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Abstract: Let0 < p,g < oo, ® be a generalized normal function and L, ,(®) the radial-angular mixed
space. In this paper, we first generalize the classical Schur’s test to radial-angular mixed spaces setting
and then find the sufficient and necessary condition for the boundedness of integral operators from
L, ,,(®) to L, ,,(P) for 1 < p;,q; < oo with i € {1,2}. Moreover, we also establish the boundedness
of Bergman-type operators P;, where s € R and ¢ > 0, on holomorphic radial-angular mixed space
H, ,(®) for all possible 0 < p,g < co. As an application, we finally solve Gleason’s problem on

H, ,(®) for all possible 0 < p, g < oco.
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1. Introduction and main results

It is well known that Schur’s tests give sufficient conditions for the boundedness of some integral
operator 7' from one function space to another. Thus, they become one of the most useful tools for
establishing boundedness of integral operators (see, for instance, [1]). Recall that, in 1911, Schur’s test
was first given by Schur [2] as a discrete form. After that, Schur’s test has been generalized by many
authors. For instance, in 1965, Schur’s test for integral operators 7' on Lebesgue spaces LP(X, du) was
obtained in [3], where 1 < p < oo and the space L”(X, du) always denotes the set of all measurable
functions f on X such that

1/p
W Nlzrxa) = (f Lf ()P d,u(x)) < 0.
X

In 2015, Zhao [4] gave a generalization of Schur’s test for the boundedness of 7" from one weighted
Lebesgue spaces to another weighted Lebesgue spaces, and then applied to characterize boundedness
of Forelli-Rudin operator. For the convenience of the reader, we present the following version of
Schur’s test from Zhao [4].
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Theorem 1.1 ( [4]). Let u and v be two positive measures on the space X and K a nonnegative function
on X X X. Let T be an integral operator with kernel K defined by setting for any x € X,

nur=£meﬂwww>

Suppose 1 < p < g < oo and % + 1% = 1. Let y and 6 be two real numbers such that y + 6 = 1. If there
exist two positive functions hy and h, with two positive constants C; and C, such that

fmmmWM®Wwwsame
X

for almost all x € X, and
[ xE I or ave < ot
X
foralmost ally € X, then T : LP(X, du) — LY(X, dv) is bounded with

T | .y —Loxa) < Cll /p’Cé/q-

In this paper, we first extend Theorem 1.1 to the radial-angular mixed space L, ,(®) for 1 < p,q <
oo, where @ is a generalized normal function (see Definition 1.3 below for details). In addition, the
similar Schur’s tests for critical points are also addressed in this paper. Let s € R and r > 0. We
then establish the boundedness of Bergman-type operators P, from holomorphic radial-angular mixed
space H, ,(®) to L, ,(®) for all possible 0 < p,g < co. At the end, we finally solve Gleason’s problem
on H,, ,(®) for all possible 0 < p, g < oo as an application.

To state our main results, we need some notations.

For z :=(z1,...,2,), W := (wy,...,w,) € C", we denote the inner product of z and w by

(Z,w) == z1wW + -+ + Z,Wy,

and |z| := V(g 2). Let
B:={zeC": |7 < 1}

denote the open unit ball in complex vector space C" and 9B its boundary. In addition, let dv denote
the Lebesgue measure, normalized such that fB dv = 1 and do the surface measure on dB, again
normalized such that fa pdo =1

Recall that a positive continuous function ¢ defined on [0, 1) is said to be normal, if there exist
constants 0 < a < b, ry € [0, 1) such that

(i) 22 is nonincreasing in r € [ry, 1) and lim 22 = 0;
a-n m Gz

(i) 22 is nondecreasing in r € [ry, 1) and lim 22, =
(1-r) r—1 (1-1)

Observe that the constants a and b are not uniquely for given normal function ¢. Therefore, in what
follows, let a, denote the superemum of all possible a satisfying (i) and b, the infimum of all possible
b satisfying (ii1). Then a, and b, are alwalys called characteristic exponents of .

We now present the notion of the generalized normal function ® and related radial-angular mixed
spaces L, ,(®) from [5].
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Definition 1.2. Let 7 € R and ¢ be a normal function. A continuous function ®@ : [0, 1) + [0, c0) is
called generalized normal function if for any r € [0, 1), ®(r) := (1 — r)"e(r).

Definition 1.3. Let 0 < p,g < oo and ® be a generalized normal function. The radial-angular mixed
space L, ,(®) is defined to be the set of all measurable complex functions f on B such that

1/p

1
1fllpgo = { j; PN (1= T O M, (r, f)]”dr} <o

when p € (0, c0) and

1 flleo.g0 = sup @r)My(r, ) < oo,
re(0,1)

where M (r, f) := sup |f(r{)| and for any g € (0, 00),
{edB

1/q
M, f) = [ fa O dcr@)] .
B

We next state the main results about Schur’s tests on radial-angular mixed spaces as follows. For any
7= (p1, p2) € (0,0)?, in what follows, we always denote p_ := min{p;, p,} and p, := max{p,, p>}.

Theorem 1.4. Let K a nonnegative function on B X I X OB X I. Let T be an integral operator with
kernel K defined by setting for any (x,y) € 0B X I,

Tf(x,y):= ff K(x,y,s,0)f(s,t)do(s)dA(t).
1JoB
Here and thereafter, I := [0, 1] and dA(r) := r*'(1 — r)"[®#)]? dr for any r € 1. Suppose p :=
(P1,p2), G := (q1,q2) € (1,00)? satisfying 1 < p_ < p, < q_ < oo. Lety and & be two real numbers

such that y + 6 = 1. If there exist two positive functions h, and h, defined on OB X I with two positive
constants Cy and C, such that

P51 p]
f { [K(x,, s, )7 [hi(s, )]" da(s)} dA(t) < Ci[hy(x, )]
1 OB

for almost all (x,y) € 0B X I, and

@/q
f{f [K(x’ Y, S, t)]6q1 [hZ(S’ t)]ql d(T(X)} d/l()’) < CZ[hl(s’ t)]qz
1 \Jon
for almost all (s,t) € 0B X I, thenT : L, ,,(®) — L, ,,(®) is bounded with
1/py A1
Tz, ,, @)Ly, @ < C pZCZ/‘“‘
We also obtain the Schur’s tests for the endpoint cases.
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Theorem 1.5. Lety, 6 and T be an integral operator with kernel K defined as in Theorem 1.4. Suppose
7:=(1,py) and § := (q1,q>) € (1,0)? satisfying 1 < p, < q_ < oo. If there exist two positive functions
hy and h; defined on OB X I with two positive constants C| and C, such that

Py
f{ess sup[K(x,y, s, )] h (s, t)} dA(t) < Cilhy(x, y)]"/2
1

s€OB

for almost all (x,y) € 0B X I, and

q2/q1
f{f [K(x,y, s, )" [ha(x, )] dO'(x)} dA(y) < Colhi(s, 01",
1 OB

for almost all (s,t) € 0B X I, then T : L, ,,(®) — L, ,,(®) is bounded with

1/p5 ~1/q>
||T||Lp1,p2(q>)—>Lq1,,12(q>)Scl ™.

Theorem 1.6. Lety, 6 and T be an integral operator with kernel K defined as in Theorem 1.4. Suppose
7:=(p1,1)and § := (q1,q2) € (1,00)? satisfying 1 < p; < q_ < oo. If there exist two positive functions
hy and h; defined on OB X I with two positive constants C| and C, such that

esssup | [K(x,y,s, D" [ (s, 1)1 do(s) < Ci[ha(x,y)]""

tel 0B

for almost all (x,y) € 0B X I, and

92/q1
f { f [K(x,y, s, D1 [ha(x, )] dCf(X)} dA(y) < Golhi(s, 01",
1 \JoB
for almost all (s,t) € 0B X I, then T : L, ,,(®) = L, ,,(D) is bounded with

1P\ ~1/a
||T||Lm,p2(q>)—>qu,qz(q>)SCI (G

Theorem 1.7. Lety, 6 and T be an integral operator with kernel K defined as in Theorem 1.4. Suppose
G = (q1,q») € [1,00)?. Lety and 6 be two real numbers such thaty + 6 = 1. If there exist two positive
functions h; and h, defined on 0B X I with two positive constants Cy and C, such that

esssup[K(x,y, s,)]"hi(s,t) < Cihy(x,y)
(s,6)€OBXI

for almost all (x,y) € 0B X I, and

@/ q
f { f [K(x, v, 5,01 [na(s, 0] do(x)} dAY) < Colhn(s, D1
1 OB

for almost all (s,t) € 0B X I, then T : L, 1(®) — L, ,,(®) is bounded with

1,92
/g
TNy @)Ly, gy @) < C1C™.

Moreover, we find the following sufficient and necessary condition for boundedness of the integral

operators T from L, ,,(®)to L, ., (D).

P1,P2 91,92
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Theorem 1.8. Let T be an integral operator with kernel K defined as in Theorem 1.4. Suppose p :=
(p1.P2)s G :=(q1,q2) € [1,00]% Then T is a bounded operator from Ly, ,,(®) into Ly, ,,(D) with bound
M if and only if for any u € Ly, p,(®) and v € Ly 4 (D),

f f f f K(x,y, s, u(x, y)u(s, 1) do(x) dAQy) do(s) dA®)| < Mlulle,, ,,@lIVllz, , @)
1JoB JI1JoB v
On the other hand, for s € R and ¢t > 0, the Bergman-type operator P, on L, ,(®) is defined by

_ 2\t—1
Pof@) = (1 -y [[LD 0D

B (1 — <Z, w))n+t+s

The boundedness of Bergman-type operators P, has been studied extensively (see, for instance, [4,
6-8]). Indeed, let ¢ be a normal function and H(B) denote all the holomorphic functions in B. The
boundedness of operator Py, on L, ,(¢) for 1 < p,g < oo was studied in [9]. Later on, the boundedness
of P, from H, () := H(B) N L, ,(p) to L,,(¢) for0 < p < 1and 1 < g < oo was obtained in [10].
The only left case 0 < g < 1 and 0 < p < oo was sloved by Lou [11] in 2007. In this paper, we extend
all these known results to radial-angular mixed spaces L, ,(®) for all possible 0 < p, g < co.

To be exact, we establish the following boundedness of Bergman-type operators Pj;.

Theorem 1.9. Let 0 < p,q < co and ®(-) := (1 =) ¢(-) be a generalized normal function, where T € R
and ¢ is a normal function with characteristic exponents a, and b,. If

t—7+min{n(l - 1/9),0} > b, >a, > —s -1,

then Py, : H, (®) — L, (D) is a bounded operator.

Remark 1.10. For all 0 < p, g < oo, Theorem 1.9 gives the sufficient conditions such that the
Bergman-type operator P;; is bounded from H, ,(®) to L, ,(®). The conditions are different in the
twocases: 1 <g<ooand0 < g < 1.

(i) When 1 < g < o0and 0 < p < oo, the sufficient conditionis t — 7 > b, > a, > —s — 7. We
point out that when 7 = 0, then ® = ¢ and the radial-angular mixed space L, ,(®) goes back to
the space L, ,(¢). Thus, in this case, Theorem 1.9 holds true for ¢ > b, > a, > —s. In this sence,
Theorem 1.9 extends the main theorem established in [9, Theorem A(ii)] and [10].

(i1)) When 0 < g < 1 and 0 < p < oo, the sufficient conditionis t -7 +n(l - 1/q) > b, > a, > —s — 7.
Similarly, we point out that, in this case, Theorem 1.9 with 7 = 0 goes back to [11, Theorem 1.1].

As an application, we prove that Gleason’s problem in radial-angular mixed spaces H,, ,(®) for all
possible 0 < p, g < oo is solvable. Let X be a space of holomorphic functions on a domain Q in C".
Then Gleason’s problem for X and any given point a € €, denoted by (€2, a, X), is the following: Given
a € Qand f € X, do there exist functions gy, ..., g, € X such that

f@ = f@) = ) (2 - a)gi(2)
k=1

for all z € Q?
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Gleason [12] originally asked the question for (B,0,A(B)), where A(B) is the ball algebra on the
unit ball B ¢ C", consisting of holomorphic functions in B which are countinuous on B. This problem
(B,0,A(B)) was solved by Leibenson. The difficulty of Gleason’s problem depends on the domain
Q) and the space X. Gleason’s problem for different domains and function spaces have been studied
extensively. For instance, with the help of the boundedness of Bergman-type operators, Zhu [13] and
Choe [14] solved Gleason’s problem for the Bergman space L, ,(®) with ®(r) := (1 — r*)'/7 and
O(r) := (1 — r»)+/P respectively. Here, 1 < p < oo and @ > —1. Hu [15] studied Gleason’s problem
for harmonic mixed norm and Bloch spaces in convex domains. In particular, for given normal function
¢, Gleason’s problem on mixed spaces L, ,(¢) was addressed by [9] for the case 1 < p,q < oo and
by [11] for the case 0 < p < 00, 0 < ¢ < 1. In this paper, we extend these conclusions and solve
Gleason’s problem for all 0 < p, g < co on H, ,(D).

As an application of Theorem 1.9, we have the following result.

Theorem 1.11. Let 0 < p, g < oo and © be a generalized normal function. Gleason’s problem can be
solved on H, ,(®). More precisely, for any intrger m > 1, there exist bounded linear operators A, on
H, (D) such that if f € H, ,(®) and f and its partial derivatives of order < m — 1 are zero at 0, then

@ =) L AfQ)

la|=m
forall z € B. Here a := (ay,...,qy,), la| := a; + --- + a, and each «; is a nonnegative integer.

The rest of this paper is organized as follows. In Section 2 we will prove main results about Schur’s
tests, namely, Theorems 1.4, 1.5, 1.6, 1.7 and 1.8. The proofs of Theorems 1.9 and 1.11 will be given
in Section 3. Section 4 is the conclusions of this paper.

Finally, we make some conventions on notation. We always denote by C a positive constant which
is independent of the main parameters, but it may vary from line to line. The notation f < g means
f<Cgand,if f <g< f,thenwewrite f ~g. If f <Cgandg="horg<h,wethenwrite f <g~h
or f < g < h,ratherthan f Sg=hor f S g<h.

2. Proofs of Schur’s tests

This section is devoted to proving Theorems 1.4, 1.5, 1.6, 1.7 and 1.8. To do this, we first recall the
following definition of mixed Lebesgue spaces introduced by Benedek and Panzone [16] in 1961.

Definition 2.1. Let 7 := (p1, p») € (0,00)? and (X;, u;) be two totally non-trivial o-finite measure
spaces for i € {1,2}. The mixed Lebesgue space Lﬁ(ﬂl-z:1 X, Hle u;) 1s defined to be the set of all
measurable functions f on X; X X, such that

1/p2

p2/p1
A 2= s ey = { fX [ fX If(x,y)l‘”dm(X)] dﬂz(y)} < co,

We now write the radial-angular mixed space L, ,(®) with the notion of mixed Lebesgue spaces
in Definition 2.1. Indeed, if p = ¢, the space L, ,(®) is the weighted Lebesgue space; if p # g,
the space L, ,(P) becomes the weighted mixed Lebesgue space. Precisely, Let @ > —1 and dv, :=
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(1 — |z»)* dv(z). Recall that the weighted Lebesgue space L2(B) := LP(B, dv,) with p > 0 denotes the
set of all measurable complex functions f on B such that

1/p 1/p
T [ fB |f<z>|"dva] _ [ fB FOP( =) dv(d)| < oo.

Applying the integral formula in polar coordinates (see, for instance, [17]), we find that
1
f f@IP( =) dv(z) = 2n f PN (L= ) MO, f)dr.
B 0

atl | . .
Thus, L2(B) = L,,((1- r?)7 ) in the sense of equivalent quasi-norms.
Moreover, with the notation of Definition 2.1, we can write

1 1/p
1 llpgo = { f PN 1= )T D) M (r f)]”dr} = |1 lleaos,don | g g 2.1)
0

here and thereafter, f,(-) := f(r-), I :=[0,1],dA := r*'(1 =r)"'[®(r)]” dr. This implies that L, ,(D) =
LP9(OB x I,do X dA). Therefore, to show Theorems 1.4, 1.5, 1.6, 1.7 and 1.8, it suffices to prove
Schur’s tests for mixed Lebesgue spaces.

In what follows, let Lf = LP(X X X,p1 X o) and LY := LI(X x X, v, X »») for 7,4 € (0,0)>,
where (X, i;) and (X, v;) are measure spaces. Then we obtain the following propositions, which extend
Schur’s tests on weighted Lebesgue spaces given in Zhao [4].

Proposition 2.2. Let u; and v; be positive measures on the space X for i € {1,2} and T an integral
operator with nonnegative kernel K defined by setting for any (x,y) € X X X,

Ty = [ [ Kers0fs.0 dunts) duao
x Jx
Suppose p = (p1, p2), 4 := (q1,q2) € (1,00)? satisfying 1 < p_ < p, < g_ < oo. Let y and 6 be real

numbers such that y + 6 = 1. If there exist two positive functions hy and h; defined on X X X with two
positive constants Cy and C, such that for almost all (x,y) € X X X,

2904
f { f [K(x,Y, s, D" [l (s, )] dm(S)} duy(t) < Cilha(x, y)17 (2.2)
X X
and for almost all (s,t) € X X X,
Q2 /q
f { f [KCx,y, 5,01 Tha(s, )] dvl(x>} dv>(y) < Calln (s, 1" 23)
X X

7 7. . 1/p,
then T : Lj — L is bounded with || T ;_, ¢ < Cl/pZC;/qz.

Lﬁ—)

Proof. If f € Lﬁ, then for almost every (x,y) € X X X, we have
ITf(x,y)| < ffK(x,y, s, Ol (s, D7 by (s, DI F (s, O dpa (5) dpa(2).
X Jx
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Using Holder’s inequality, we have
1/p]
1T f(x, y)l < { [K(x,y, 5, D71 [y (s, D))" d,ul(S)}

1/p1
X{ [K(x,y, s, D17 [y (s, D177 | f (s, DI d,ul(s)} dpa (1)
X

1/p;

%

Py P}
s{ f ( f [K(x,y, 5, )]"7' [y (s, )] du1<s>) d,uz(t)}
X X

p2/pi 1/pa
X {f (f[K(x7 Y, S, t)]5pl [l’ll(S, t)]_pl |f(sa t)lpl d/ll(s)) leZ(t)} ,
X X

which, together with (2.2), further implies that

ITf(x,y)l

1/p2

, p2/p1
SCf/”2h2<x,y>{ f ( f [K(x, y, 5, 017 [hy (5, O] f (s, DI dm(S)) duz(t)}
X> X

In addition, from the assumption 1 < p_ < p, < g_ < oo, it follows that ¢; > p», g1 > p1, g2 = p> and
q> > p1. Thus, combining the above inequality and Minkowski’s inequality, we conclude that

IT f1l 4

<c,™ { f [ f ( f f LKCx, v, 5, D1 oG )1 (s, 01 [ (s, )7
X X X LJX

€L
Pi n P2

21 P
92 “ 1

XdVl(X)] dvo(y)|  du(s)|  dua()

=c," { f [ f £, DI [ (s, O] ( f [ f LKCx, y, 5, 017 [, y)]7
X X X X

L
Q 1)2

a2 21 1

del(x)] de(Y)] du(s)|  dps(t)

Now applying (2.3), we obtain

r2 L

ITfll, < €7,/ { f [ f £, 0 d,ul(S)] d,uz(f)}
X

1/p
— C] ché/qzllfHLf
This finishes the proof of Proposition 2.2. O

Electronic Research Archive Volume 31, Issue 10, 6027-6044.



6035

Proposition 2.3. Let y, 6 and T be an integral operator with kernel K defined as in Proposition 2.2.
Suppose p := (1, py) and § := (g1, q2) € (1, 0)? satisfying 1 < p, < q_ < oco. If there exist two positive
functions hy and h; defined on X X X with two positive constants C| and C, such that for almost all
(x,y) e X X X,

2
f {ess sup[K(x,, 5, O] I (s, r)} dpa(t) < Ci[ha(x, )" (24)
X

seX
and, for almost all (s,t) € X X X,

92/q1
f{f[K(x,y, 5, D17 [hy(x, y)] dVl(x)} dvy(y) < Colhi(s, D", (2.5)
X X

then T : Ll — LI is bounded with |T| ; ;< C\'">C}/*.

-1l

Proof. Let f € Lf . From (2.4) and Holder’s inequality, we infer that, for almost every (x,y) € X X X,

ITf(x,y)ISffK(x,y,S,f)[hl(s,t)]_]hl(s,t)lf(s,l)ldﬂl(S)d/lz(f)
X JX

Sfesssup{[K(x,y, s, D] hi(s, 1)}
X

seX

X f [K(x,y, 5, DL (s, O] f (s, )] dpy (5) dpaa (1)
X
1/p,

P
< { f (eSS sup{[K(x,y, s, )] i (s, t)}) dllz(f)}
X

seX

P2 1/p2
x{ f ( f (K(x,y, s,t)]‘s[hl(s,t)]‘llf(s,t)ldm(S)) d/lz(t)}
X X

P2 1/p2
1/p, -
<o [ ( [ ens 0¥t o veolgne) - duof
x \Jx
Then, by the assumptions g; > p, and ¢, > p,, and Minkowski’s inequality, we conclude that

IT fll 4

<" { f [ f ( f f [K(x,y. 5, 01 [y e, )17 | £ (s, DI Ty (5, 0]
X X X |LJYX

1
1
q I P2 1)

xdw(x)]q' dn0)|  din(s)|  duw)

= Ci/plz {f [f £ (s, DIl (s, D] (f [f[K(x,y, 8, 1% [y (x, )9
X X X X

1 P2

e - P

xdvloc)r dw)] du(s)| dnt
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which, together with (2.5), further implies that

1

Tl . <Pl d pzd P VN Y
ITfll,s <C,C, lf(s,Dldpi ()| dpa(®)p = C 2GSl
x [Jx s

This finishes the proof of Proposition 1.5. O

Proposition 2.4. Let y, 6 and T be an integral operator with kernel K defined as in Proposition 2.2.
Suppose p:= (p1,1) and § := (g1, q>) € (1, 0)? satisfying 1 < p; < q_ < oo. If there exist two positive
functions hy and h; defined on X X X with two positive constants Cy and C, such that for almost all
(x,y) e XX X,

€Ss sup f[K(xa Y, S, t)]yp,l [hl(sa t)]p,l dﬂl(S) < Cl [hZ(xa y)]pi

reX X
and, for almost all (s,t) € X X X,

92/q1
f(f[K(x, ¥, 8, D1 o (x, y)]* dVl(X)) dvy(y) < Colhi(s, D17,
X X

1 /
< C1/plC;/q2-

F_rd =
LM—>LV

thenT : Lf - L? is bounded with ||T ||

Proof. This proposition is a symmetric case of Proposition 2.3. Therefore, the proof is similar and
hence we omit it here. |

Proposition 2.5. Let y, 6 and T be an integral operator with kernel K defined as in Proposition 2.2.
Suppose § := (q1,q>) € [1,00)% If there exist two positive functions hy and h, defined on X x X with
two positive constants Cy and C, such that

esssup[K(x,y, s,H)["hi(s, 1) < Ciha(x,y)

(s,)eXxX

for almost all (x,y) € X X X, and
@/q1
| ( [y .o dvl(X)) dv2(5) < Caly (s, D] 2.6)
x \Ux
for almost all (s,t) € X X X, then T : LZ - Lg is bounded with ||T||;_, 4 < ClCé/qZ.
Proof. Let f € LE. Then, by (2.6), we find that, for almost every (x,y) € X X X,

ITf(x,y)ISffK(x,y,S,l)[hl(s,t)]_lhl(s,t)lf(s,t)ldm(S)d#z(l)
X JX

< esssup[K(x, s,y, )] (s, 1)
(s,H)eXxX

x f f LK Gr, s 5, 01Ty (s, 0T 1, ) g (5) dpn(0)
X JX

< Cth(x’ )’) f f[K(-x5 Y, S, t)]ﬁ[hl(s’ t)]_llf(s9 t)l d/-ll(s) d:UZ(t)
X JX
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Now we first show the present proposition for the case § € (1,)?. In this case, applying the
Minkowski’s inequality, we deduce that

IT fll 4

< f f ( f [ f KX, v, 5.1 Tha(e, )1 [ (s, D | (5, DI
X JX X X

a L

XdVl(x)] ' de(y)) du (s) dp (1)

_¢, f f (s, DIl (s, )T
X JX

2 o
q1
X[ f [ f [K(x,, 5, D]°" [ha(x, y)]" dvl(x)] de(y)] dp (s) duo (1),
x [Jx
which, combined with (2.6), further implies that

I < Cl™ [ [ s ldia(s) disty

x Jx
1/
= C1C2 q2||f||L,5-

This completes the proof in this case. For the case ¢; = 1 for some i € {1,2}, instead of using
Minkowski’s inequality, applying Fubini’s theorem will also do the job. We omit the details in this
case and hence finish the proof. O

The following result shows a necessary and sufficient condition of integral operators T associated
with kernel K as in Proposition 2.2.

Proposition 2.6. Let T be a integral operator with kernel K defined as in Proposition 2.2. Sup-
pose B := (p1,p2), @ := (q1,q2) € [1,001% Then T is a bounded operator from LP(T1%, X, [1%, i)
into LY([12, X, T12, v;) with bound M if and only if for any u € LP([1~, Xi, [12, ) and v €
LT (I X T ),

f f f f K(x,y, s, Du(x, y)u(s, 1) dvi(x) dva(y) du (5) duo (1)
X, JXi Jxo JX

Proof. From [16, p. 304, Theorem 2], it follows that

< Milullllvllz - 2.7

T\l e ::”T”lﬁ(]—]?:lX,-,]_[l.zzlpl-)aLff(]_[iz:lX,-,]_[l.z=lv,-) = Ssup ||TM||(7

=1

f f Tu(s, (s, 1) dyur(5) dpia(t)
X, JX

= sup sup
Nl =1 el =1

Thus, if (2.7) holds true, then

ITl;5_,;a = sup sup
=1 llull =1

f f f f K(x,y, s, Du(x, y)v(s, 1) dvi(x) dva(y) dui(s) dpa(1)
X Jxi Jx, Jx
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<M.

Conversely, when ||T||;5_,;s < M, using Holder’s inequality, we find that

f f f f K(x,y, s, Du(x, y)v(s, ) dvi(x) dva(y) dui(s) dua(t)
X, JX| Xy JX
< f f [T u(s, yu(s, 1) dui(s) dus (1)
X JX

< I Tullgllvlly < Milullzlvlly -

This implies that (2.7) holds true and hence finishes the proof of Proposition 2.6. O

Finally, applying (2.1), we find that Theorems 1.4, 1.5, 1.6, 1.7 and 1.8 are just corollaries of
Propositions 2.2, 2.3, 2.4, 2.5 and 2.6 respectively, and hence their proofs are finished.

3. Proofs of Theorems 1.9 and 1.11

In this section, we first give the proofs of boundedness of Bergman-type operators and then, as an
application, solve Gleason’ problem on H,, ,(®). To achieve this, we need the following lemmas.

Lemma 3.1. ( [10, Lemma 4]) Let 0 < p <1, 1 < g < oo, t+ s> 0and f € H(B). Then there exists a
positive constant C such that, for any 0 <r < 1,

i - !
(1 = rpyr+y

Lemma 3.2. ( [9, Lemma 2.1]) Let 0 < g < 1 and t + s > n(1 — 1/q). Then, for any measurable
function f on B, there exists a positive constant C such that, for any 0 < r < 1,

[My(r, Ps, )P < C( - rz)’”fo [My(p. )1 dp.

P~ p)
(1- rp)q(n+t+s)_n [Mq(p, Hlldp

Lemma 3.3. ( [19, Lemma 6]) Let s1 > s, > 0 and 0 < r < 1. Then there exists a positive constant C
such that

Mq(r, P,.f) < C( - rz)s [f
0

ta-p!
——dp < —.
o -y P =T —pps
Lemma 3.4. ( [1]1, Lemma 2.1]) Let 0 < p < 1, a,>0,0<r < land f : [0,1) = [0,00) be
increasing. Then there exists a positive constant C such that

[ L -p! Ly
o (1-rppf o (1—rp)f
Lemma 3.5. ( [9, Lemma 2.3]) Let 0 < p < 00, 0 < r < 1 and ®(-) := (1 — -)"¢(:) be a generalized

normal function, where T € R and ¢ is a normal function with characteristic exponents a, and b,. If
S—T+1t>b, >a, > s— 1, then there exists a positive constant C such that

) (o))"
L} et = 405 S g

————f(p) dp] <C Lf()]” dp.
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We now show Theorem 1.9.

Proof of Theorem 1.9. We prove Theorem 1.9 by separately considering 1 < ¢ < oo in Step 1 and
0 <g < 1in Step 2.

Step 1) In this step we show thatif 1 < g <oc0,0 < p <ocoand?-71 > b, >a, >—s— 7, then Py,
is bounded from H,, ,(®) to L, ,(P). To achieve this, We further deal with the two cases 0 < p < 1 and
1 < p < oo separately.

Casei) 0 < p < land 1 < g < co. In this case, let f € H,,(®). From Lemma 3.1, Tonelli’s
theorem, Lemma 3.5 and the fact thatr — 7 > b, > a, > —s — 7, we infer that

1P SI0, o < f (1= 1) [ IM,(r. Py, Y dr

p(2n—-1) 1= pt—1
< fo (1 = o)) fo P (l_gp)p(ﬁ)s) [M,(p. )Y dpdr

! (@)1
o (=D (= rp)rs

1
~ fo PP = p)" My, I rdp

1
< f PP D1 = p) D)Mo I dp.
0

Letting p = r%, by the facts that 0 < p < 1 and the monotonicity of M,(p, f) on p for holomorphic
function f, we know that Mq(r%,f) < My(r, f)and (1 — r%)‘1 < (1 = r)~". In addition, since @ is the
generalized normal function, we have

(1= rry (1= ro) (L= royb

(1- )”b[ Pl < (L=rrr (1 =np

(D)) = (1= ) [@(r)]? < (1 - re)P” [D(H)]”.

Thus, [(D(r%)]p < [@(7)]? and hence
1

Pty [ P70 =D OO PIMLGE A dr
0

1
sfo 211 =y OOV M, 1 dr ~ I, .

This finishes the proof of Theorem 1.9 inthe case 0 < p < land 1 < g < oo.

Caseii) 1 < p <ooand1 < g < oco. In this case, let f € L, ,(®)andt = t; + 1, = 13 + 14 such
thatt; > 0,a, +t, +7 > 13,13+ s > t; and 1, — T > b,. We point out that these assumptions on #; are
reasonable. Indeed, taking a sufficiently small € > 0, let

th=t—-1t-{0+6e&b,, r:=t+(1+6b,, t3:=t—(1+e€b,+(1-e¢€a,

and t4 := (1 + €)b, — (1 — €)a,. Then one can verify 1, 1, 13 and #, satisfy all the above conditions
fromt -7t > b, > a, > —s — 7. With these assumptions, applying Lemma 3.1, Holder’s inequality and
Lemma 3.3, we find that

2)t—1

2nl
My, Pouf) 5 (1= P f a- LMo, 1) dp
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N |

I pp@n1(] _ p2ypa-1 Tl (1 = p2yrn-!
<(1-r) L M (p, )P d f —
~ ( r ) {j; (1 _ rp)pm [ q(p f)] p} [ 0 (1 _ rp)P'(“”) p

L op@n=1)(1 _ p2ypia—1 »
<=y { [ [Mqoo,f)]f’dp} .

This, together with Tonelli’s theorem and Lemma 3.5, further implies that

1 I 1 pp(Zn—])(l _p2)p12—1
1P, o < fo (1= Py () f T M. PV dpdr

0

1 1
. [D(r)]”
~ fo PV = p*)" (M (o, )N j; T gy 4rde

1
< f P01 = ) Mo, DIIDE)Y dp ~ I, o
0

which completes the proof of Theorem 1.9 in the case 1 < p < oo and 1 < g < oco. Thus, we finish the
proof of Step 1.

Step 2) In this step we show thatif 0 < g < 1,0 < p <ocoandt—t+n(l -1/q) > b, > a, > -5 -7,
then P, is bounded from H,, ,(®) to L, ,(P). For this purpose, We considering the following two cases
p < g and p > g separately.

Case iii) 0 < g < 1 and p < q. In this case, let f € H, ,(®) and g(z) := 7' f(z). Applying Lemmas
3.2 and 3.4, Tonelli’s theorem, Lemma 3.5 and the fact that # > n(1/g — 1) + b, + 7, we infer that

PSSP, o < f (1= 7 OV IM(r, Po, )V dr

I ja@n=D (1 _ pyar+D-2 plq
f (1=n" 1[(D(r)]p {f . (1- ; )Q(fi-)Hs)—n [Mq(p’ f)]qdp} dr

| )p(t+1) plg-1
f (1= PP o)) f = [M,(p. g))" dp dr

)p(n+t+s) nplq

~f pPPD(1 = Py DRI [ (o, £)]P f‘ (1 —r)ps_][q)‘(r)]p drdp
0

0 (1 _ rp)p(n+t+s)—np/q

1
S [ o= gyt i o, PGP dp
0

Letting p = r%, then by 0 < p < ¢ < 1 and an argument similar to that used in the proof of Case 1), we
conclude that

1
1P, o S fo PN = ) M HPIOEY dr ~ (11, o

This finishes the proof of Theorem 1.9 in the present case.

Caseiv) 0 < g < 1 and ¢ < p < co. In this case, let f € L, (D), g(z) := "' f(2), 7 := p/g > 1
andg(t+1)—-1=L +L, = L3y + Ly, where L; >0, L3 > Ly, Lo/qg+ (n—1)(1 = 1/q9) — 7 > b, and
a, > (L3 — Li)/q— s — 7. Observe that these conditions on L; are satisfied by taking a sufficiently small
€ > 0 and setting

Li=qt+1) = 1-q(l +Olb, + (1 -n)(1 - 1/q)] -
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Ly :=g(1 + €)lby, + (1 =n)(1 = 1/9)] + qr,
Ly:=qit+1)-1-g(1+elb,+(1—n)l-1/q)]+q(e—1)

and
Ly:=q(l1+elb,+(1-n)l-1/g9)]+q(t—e).

With these assumptions, applying Lemma 3.2, Holder’s inequality, Lemma 3.3, Tonelli’s theorem and
Lemma 3.5, we find that

1 h-2 rlq
(1 -p)1
o (- ]"p)q(rl+t+s)—n [Mq(/)’ 9ldp dr

O LI
—
o (L—rpyrts ]

(M, (0, 91" dpdr

1 (1 - pyr=-!
0 (1 — rp)(L4—n+l+q(n+s—l))n

1 L1 — \p(s+H(Li-L3)/g)-1 p
5 P11 _ i1 , [ -1 [D(r)]
\fo‘ P (I =p)"™=" [My(p, )] j; (1 — rp)P(La=n+D)/g+n+s=1) drdp

1
< [ o= gyt b o, PO dp ~ I
0 .

1
nmdmﬁ¢sj\1—m”%@vw{
0

1
sf\vqw”@mv[
0

b (—pye
0 (1 _ rp)(L4—n+1+q(n+s—1))n

1
< f (1 _r)P5+77(Ll—L3)—1[(I)(r)]p
0

(M (p, &))" dp dr

which completes the proof in this case and hence of Step 2. Combining this and Step 1, we obtain
Theorem 1.9. o

Remark 3.6. Let s € R and ¢ > 0. Define Py, on L, ,(®) by

— _ 2\t—1
zmﬂw:a—mijl'w)'ﬂmumw

B |1 _ <Z, w>|n+t+s

Then the proof of Theorem 1.9 above actually show that, for any f € H, ,(D),

This is important in the proof of Theorem 1.11.

Pof| o S flpgo-

g @

Applying Theorem 1.9, we next prove Theorem 1.11.

Proof of Theorem 1.11. We may assume that m = 1. The general case follows from induction. In this
case, note that f(0) = 0. By Leibenson’s formula, we find that, for any f € H, ,(®) and z € B,

ﬂ)—ﬂ)—ﬂm—jﬂﬁfvﬂﬁ—il‘f%zv)w
Z) = Z = ; dr < = Tk . aZk Z .

k=1

For any z € B, let A, f(2) := fol g—i(rz) dr. Then A; is obviously linear. Therefore, to finish the proof,
it remains to show that Ay is bounded on H, ,(®). To this end, let f,(z) := f(rz) for any 0 < r < 1 and
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z € B. Then we have Py, f, = f, (see [9]). Letting r — 17, by Theorem 1.9, we conclude that Py, f = f,
namely, for any z € B,

(1 =W f(w)
f =y dv(w).

By differential under the integral, we have

1 —1 _ 2\r—1
A ~ f fm(l W)
0 B

(1 _ r(Z, W))n+t+l

1
1
~ (1 _ 2\t-1
fB:Wk(l [wl[*) f(W)f0 A=y dr dv(w)

N fw—k(l =P = (= ™
g (1= (z,w))! (z,w) '

Observe that

n+t—1

-0 = Gw)™ Z (1= (zwyt

@)

is a polynomial in z and w. Therefore, |A; f(2)| < I}N’O,t f(2)|. From this and Remark 3.6, we infer that A,
is bounded on H), ,(®) and hence finish the proof of Theorem 1.11. O

4. Conclusions

Let 0 < p,g < oo, ® be a generalized normal function and L, ,(®) the radial-angular mixed space.
In this paper, we have generalized the classical Schur’s test to radial-angular mixed spaces setting
and then found the sufficient and necessary condition for the boundedness of integral operators from
Ly, »,(®) to Ly ,,(®) for 1 < p;,q; < oo with i € {1,2}. Furthermore, we have also established the
boundedness of Bergman-type operators P, on holomorphic radial-angular mixed space H, ,(®) for
all possible 0 < p,q < oo. As an application, we finally solved Gleason’s problem on H,, ,(®) for all

possible 0 < p, g < oo.
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