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Abstract: This paper introduces diffusion into an immunosuppressive infection model with virus
stimulation delay and Beddington-DeAngelis functional response. First, we study the stability of
positive constant steady state solution and show that the Hopf bifurcation will exist under certain
conditions. Second, we derive the normal form of the Hopf bifurcation for the model reduced on the
center manifold by using the multiple time scales (MTS) method. Moreover, the direction and stability
of the bifurcating periodic solution are investigated. Finally, we present numerical simulations to verify
the results of theoretical analysis and provide corresponding biological explanations.
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1. Introduction

Some human pathogens, such as hepatitis B virus (HBV), hepatitis C virus (HCV) and human
immunodeficiency virus (HIV), possess the ability to suppress the immune response and damage the
immune system, ultimately leading to the development of certain chronic diseases and even tumors [1]. In
recent years, researchers have extensively studied numerous models pertaining to these infections [2—4].
In recent years, there has been notable progress in treating these infections. For example, the latest
direct-acting antiviral drugs (DAA) for HCV can cure the majority of cases quickly, with cure rates
reaching up to 95% [5, 6]. For HBYV, the optimal approach involves long-term medication to manage the
condition, reduce viral transmission and stabilize host immune system [7, 8]. Similarly, antiretroviral
therapy (ART) is commonly used to suppress HIV replication [9]. Notably, a small group of elite
controllers can naturally manage HIV without treatment [10]. However, challenges persist, including
drug resistance and the risk of viral replication or recurrence [5-9]. In the past few years, immune
checkpoint therapy, a method that shows significant efficacy in completely eliminating tumor cells for
certain types of tumors, has been discovered, which activates the host’s own immune system to inhibit
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tumor growth and spread [11-13]. Enhancing antiviral treatment by strengthening specific immune
responses has become a hot topic among researchers.

In 2003, Komarova et al. [1] first established an immunosuppressive infection model to investigate
the relationship between drug efficacy and treatment duration, the model is given as follows:

{ L=ry(1-%)-ay-pyz,
G =1on —bz-qyz=2f(),
where y, z denote the population size of viruses and immune cells at time ¢, respectively. Viral
reproduction follows logistic growth, r represents the viral replication rate at a viral load K. It is
hypothesized that the virus population undergoes decay at a rate a, and immune cells eliminate the
viruses at a rate pyz. Furthermore, immune cells are suppressed by the viruses at a rate gyz and die at
arate b. In the context of antigenic stimulation, the proliferation of immune cells relies on both the
viruses and immune cells, and it can be quantified by the expansion function
O(y,2) = ——,

1 +ny
where 7 represents the inhibitory effects of the viruses on the proliferation of immune cells.

In 2014, Shu et al. [14] introduced a time delay in the immune expansion function of the model described
in [1] and studied the existence of Hopf bifurcation and periodic solutions. In 2017, Tian et al. [15]
incorporated diffusion into the model presented in [14] and studied the direction and stability of Hopf
bifurcations. However, viruses require a certain amount of time to effectively stimulate immune cells.
We refer to this time period as the virus stimulation delay, denoted as 7. The immune cells at time ¢ are

essentially activated by the viruses at time ¢ — 7. Therefore, in 2021, Li et al. [16] studied the function
as follows:

(1.1)

cy(t— 1)z
O(y., 2) = m
However, it has been noted by Wodarz (see pp 31, Chapter 2 in [17]) that the growth rate of immune cells,
denoted as zf(y), in all of these models was assumed to be directly proportional to z, but nonlinearity
can better capture the realistic dynamics. Thus, a more realistic model, proposed by De Boer and
Perelson [18, 19] in 1995-1997, has been suggested to provide a better representation of the actual
dynamics. In this model, the immune expansion function is described by the well-known Beddington-
DeAngelis functional response [20, 21], the form of which is as follows:
cyz
R P

It was initially used in predator-prey models [22-24]. The parameter s in the function represents
the strength of competition between immune responses. This immune expansion function provides a
more biologically realistic description of the interactions and competitive relationships between virus
populations and immune cell populations within a host [25]. Thus the Beddington-DeAngelis functional
response has also been widely discussed in immunosuppressive infection models [26—28].

In 2023, Chen et al. [29] introduced the Beddington-DeAngelis functional response into the immuno-
suppressive infection model established by Komarova et al. [1], the model is as follows:

dy _ y

E—ry(l—g)—ay—pyz, 12)
dz _ __ol-Dz bz — ’
dt — 1+ny(t-1)+sz <~ gyz.
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In [29], Chen et al. discussed the local and global stability of equilibrium points in the absence of delay,
as well as the stability and Hopf bifurcation of model (1.2) when delay is present. They designed antiviral
drug treatment strategies from the perspectives of adaptivity and feasibility of immune competition
strength and viral suppression intensity.

In practical problems, the spread of viruses within a host is possible. Thus we introduce the diffusion
into the model proposed by Chen et al. in [29]. As far as we know, this task has not been attempted yet.
Therefore, we study the reaction-diffusion system under the Neumann boundary condition as follows:

WD _ 4 Aye 1) + v ) (1 PG t)) — ay(a, 1) — py(e )2n, ),
o K
0z(x,1) cy(x, t —1)z(x, 1)
Ht - dZAZ(-xa t) + 1+ ny(x’ f— T) + SZ(X, t) - bZ(X, t) - qy(X, t)Z(X, t), (13)

0,y(x,t) = d,z(x, 1) =0, xe€eoQ ., t>0,

y(x, 1) =y (x, 1), z2(x, 1) = Yo(x, 1), x€Q, te[-10],

where Q = (0, Ir) with [ > 0, y = y(x, f) and z = z(x, t) denoting the population densities of viruses and
immune cells at location x and time ¢, respectively. The parameters s and 7 stand for the competition
intensity between immune responses and the viral stimulation delay, respectively. The diffusion rates of
viruses and immune cells are d; and d», respectively. The same parameters as in model (1.1) have the
same biological meanings. Note that all parameters in (1.3) remain nonnegative.

The remaining sections of the paper are organized as follows: Section 2 discusses the local asymptotic
stability of the positive constant steady state solution and the existence of Hopf bifurcation. In Section 3,
we derive the normal form of the Hopf bifurcation by using the multiple time scales (MTS) method.
Section 4 presents numerical simulations to illustrate the theoretical analysis, and the conclusion is
given in Section 5.

2. Stability of the positive constant steady state solution and existence of Hopf bifurcation

In this section, we concentrate on studying the local asymptotic stability of the positive constant steady
state solution and the existence of Hopf bifurcation for system (1.3). From a biological perspective, we
only focus on the positive constant steady state solution (y., z.). It is evident that (y., z.) satisfies the
following equations:

Y. (1 — &) —ay, — py.z. =0,

K (2.1
Vel vz =0 D
1+ ny. + sz, P T D = 5
Then we can write y, in terms of z, as
+ PZs
y*:K(l—a pz), 2.2)
r

substituting Eq (2.2) into Eq (2.1), we obtain

A2+ Bz+C =0,
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where
A= —qu2p2 + Kpgrs,
B = 2gn(r - a)pK2 +[r(bn—c+ q)p — (r —a)rqgs] K — br’s, (2.3)
C = —gn(r — a)*K* + r(bn — ¢ + g)(a — r)K — br*.

Denote

A, = B - 4AC. (2.4)
Lemma 1. For the positive constant steady state solution of system (1.3), we have the following results.

(i) If Ay > 0, AC >0, AB < 0, and a + pz. < r holds, then system (1.3) has two positive constant
: -B+ VA B
steady state solutions, E., = (y.,,z.,) and E., = (y.,,2.,). Here z,, = ;A‘ﬁ Ziy = «F , with
yo, = K(l +p2*1) andy,, = K(l ““’#)’.
(ii) If Ay > 0, AC <0, and a + pz. < r holds, then system (1.3) has one positive constant steady state
solution E.; = (Y.,,2.,). Here z,, = B“F , Withy,, = K(l a+[;z )

(iii) If Ay =0, AB <0, anda+ pz. <r holds then system (1.3) has one positive constant steady state
solution E,, = (y.,,2.,). Here z,, = 2A’ withy,, = K(l - w%)

Without loss of generality, we denote E, , E.,, E.,, and E,, as E,. Therefore, when the parameters of
system (1.3) satisfy any one of the conditions (i)—(iii) of Lemma 1, the positive constant steady state
solution E, = (y., Z.) exists.

Now, we analyze the stability of E, = (y.,z.). Set U(x, 1) = (y(x, 1), z(x,1))", then the linearization of
system (1.3) at E, can be written as

aU(x, 1)
ot

d 0 - —PYs
D = ’ A* = 2 ”
0 d2 —qz. - 2 5(b+gy+)

Cy«

= DAU(x,0)+ A U(x,t) + B.U(x,t — 1), (2.5

where

0 0
B. = z(b+qy)[c—n(b+qy.) ] 0 ’

CYx
Therefore, the characteristic equation of the linearization of system (1.3) at E, can be obtained as

A +T,A+N,+Coe™by—q) =0, neNy=1{0,1,2,3,..}, (2.6)
with ) ) )
T, = n LI n L Ty« N Z.8(b + gy..) ’
I I K Y.
n*  z.s(b+qy.)? n* . ry. rz.s(b+qy.)?
N, = d d+—=d - ————+—d, - _
14”121 o P K T ke
CO = DPViZx,
po = Lray)le—nbd+qy]
0 — .

CYs
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Lemma 2. When v = 0, the positive constant steady state solution E, of system (1.3) is locally
asymptotically stable if by — g > 0.

Proof. When 1 = 0, characteristic Eq (2.6) becomes
A+ T, A+ N, +Cyby—q) =0, neN,. 2.7)

It is clear that T, > 0, N,, > 0, thus if by — g > 0 holds, the real parts of the roots of Eq (2.6) are negative.
Thus, E., is locally asymptotically stable.
This completes the proof. O

Suppose that 1 =iw (w > 0) is a root of Eq (2.6), then we have

Cobo cos(wt) = w> + C - N,,
obo c (wT) 0q (2.8)
Cobg sin(wt) = T, w.
Square and add above equations, then denote g = w?. We obtain
¢(8) = &+ (2Coq = 2N, + T})g + (Coq = N,)* = Ciby = 0. (2.9)

Next, we will discuss the existence of w. For the sake of convenience in our discussion, we present
the following assumed conditions:

(H1) A, =0, 2Coq — 2N, + T? < 0,

(H2) A, > 0, (Cog — N,)* = C3b < 0,

(H3) A, > 0, 2Coq — 2N, + T? < 0, (Cog — N,)* — C2b3 > 0,
(H4) A, < 0,

(H5) Ay > 0, 2Coq — 2N, + T? > 0, (Cog — N,)* — C3bj > 0,

where A, = (2Coq — 2N, + T?)* — 4 [(Coq - N,)? - C(z)b(z)], and N, T,, by, C, are given in Eq (2.6).

Lemma 3. When t > 0, concerning the cases of positive roots of Eq (2.9), we have the following results:

(i) Equation (2.9) has a unique positive root if (H1) or (H2) is satisfied, then the positive constant steady
state solution of system (1.3) will not exhibit stability switches,

(ii) Equation (2.9) has two positive roots if (H3) is satisfied, then the positive constant steady state
solution of system (1.3) will exhibit stability switches,

(iii) Equation (2.9) has no positive root if (H4) or (HS) is satisfied.

Proof. If the condition (H1) is satisfied, we have g; = g, g1 + & = —(2Coq — 2N, + T?) > 0. If the
condition (H2) is satisfied, we have g, - g» = (Cog — N,)* — C5bg < 0. Both of them imply that there is a
unique positive root g satisfying Eq (2.9). This proves (i).

Similarly, we conclude (ii)—(iii). |
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Considering the scenario with only a pair of purely imaginary roots, the unique positive w that
satisfies Eq (2.9) can be described as follows:

—(2Coq — 2N, + T? + VA
W' = \/ (2Coq . ) ‘/_2, n e No. (2.10)
Denote
T,w!
R, = sin(w’t) = ——=~,
sin(w, T) Cobo
) (2.11)
A + _ (CL);:) +C0q_Nn
Q, = cos(w, 1) = Cob .
Now, define a set
I} = {n € Ny |such that (H1) or (H2) holds}. (2.12)
From Eq (2.11), we obtain
1 .
—+(arccos(Qn) +2jm), forR, >0,
w}’l
T = nel, jEN(). (213)

1
—+(27r —arccos(Q,) + 2jn), forR, <O0.
w

From Eq (2.13), we find that {T;’j};‘;o is increasing about j for some fixed n € I;. Thus, for fixed n, one
has 7, = minjey, {T;J} To investigate the stability of E., we define the smallest critical value of time delay

7. =min{r,,|n €L} (2.14)

Theorem 1. If by — g > 0 and one of the two conditions (H1) or (H2) is satisfied, then the positive
constant steady state solution E, of system (1.3) is locally asymptotically stable when 7 € [0, 1.), and
unstable when t € (1., 00). Moreover, system (1.3) undergoes the Hopf bifurcation at E, when T = 7,
where T, is given in Eq (2.14).

Proof. Differentiating the both sides of the characteristic Eq (2.6) with respect to time delay 7 gives rise to

(cu)—‘ ~ 20+T, 7
ACoq— (A2 +T,A+N,)] A

= _ -
As a result, one has

A
= V4, 5 >0, nel, jeN,. (2.15)

T THWE R+ [N - Cog - (] )]

This means that the transversality condition is satisfied.
This completes the proof. O
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3. Normal form of the Hopf bifurcation

We have obtained that under certain conditions, the characteristic Eq (2.6) of system (1.3) has a
unique pair of purely imaginary roots A = +iw}, then system (1.3) undergoes the Hopf bifurcation at E,
when 7 = 7, with 7. as given at (2.14). In this section, we will utilize the method of MTS to derive the
normal form of the Hopf bifurcation.

Denote that

cy(x, t — 1)z(x, 1)

A
at_ s at = 3.1
SO =1).201) L +ny(x,t = 1)+ sz(x, 1) ©-1)
and
L=1+ny.+ sz,
a =1+ sz, (3.2)

B=1+ny..

Perform a Taylor expansion of f(y(x,t — 1), z(x, t)) at E., then we obtain

FOG, 1= 1), 2(x, 1) :Cyzz* + Ciz“ Ot —1)—y.) + Cz—*zﬁ(z(x, £ —2) - C’Zj“(y(x, t—1)—y,)
Gy S; . + @) O(x = 7) = y)(z(x, 1) — 2.) = csg;ﬁ(z(x, 1 —z.)

Pz 3sz.a 1+ 2sz7.
r]L4 (y(xa r— T) - y*)3 + C77 L4 - L3 ] (Y(X, - T) - )’*)Z(Z(x’ t) - Z*)
cs [—1 —z.s(1 +2ny,) + nzyf] )
+ 7 O(x,t = 1) = y)(x, 1) — z.)
cs’y.p 3
+ 7 (z(x,0) —z.)" + -+ .

L
(3.3)

Now, we set §(x, 1) = y(x, Tt) — y., 2(x, 1) = z(x, Tt) — z., and still denote $(x, 1) and Z(x, 1) by y(x, 1)
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and z(x, 1), respectively. Then system (1.3) takes the form

0,y(x,1) =0,z2(x,t) =0, x€0Q, >0,

Y0 =ya(x, 0, 2x,0) =yo(x,1), xeQ=(0,In),

Oy(x, 1) (x,1) +y.
XD s [dlAy(x, ) + (5, ) + y.) (1 - T - A ) + 1) — pCn D) + YD) + 2)
0z(x,t CZ. CYy, cnz.a
;t ) _ T[dzAz(x, 0+ -1+ Zzﬁz(x, n-TEynr-1)
c(2ny.z.8 + Ny, + @) CSY. cntz.a
¢ = B L4 y(x, £ = Dz(x, 1) — —Lyf 2(x, 1) + —"L4 y(x,t—1)
3sz.a0 1+ 25z, es|=1 = z.s(1 + 2ny.) + 7°y;
U T E ]yz(x, t— Dz(x, 1) + [ I ]y(x, t— DZ(x, 1)
s’y
772 (1) = bz(x 1) = g [y06 D(x 1) + y(x Dz, + 2(x ]

t e [-t,0].
(3.4)

Let h = (hyy, h1o)" be the eigenvector of the characteristic matrix of the linearization of system Eq (3.4)
at E, corresponding to the eigenvalue iwt and h* = d (hy), hyy)" be the eigenvector of the adjoint matrix
corresponding to the eigenvalue —iwt. They satisfy the inner product

Ry =hrT-h=1.

By calculating, we have

hl] - 1’
h @ +n2d + ’ )
- - 1 oy V%)
12 oy w 7 Ky

1 2 . b . 2

h21 = — —iw + n_d + M , (35)
Ve I Cy.

h22 - 1’

d = (hyhyy + hyohy) ™.

Consider the delay 7 as a bifurcation parameter, let T = 7,

+ gu, where 7. is the critical point of the Hopf

bifurcation, given as Eq (2.14). u is a small perturbation parameter, and ¢ is the characteristic scale used
for non-dimensionalization. The solution of Eq (3.4) is assumed to take the form:

+00

U(xat) = U(X’TO9T1,T29”') = Z
k=1

where
Ux,To, T1, T2, ) = (x,To, Ty, T,

Uk (xa TO’ Tl» TZ’ e ) = (Yk (X, TO’ Tl9 T29

Electronic Research Archive

8kUk (x9 TO’ Tl9 TZ""), (36)

--~),z(x,T0,T1,T2,~--))T,

3.7
---),Zk(x,TO,Tl’TZ’”'))T'
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The derivative with respect to 7 is now transformed into

0 0 0 , 0 )
i - — +...=D D D)+ - .
% 8T0+86T1+88T2+ o+ eD+&° D,y + , (3.8)

with the differential operator D; = 9 jeN,.

= 3
Let
y] :yj(x,T()’TlaTZa"')a yj,l :yj(xaTO_ 15T17T2"")a (3 9)
lj =% (-xa TO’ T15T29“')9 Zj1 = <Zj (-xa TO - l’TlaT27" ')a
where j € N = {1,2,3,...}. According to Eqgs (3.7) and (3.8), we get
ou 2 3 2 3 3
E =eDyU, +&e DU+ DU+ DU, + DUy + e DyUs + -+ - . (310)

To deal with the delayed terms, we expand y(x,z — 1) at y(x, Ty — 1,71, T3, - - - ), then we have
Yx, t—1) = ey + &y + &y31 — Diyi1 — €Diyas — &' Doy + -+, (3.11)

where y;1 =y; (x,To—1,T1,T5,---), jE€N.

Substituting Eqs (3.6)—(3.11) into Eq (3.4) will lead to some perturbation equations. By collecting
the coeflicients with respect to different powers of &, we can obtain a set of ordered linear differential
equations. First, for the e-order terms, we have

2ry.y1

Doy, — 7. [”yl —ay; +dAy, - — PY1Zs — P)’*Zl] =0,

(3.12)

CZ:ay11 + Cyz

D()Z] — T, [dzAZ] + 12 12

—bz; —q(y.z1 + Y1Z*)] =0,
where L, a, 8 are given by Eq (3.2). Thus the solution of Eq (3.12) can be expressed in the form as

follows: _
yi =G (T, T, -+ ) ey, cos(nx) + c.c.,
. (3.13)
21 =G (T, Ts,---) e ™hy, cos(nx) + c.c.,

where hyy, hi, are given by Eq (3.5), and c.c. represents the complex conjugate of the previous term.
Next, for the £2-order terms, we obtain

2ry.y
Doy, [ryz —ay, +dAy, — X 2 DY2Zs — py*Zz]
2
Ty 2ury.y
=-Dyy - X L — pay, + ury, + ud\ Ay, — upyiz. — Upy.z — z L z.pyiz1,
.Yy V.2 )
Doz,—-7, [dzAZz + 2 l 2 bz — q(y.zo + )’22*)] (3.14)
__[-ezaDyn  omayt cQny.z.s +nye+@ynz 0562
=Te 12 - 13 + I3 - I3 —qyid1
CZsX CYy.pZ
+u [dgAZl + LZyH + yL[j L bz - q(y.z1 + y1Z*)] — Dz,
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where L, a, § are given by Eq (3.2). We substitute solution Eq (3.13) into the right side of Eq (3.14), and
denote the coefficient vector of ™70 as m,, which satisfies the solvability condition

Then one has

where

with

(h*,(m;,cos(nx))) = 0.

— = MuG,
or,  H
EZIMI + B22M2

= T 7. T2 CA o —i T ’
hithar + hiohyy + <5=€79%hy 1 hyy

2ry.
K

M, =—ah11+i’h11—nzdlhll—PZ*hn—Py*hlz— hi,

cy:B

€. —iwT,
e hi + 2 hiy = bhiy = qy.hiz — qz.hyy.

M, = —n2d2h12 +

Suppose that the solution of Eq (3.14) is

Let C; = (cos(nx) cos(nx), cos(kx)) = j(;l” cos(nx) cos(nx) cos(kx)dx. Besides, we have

L2
+00
Yy = Z (nO,kGG_ + Ul,kezlefToGz + ﬁl,kelechoéz) COS(kX),
k=0
+00
2 = Z (g“o,kGG + (et DG 4 7 Lke_z‘M‘T"Gz) cos(kx).
k=0

0 k # n,
I I
f cos(nx) cos(kx)dx = 5 k=n#+0,
0
I k=n=0.

(3.15)

(3.16)

(3.17)

We substitute solution Eqgs (3.13) and (3.17) into Eq (3.14), then make the inner product with cos(kx) on
both sides of the obtained equation, where k € Ny. By adding the obtained results, we can compare the
coeflicients in front of terms G* and GG, then we get

Electronic Research Archive

_ (J1+2iw)J>
Cu(w — L2t

Mk = — ; ; ,
7 —Qiw+J) (1 +2iw) CZel \DiwT, _
7 cos(kx) cos(kx)dx [ R _ g edivr. — gz |
Cu(S - 32)
Mok = I k kx)d [—Jlll CTe ]’
fo cos(kx) cos(kx)dx . T 9%
Cy Jo [ + 21w
Sk = - e T "Mk
fo cos(kx) cos(kx)dx P+ Py
C [ [
ok = — k ._2__;.,70,]“

(3.18)
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where
—CNZQ  _nir c2ny S + My + @) 4 CYs sﬁ
4 :TC 2 Lh%l + JE e ‘- I’l%z ql’lllh]z,
—Cnz.«o cCny.z.s+ny.+a@), i - ot T CYs S,
S = Z 2hi 1k + 77)’ E ” (€™ hy1hiy + ¥ hithiz) — ); ’82h12h12 = q(hihiy + highyy),

r
Ji =dok* - z'B +b+qy., J= _Eh%l — phithia,

2r r _ - -
Ly =a—-r+ Ty +pz+dik?, b= —Ezhnhn — p(hi1hip + hixhyy),

L=1+ny.+5z, a=1+sz., B=1+ny..

Specifically, if n = 0, the condition for C; # 0 is k = 0. Thus we consider n = k = 0, then we have

Cy = In, fol” cos(nx) cos(kx)dx = Ir. Thus we can simply get the value of 7,4, 100, {10, {o0- For the
g*-order terms, we get

2ry.,
Doys+t.(a—r+ Ty + pz)ys — diTAys + T.py.23

2ry.
=ud; Ay, — u(a—r + ki pz)y2 — Doyr — Diys

pryr  27.ryay

- - * - - —Tc —Tc )
MPY121 — UPY+22 1% K PY122 PY221
T.CZ ¥
Doz3—7.d)Azz — P - (7 c—'B —-b-qy.)zn

—cz.aD1yy — cz.aDayy
12

=—Dyzy —Dizp + 7,

_—2CUZ*CYD1)’%1 + 2cnz.ayiiyan c(2ny*Z*S +ny. + @)y

L3 L3 (3.19)
0(2’7)’*1*3 +1ny. + @)(=Diy1z1 + y2111) 2cy.sBz122
L3 L3

c(—=1+z.(=2ny. = Ds)synzi  cy.s’6  czarayy,
+ + +
Iz Iz Iz
3sz.a0 257, + 1
2

+cn

inl — g4y12 — 4y22i

—cz.aDyyi| + cz.ayy ey
[? * L?

+ U [dzAZz + -b-qy.)zn

Cﬂz*ayu C(2ny*z*s +ny. + ¥)ynz cy*ﬁszf
- L3 L3 - L3 - qylZl - quZ* 5

where L, @, are given by Eq (3.2). We substitute solution Eqgs (3.13) and (3.17) into Eq (3.19), then
denote the coefficient vector of ™70 as m,, which satisfies the solvability condition

(h*, (my, cos(nx))) =0
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Since y is the disturbance parameter and u? has very little influence on the result, the items containing
1*G can be ignored. Then we obtain

oG _
— =xG°G,
or, X
where RC,+ 0
kTt
= — 3.20
X v (3.20)
with
2T r +00 +o00 +00 +00 +0o0 +00
R =hy, l— KC (hny kzz(; Nox + hi kzz(; Nix) — Teplhi kzz(; o+ hi kzz(; Qi+ hip kzz(; Nox + hiz kzz(; Ul,k)]

_ 2002, i i O CRNYZS + MY+ @), o
+ hyt, [_T(e hiy Z Mok + € ““hy Z M) + B (e™hn Z Sok
k=0 k=0 k=0

+00 +00 +00 +00 +00
iwt: 7, 7 zcy*sﬁ 7
+e“"hy, Z Qi+ hin Z Nox + hiz Z Nik) — T(hlz Z Sox + hiz Z fl,k)] ,
=0 =0 =0 =0 e

c(=1+z.(2ny. — 1)s)s
L4

2
—iwTt, 7 iwt. T, CY«PsS 7
(2e7 by hishyy + € hy Yy + —yg (27, h1)

0 :}_1227' c [

3sz.a 2s7.+ 1

L L3

+00 +00 +00 +00 I
—q(hy; Z Sox + hiy Z Qi+ hio Z Nox + hiz Z nl,k)} f cos*(nx)dx,
k=0 k=0 k=0 k=0 0

T.CZy

7
V= [l’lllljlgl + hlzilzz + e e_in(']’lllljlzz] f cos(nx) COS(I’ZX)dX,
0

cz.nta

+L4

(Ze_i“”“h%lﬁ“) +cn

(e_zi“ﬂ"h%ll_llz + 2hy1h11hyy)

L =1+ny. + sz,
a =1+ sz,,
B =1+ny..
Therefore, the normal form of the Hopf bifurcation for system Eq (1.3) reduced on the center manifold is
G = MuG + yG*G, (3.21)

where M and y are given by Egs (3.16) and (3.20), respectively. Now introduce G = re' and put it into
the normal form Eq (3.21), then one has

i = Re(M)ur + Re(y)r’,
. (3.22)
6 = Im(M)u + Im(y)r*.

For the stability of the periodic solutions of system (1.3), we have the following result.

Electronic Research Archive Volume 31, Issue 10, 6071-6088.



6083

Theorem 2. When Rgiﬁ(ﬁ“ < 0, system Eq (1.3) exists as periodic solutions near the positive constant

steady state solution E,. Moreover,

(i) If Re(M)u < 0, the bifurcating periodic solutions reduced on the center manifold are unstable, and
when u > 0 ( u < 0), the direction of bifurcation is forward (backward);

(ii) If Re(M)u > 0, the bifurcating periodic solutions reduced on the center manifold are stable, and
when u > 0 ( u < 0), the direction of bifurcation is forward (backward).

4. Numerical simulations

In this section, we will perform numerical simulations for different values of 7. Based on the work of
Komarova et al. [1], we fix

a=30day™!, p=10mm’cells'day™,
g = 1.0 mm*virus™'day™, r=6.0day™".

For the remaining parameters, we consider the actual meaning of the parameters and choose

d, = 0.4 mm™> day_l, K = 10 virusmm™3, b=2 day_l,
d, =01 mm™> day™, ¢ =6.5mm?® virus 'day™",

n=0.35 mm ™ virus, s =0.02 mm® immune cells™", 1 =2.

It is easy to check that the condition (ii) of Lemma 1 is satisfied, which implies that the system (1.3)
has only one positive constant steady state solution,

E. = (y.,z.) = (0.4600, 2.7239).

In addition, we can also find that this set of parameters satisfies the condition (H2) of Lemma 3.
Furthermore, by Eqs (2.10), (2.12) and (2.14), we obtain

wy =21289, I ={n=0,1,2,3), 7. =15, =0.0667.

Therefore, by Theorem 2.1, E, is locally asymptotically stable when 7 € [0,7.) = [0,0.0667), and
unstable when 7 € (0.0667, +00). Take v = 0.055 € [0,0.0667) as an example, then E, is locally
asymptotically stable as is illustrated by the computer simulations (see Figure 1).

Biologically, when the virus stimulation delay does not exceed the threshold, immune cells can
control the virus in the long-term at low levels. Although the virus is not completely eliminated, it does
not cause serious disease deterioration, this is the ideal scenario that we hope for.

According to Egs (3.16) and (3.20), we can get

M = 0.3874 - 10.60201, y = -0.4221 - 0.26521,

which implies that Re(M) > 0, and Re(y) < 0. From Theorem 2, when u > 0, system (1.3) has stable
bifurcating periodic solutions. In addition, the direction of the Hopf bifurcation is forward. Take
7 =0.067 € (0.0667, +0) as an example, then system (1.3) generates a spatially homogeneous stable
periodic solution (see Figure 2, where Figure 2(a), (c) depict simulations of the virus and immune cell
dynamics, respectively, while Figure 2(b), (d) represent their respective local zoom-in plots).
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Figure 1. Choose the initial function as (0.4600 + 0.0001 cos x, 2.7239 + 0.002 cos x), then the

constant steady state solution E, = (0.4600, 2.7239) of system (1.3) is locally asymptotically
stable when 7 = 0.055 < 7.
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Figure 2. Choose the initial function as (0.4600 + 0.0001 cos x, 2.7239 + 0.002 cos x), then
system (1.3) has a spatially homogeneous stable periodic solution when 7 = 0.067 > 7.

Electronic Research Archive Volume 31, Issue 10, 6071-6088.



6085

Biologically, when the virus stimulation delay slightly exceeds the threshold 7., the densities of
immune cells and virus exhibits periodic oscillations. As the number of immune cells increases, they
effectively control the virus and reduce the viral load. After a while, an immunoevasion mechanism for
the virus may emerge and cause the number of immune cells to drop, allowing the virus to remultiply.
This scenario is not ideal, but it is still manageable.

Once 7 significantly exceeds the threshold, take 7 = 0.076 € (0.0667, +c0) as an example, the virus
proliferates rapidly (see Figure 3). This is the worst-case scenario, as the virus could spread rapidly and
pose significant risks to the host.

04605 2726

2725
2724
0.46

2723

Virus y(x,t)
Immune cells z(x,t)

2722

Distance x 0 o Time t Distance x 0 o Time t

(a) (b)

Figure 3. Choose the initial function as (0.4600 + 0.0001 cos x, 2.7239 + 0.002 cos x), then
the constant steady state solution E, of system (1.3) is unstable when 7 = 0.076 > 7.

5. Conclusions

In this paper, we incorporated diffusion into an immunosuppressive infection model with virus stimu-
lation delay and Beddington-DeAngelis functional response. We studied the stability of the constant
steady state solution of the model and provided conditions for the occurrence of Hopf bifurcation.
Moreover, we analyzed the stability and direction of the Hopf bifurcation, and further derived the
normal form. By analyzing the model, we obtained a threshold 7. for the virus stimulation delay
and discovered that when 7 was less than this threshold, the constant steady state solution was locally
asymptotically stable. However, once 7 exceeded the threshold, the constant steady state solution lost
stability, and the model exhibited stable periodic solutions. This implied that when the virus could
quickly stimulate immune cells, the host possessed strong immunity, which could inhibit virus growth
and spread. Conversely, rapid virus proliferation posed significant risks to the host. The discovery of the
threshold could help biologists predict, judge, and control the growth of virus cells and select effective
treatment strategies.
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