nlgl)e( (ar1g:

P

LN _
ki
_
Q
—
<

b=0 g1=

k
T T2%k=1) |20k 1)
5y

.e(mlgl + g1+ My 8- + Mik-18k—1 (b(algl + - +ak8k—0))
p p

p=l p= p-l — —
+ +oe +
+T§k 1n2kp Z Z Z (mlgl n181 M8k nkgk)
b=0 g1=1 g p
.e(b(algl +o gy — C)) ]
p
Pp-1 D, 1 ket
< T In® p(pk2+---+p2)
¢p-1 NN ACERY
L —0 In> p-pk 2 :—glny‘p,
p pZ
2
here we have utilized T, < (1 + 1549) < 2.4 and the results in Wang and Wang (see Lemma 2.2

of [13]) that

1
< p2.

p-1 n
ZXd(a)e (ma na)
P

a=1

Similarly, note that ), lu(d)| = 2“” and we can get the estimate of the other terms of Eq (3.6). Then
we have

k
4, < 2P Doy, (3.7)
pZ

Inserting Eqs (3.3) and (3.7) into (3.1), we can deduce that

N®R,p) = $p-1) O((ﬁk(pk+1 D spop- 1)) (¢k(p D skatp) 1k )

2kp p: p%
k -1 k -1
[0y (5]( ) (¢ (P§ )zkw(p—l) In p).
p2

This proves the Theorem 1.
Now we prove the Theorem 2. Let A denote the set of integers 1 < x < p such that

k
[ ]G+ e = 0(modp).

i=1

By the definition of primitive roots and Lehmer number, it follows that
M(f(x),R, p)

Electronic Research Archive Volume 31, Issue 11, 6913-6927.
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Lop-1 1(d) o & e T
= — = - E i , N (1 = (=1)f e+t

2k (p-Dk 1 A ) Z)az,- ;:l)(d,(f(x+c))( (=1) )
X¢A

k

1¢'(p-1)
= X (o1 | ; 4 ;Z){d(f(x"'cz))
X¢A

k
zlkqik(p__n?l—[ Z ZZxd<f(x+a>> I Z Zg“ 8
p i=1 | dilp- l Xd; ;22.7]( =1 i1<<i,
- 5GERe. .

where g; = (=1)/Wetflxte) i =1 2. k.

Tl v ) v 3
Bi=| ]| D) 55 D) D xalfx+c)

ST pd) o\
- le+1—1[ WZ_] D 2u 2 Xal e+ ).

! Xd; x=1
X¢A HL di>1 X¢A

Obviously,

From Lemma 6 we have

D> im (FOr+ cOWa, (Fx + €2)) -+ xa (Fx + )

Xdy Xdy Xd, x=1
x¢A
dy dy.
spp=1)
= Yy Zx((f(mq)) ),
s1=1 sp=1
x¢5‘1

Duetodid,---d; > 1, and

si(p—1)

y <p-1lford;>1(i=12,...,k),
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from Lemma 4 we can get that the polynomial
s1(p=1) sk(p 1)

(f(x+c)) o s c(flxr ) %

has a root in F, with multiples less than p — 1, thus it can not be multiple of a (p — 1)-th power of
51 71 sg(p—1)

polynomial over F,,. Take g(x) = (f(x +c¢)) o dl - (f(x+c¢) % ,in Lemma 2 we have
P 1(p-1) sg(p=1) 1
Do en e e e ) < @ - Dpt,
x=1
x¢ A

Hence, we have
1

1B, — (p = kD)| < (2*?~V — 1)kl = 1)p? < 2MP~D(kl - 1)p2. (3.9)

Using the methods in the proof of Theorem 1 we have

w-L S e(mi(f<x+ ik T
1

] Un(ui) Uy, (vi)-

mi,ni=

From the above discussion and Lemma 5, we can obtain

k ,u(d) p k k k k
Bl < [} 20 5ay 20 2xalfGe+e) Z(—l)fzz 88 8
! Xd; x=1
x¢A

i=1 | di|lp-1 t=1 i1=1 ip=1 z,:l

u | ()] K\ oo |
<M1z 56 ]z(t)mnp-zmmm»
Xd; x=1

i di|p-1
X¢A

Am(fx+c) +n(flx + Ct))]‘

.e(m1<f<x+c1>> Pt +-

p
< kep-D Z( )TZ’ I p(kl + I)p=. (3.10)
Combing Eqgs (3.8), (3.9) and (3.10) we have
1Lgp-1) De
‘M(f(x) RP) = 30—y P~ kl)|
k k
S [2"“’(’"”(kl RUREADY (’;)T;f In® p(kl + Dp?
X k
%%2’“"(” Dps . [(kl -+ ({(k+ DD Z( )Tz’ In* p|. (3.11)
Then we have
ki _ k(p —
M(f(x).R. p) = f = )kl)l * 0(¢ B gt p).
p 2

This complete the proof of Theorem 2.
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4. Conclusions

From two perspectives, this paper consider the distribution of LPRs that are related to the general-
ized Golomb’s conjecture. Theorem 1 extends the binary linear equation ag, + bg, = c to the multi-
variate linear equation a;g; + a>g» + - - - + axgx = ¢, and uses the properties of Gauss sums to derive an
asymptotic formula for the number of its solutions gy, g, ..., g that are LPRs. Theorem 2 considers
k consecutive LPRs and employs the upper bound estimation of the generalized Kloosterman sums to
provide a more general result that for f(x) € F,[x], kK polynomials f(x+c;), f(x+c2),..., f(x+ci) are
Lehmer primitive roots modulo p.
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