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Abstract: This paper concerns energy conservation for weak solutions of compressible Navier-Stokes-
Maxwell equations. For the energy equality to hold, we provide sufficient conditions on the regularity
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1. Introduction

In this paper, the following isentropic compressible Navier-Stokes-Maxwell (CNSM) system is
considered, which consists of Navier-Stokes equations of fluid dynamics and Maxwell’s equations of
electromagnetism. The coupling comes from the Lorentz force in the fluid equation and the electric
current in the Maxwell following equations:

0,p + div(pu) = 0,
0:(pu) + div(pu ® u) — uAu — (A1 + w)Vdivu + VP(p) = j X b,

OE-VXb+j=0, j:=E+uxb, (1.1)
0b+VXE=0,
divb = 0,

with the initial data
(o, u, E,b)(-,0) = (po, uo, Eo, bo), (1.2)
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where p is the density, u is the velocity field, and E and b represent electronic and magnetic fields,
respectively. The fluid pressure is represented by P(p) meets:

P(o) =ap” with a>0, y>1, (1.3)

where a is a physical constant and vy is the adiabatic exponent. The viscosity coefficients ¢ and A are
constant and satisfy the physical restrictions 4 > 0 and 2u + 31 > 0. j is the electric current expressed
by the Ohms law. The force term j X B in Navier-Stokes equations comes from Lorentz force under
a quasi-neutrality assumption of the net charge carried by the fluid. If the electric current is ignored
(i.e., j = 0), (1.1) reduces to the well-known isentropic compressible Navier-Stokes (CNS) system.
Equation (1.1) is one of the most important mathematical models in continuum mechanics. Lions [1]
and Feireisl [2—4] proved that the CNS system admits a weak solution, as long as the adiabatic exponent
y > % Due to a lack of regularity of weak solutions, it is not known whether weak solutions satisfy
the energy equality for both incompressible and compressible fluids equations. It is a nature problem:
how “good” is regularity for weak solutions needed to ensure the energy equality?

For a CNS system, the appearance of p makes 9,(pu) nonlinear, and; therefore, some density regu-
larity is required in when using commutator estimates. Yu [5] used the Lions’s commutator estimate
to show energy conservation for compressible Navier-Stokes equations with a degenerate viscosity but
without vacuum. Nguyen et al. [6] extended Yu’s result with a weaker regularity condition in a bounded
domain. Liang [7] established a L”L*® type condition for the energy equality, in particular, there was no
need regularly assume the density derivative. Recently, Ye et al. [8] showed that Lions’ condition for
energy balance is also valid for the weak solutions of isentropic compressible Navier-Stokes equations
allowing for vacuum under suitable integral conditions on the density and its derivative. This is a very
interesting result.

Comparing with fruitful results for either an incompressible Navier-Stokes system or a compressible
case, there are a few results regarding an incompressible/compressible NSM model due to its hyper-
bolic structure. For the incompressible NSM system, Ma and Wu [9] obtained the Shinbrot type energy
conservation criteria for the weak solution. In addition, for the distributional solution, he showed the
Lions’ energy conservation criteria [10]. To the best of our knowledge, there is no result concerning
the energy equality for a CNSM system (1.1).

Motivated by [7-10], the purpose of this paper is to establish the conditional energy conservation
of weak solutions to the CNSM system (1.1) allowing for vacuum. By proving an energy conserva-
tion/equality, the commutator estimates are required for treating the nonlinear terms. Furthermore, due
to the special structure of parabolic hyperbolic coupling, the derivative to the velocity field u needs to
be transfered. We state the result in detail in the theorem below.

Theorem 1.1. Let 0 < p < ¢ < o0, V4Jp € L*(0, T; L4(T?)), u € L=(0, T; L*(T3)) n L*(0, T; H'(T?)),
(E,b) € L¥(0,T;L*(T?)) and j € L*(0,T;L*(T?)) be a weak solution to system (1.1). In addition,
if (u,b) € L*0,T;L*T%) and E € L*0,T;L*(T?)), then the weak solution satisfies the following
energy equality:

1 , 1., 1 . —ap” ! 2 22
(=|vpul® + =|EP + =|bP* + ——)dx + uVul + (u + Dldival® + | jRdxds
T3 2 2 2 Y- 1 0 T3 (1 4)

Y

a

20 3 ax.
v—1

1 SR AT RN S
= Noouol? + =|Eol? + =|b
j;}(2| Potol 2| ol 2| ol
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Remark 1.1. This theorem extends the energy equality of the incompressible NSM to the isentropic
compressible equations (1.1) with vacuum.

Remark 1.2. Since u,b € L>(0,T; L*(T?) N L”(0, T; LY(T?)), for any
deduce that

+

é é<%,q24,0necan

el a0, 7;24 3y < C||u||ZM(0,T LZ(T3))”””LP(0T La(T3))?
and
161205053 < ClBI s 9 712009 )||b||Lp(0TLq(T3)),
for some a € (0,1). Thus it is also true that L*(0,T; L*(T?)) in Theorem 1.1 is replaced with

LP(0, T; LY(T?)), for any 117 +1< 2, q =>4

2. Preliminaries

We will recall some definitions and lemmas that will be used later. First, we denote D (T3) as the

space of indefinitely differentiable with compact support and D’ (T3) as the space of distributions.

Definition 2.1. The (o, u, E,b) is called a weak solution to the CNSM systems (1.1) and (1.2) if
(o, u, E, b) satisfies the following assumptions for any time t € [0, T]:

e The problems (1.1) and (1.2) holds in D'(0, T; T);

e The equation (1.1), is satisfied in the sense of renormalized solutions: for any function b € C'(R)
such that b'(x) = 0 for x > M), we get in O/(0, T; T3):

8,b(p) + div(b(p)u) + (b’ (p)p — b(p))divu = 0

where M is a constant that varies for different functions b.
e The weak solutions require the following properties:

Vou € L¥(0,T; LX(T%), u € L*(0,T; Wy*(T%), E € L*(0,T; L*(T*)),

2.1
p € L*O0,T;L' nL(T%), b e L*(0,T; L(T%), j e L*0,T; L*(T*)), -
o The energy inequality for weak solutions holds:
2 2 1 2 ap)’ ’ 2 . 2 )
3 2| Voul” + |E| + —|b| + T)dx + 2,uqul + (u + D)|divul” + |j|°dxds
T r (2.2)

f( | Voottol* + —|E0|2 —|b0|2

Let n € C®(RY) (d is the number of the space dimension) be a standard mollification kernel and set

1
n°(x) = d+177(x), we =1 = w, fOw) = fw) =7’

We should notice that w® is well-defined on Q° = {x € Q : d(x,0Q) > &}. Next, we recall some
useful lemmas which will be frequently used throughout the paper.
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Lemma 2.1. [8] Let r,s,r1,72, 51,5 € [1,+00) with % = % + % and % =3

L"(0,T; L (T?)) and g € L™(0, T; L**(T%)). Then, for any & > 0, there holds

I(fg)* — f888||L"(0,T;L-f(T3)) — 0, ase— 0,

and
I(f x g)F = (f°x g€)||Lr(o,T;LS(T3)) — 0, ase— 0.

Lemma 2.2. [8,11,12] Let1 < r,s,r1, 81,1, 8 < 00, With % =14 % and% =14

n 51

5. Assume f €

5—12. Let 0 be a

partial derivative in space or time; in addition, let 8,f, Vf € L' (0, T; L*(T%)), g € L>(0, T; L*(T?)).

Then, there holds

No(fg)° — o(f g)Mro.resersy < C (||3tf||m o151y IVl o (T3))) gl 22 0,7:252 (13y)5

or some constant C > 0 independent of €, f and g. Moreover, as € — 0 if ry, s, < o0,

a(fg)* — (f &) — 0in L'(0, T; L*(T°)).

Lemma 2.3. [13] Let By — B — B be three Banach spaces with compact embedding By —<— B,

and let there exist 0 < 6 < 1 and C > 0 such that

1-
llullg < CIIuIIBO‘SIIuII%1 for all u € By N By.

Denote for T > 0,
W(,T) = W0, T; Bo) n W""(0,T; By)

with
S0,851 €ER; 0 < ry, 7 < o0,
1 1-6 ¢ 1
ss=(1—=0)sg+0s1, — = +—, 5 =855— —.
s ro r s

Assume that ss > 0 and G is a bounded set in W(0, T), Then, we have the following:
o If s, <0, then G is relatively compact in LP(0,T; B) forall1 < p < p* := —Yi
o If 5. > 0, then G is relatively compact in C(0,T; B).

3. Proof of theorem 1.1

First, we mollify the system (1.1) and obtain
0,0° + V- (ou)® =0,
0,(ou)® + V- (ou @ u)® — uAu® — (1 + p)Vdivu® + V(P(p))* = (j X b)*,

8,E° — (VX b)Y + j© =0,

and
0.b°+(VXEY =0

forany 0 < e < 1.

3.1

(3.2)
(3.3)

(3.4)
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Next, let ¢(¢) be a smooth solution function compactly supported in (0, +o0). Multiplying (3.2)—(3.4)
by ¢(H)uf, ¢(t)E?, and ¢(1)b?, respectively, then integrating over (0, T) x T°, one has the following:

T T T
f f d(Ou® 0 (pu)°dxdt + f f o(Ou’V - (pu @ u)°dxdt — u f f o(Hu® Audxdt
0 Jr 0 Jr 0 Jr
T T
—(A+pw f f d(OHuVdivu®dxdt + f f & u’V(P(p))°dxdt
0 Jr 0 Jr
T T T
- f f (DU’ (j X b)°dxdt + f f O(E®O,E°dxdt — f f O(E*(V X b)*dxdt
0 J 0 Jr 0 Jm
T T T
+ f f G(HE® j°dxdt + f f d(Hb°0,b°dxdt + f f d(0)b*(V x E)°dxdt = 0.
0 Jr 0 J 0 Jm

We use (A)—(H) and (J)—(L) to represent the terms on the left-hand side of (3.5), respectively. We
will estimate them as follows.

(3.5)

3.1. Estimate of (A)

By a straightforward computation, we can obtain the following:

T T
(A) = f f d(Ou’(0,(pu)® — 0,(pu’))dxdt + f f d(Hu®0,(ou’)dxdt
0 J1 0 JT3

T T |ue|2
(A + f f (OpuluPdxdt + f f d(1)pd,— - dxdr
0 e 0 T

1 (A) + (Ay) + (A3).

We know that (Aj3) is the desire term while (A,) will be canceled with the term (B,) later. By
Holder’s inequality and Lemma 2.2, it gives that the following:

T
A) = f f SO By — dr(pu®))dxdr
0 s

<Clu® 20,704t 10 (ou)® — 0:(ou®)|| 4 4
L3(0,T;L3 (T3))

SC”u”izt(O’T;th(Ts))('|atp||L2(O,T;L2(T3)) + ||Vp||L2(O,T;L2(T3)))-
Based on system (1.1), p, and Vp can be denoted as follows:
pr = —2+Jpv-V+Jp - pdivu, Vp = 2+/pV +/p.

We will obtain the estimate of p, and Vp by using 0 < p < ¢ < o0, (u, V+Jp) € L*(0, T; L*(T?)) and
Vu € L*(0, T; L*(T?)) in Theorem 1.1, which implies that

||pt||L2(O,T;L2(T3)) <C (|| -2 \//5M -V \//5||L2(0,T;L2(T3)) + ||PdiVu||L2(o,T;L2(T3))) (3.6)
<C (||u||L4(O,T;L4(T3))I|V \//_7||L4(0,T;L4(T3)) + ||VM||L2(0,T;L2(T3))) ,

and
IVoll20.7:23)) <Cl VPV VPll20.7:1203y) < CIV VPl 7:0413)) - 3.7

Electronic Research Archive Volume 31, Issue 10, 6412—-6424.



6417

Inserting (3.6) and (3.7) into (A;) yields the following:

T
f f ¢(Ou°[0,(pu)” — 0,(pu®))dxdt
0 Jm

2
SC||M||L4(0,T;L4(T3)) ((||u||L4(0,T;L4(T3)) + 1) IV VollLo,r;04013)) + ||VM||L2(0,T;L2<T3)))
<C.

From Lemma 2.2, we get the estimate of (A;) that

lim sup |[(A;)] = 0.

-0

3.2. Estimate of (B)

By utilizing integration by parts and the mass equation (1.1), we deduce that
T
(B) = - f f d(O)Vu® (pu ® u)°dxdt
0 Jr
T T
=- f f d(OVu'[(ou ® u)® — (ou) ® u®ldxdt — f f d(OVu® - ((ou) @ u®)dxdt
0 s 0 T3

T
=:(B) + f f oD’ - div((ou) ® u®)dxdt
0 3

T
:(By) + f f ¢(t)[div(pu)|u8|2+%(pu)-VIuglz]dxdt
0 3

T T
:(B)) + f f qs(z)div(pu)|u£|2dxdz—l f f () div(ouw)|u®Pdxdt
0 T3 2 0 T3

T
LB+ (B + » f f B(0)0,plu Paxds
2 0 T3

=1 (By) + (By) + (B3).

Taking the mass equation (1.1), into consideration, we know that (A,) + (B;) = 0. The (B3) is the
desired term.

1 T
@+ =3 [ [ 0ot (3:8)
T3

By Holder’s inequality and triangle inequality, we deduce the following:

T
(By) =— f f d(OVu[(pu @ u)® — (pu) ® u’ldxdt
0o Jr

<ClIVUlll 20, 20m3))ll(ou ® u)° — (o) ® u®ll 20712013y
<C|IVu|l 20,1 12¢r3y) (1 (ou ® u)® = (pu) ® ullr20.1:12¢13y) + 1(oU) @ U — (1) ® ull1200.1:12(73)))
<CIIVu|l 20,1 r2cr3y) (1 (ou ® u)* = (pu) ® ullr20.1:12¢13y) + w20 72043y 1t = 8l 20,7204 13))

Thanks to the standard properties of mollifiers, we have the following:

lim sup |(B;)| = 0.

&—0

Electronic Research Archive Volume 31, Issue 10, 6412—6424.
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3.3. Estimates of (C) and (D)

Utilizing integration by parts, we know that the following (C) and (D) are the desired terms, where

and

3.4. Estimate of (E)

T
() = —,uf f o(Hu® Au®dxdt
0 J

T
= f f $()VuPdxd,
0 T3

T
D)y=-@U+ ,u)f f d(OuVdivu®dxdt
0o Jr

T
=(1 + p) f f (0)|divu®|Pdxdt.
0 T3

Utilizing integration by parts and applying (1.1) leads to the following:

(E)

and

Electronic Research Archive

T T
f f d(OUVI(P(p))° — P(p)ldxdt + f f d(O)u°V P(p)dxdt
0 3 0 T3

T T
(Ey) + f f o()(Wu® — u)VP(p)dxdt + f f d(HuV P(p)dxdt
0o Jr 0 Jr

g a
S (Ey) + (Ey) + f f o(Hu - Y oV (o’ Vdxdt
0o Jr

v—1

! . ay 1
(Ey) + (Ey) — f f o(Hdiv(pu) - ——p” dxdt
0 J13 y-1
! ay -1
D(ED) + (B + f f ¢(0)0p - ——p’ dxdt
0 J1 y—-1
T
S (E) + (Ey) + L f f &()0,(ap)”dxdt
y-1Jo Jm

1 T
() + (Bp) + —— f f 6()0,P(p)dxdi
y-1Jo Jm
D (EY) + (E) + (E3).
The term (E3) is the desired term, and the estimate of (E;) and (E,) will be finished as follows:

T
(Ey) = f f d(OuV[(P(p))® — P(p)ldxdt
0 s

<l llzsorssyIVPE)" = VPPN 4 2
L3(0,T;L3 (T3))

T
(E») :f f ()W’ — u) - VP(p)dxdt
0 Jr3

<Cllu® = ullpso. 7.4y IVP)I 4 4
L3(0,T:L3 (T3))

Volume 31, Issue 10, 6412—-6424.
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By the upper bounded of p and Holder’s inequality, we have the following:
IVPIl 2 4 <CIP@VAPll 4 2 < CIVAPllsorsry). (3.9)

L3(0,T:L3 (T%) L3(0,T;L3 (T%))

Combining the standard properties of mollifiers and (3.9), we know that

lim sup |(E})| = lim sup |[(E,)| = O.

-0 e—0

3.5. Estimates of (F) and (J)

Next, we turn to estimate (F) and (J), of which the proof is inspired by [10], and we include that
T
(F+{)= f f ¢(O[—u’(j X b)* + E® - ldxdt
0o Jm

T
= fo f GO [=(j X b)" + (J° X b%) = (J* X b)] + p(NE® - j°dxdt
3

T T
f f dOu[(J° X b°) = (j X b)*)]dxdt + f f dOL(u” X b%) " + E* - j*ldxdt
0 T3 0 s

T T
(FJ), + f f o0 Rdxdr + f f SOLUE X b°) — (u x b)) Fdxdt
0 T3 0 T3
: (FJ)l + (FJ)2 + (FJ)3

We see that (FJ), is desired term, while the estimates of (FJ), and (FJ), will be finished. By
Holder’s inequality, we can conclude that

T
(FJ), = f f dOu°[(J° X b°) = (j X b)*)ldxdt
0 T3

<Cllu®ll 20,4 wpll(G° X b%) = (F X b)°|| 4 4
L3 (0,T;L3 (T3))

<Cllullso.r:aspllD%) =GB a4,
L3 (0,T;L3 (T3))

and
T
(FJ); = f f H(O[(U° X b°) — (u X b)°] j°dxdt
0 J

<Cl(u® X b°) = (u X D) |lr20 7202003 1 J N 20730219y
<Cl|(u® x b°) — (u X b)* |20, 7:022) || fll 2200, 732273 -

However, the following results are valid by using Holder’s inequality:

P s o < Clillzorzaybluorsay- (3.10)
L3 (0,T;L3 (T3))
and
lu® X bl 2012212y < Cllullzeo, 704wy 1Dl 2 0,7:0413))- (3.1D)

Therefore, from (FJ),, (FJ)3, (3.10) and (3.11), with the help of Lemma 2.1, we obtain the follow-
ing:
lim sup [(FJ);| =0, limsup|(FJ)s;| = 0.

-0 -0
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3.6. Estimates of (G), (H), (L) and (K)

The remaining is to estimate (G), (H), (L) and (K). Using a straightforward computation leads to

T
(G):f fqb(t)@,Eg-Egdxdt
0 J13

1 T
== f f $(OO|EdxdL,
2 0 s

and
T
(H)+ (L) = f f d(O[-E? - (VX b)° +b° - (VX E)°ldxdt
0 J1
T T
= - f f ¢(I)Ef . eijkﬁjbidxdt + f f ¢(t)b8 . (V X E)Sd.Xdl'
0 JT? 0 J1
T T
= f f d(t)€j0E? - bydxdt + f f ()b - (V X E)°dxdt
0 JT8 0 Jr3
T T
=- f f d()eji0 E; - bydxdt + f f o(Ob® - (V X E)°dxdt
0 T3 0 T3
T T
=- f f o()b® - (V X E)°dxdt + f o()b® - (V X E)°dxdt
0 T3 0 T3
=0,
and

T
(K) = f f d()b® - 0,b°dxdt
0 Jr

1 T
= f f B(1)d,|b°Pdxd.
2 0 s

Then, summarizing all above the aforementioned estimates, putting them into (3.5) and taking the
limit as € — 0, we obtain the following:

r 1 1 1 ap”
D0, (=plul* + =|EP* + =|b]* + ——)dxdt
fo fT3¢() (ol + SIEI + S1b] +y_1) X
T
+ f f SO Vul* + (u + ldivul® + |j*)dxdt = 0.
0 J13
We can express it in the following form:
focb(l l? + SIER + L+ L vt
- —plu = = —)dx
o Jm 02 2 2 y-1
T
+ f f S| Vul* + (u + )|divul* + |j*)dxdt = 0.
0 i)

(3.12)

Electronic Research Archive Volume 31, Issue 10, 6412—-6424.
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Next, we study a similar method in [5] and shall prove the energy equality up to the initial time
t = 0. First, we claim that the following results are valid for any 7, > O:

tlil}} IE@®2(r3) = ||E(t0)||L2(T3),tﬁftr+l 1B 23y = Il L2073)5
-1 -1

}g}: I ViouOllzzrs) = Il Voulto)llzzcrs, }g}: llo” Ol crsy = o7 @i r9)- G139
Based on the mass equation (1.1), we can write
0,07 = —yp’divu — 2yp7_%u -VA/p,
and
d(\p) = —gdivu—u-vx/_,
which, together with the assumptions in Theorem 1.1, gives
(@p”, 0, \p) € L*(0, T3 L(T*)),
and
(Vp",V +lp) € L*(0, T; L*(T%)).
Hence, due to Lemma 2.3, it yields that the following:
(©”, V) € C([0, T]; LX(T?)). (3.14)

Consequently, for any #, > 0, by the right temporal continuity of p? in L*(T%) and L*(T®) c L'(T?),
we deduce that the following:

p7(t) — p*(to) strongly in L'(T®) as t — 1, (3.15)
Furthermore, using the momentum equation (1.1),, we obtain the following:
pu € L=(0, T; L*(T?)), (pu), € L*(0, T; H'(T?)).
Then, because of Lemma 2.3, we have the following:
pu € C([0,TT; L2, . (T)). (3.16)
Similarly, from (1.1)5, (1.1), and (2.2), we can deduce that the following:
0,E € L*(0,T; LX(T?)), ,8,b € L(0,T; L*(T°)).
On the other hand, the assumptions in Theorem 1.1 implies
(E,b) € L(0,T; L*(T)),
which can be obtained that leads to the following conclusion:

(E,b) € C([0, T]; LA(T?)). (3.17)

Electronic Research Archive Volume 31, Issue 10, 6412—6424.
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Hence, for any 7y > 0, from (3.17), we get that the following:
E(t) — E(to) strongly in LX(T) as t — £,
b(t) — b(ty) strongly in L*(T?) as t — t;.
Meanwhile, utilizing (2.2), (3.14), (3.16), (3.17) and the assumptions in Theorem 1.1 yields to the

following:

0 sﬁg f | Vou — vpouolPdx
11—

(3.18)

Y

—Iim 1 2 Lo 1o ap” 1 , 1 LI ap,
—Z}g{)l(f(zplul + 2IEI + 2Ibl + - 1)a’x (2po|uo| + 2IEol + 2Ibol + - 1)dx
+ Zﬁ(} (f Vpouo(potto — \pu)dx + Ll f(Pg _Py)dx)
t— Y=
+ Hg( f (E3 — E» + (b} - bz)dx)
11—

SZE[ Vpouo(Vpouo — \pu)dx

<211m up(pouy — pu)dx + 211m f up Vpu(\p — Vpo)dx =
which implies
Vou(t) = jpu(0) strongly in L*(T%) as t — 0%, (3.19)
Similarly, we can establish the right temporal continuity of +/ou in L*(T%); hence, for any #, > 0,
we have the following:
Vou(t) — pu(ty) strongly in L*(T) as t — t;. (3.20)

Combining (3.15), (3.18) and (3.20), we have now completed the proof of (3.13).
We notice that (3.12) is valid for ¢ belonging to W' rather than C'. Therefore, for any ¢, > 0, we
can use a new test function ¢, to represent ¢ for some positive 7 and a such that 7 + @ < 1y, that is

0, 0<t<m,
r—r
—, 7T<t<7T+aq,
o

o-(t) =11, T+a<t<t,
fo—t

,h<t<ty+a,

0, fhh+a <t
Then, substituting this function into (3.12), we have the following:

f f—( pluf* + |E| + || )dxdt
T3

o+ 1 1
- Lo + 2iEp + Lipp + 22 aar 21
afto T3(2;o|u| SIEl" + S 1ol y_l) X (3.21)

1 fota
t f f ¢-(ulVul® + (u + Dldivul® + | jI)dxdt = 0
T T3
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Letting @ — 0 and using the fact that fo‘ [ ¢e(uIVul® + (u + Dldivul® + | j?)dxdt is continuous with
respect to ¢ and the Lebesgue point Theorem, for all T and #, € [0, T'], we arrive at the following:

1 1
f( ~pluf® +§|E| + 2| ”+ )(T)dt
1 1
f (zplul’ +—|E| + 2| ”+ —)(to)dt (3.22)
+ f f uVul* + (u + Dldivul* + |jI*)dxdt = 0
T T3

Finally, taking 7 — 0, combining the continuity of foto fT3(/J|VI/t|2 + (u + D|divu)® + |j*)dxdt and
(3.13), for all t, € [0, T], we can deduce that

1 % %o
( 2p|u| + = |E|2 + E|b|2 + ﬂl)(ro)dt + f f WIVul® + (u + Dldivul* + |j*)dxdt
’y —

i

il o0t

f( —poluol® +—|Eo| +—|bo| + 1

This now completes the proof of Theorem 1.1.
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