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1. Introduction

In past decades, research of derivations and nonlinear derivable mappings on algebras has attracted
the attention of many mathematicians.

Definition 1.1 Let R be a commutative ring with identity and ‘A a unital algebra over R, and N the
set of non-negative integers, i, j, k,n € N.

(1) If A is an additive mapping such that
AXY) = AX)Y + XA(Y) (1.1)

for all X,Y € A, then A is said to be a derivation. If A is not necessarily additive and Eq (1.1) hold
forall X, Y € A, then A is said to be a nonlinear derivable mapping.

(2) Forany X,Y € A, call X o Y := XY + YX the Jordan product of X, Y. If A is an additive mapping
such that
AXoY)=AX)oY +XoA(Y)

for all X,Y € A, then A is said to be a Jordan derivation. Nonlinear Jordan derivation is defined
similarly to the nonlinear derivable mapping.
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(3) Let D = {d,},en be a sequence of additive mappings (resp., without assumption of additivity) on A
with dy = id # the identity mapping on A such that

d(XY) = ) di(X)d;(Y)

i+j=n

foralln € N, and X,Y € A, then D is said to be a higher derivation (resp., nonlinear higher
derivable mapping).

Obviously, every additive derivation is an additive Jordan derivation, and every additive higher
derivation is an additive Jordan higher derivation. However, the inverse statement is not true in general.
It is natural to ask the following two questions:

Problem 1 Under what conditions is a Jordan (higher) derivation is a (higher) derivation?

Problem 2 Under what conditions is a nonlinear (Jordan, higher) derivation is a (Jordan, higher)
derivation?

There are many works that consider Problem 1. For example, see [1-5]. In this paper, we focus
on Problem 2. Rickart [6] proved that, under certain conditions, any one-to-one and multiplicative
mapping from a ring into another ring is necessarily additive. Martindale [7] obtained the result that
each multiplicative bijective mapping on an arbitrary algebra which contains a nontrivial idempotent
is automatically additive. For other similar results about additivity of multiplicative mappings on rings
or algebras, we refer the readers to [8—11] and references therein for more details. Daif [12] showed
that, under certain conditions, any multiplicative derivation is additive. Later, Daif [13] extended this
result to the case of multiplicative generalized derivation. Lu [14] proved that, under some conditions,
every multiplicative Jordan derivation on a prime ring is an additive derivation. For more similar
results about additivity of nonlinear Jordan derivable on rings or algebras, see [15, 16] and references
therein. Fu and Xiao [17] and Ashraf and Jabeen [18] showed that all nonlinear Jordan higher derivable
mappings and nonlinear Jordan higher triple derivable mappings on triangular algebras is an additive
higher derivation, respectively.

In [1], BenkoviC defined anti-derivations on algebras as the following.

Definition 1.2 Let C be a commutative ring with unity, A an algebra over C and M an A-bimodule.
Leto : A — M be a linear map. If

o(ab) = 6(b)a + bé(a)

for all a,b € A, then ¢ is said an anti-derivation. For more results about anti-derivation on rings or
algebras, see [19,20] and references therein.

Motivated by the above definition, we introduce the following higher anti-derivation.

Definition 1.3 Let C be a commutative ring with unity, and A be an algebra over C. Let D = {6, },en
be a sequence of additive maps from A into itself with 6y = id,. If

Su(ab) = )" 6(b)5,(a)
i+j=n

for all a,b € A and all n € N, then D is called a higher anti-derivation. If 9, is not necessarily additive,
then D is called a non-linear higher anti-derivable mapping.

Our main purpose in this paper is to show that every nonlinear higher anti-derivable mapping on
a generalized matrix algebra is additive. In the following section, we introduce some basic concepts
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and the properties of generalized matrix algebras we require. Generalized matrix algebra is a partic-
ular structure of generalized n-matrix rings (see for example [21]), if we do not consider the scalar
multiplication.

2. Generalized matrix algebras

Let R be a commutative ring with identity, A and B be two unital R-algebras, and 14 and 1z be the
unit elements of A and B respectively. Let M be a faithful (A, B)-bimodule (i.e., forany A € A, B € B,
if AM =0, then A = 0; if MB = 0, then B = 0), and N be a (not necessarily faithful) (B, A)-bimodule.
Suppose that there are two bimodule homomorphisms @y : MgN > Aand Pypy : NeaM - B
satisfying the following associativity conditions: (MN)M’' = M(NM") and (NM)N’ = N(MN") for all
M,M" € M,N,N" € N, where MN = ® (M ®g N) and NM = ¥y p(N ®7 M). Then

Q(?I,M,N,B):(ﬂ M)

A M
N 8 _{( ).Aeﬂ,MeM,NeN,BeB}

N B
is an R-algebra under the usual matrix-like addition, and the following multiplication:

A M\[(A M)\ (AA +Oyn(M®N) AM + MB
N BJ\N B |~ NA + BN BB + YAm(N@O M)

forall A,A" € A, M,M € M,N,N € N and B, B € B, where at least one of the two bimodules M
and N is distinct from zero. Such an R-algebra is called a generalized matrix algebra. This type of
algebra was first introduced by Morita [22]. In the following, we simply write G(A, M, N, B) as G.
For any associative algebra (A, if A is unital with the identity 14, and has a non-trivial idempotent
P (P> = P, P # 0and P # 1), then the Peirce decomposition of A corresponding to P is A =
PAP + PAQ + QAP + QGQ, where Q = 14 — P. With respect to this decomposition, A is a
generalized matrix algebra, and we then know that any an associative algebra containing a non-trivial
idempotent is a generalized algebra.
Consider a generalized matrix algebra G, let 1 be the unit of G. Set

(14 0O s (00
Pl‘(o 0)’P2‘1 Pl‘(o 13)

and G;; = P,GP;(1 <1i,j <2). Then, G can be represented as

G=Gu+Gn+Gi+Gn,

where Gy, is a subalgebra of G isomorphic to A, G,, is a subalgebra of G isomorphic to B, G, is
a (G11,G»)-bimodule isomorphic to M, and G,; is a (G2, G11)-bimodule isomorphic to N. Thus,
G1» is a faithful (G, G»»)-bimodule. Furthermore, for any A € G, A can be represented as A =
Ay + A+ Ay + Ay, Where A,’j S g,’j (1<i< ] <2).

In this section, our main result is the following Theorem 2.1. In [12], Daif proved every multiplica-
tive derivation on a ring having an idempotent element which satisfies some conditions is additive. It is
not hard to see an anti-derivation on a generalized matrix algebra G is a derivation from G into its anti-
algebra. However, Theorem 2.1 is not a direct corollary of the theorem in [12]. This is because there
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are no idempotent elements in a generalized matrix algebra satisfying the conditions in [12]. Further,
in [23], Ferreira and Sandhu showed that multiplicative anti-derivations are additive on generalized
n-matrix rings. When n = 2, a generalized n-matrix ring is just the generalized matrix ring. However,
these results are not the same as the following results.
Theorem 2.1 Let G be a generalized matrix algebra, and ¢ be a mapping of G (without assumption
of additivity). If ¢ satisfies
P(XY) = p(V)X + Yo(X) @.1)

for all X,Y € G, then ¢ is additive.

In order to prove Theorem 2.1, we introduce Lemmas 2.1-2.4, and then prove that Lemmas 2.1-2.4
hold.

Lemma 2.1 If ¢ is an nonlinear anti-derivable mapping on G, then

(1) ¢(0) = 0;

(i) p(P1) = P1p(P1)Py + Prp(P1)Py;

(i) p(P2) = P1p(P2)Py + Pyp(P2)Py;

(iv) o(P1) = —p(P2).

Proof (i) Taking X = Y = 0 in Eq (2.1), we have ¢(0) = ¢(0)0 + 0¢(0) = 0, and so ¢(0) = 0.

(i) Taking X = P;,Y = Py in Eq (2.1), we get ¢(P;) = ¢(P1)P; + P1¢(P;), which implies that
Pi@(Py)P; = Pp(P;)P, = 0. Hence, we obtain that ¢(P;) = P1p(P)P, + P,p(Py)P;. Similarly, we
can show (ii1) holds.

(iv) Taking X = P;,Y = P, in Eq (2.1), we get

0 = @(P1P2) = ¢(P2)Py + Pap(P1) = Prp(P2)Py + Pap(P1)P1.
Similarly, we get

0= @(P2P1) = ¢(P1)P2 + P1p(P2) = P1p(P1)P2 + P1p(P2)Ps.
Adding the above two equations, it follows from Lemma 2.1 (ii) and (iii) that

0 Pip(P1)Py + Pyp(P1)Py + P1p(P2)Ps + Prp(P))P,

@(P1) + ¢(P2).

Therefore, ¢(P;) = —¢(P5). The proof is completed.

Lemma 2.2 If ¢ is an nonlinear anti-derivable mapping on G, then forall A}, € G11,A12 € G12,42] €
Gr1,A2 € G,

(1) p(A12) = Prp(A12)Py;

(i1) p(A21) = P1p(Az)Py;

(iii) (A1) = P1p(A11) Py + Pap(Ay1)Py;

(iv) p(An) = Pip(An)P) + Pyp(An)Py;

(V) @(P)A12 = @(P2)A1 = Aa@(P1) = Appp(P>) = 0;

(vi) @(P1)Az1 = p(P2)Ay = Ayip(Py) = Az1(P2) = 0.

Proof (i) For any A}, € G5, taking X = P1,Y = Ay, in Eq (2.1), we have

©(A12) = @(P1A12) = (A12) Py + Apa0(Py). (2.2)

Electronic Research Archive Volume 31, Issue 11, 6898-6912.



6902

This yields from P,¢(P;)P, = 0 that
PISD(AIZ)PZ = Pz(P(Alz)Pz =0.
Similarly, we have

©(A12) = p(A12P>) = p(P2)A 1 + Prp(Ary). (2.3)
This implies that
Pip(A2)P; = 0.

Therefore, we get ¢(A1,) = P>d(A2)P,. Similarly, we can show that (ii) holds.
(iii) For any Ay, € G11,A12 € G1o, taking X = Ay, Y = Ay; in Eq (2.1), then by Lemma 2.2 (i), we
have

0 =p(AnAn) = e(A1)A + Alg(A) = ¢(A11)A.
This yields from the faithfulness of G, that
P1p(A1)P; = 0.
Similarly, taking X = P,,Y = A;; in Eq (2.1), we have
0 = @(P2A11) = p(A11) P2 + Ap1p(P2).
This implies that
Prp(A1)P, = 0.

Therefore, we obtain that ¢(A;) = P1@(A11)P; + P,p(A11)P;. Similarly, we can show that (iv) holds.
(v) For any A, € Gy, it follows from Eqs (2.2)—(2.3) and ¢(A1,) = Pr¢(A,)P; that

Pip(Ap) =0 = App(Py) and @(A12)Py =0 = @(Py)Ajs.

Therefore, we obtain from ¢(P;) = —¢(P5) that ¢(P1)A1; = @(P)A1; = Apne(Py) = Ape(P,) = 0.
Similarly, we can show that (vi) holds.

Lemma 2.3 If ¢ is a nonlinear anti-derivable mapping on G, then for all A, By € G11,A12, B12 €
G2, A2, Bay € Go1,An, By € G,

(1) @(A11 + Bi1) = ¢(A11) + ¢(By1);

(ii) p(Ax + B2y) = ¢(A2) + ¢(B);

(ii1) (A1 + A2) = @(A11) + @(A1);

(iv) (A2 + A2z) = 9(A12) + p(An);

(V) p(Az1 + Ap) = p(Az1) + p(A2);

(vi) (A12 + B12) = ¢(A12) + ¢(B12);

(vii) @(Az1 + Ba1) = ¢(Az1) + @(Byy).

Proof (i) For any Ay, B;; € G11, taking X = A, Y = Py in Eq (2.1), we have

Prp(A11)Py = (P1)Aq;.
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Taking X = P,,Y = Ay; in Eq (2.1), we have 0 = @o(P,A11) = ¢(A11)P, + Aj19(P,), this yields from
@(P1) = —p(P,) that

Pip(A11)Py = —A1@(P2) = Aje(Py).

Hence, we can get from above two equations and ¢(A;) = P1@(A11)P> + Pyp(Ay)P; that

©(A11) = A1e(Py) + @(PAy.

Similarly, we get

@(B11) = Bi1¢(Py) + ¢(P1)By;.

And,

@(Ay1 + Byy) = (A + Bi)e(Py) + o(P)(Aq + Byy).

Therefore, it follows from above three equations that ¢(A; + B11) = ¢(A11) + ¢(B1;). Similarly, we can
show (ii) holds.
(i11) For any Ay, € G11,A12 € G, taking X = Ay + Az, Y = Py in Eq (2.1), we get that

©(A11) = (A1 + A)P1) = @(P1)(A1 + App) + Pio(Aq + Az) = @(PA + Pro(A + App).
Similarly, taking X = A;; + A2, Y = P, in Eq (2.1), by Lemma 2.2 (v), we have

P(A12) = (A1 + A12)P2) = (P2)(A11 + A1) + Pyp(A + Apn) = e(Pr)A1 + Pyp(A + App).

Adding the above two equations, we then obtain from ¢(P1) = —@(P,) that (A1 + Ap) = @(Aqp) +
¢(A12). Similarly, we can show (iv) and (v) hold.
(vi) For any Ay», Bj» € G1a, taking X = A, Y = By, in Eq (2.1), it follows from A, B, = 0 that

0 = 9(A12B12) = ¢(B12)A12 + Bi29(Ar2). (2.4)

Since Ay, + Bjp = (P +A]2)(P2 + B]z), we take X = P; + A5, Y = P, + By in Eq (21), and then we
get from Lemma 2.2, Lemma 2.3(i),(v), Lemma 2.4(iii)-(iv) and Eq (2.4) that

e(A1p+ Bia) = @((Py+Ap)(P2 + Bip))
= @(Py + B1o)(P1 + App) + (P2 + Bio)e(P1 + A)
(p(P2) + (B12))(P1 + A12) + (P2 + Bi)((P1) + ¢(A12))
@(P2)P1 + ¢(P2)A12 + ¢(B12)P1 + ¢(B12)A12
+  Pyp(Py) + Pap(A12) + Biow(P1) + Biag(A1)
Prp(A12) + ¢(B12) Py
Prp(A12)P1 + Prp(B12) Py
= ¢(An) + ¢(B12).

Similarly, we can show (vii) holds. The proof is completed.
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Lemma 2.4 If ¢ is a nonlinear anti-derivable mapping on G, then (A1 + A;p + Ay + Ap) =
©(A1) + e(A2) + e(Az1) + p(Ay) for all Ay € Gy, A2 € Gi2, Ay € Gy and Ay € Gy,

Proof For any A, € G11, A1z € G2, A21 € Go1, A € Gy, taking X = P, Y = Ay + Ay + Ay + Ay
in Eq (2.1), we get from Lemma 2.3 (iii),(v) and Lemma 2.2(v)-(vi) that

e(A11) + p(Ar) P(Pi(A1 + A+ Ay +A))
= @A +Ap+Ay +Ap)Pi + (A + A + Ay + Ax)e(Py)

= @A +An+ Ay +AR)P + (A + An)e(Py).
Similarly, we obtain that

W(A21) + 9(A2) = @(Pa(A1 +Ap + Az +Ap))
= @A +An+ Ay +AR)Py+ (A + A + Ay + Ap)e(P))
= @A +Apn+ Ay +AR)Py + (A + An)e(P?).

Adding the above two equations, using ¢(P;) = —@(P,), we get (A + Ap + Axy + Ax) = (A1) +
@(A12) + 9(Az1) + @(Ay,). The proof is completed.

Now, we complete the proof of Theorem 2.1.

Proof of Theorem 2.1 Forany X,Y € G, set X = A;; +Ajp+Ay +Axp and Y = By + By, + By + By,
where A;j, B;; € G;j(1 <i < j <2), then by Lemmas 2.3 and 2.4, we obtain that

X +7Y)

©((A11 + A1z + Ay + An) + (Bi1 + Bia + By + B))

= @((A11 + Bi1) + (A1a + Bi2) + (Az1 + Bay) + (A + B2))

= @(An + Bi) + ¢(Az + Bio) + 9(A21 + Bay) + ¢(Ax + Bap)

= @(An) + @(B11) + ¢(A12) + 9(B12) + 9(Az1) + ¢(Ba1) + ¢(A2) + ¢(Ba2)
= @A+ A+ Ay +Ap) + @B + Bia + By + By)

= @X) + @Y).

Therefore, ¢ is an additive mapping on G. The proof is completed.
Next, we will give the second main result.

3. Additivity of nonlinear higher anti-derivable mappings on generalized matrix algebras

Theorem 3.1 Let G be a generalized matrix algebra and D = {d,},«n be a sequence mapping from
G into itself (without assumption of additivity) such that

du(XY) = ) d{(V)d}X) (3.1)

i+j=n

foranyn e N, X, Y € G, then D is an additive mapping on G.

In the following, to prove Theorem 3.1, we will introduce Lemmas 3.1-3.3, and then use math-
ematical induction to prove that Lemmas 3.1-3.3 hold. We assume that G is a generalized ma-
trix algebra, and D = {d,},av is a higher anti-derivable mapping on G. Let N be the set of non-
negative integers, N* be the set of positive integers, and i, j,k, p,q,n € N. For any X,Y € G,

Electronic Research Archive Volume 31, Issue 11, 6898-6912.



6905

A € Gii,An € G2, Ay € Goi,An € Gon. Wesay amap f : G — G satisfies the set of proper-
ties L, if

1) fX+7Y) = fX)+ f(Y);

(i) f(0) =0, f(P1) =—f(P2) e M+ N;

(ii1) f(A12) = Pof(A12)Py;

(iv) f(PDAR = f(P)Ap = A f(Pr) = Apf(Py) =0;

(V) f(A21) = P f(A2)P2;

(Vi) f(PDA2 = f(P2)Ay = Ao f(P1) = Ay f(P2) = 05

(vii) f(A1) = P1f(A1)Py + Py f(A1)Py;

(viil) f(A2) = P1f(An)P> + Py f(Apn)P;.

It is known from Theorem 2.1 that d; satisfies the set of properties £. Now, for any X, Y € G,
Ay € Gi1,A12 € G2, Az € Ga1, Ax € Gao, We assume that di (1 < k < n) satisfies the set of properties
L. In the following, we show d, satisfies the set of properties L.

Lemma 3.1 For any n € N*", A} € G11,A1n € G12,A21 € Go1,An € G, d, satisfies the set of
properties L.

Proof (i) For any n € N*, taking X = Y = 0 in Eq (3.1), it follows from the set of properties £(ii)
that

d,0) = > d(0d0) = > di0)d;0)+d,(0)0+0d,(0) = 0.

i+j=n i+j=n,1<i,j

For any n,1, j € N*(i, j < n), since d;(Py), d;(Py), d;(P,),d;(P,) € M+N, and so by the set of properties
L (iv) and (vi), we get that

di(P\)d;(Py) = di(P,)d;(Py) = di(P1)d;(P;) = di(Py)d;(P;) = 0. (3.2)
Taking X = P,,Y = P, in Eq (3.1), by Eq (3.2), we get

dn(Py)

D (PP

i+j=n

DL dP)APY) + dy (PP + Pidy(P)

i+j=n,1<i,j

d,(P1)P; + Pd,(P;).

This implies that

Pd,(P\)Py = P>d,(P)P, = 0. (3.3)
Similarly, we have

Pid,(Py)P = P>d,(P>)P, = 0. (3.4)
Taking X = P,,Y = P, in Eq (3.1), by Eq (3.2), we get

0 = > d(P)d(P)

i+j=n
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D d(P)A(P) + dy(P2)Py + Pady(P1)

i+j=n,1<i,j

d,(Py)P; + Pyd,(P)).

Therefore, we get

P>d,(P2)Py = —P>d,(P1)P1. (3.5)
Similarly, we obtain that

P1d,(Py)Py = —P1d,(P1)Pa. (3.6)

Therefore, by Eqs (3.3)—(3.6), we get that d,,(P;) = —d,(P;) e M+ N.
(i1)-(iii) For any n € N*, A}, € Gy, taking X = Py, Y = Ay, in Eq (3.1), it follows from (iii) and (vi)
of the set of properties £ that

d,(A12) d,(P1A1)

= ) d(Ap)d(P)

i+j=n
= Z Prdi(A2)Pidj(Py) + d,(A12) Py + A12d,(Py)
i+j=n,1<i,j
= d,(A12)Py + Appd,(Py).
This yields from P,d,(P;)P, = 0O that
P>rd,(A2)Py = Pid,(A12) Py = Apd,(Py) = 0. (3.7)

Similarly, we get

d,(A12) d,(A12P>)

= ) d(Pdi(Ap)

i+j=n
= D d(P)Pdi(An)P: + dy(P)Ap + Pad,(Ap)
i+ jEm<i,j
= dy(Py)Ap + Prdy(Arn).
This yields that
Pid,(A12)Py = dy(P2)A12 = 0. (3.8)

Therefore, by d,(P,) = —d,(P;) and Eqgs (3.7) and (3.8), we get (ii) and (iii). Similarly, we can show
that (iv) and (v) hold.

(vi) For any n € N*, Ay, € G11,A1; € Gio, taking X = Ay, Y = Ay in Eq (3.1), it follows from the
set of properties £ (ii) and Lemma 3.1 (ii) that

0 = dy(AAn)
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D diAdiAn)

i+j=n
Z di(A1)(P2d (A1) Py) + dy(A11)A1 + Aydy(Arn)

i+j=n,1<i,j

Z Pdi(A11)Prdj(A2)Py + d(A11)A.

i+j=n,1<i,j

This implies that P,d,(A;;)P1A 1, = 0, and so by the faithfulness of G,,, we get
Pyd,(A1)P, =0 (3.9)

Taking X = Ay;,Y = P; in Eq (3.1), we get from (iv), (vi) and (vii) of the set of properties £ and
Lemma 3.1 (vii) that

d(An) = dy(AnP)
= ) d(P)diAn)

i+j=n

= ), dP)(Pidi(A)Ps + Pad(A1)PY)

i+ j=m1<i,j
+ d,(P)A + Pid(An)
= d,(P)Ay + Pid,(Ap).

This yields that
Pyd,(A11)P> =0 and P»d,(A11)P) = d,(P1)Ay;. (3.10)

Similarly, taking X = P,,Y = Ay, in Eq (3.1), we get from (iv), (vi) and (vii) of the set of properties £
and Lemma 3.1 (vii) that

)
Il

d,(P2A11)
D dA)d;(Py)

i+j=n

= Z (P1di(A11) Py + Prdi(A)P)d(P,)

i+j=n,1<i,j
+d,(A11)Py + Ay1d,(P>)
= d,(A1)Py + And,(Py).

This yields that
Pid, (A1) P = —Andy(P2) = Andy(P)). (3.11)
Therefore, we get from Eqs (3.9)—(3.11) that
d,(An1) = P1d,(A11)Pa + Pady (A1) Py = And,(Pr) + dy(P1)Aq. (3.12)

Similarly, we can show that (viii) holds. The proof is completed.
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Lemma 3.2 For any n € N+, A]],B]] (S gll,Alz,Blz (S glz,Azl,Bm (S QZ],Azz, Bzz € gzg, then
(1) dy(A1y + Byy) = dy(Any) + dy(Bry);

(i1) d, (A2 + Byy) = dy(Ax) + dy(B2);

(ii1) d, (A1 + App) = dy(Apy) + dy(Ar2);

(iv) dy(A1 + Ay) = dy(Arn) + d(A2);

(V) dy(Ar1 + Ap) = dy(Ay) + dy(Ap);

(Vi) dy (A1 + Bya) = d(A12) + dy(B12);

(vii) dy(Az1 + Bay) = dy(Az1) + dy(Byy).

Proof (i) For any n € N*, Ay, By| € G1,, we get from Eq (3.12) that

d,(A + By) (A1 + Bi)d,(Py) + dy(P1)(An + Biy)
(And,(Py) +d,(P1)An) + (B11dy(Py) + dy(P1)By1)

d, (A1) + d,(Bi1)

Similarly, we show that (ii) holds.
(iii) For any n € N*, A|| € G11,A» € Gio, taking X = Ay + A5, Y = Py in Eq (3.11), we get from
the set of properties L (i) and Lemma 3.1 that

dy(Ay1) d,((Ay1 +Ap)Py)

D di(P)dA + Ar)

i+j=n

= Z di(P\)(dj(A11) + dj(A12)) + dy(P)(A1 + Ap) + Pidy(Agy + Arp)
i+jeml<i,j

= Z di(P)dij(A) +d,(PDA + Pid, (A + App)

i+j=n,1<i,j

= Z di(P1)(P1dj(A11)Py + Prdj(A1)Py) + dy(P1)Ay + Pid, (A + Ayp)
i+j=n,1<i,j

= d,(P)Ay + Pidy(A1 + Ap).

Thus, we get
d, (A1) = dy(PAN + Pidy (A1 + Ar).
Similarly, taking X = A;; + A2, Y = P, in Eq (3.1), we obtain that
dy(A12) = dy(P2)A1 + Pady(Anr + Ar).

Adding the above two equations, we obtain from d,(P;) = —d,(P,) that d,(A; + Ap) = d,(A;1) +
d,(A1,). Similarly, we can show (iv) and (v) hold.

(vi) For any A», Bj» € G1o, taking X = A, Y = By, in Eq (3.1), then it follows from A, B, = 0
that

0=dy(AnBp) = )| di(Bi)dj(Ap), (3.13)

i+j=n
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Since A1, + B1p = (P +A]2)(P2 + By,), we take X = Py + A5, Y = P, + By in Eq (31), and then we
get from Lemma 3.1, Lemma 3.2(iii)-(iv), and Eq (3.13) that

d,(Ap + By2) d,((P1 + A12)(Py + Byy))

Z di(Py + B12)d;(P; + Ayp)

i+j=n

- Z di(Py + Bio)d,(P) + Ay2)

i+j=n,1<i,j

+ dy(Py+ Bo)(Py + Ap) + (P2 + Bio)d(Py + Ap)
= D dP)E(P)+di A+ D diBi)d(P) +di(An)

i+j=n,1<ij i+j=n,1<i,j

+ (d(P2) + dp(B12)(Py + Aya) + (P2 + Bo)(d,(Py) + dy(Ar2))
= Z di(B12)d(A12)

i+j=n,1<i,j

+ d,(P)Py + dy(B2)Py + dy(B12)A 2 + Pad,(Py) + Prd,(A12) + Biady(A2)
= ) di(Bi)dj(Ap) = Pady(P)P) + Pady(P)P)

i+j=n
+ Pyd,(A12)P) + Pyd,(B12)P,
= d, (A1) + du(Bi2).

Similarly, we can show (vii) holds. The proof is completed.

Lemma 3.3 For any n € N*, A, € G1,A1; € G12,Ax € Gy and Ay € Goo, then d,(Ay; + App +
Az + Ap) = dy(An) + dy(Arn) + du(Azr) + du(A2r).

Proof For any n € N+, A € gll’AIZ S ng’AZI S QZI’AZZ S gzz, taking X=P,Y=A+Ap+
Ay + Ay in Eq (3.1), we obtain from the set of properties £ (i), Lemma 3.2 (iii) and (v) that

d, (A1) +dy(An) = dy(A +Ap)
= d,(Pi(A11 + A1 + Ay + Ap))
= Z di(A11 + A + Ay + Ax)d(Py)

i+j=n

= Z di(A + Ay + Ay + Ap)d(Py)
i+j=n,1<i,j

+ dy(Aj + A+ Ay +Ap)P)
+ (A + A+ Ay +Ap)d,(P)).

Similarly, we take X = P,,Y = Aj; + A2 + Az + Ay in Eq (3.1), then we obtain that

dy(Az1) + dy(Ay) dy(Az + Ag))
dy(Py(A11 + A + Ay + Ap))
Z di(Ayy + Ap + Ay + Ap)d(Pr)

i+j=n

D dilAn + A+ Asy + An)di(P)

i+j=n,1<i,j
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+ dy(An + A+ Ay + AP,
+ (A + A+ Ay + Ap)d,(Ps).

Adding the above two equations, by d,(P;) + d,(P,) = 0, we get that d,(A1; + A1p + Ay + Ap) =
d,(An) +d,(Ap) + d,(Az) + d,(Ay). The proof is completed.

Now, we complete the proof of Theorem 3.1.

Proof of Theorem 3.1 For any n € N, X,Y € G, set X = A;; + Ap + Ay +Ap and ¥V =
By + Biy + By + By, where A;j, Bij € Gij(1 <i < j<2), then, by Lemmas 3.2 and 3.3, we can obtain
that

d,(X+7Y)

d,((A11 + Ay + Ap + Ax) + (Biy + Bia + By + B))

= dy((A11 + Bi1) + (A2 + Bpo) + (A1 + Bay) + (A + B))

= dy(A11 + Bi1) + dy(Ap + Bro) + dy(Azy + Byy) + dy(Ax + Ba)

= d,(An) + dy(B11) + dy(A12) + du(Bra) + dn(Az1) + du(Ba1) + dy(Ax) + dy(By)
= dy(An + A + Ay + Axp) +dy(Biy + Bia + By + B)

= d,(X)+d,(Y).

Therefore, D = {d,},«v is an additive mapping on G. The proof is completed.

In the following, we give some applications of Theorem 3.1.

Because triangular algebras and full matrix algebras are two special classes of generalized matrix
algebras, we can get Corollaries 3.1-3.5 immediately. For the definition of triangular algebra, we refer
readers to [24]. It is worth pointing out that, in [25], Ferreira showed that under certain conditions,
every m-multiplicative derivation on a triangular n-matrix ring is additive.

Corollary 3.1 Let A and B be unital algebras, M be a unital (A, B)-bimodule, which
is faithful as both a left A-module and a right B-module, and U = Tri(A M, B) =

{( g IZ ) ca€Ame M,be B} be a triangular algebra. If D = {d,},cy is a nonlinear higher anti-

derivable mapping on U, then D = {d,},«v is additive.

Corollary 3.2 Let A be an unital algebra, and M,,(A)(2 < n) be the full matrix algebras of all
n X n matrices over A. If D = {d,},cv is a nonlinear higher anti-derivable mapping on M, (A), then
D = {d,},en 1s additive.

Corollary 3.3 Let R be a unital prime ring with a nontrivial idempotent P, and / be the unit of R. If
D = {d,},en 1s a nonlinear higher anti-derivable mapping on U, then D = {d,},cn is additive.

Proof of Corollary 3.3 Suppose Q = I — P. Since R a prime ring, it follows that PRQ is a faithful
(PRP, QRQ)-bimodule. Then, R is isomorphic to the generalized matrix algebra

PRP PRQ
ORP  ORQ

Therefore, by Theorem 3.1, we know that D = {d,},cx is additive.

Since standard operator algebras and factor von Neumann algebras are prime algebras with nontriv-
ial idempotents, by Corollary 3.3, we obtain Corollary 3.4 and Corollary 3.5 as follows.

Corollary 3.4 Let X be a Banach space over number field ¥, and A(X) be an unital standard
operator algebra over X. If D = {d,},cn is a nonlinear higher anti-derivable mapping on A(X), then
D = {d,},«n 1s additive.
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Corollary 3.5 Let H be a Hilbert space over number field #, and V be a factor von Neumann
algebra over H. If D = {d,},av is a nonlinear higher anti-derivable mapping on V, then D = {d,,},en is
additive.
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