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Abstract: This paper investigates time-dependent double-diffusive Darcy flow which is defined in
a semi-infinite strip pipe, where the generatrix of the pipe is not parallel to the coordinate axis any
more. By using several results which have been derived in the literature, the spatial properties and
the influence of the Soret coefficient on the solutions are both obtained. We also give some concrete
examples.
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1. Introduction

The porous media fluid defined in a two-dimensional semi-infinite pipe has received extensive at-
tention. Liu et al. [1] defined a semi-infinite strip pipe whose generatrix is parallel to the coordinate
axis (see Figure 1) and obtained the Phragmén-Lindel6f alternative result of shallow water equations.
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Figure 1. Cylindrical pipe 1.
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Payne and Schaefer [2] considered the case that the generatrix is not parallel to the coordinate axis
(see Figure 2) and obtained the Phragmén-Lindel6f alternative for the biharmonic equation.
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Figure 2. Cylindrical pipe 2.

Recently, Li and Chen [3] considered the Darcy equations on a semi-infinite channel which was
defined as

R = {(x1,x2)|xl >a,0<x< h(xl)},

where a > 0 and A(x,) is a smooth curve in the plane. They proved that the solutions of Darcy equations
grow polynomially or decay exponentially as a spatial variable x; — oo. For more on such studies, one
can see [2,4-6].

In this paper, we consider the convergence result on the Soret coefficient of the Darcy model in
R. The importance of this type of convergence result was discussed by Hirsch and Smale [7] and
there have been a lot of results. At first, people mainly focused on the structural stability of the so-
lutions of various systems of partial differential equations in bounded domains (see [8—14]). Later,
many scholars extended the study of structural stability to the case that there are two kinds of inter-
face links in a bounded region (see [15-18]). Li et al. [19, 20] considered the structural stability of
Brinkman-Forechheimer equations and the thermoelastic equations of type III on a three-dimensional
semi-infinite cylinder, respectively. The generatrix of the cylinder was parallel to the coordinate axis.
However, the stability of partial differential equations on a two-dimensional pipe has not received
enough attention. It is especially emphasized that the generatrix of the pipe considered in this paper is
not parallel to the coordinate axis.

We investigate the following double-diffusive Darcy flow of a fluid through a porous medium in R
which can be written as (see [21])

Uy = —Pao+ 8aT + hoC,in R x(0,7), (1.1)
Uyo =0,in R X (0,7), (1.2)

0T +u,T,=AT,inRx(0,7), (1.3)

0,C +u,C, =AC + AT, in R x (0,7), (1.4)

where @ = 1,2. u,, p, T and C represent the velocity, pressure, temperature, and concentration of the
flow, respectively. g, and h, are bounded functions. o > 0 is the Soret coefficient. For simplicity, we
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assume g and h satisfy |g], |k| < 1. In this paper, we also use the summation convention summed from

2
1 to 2, and a comma is used to indicate differentiation. e.g., uy gite g = Zi,ﬁ:l (%) .

Oxg
The initial-boundary conditions can be written as

Uy (x1,0,0) = uy(x1, h(x1),) =0,x; > a,0<t <7, (1.5)

T(x1,0,8) = T(x1,h(x1),t) =0, x; 2 a,0<t<T, (1.6)
C(x1,0,t) = C(x1, h(x1),1) =0,x; >2a,0<t <7, (1.7)

U (a, xo,1t) = Fo(x0,1),0 < x, < h(a),0 <t <, (1.8)

T(a, x,1) = H(xa, 1), C(a, X2, 1) = H(x2,1), 0 < x, < h(a),0 <t < T, (1.9)

T (x1, x2,0) = To(x1, x2), C(x1,x2,0) = Co(x1, X2), (x1, X2) € R, (1.10)

where Ty and C, are given functions. F,, H and H are differentiable functions which are assumed to
satisfy the appropriate compatibility conditions

Fo(h(a).?) = H(h(a), ) = H(h(a),?) = 0.
Now, we let v(x1, x,, 1) denote a stream function which satisfies
Uy =vo, Uy = —V’l.

Equations (1.1)—(1.8) can be converted to

Av=-V*+.gT —g-V*T -V*-hC—-h-V*C,inRx(0,7), (1.11)
0T +V*v-VT = AT, inRx (0,7), (1.12)
0,C +V*v-VC = AC + oAT, in R x (0,7), (1.13)
v(x1,0,8) = v(x, h(x), ) =0, x; >2a,0<t<T, (1.14)
Vu(x1,0,0) = v,(x1, h(x1),) =0, x; > a,0<t<T, (1.15)
T(x1,0,1) = T(x1,h(x1),t) =0,x; 2 a,0<t<T, (1.16)
C(x1,0,1) = C(xy, h(x1),1) =0, x; 2a,0<t<T, (1.17)
via, x,,1) = fl(xz,t) = fxz Fi(s,0)ds, 0 < x, < h(a),0<t<T, (1.18)
0
vila, xp,t) = Fz(xz,t) = —F>(x2,1),0 < x; < h(a),0 <t <, (1.19)
T(a,x),t)=H(xy,t), Cla,x;,t) = ﬁ(xz, 1),0<x, <ha),d<t<rT, (1.20)
T(x1,x2,0) = To(x1, x2), C(x1,x2,0) = Co(x1, x2), (X1, x2) €R, (L.21)

where v, is the outward normal derivative of v, g = (g1, 2), h = (hy, hy) and V* = (9,,, —0,,).

In the next section, we give several lemmas that have been derived in the literature. In Section 3,
we derive an important lemma that can be used to derive our main result. In Section 4, we obtain
the convergence result on the Soret coeflicient and give some concrete examples. Section 5 shows the
summary and outlook of this paper.
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2. Preliminary
We also introduce the notations
R, = {(r1, x)lx 2 2> a,0 < xy < h(xp)),

L, = {(xl,xz)lxl =z2a,0<x< h(z)},

where z is a running variable along the x; axis.
Here are some lemmas that will be often used in this paper.
Lemma 2.1 (see [5,22]) If w(x;,0) = w(x;, h) = 0 and w,,(x1,0) = w,(x1, h) = 0, then the following

Wirtinger type inequality holds
h2
fwzdxzs —zf(w’g)zdxz,
L. ™ Jr,

where z > 0 is a moving point on the x; axis.
Lemma 2.2 If ¢(x{,0) = ¢(x1,h) = 0 and ¢ — 0, as x; — oo, then

LZ ldxdé < (fRZ ‘pzdxzdf)( ‘fRZ (p,acp,adedf).

Proof. Since ¢(x1,0) = ¢(x1, h) = 0, we have

2 h h 0
(1, 1) = 2 f (61, df = =2 f —(x1, e < f |<,o—go<x1,xz>\dxz. @.1)
0 T Yo

Since ¢ — 0, as x; — oo, we have

NG, “1 0
#0r1,1) = =2 f @ g6 1E <2 f o g6 e 2.2)

Combining Eqgs (2.1) and (2.2) and integrating over R,, we obtain
0
[ e <2 [ oo texofinde] f ot xo|deade]
R, R, dx; 0¢

<2 P f (52 dade) f (52) dxade)”

Using Young’s inequality, we can obtain Lemma 2.2.

Using a similar method of papers [9,23,24], we can have the following lemma.
Lemma 2.3 Assume that Ty, H € L*, then

sup [|Tlee < Tom,
[0,7]

where 7T, = max {||T0||oo, SUP[.1 Hoo(n)}.
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If Cy, HeL®ando =0in (1.4), we can also have

sup [|Cllee < Cips (2.3)
[0,7]

where C,, = max{llCOIIOO, SUP[o.1 Hoo(n)}.
To obtain our main result, we shall use the following result which can be written as follows.
Lemma 2.4 (see [3]) Let (v, T, C) be a solution of the Eqs (1.1)—~(1.10) in R and V z > a such that
F(z,t) < 0. Then for any fixed ¢

! 1 1 1 1 1
f f e—aﬂ][_ﬁszQ + ch2 + _ﬁlv,av,a + _ﬁ2T’aTﬂ + ECQCQ]dXQdde
0 JR,

f f BoT? +c2 dx2d§

me =2m3 [} g de mye ™ Ja g

holds, where S, 8, w, m;, m, and ms are positive constants which depends on the middle parameter o
and boundary conditions of the equation; also F(z, f) has been defined as

!
F(z,t) = f f e_‘””[,Blvv,l +ﬁ2TT71 + CC,l]dedT]

+,31f f ngv+h2Cv]dx2dn

+ f f €_M7 - —ﬁzTZV’Q - lsz,z + O'CT,l]d)CQdT].
0 Jr. 2 2

Remark 2.1 Lemma 2.4 shows that the solution of Eqs (1.11)—(1.21) decays exponentially with
Z — o0o. Only in this case, the study of structural stability is meaningful. Lemma 2.4 will also provide
a priori bounds for the estimate of nonlinear terms (see e.g., (3.55) and (3.56)).

Remark 2.2 Li and Chen [3] considered several special cases of h(z), e.g., h(z) = h a constant,
h(z) < ki1z" and h(z) < kyz(Inz)™, where k;,k, > 0 and O < 71,75 < 1. In the fourth section, we will
also consider several special cases with h(z) = h as a constant, 7; = %, ki=1land 1| = %, k; = 1.

Lemma 2.5 (see [3]) Assume that (v, T, C) are solutions of Eqs (1.1)—(1.10). If F(z,7) < 0 for any
z > a, then

’ 1 1 1 1 1
fo fR e“"”[zﬁszz +Z0C 4 BV + 5BaTaTa + EC,QC’a]dxzdfdn

1
+—e f BT + C?|dxydi < r(2),
2 R

where r(¢) is a positive known function which depends only on .
Now, we derive a bound of fR VoVadxydé.

Lemma 2.6 Assume that F, L F. 2 H, He L*(R), then

f VoVaedxdé < €, 2.4)

R
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where

— — — 1
e = 2sup | f |F\ Faldxodé + f g2 HF 1 |dx,dé + f |h2HF1|dx2d§}+4max{E,1}r*e“”.
L, La La

[0,7] ‘ 2
Additionally, r* is the maximum value of r(¢) in [0, 7].

Proof. Using Eq (1.11), we have
f[Av+VL -gT +g-V*T +V*-hC +h - V*C|vdx,d¢ = 0.
R

Using Eqgs (1.18)—(1.20) it follows that
fR VoV gdxydf = — fL F\Fadx,dé — fL g HF dx,d¢ — fL hoHF dx,d¢
- I?VLV - gTdx,dé — ‘fRVLv -hCdx,dé
< f |F\ Faldx,dé¢ + f g2 HF1|dx,dé + f lhy HF 1| dx,dé
La L, L,
+ % fR VoV odxodé + fR T*dx,dé + fR C?dx,dé. (2.5)
Using Lemma 2.5 in Eq (2.5), we can get Lemma 2.6.
3. Important lemma
In this section, we derive the convergence result when the Soret coefficient o — 0. To do this, we

let (v, T, C) be the solution of Eqs (1.11)—(1.21). Furthermore, let (v*, T*, C*) be the solution to the
following equations

AV =-V*.gT"—g -V*T"—V*-hC*-h-V*C*,inRx(0,7), (3.1)
O,T* + V*v' . VT* = AT*, in R x (0,7), (3.2)
0,C*+ V' -VC*" = AC*,inR x (0,7), (3.3)
Vi(x,0,0) = vi(xg, h(x)), 1) =0, x 2 a,0<t<T, (3.4)
Vi (x1,0,8) = v, (x1,h(x)),1) =0, x; 2 a,0<t<T, (3.5
T"(x1,0,0) = T"(x1, h(x1),0) =0, x; > a,0 <t < T, (3.6)
C'(x1,0,t) = C*(x1, h(x1), 1)) =0, x; > a,0< t < T, (3.7
vi(a, xp,t) = Fl(x2, 1) = fxz Fi(s,0)ds,0 < x, < h(a),0<t<T, (3.8)
0
Vi@, X2, 0) = Fa(xa, 1) = —F(x2,1),0 < x5 < h(a),0 < £ < 7, (3.9)
T*(a, xy,t) = H(x,, 1), C*(a, x,1) = ﬁ(xz, 1),0<x<ha),0<t<rm, (3.10)
T*(x1,%2,0) = To(xy, x2), C(x1,x2,0) = Co(x1, X2), (x1, X2) € R. (3.11)

Remark 3.1 We note that Lemmas 2.4 and 2.5 also hold for (v*, T*, C*).
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Now, we let
w=v—v,0=T-T",2=C-C".

Then (w, 0, X) satisfies
Aw=-V'-g0—-g-V'0-V+*-hE—h-V'%, inRx(0,7),
0.0+ V* w-VT + V' - V0= A, inRx(0,7),
0 +Vy - VZ4+Viw . VC = AX 4+ 0AT,in R x(0,7),
w(x1,0,0) = w(x, h(x1),1) =0, x1 >2a,0<t<T,
wu(x1,0,8) = w,(x1, h(x1),H) =0, x1 > a,0<t<T,
0(x1,0,1) = 0(x1, h(x1), 1) =0,x1 2 a,0<t<T,
2(x1,0,0) = Z(x1, h(x1),)=0,x1 2 a,0<t<T,
w(a, xp,1) = wi(a, x,,t) =0,0 < x; < h(a),0 <t <,
O(a, xp,t) = Z(a, x,1) = 0,0 < x, < h(a),0 <t < T,
0(x1, x2,0) = X(x1, x2,0) =0, (x1,x3) € R.

We establish the following auxiliary functions

! Tt
Ei(z,t) = — f f e “"ww 1dx,dédn + f f e “g,0wdx,dédn
0o Jr. 0 JR.

t
+ f f e”“"hyXwdx,dédn
0 Jr,

= Al(Za t) + AZ(Z’ t) + A3(Z’ t)’

! 1 t .
Ex(z,1) = f f e 060 | dx,dédn — 5 f f e“‘”’@zvfzdxzdgdr]
0 JR. 0 JR.

! !
+ f f e 10T w rdx,dédn + f f e (& — )V*rw - VOT dx,dédn
0 JR, 0 R,

= Bi(z,1) + By(2,1) + B3(z, 1) + Bu(z, 1),

! 1 !
Es(z,1) = f f e YL 1dxydédn — > f f e~ 1Ly hdxydédn
0 JR, 0 VR,

t !
—ffe‘“’”w,zC*de2d§dn+0'f f e “"ET 1dx,dédn
0 JR, 0 VR,

! !
+ f f e I(E - )Viw - VEC dxrdédn + o f f e N(E — )T (X odxdédn
0 JR, 0 JR;

= Ci(z, ) + Co(z,1) + C3(z, 1) + C4(z, 1) + Cs(z, 1) + Co(z, 1),

where w is an arbitrary positive constant.
Using the divergence theorem and Eqgs (3.12)-(3.21), we have

(3.12)
(3.13)
(3.14)
(3.15)
(3.16)
(3.17)
(3.18)
(3.19)
(3.20)
(3.21)

(3.22)

(3.23)

(3.24)
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! !
Ei(z,t) = - f f e NE = 2) oWww odxydédn + f f e “g,0wdx,dédn
0 Jr, 0

R,
!

+ f f e “"hyXwdx,dédn
0 Jr,

! !
- f f CNE — 2w awadradédn + f f e - 2)g - Vo whdxadedn
0 R, 0 R,
!
+ffe“"”(f—z)h-VLdexzdfdn.
0 JR,

Similarly, we have

’ 1 1
Ex(z,1) = f f eYI(E — z)[EwGZ + 0,400 |dxadédn + ¢ f (€ — 2)0Pdx,dé,
0 JR, R,

and

! 1 1
o= [ [ eoe-olor s s lavdan s ge [ e orande
0 JR. 2 T 2 R.
We also define
E(z,1) = Ei(z,1) + 02E5(z, 1) + 03E5(2, 1)

d 1 1
- f f eNE = )| 5,067 + SOWE? + W oW + 02040, + 5T, |dradédy
0 Jr 2 2 ot 0T T Ra
1
+—e f = z)[6292 + 5322]dx2
2 &
! !
+ f f e~ I(E — 2)g - V**wldx,dédn + f f e I(& — 2)h - V*widx,dédn,
0 JR, 0 JR.

where 6, and 95 are positive constants.
Using the Cauchy-Schwarz inequality, we have

! !
'f f e“NE-2)g- VJ'WQdXQdfd?]‘ < f f e™N(E — )P dx,dédn
0 JR, 0 JR,
1 t
+ — f f e (& — Dw oW odx,dédn,
4 Jo Jr.
! !
‘ f f e (¢ —2h - VJ'WZdXded?]‘ < f f e~I(E — )X dx,dédn
0 JR. 0 JRr.

1 f
+ — f f e NE — 2w W odxydédn.
4 Jo Jr.

Inserting Eqgs (3.29) and (3.30) into Eq (3.28) and choosing w = max{-, %}, we have

4
03

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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! 1 1 1
E(Za t) > f f e—wﬂ(g - Z)[Zézwgz + _w6322 + _W,(yW,a + 629,(19,0 + 632,a2,a]d'x2d§dn
0 R;

4 2
—e! fR (€ = 2)[ 0267 + 6:2%|dxadé. (3.31)
From Eq (3.28), we h;we
__E(Z, f) = f f 62w9 + ;(53602 FWaWa + 020400 + 535 Z 0 |dxadédn

= f [5292 + (5222]61962(15

f f g . Vi ywdxsdédn + f f Nl Vi wEdxadédn. (3.32)

Using the Cauchy-Schwarz inequality, we have

| f f ~wlg VLwedxzdgdn' f f NP dxydédn + ~ f f oy wodndédy,  (3.33)
| f f ~onp . Vlwzdxzdgdn] f f ~onS2dxodédn + ~ f f W oW adxadédn.  (3.34)

Inserting Eqs (3.33) and (3.34) into Eq (3.32), we have

d ! 3 3 3

——E(z,1) < f f e‘w”[—62w92+—a)6322+—wawa+629a9(,+532020]dx2d§d77

9z o Jr. 4 4 27 o s
1

+—e f |6:67 + 6352 |dxade, (3.35)
2 "

and

o ! 1 1 1
——E(z,t) > f f e_“’"[—éza)ez + —WOE + =W W, + 020,0, + 53Z 2 a]dxzde;-‘dn
aZ O RZ 4 4 2 ) ) ) k) £) £)
1
+

2

Based on Eqgs (3.22)—(3.24) and using Eq (3.36), we have the following lemma.
Lemma 3.1. Assume that Ty, Cy, H,H € C*, h(lz)
(3.28). Then E(z,t) satisfies

—e! f |6:67 + 6352 |dxdé. (3.36)
R.

1) is defined in Eq

E(z,1) < mh@)| - 2E(z, )

2 2 .

+ 4o 63mle 2ms [, gde L mye "™ w5
Baprw Bsprw
4 e 4 (L

+ _O_Zmlf e 2m3L h({)dé/df"' _O-Zmzf e ms3 J, h(,[)d{dé‘:, (3.37)
,82 z 182 z

where n; is a positive constant.
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Proof. Using the Holder inequality, Young’s inequality and Lemma 2.1, we have

Ai(z,t) <

< ﬁ[ f f e (w o) dxydédn f f e_‘””(w,])zdxzdg—“dn]%
RZ

As(z,1) S

2V2h 1
< e (w,) dx,déd —5 ff ~192 dx,déd
_ﬂﬁsz (Wp) dxadédn - —6r0 xfﬂ]
1
[—ffe_“’”w,aw,adxzdfdn+162wffe‘“’”@zdxzdfdn],
W

1
~on ~ony? :
\/_ f f WoW odx,dédn + 4w63f f dxzdfdn]

As(z, t) <

¢ ¢ 1
[ f f e “wrdx,dédn f f e‘“’”(w’l)zdxzdfdn] ’
0 JR, 0 JR.

2 ff Ty (W odxydédn,
Ve

1
f f e “wrdx,dédn f f e““"@zdxzdgdn]z

Combining Eqs (3.22) and (3.38)—(3.40) we obtain

Ei(z,1) < h[ \/6_ N ff _“’”—waw Wdxodédn
2w

Using the Holder inequality, Young’s inequality, Lemmas 2.1, 2.3, 2.5 and Eq (2.5), we have

1(Z’ t) <

<

<

BZ(Za l) S

f f G2 dx,dédn f f -w"(91)2dx2d§dn]
;[ff ‘“”7(92)2dx2d§d77ff _wn(el)zdxzdfdﬂ]%
— —52ff “”70 0 dXQdfdn,

7T52

! f | f e~ dxydé f “”794dx2d§] dn

2Jo “Jr

% f [ f (v Y dxydé f _‘“”szxzdf] dn

< Ve f f e G2 dx,dé f e 0,0 dxzd.f] dn
25271'

h
< \/E_lff _‘“’7629 9 dx2d§d7],

B;(z,1) <

Electronic Research

26271'

Tm[ f f e“""(w,z)zdxzdfdn]%[ f l f e‘“’”@zdxzdg"dn]%
0 Jr, 0 JR,

Archive

\V2h 1
*w"—a P dx,dédn + N Z w83 X2 dx,déd.
e 42a) xdédn Vé_wnffe 4a)3 Xdédn

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)
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h 1 ! 1 ! 1

e L[ [ emomtnaean . [ [ inea]
TV, 2 Jo Jr 0 JR,

h 1 t

= e MW oW odxpdédn + 6 f f e 0,0 dx,dédn |.

V25, Zfo fR ’ “Jo Jr w4

Using Lemma 2.3, we have

By(z,1) < —T2 f f TONE = )W oW odxadédn + = f f TYIE = 2)0 .40 odxpdédn.

Inserting Eqs (3.42) and (3.45) into Eq (3.23), we obtain

h h
Exz,t) < |— + e 6,0 ,0 dx,déd
2(2. 1) [m52 =T Zéﬂ f f 26,46, dx2dédn

1
+ —T - e “Mw w dxdéd
T 262 [ ff T ? f n]

T Tsz TYIE — W oW odxadédn + = ff e NE = 20,0 odxadédn.

Similarly, we have

Cl(z,t)si[ff _“”’(Zz)zdxzdfdnff _‘“’7(2,1)2dx2d§d17]%

—6 e "L X Jdxydédn,
25 3ff Xodédn

Cozt) < = f [ f (v 2dx,dé f _“’”Z4dx2d§] dn
2 Jo tUr,

h
\/6_1 f e L WX odxydédn,
2627( 0 o

R
t 1 t 1
C3(z.1) < Cu f f e w o) dxydédn|’| f f e 152 dxydédn|’
0 JR. 0 JR,
h 1 ! !
<——GCl5 f f e oW odx,dédn + 5 f f L T pdxydédr)|,
T 25g 2 0 JR,

1 !
Ca(z,1) < —w§3 f f ””szxzdfdn+ﬁ—w f f “ON(T Y dx,dédn,
3

Cs(z,1) < Eff “E ~ z)w(,w(,dx2d§d77+C263ff TYIE = )X WX odxodédn
3 0o Jr,

IA

<

and

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)
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1 !
C6(Z’ t) < _O-zf f e_wn(é: - Z)T,wT,ad-deé‘:dn
03 0 Jr.

1 !
+ L5, f f CINE = D5 dxrdédy.
2% Jy Jn

Inserting Eqs (3.47)—(3.52) into Eq (3.24), we obtain
h h
E3(Z, t) < [ +

C,+ ¥ e M X Jdxydéd
2537T 265 2537T %ff *adodn
f f T W, a’xzd.fa’n + w63 f f ‘””szxzdfdn

[6s+c 2 f f U = T, Sadudédn + f IE = W oW g odd
3 R

f f “”’(Tl)zdxzdfdn+—0' f f e™N(E = )T o T odx,dédn.
ﬁ3w

(3.52)

263

(3.53)
Now, inserting Eqgs (3.41), (3.46) and (3.53) into Eq (3.28), choosing 6, < T2 ,03 < ﬁ and noting
Eqgs (3.36) and (3.31), we obtain !
1 1 0
E@1) < 5E@D + 3mh@)| - 2B 1)
0%
,3 > f f e™“NT 1) dx,dédn + o f f TNE = )T o T (dx,dédn, (3.54)
3w
where
zmac e B T Gy
—Nn X ) ”
2 5o Voo 25, 120, oo
1 1 h 1
+ Cn+ Ve + T, + \/6_1}
203w 1 203 25371' 7T(52 20, 20,7
From Lemma 2.4, we have
' 0] 2 —2m fz Lodr 2 —-m fz Ldr
e T T odxodédn < —mye "™ Ja 10 + —mpe™™ o W5 %, (3.55)
0 Jr, B2 B2
Integrating Eq (3.55) from z to oo, we get
2 00
f f e ¢ - )T o T odxydédn < —my f e I ﬁd[df
0 JR. B>
2 (o]
+ 2m f o I wo e g (3.56)
ﬁZ z
Combining Eqs (3.54)—(3.56), we can obtain Lemma 3.1
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4. Convergence results on the Soret coefficient

Based on Lemma 3.1, we derive our main results in this section. To do this, integrating Eq (3.37)
from a to z, we obtain

_1 1
E(z 1) < E(a, e 7 i 9%
2 N < 2m
+M6—ﬁfa ,,ﬁod{f Leﬁ{m_ﬁ}d»[dg

n1 3352w a &)
2 . Z .
g 00y [ f L Lt e g
n13352w « h(&
2 . z o0
. ¢
N dm o e_ﬁ [ h(l.o‘Mf 1 enllj:h(lodgf e—2m3fa ﬁ)dgdqu.
n]ﬁZ a h(T) T
Amyo? _ 11 Sl * ¢
L MY i med | i e mad e ™ ﬁ:)d»[dfdr_ 4.1)
nlﬁZ a h(T) T

To get the convergence results on the Soret coefficient, we have to derive the upper bound for E(a, 7).
To do this, we choose z = a in Eq (3.37) to get
463 0'2 463 0'2
m; + my
B3prw Baprw

3 om, f e‘szf%odfdgquiazmz f e I ok g (4.2)
ﬁZ a :82 a

E(a, b < nlh(a)[ - (%E(a, t)] +

By differentiating Eqgs (3.22)—(3.24), then choosing z = a and using Eqgs (3.19) and (3.20), it can be
obtained that

0 0 0 0
——EFE(a,t) = ——FE(a,t) — 0,—E»(a,t) — 5—Es(a,t
9z (a,1) 92 1(a, 1) 28Z 2(a, 1) 3(9Z 3(a, 1)
!
zézf fe“””Vlw'VGdezdfdn
o Jr
! !
+63f fe_‘“”VLw-VZC*dedfdn+53o'f fe_‘“”T,aZ,adxzdfdn. 4.3)
0o JR 0

R

Using the Holder inequality, Young’s inequality and Lemmas 2.3 and 2.5, we have
t
52f fe_“”’Vlw-VHdezdfdn
0 Jr
1 2 ! ) 1 ' )
< =0,T,, e"MW W odxydédn + =6, e~ .0 odx,dédn, 4.4)
2 0 Jr 2" Jo Jr
t
53f fe_“”’Vlw-VEC*dxzdfdn
0 Jr t | t
< 6;C2 f f ™MW oW odxodédn + 29 f f e X odx,dédn, (4.5)
0 JR 0 JR

t
030 f f e T o X ndx,dédn
0 Jr
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< 6307 ff e T T odx,dédn + 63ff e ML X Jdxydédn

< ﬂ_630- r(t) + 63 f f ey (,Z (,dXQdé:dn (4.6)

On the other hand, we choose z = a in Eq (3.36) to get

1 1
——E(a 1> ff 62w9 + 4w5322+ 2wozw o+ 020,04+ 0322 ]dxzdcfdn

,[@#+& |dxde. (4.7)
2 R

Inserting Eqs (4.4)—(4.6) into Eq (4.3) and noting Eq (4.7), we get

9 1, & 2
_&E@nsijj£ﬂ¢ﬂ+g@awa

or

] 4
—aﬂmnsg&#ﬂﬁ (4.8)

Inserting Eq (4.8) into Eq (4.2), we have

4 « 4 «
E(a,t) < nyo?* + ﬁ—o’zml f el ﬁOdévdg-' + Fo'zmzf e ki ﬁd-‘vdf, 4.9)

2 2

45
where n, = n(h(a) + h? B B oMt ﬂsﬂ;wmz

Now, inserting Eq (4.9) 1nt0 Eq (4.1) and in light of Eq (3.31), we can obtain the following theorem.
Theorem 4.1 Letting (w, 6, X) is solution of Eqs (3.12)—(3.21) with T, Cy, H, He C®, then

w,0,2) >0, aso — 0.
Specifically
o 1 , 1 , 1
Al (s z)[—52w9 + Zw632 + Ew,aw,a + 0,0,,0, + 532502,a]dx2d§d77
0 JR,

‘f@ 2| 6267 + ;2% |dxdle

1
<mo’e ™ i e made

4 v om [f s —Lelar
+ —0’my e M Ja WO "[dfe w e 7O

B a

42 Oo_mffidé' —ifzid(
+ —0"my e " K% dEem Ja WO

B2 a

2 2 Y4 g 2m
N 4m 630 e_ﬁf” h(‘od(f 1 ef nlfln(n h(;) ‘Vdé—‘
nBsfrw a ME)
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LY 93 4my o263 —Lf h(z)dgf ! efj{m_%}d(df
h(¢)

711,33,3260
Z T e ¢
+ 4m10' e_ﬁfa h(ll)d(f 1 eﬂfa h(l()dgf e—2m3fa ﬁd{dé;dT
n1,82 a h(T) T
dmyo? _1 1 g * ¢
+ 9l ”(lz’dgf ek h(lg)d{:f e ﬁ)d(dfdt
I’L]ﬁz a h(T) T

Next, we give some examples.
Remark 4.1 If i(z) = h is a positive constant, then

f W) f_—(Z—a)

Therefore, we have

0 € h m 0 '3 h 2m
f e ™ ﬁ)d‘:dé-‘ = e‘TS(T a) f e—stfa ﬁg)d{dé: — —73(T—a)_
T T

ms 2m3

Choosing n; such that % # 2my and % # mj3, then

i g f AT €
| & =il ¢

1 1 [e[m—ﬂl(z a) 1]’
ms]

nj

z m m
f ! e 4 g dé = ;[e[ﬁ_%}](l_“) - 1],

and

2my

[,,Th—*](z a) 1]’

00
R L ¢ 1
e Ja h(g)d»[f e_2m3fu W)d(dfdr =
T

L ()

74 T 00 £ m
f 1 eﬁfa h(lod{f e—m3j; ﬁ;)d{dé:d,r — +[€[”Th_%](2 a) 1]
a NT) T ms |- — ms]

Inserting Eqs (4.11)—(4.15) into Eq (4.10), we get

21’1’13[nl—1 - 2m3] [

d 1 1 1
f f e—w’?(é_‘ _ Z)[_é‘zwez + defﬁzz + Ew’aw’a + 629’09’0 + 53Z’az’a]dXZdé‘:dn
0 JR,

% f (€ = 2)[ 626" + 6537 |dxpde

< nyoe ™ + nso” [e‘T<H> — )]

+n60'2[e T e"”(z‘“)]

b

where

1 n 2m1h + 4I”I’Z2h
ny=—,n4 =N —_—,
Tk T T By ma

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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2m1(53 1 2m1 h
ns = 1 + ]
n1B3frw [5- — ms] nifs 2my - — 2ms]
4m253 1 4m2 h

+ .
nB33frw [n—ll —mz] mpPs m3[% — m;]

From Eq (4.16), we can conclude that Theorem 4.1 not only shows the convergence of the solutions
of Eqs (3.12)—(3.21) on the coeflicient o, but it also shows a exponentially decay result as z — oo.

Remark 4.2. If h(z) = 4/z, then

fh(g)g f—d§ 2(Vz - Va).

foo e ™ N ﬁ;)d{dé: - foo e—st[\/s?—\/ﬁ]dg
z z

> 1
_ . dle=2m3l VE—+/a]
o Vedle }
1 —2m3[ \z— Val
o~ Vze :

00
o2 [ e g < L\ frpmami Ve Nl
z 2m3

Therefore

IA

Moreover, we also have

fu{nlhm ) dezfz LeZ[ﬁ%msl[«/E—W]df
f n@" 0 VE

__ 1 E 2 2ms ]l ye- val _ 1]

L —2m3

ni

f I aaeres d§d§ 1 PimmllVE=val _
f e ol I

ni

z . z
f ) ;,Jodgf 2 [ it gege = L [ ANl g
a T r 2ms3 J,

ns

b

’

1 2L —2ma][ - val
< ——— Az TN
2ms[ - — 2m;)] | ]

and

¥4 (o)
f 1 e ki h(lod{f e N ﬁdgdfd‘r < _ \/E[ez[*_mﬂ[‘/z_ val _ 1].
a h(T) T m3[% - m3]

Inserting Eqs (4.19)—(4.22) into Eq (4.10), we obtain

4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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! 1 1 1
f f e (¢ - z)[—62w92 + WO+ =W Wy + 620,0, + 52,2 a]dxzdfdn
0 Jr. 4 4 2 7 o o

1
+ e f (& = D)[6:67 + ;2% |dnydle
2" e

_2z _
S I’l70'2€ nl(‘/E ‘/a)

2
| dmibso 1 ! [mtmINe= Vil _ g (Vv
mpBsfrw o — 2my

2
| Amyo7 s 1 ! [72mINe VAl _ (V¥
n1ﬁ3ﬁ2w P ms

4m, 02 1 e
| dmo : \/2[6_4,113[\/5—@ _ (VR \f)]
mpBa 2msl;- — 2ms]

4 2 1 _2 _
| dmo 1 \/z[e—2m3[\/i—\@] (Ve @], (4.23)
mpa msl;- —ms]

where

2my \a + 4m; \a

n; =np+ .
m3f3, msf3,

From Eq (4.23), we can conclude that Theorem 4.1 not only shows the convergence of the solutions
of Eqs (3.12)—-(3.21) on the coefficient o, but it also shows a exponentially decay result as z — oo.
Obviously, the decay rate is slightly slower than that in Remark 3.1.

Remark 4.3. If h(z) satisfies

wIN

h(z) = 23, (4.24)

then

f:%dng:{%dgﬁ[if—%].

Therefore, we have

f el % g = f i e‘6”“3(%7‘ %)dg

1 = 2 —6ms| VE-a
Tl
= _2;3T§ fT“’ d[e_ém(%_ V)]

L pom(¥-0)

; 4.25
T (4.25)
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e ¢ _ Y-
f e, ﬁ)d{df < iT%e 3m3(\ﬁ %)
T ms

Choosing n; > 3, we get

4 m
f 1 o i(:g}dfdg f [n1_6m3](v \F) dé

a &)

3 [ [%—6m31(«/5— va) B 1]’

E—6m3

fz 1 er‘f{nlh([) /;7(1%}(1{ é: < L[e["z—:ﬁm}](%_ %) —_ 1]’
a h(é:) 3 3m3

ni

and

“ 1 1 (T 0 $ 1
f o o ¥ f o2 i ¥ dédr
a NT) r

I~ e[%—émﬂ(%ﬁ— )

d
2m3 T

< 1 Zg[e[,fl—éms](if— %) B 1],
21’1’13[% - 61’1’13]

S| ifrid( © _ € 1
——em Ja WO ms |, 0% ded
fa ho° f ¢ sar

< 3;2%[ [i—sz](«f— «f) 1]-
2m3[n—1 — 3WL3]

Inserting Eqs (4.27)—(4.30) into Eq (4.10), we obtain

! 1 1 1
f f eI - Z)[—62w92 + Zw6322 + Ew,aw,a + 020,60, + 532,a2,a]dx2d§d77
0 JR.

f (& = 2)[ 0267 + 6357 |dxpdé

l\)l'—‘

2 —*[\f Qf]

<ngoe ™
| dmdso? 3 [e-émg(«vg— W@ _ x| %]]
mBsfrw 1’13_1 — 6m3
Amyo2Sy 3 [e_am( VE-1a) e_%[ - %f]]
mpBsfrw ,13—1 — 3m3
pmt 1 i) sl
nmp; 2m3[ ;- — 6m;]

R N (OB R |
niB» 17’13[,1—1 — 3m;]

b

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)
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where

2 2
2mya3  4myas
msf3, Bams

In this case, the inequality (Eq 4.31) not only shows the convergence of the solutions of Eqs (3.12)—
(3.21) on the coefficient o, but it also shows a exponentially decay result as z — oo.

ng =np+

5. Conclusions

In this paper, the convergence of the solutions of Eqs (3.12)—(3.21) on the coefficient o has been
obtained and three examples have been given. Obviously, the convergence of various systems of partial
differential equations defined on R is rare. But Eq (1.1) is linear. It will be meaningful to study
nonlinear equations (e.g., Brinkman equations, Forchheimer equations) by using the method in this

paper.
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