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Abstract: The driver’s stochastic nature is one of the important causes of traffic oscillation. To better 
describe the impact of the driver’s stochastic characteristics on car-following behavior, we propose a 
stochastic full velocity difference model (SFVDM) considering the stochastic variation of the desired 
velocity. In order to mitigate traffic oscillation caused by driving stochasticity, we further propose a 
stable speed guidance model (S-SFVDM) by leveraging vehicle-to-infrastructure communication. 
Stochastic linear stability conditions are derived to demonstrate the prominent influence of the driver’s 
stochasticity on the stability of traffic flow and the improvement of traffic flow stability by the 
proposed guidance strategy, respectively. We present numerical tests to demonstrate the effectiveness 
of the proposed models. The results show that the SFVDM can capture the traffic oscillation caused 
by the driver’s stochastic desired velocity and reproduce the same disturbance growth pattern as in the 
field experiment. The results also indicate that the S-SFVDM can significantly expand the stable area 
of traffic flow to decrease the negative impact on traffic flow stability caused by the driver’s 
stochastic nature. 
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1. Introduction  

With the rapid increase of car occupancies, traffic congestion is becoming more and more serious, 
leading to tremendous environmental pollution and economic losses. Researchers have proposed many 
traffic flow models to study the mechanism behind complex traffic phenomena and provide a myriad 
of solutions to solve practical traffic problems. Among them, the car-following model offers an 
effective way to understand the mechanism of various complex traffic phenomena (such as traffic 
oscillation) from the perspective of individual interactions at the microscopic level. In 1961, Newell [1] 
proposed a car-following model that takes the optimal velocity into account and aligned with the 
experimental data of the steady flow. In 1995, Bando et al. [2] put forward an optimal velocity model 
(OVM), which successfully reproduced the evolution process for traffic congestion and received 
significant attention from many researchers later. However, the OVM may generate unrealistic values 
of acceleration and deceleration. To overcome this problem, Helbing and Tilch [3] proposed a 
generalized force model (GFM), which has a better fit with field data. GFM only considered the 
influence of a negative velocity difference on acceleration. In 2001, Jiang et al. [4] proposed the full 
velocity difference model (FVDM), considering negative and positive velocity differences. 

Based on those classical car-following models, many extended models were proposed by 
considering different factors from various perspectives. Yu and Shi [5] introduced the changes of 
multiple preceding cars’ velocity with memory and formulated a new connected cruise control strategy, 
improving traffic safety and reducing fuel consumption. Chen et al. [6] proposed an extended OVM 
by considering multi-anticipative optimal velocity. The vehicle’s acceleration was described as a 
function of the optimal velocity and desired distance to improve traffic flow stability. Based on the 
FVDM, the driver’s backward-looking effect and traffic interruption probability were both integrated 
into the car-following model at the same time to enhance traffic flow stability effectively [7]. 
Considering the influence of the driver’s memory, Tang et al. [8] and Liu et al. [9] proposed extended 
car-following models and illustrated that the driver’s memory positively affected traffic flow stability. 
Apart from the above studies, many scholars [10–20] have also enriched the research in this field. 
Furthermore, the distribution of the driver’s memory was considered, making the simulation results of 
car-following models closer to the empirical results [21,22]. Hossain et al. [23] redefined the 
backward-looking effect by proposing a positive backward equilibrium speed function based on the 
perspective of mathematical and physical theories, which strengthened the stability of traffic flow.  

With the emergence of advanced technologies, vehicle-to-vehicle (V2V) and vehicle-to-
infrastructure (V2I) communication have great potential to mitigate traffic congestion and improve 
traffic safety. Jia and Ngoduy [24] incorporated V2V and V2I information into the following model 
and investigated the effects on driver behavior and traffic stability. Xiao et al. [25] proposed an 
expanded non-lane-based FVDM based on V2V communication technology. Ngoduy [26] studied the 
stability of heterogeneous traffic flow in a connected environment and derived the string stability 
conditions of the traffic flow. Larsson et al. [27] proposed a pro-social control strategy for connected 
autonomous vehicles in a mixed traffic flow environment to mitigate traffic fluctuations caused by 
human-driven vehicles. Numerous studies [28–34] applied intelligent traffic systems to reduce the 
instability of traffic flow by incorporating more dynamic traffic information into car-following models. 
Furthermore, Wu and Qu [35] discussed the positive role of connected technology in improving traffic 
flow efficiency and reducing energy consumption. Olovsson et al. [36] investigated the communication 
demands, privacy and network security issues of connected vehicles. In the meantime, the construction 
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of the commercial data platform and infrastructure of connected vehicles has also been advancing [37]. 
Up to now, studies on deterministic car-following models have made tremendous achievements. 

Yet, the deterministic car-following models cannot delineate the uncertainty of the driver’s perception 
and behavior [38]. In fact, the driver’s stochastic nature is one of the important causes of traffic oscillation. 
Previous experiments [38–44] indicated that standard deviations of the velocity increase in a concave 
way along with the platoon, which is obviously inconsistent with conventional car-following models. 
Therefore, a few scholars are devoted to developing stochastic car-following models to capture the 
stochasticity of drivers. Laval et al. [45] proposed a parsimonious stochastic car-following model by 
adding white noise to the driver's expected acceleration in free flow. The results show that the model 
can produce traffic oscillations that are consistent with the observation results. Yuan et al. [46] 
developed a geometric Brownian-motion car-following model to explain the capacity drop. Based on 
the experimental data, Tian et al. [43] found that the growth of velocity difference oscillation follows 
the mean reversion process, and then they proposed a mode-switching stochastic car-following model. 
In addition, they also investigated the car-following behavior from the perspective of wave travel 
time and proposed a simple stochastic car-following model based on the Newell model [47]. Ngoduy 
et al. [38] modeled the driver’s acceleration process as an extended Cox–Ingersoll–Ross stochastic 
process and derived the stability conditions of the stochastic car-following model for the first time. 
Furthermore, by introducing the stochasticity of drivers into the macroscopic traffic flow model, 
Ngoduy [48] proposed a class of stochastic high-order continuous traffic flow models and analyzed 
the stability of traffic flow under the influence of noise. 

Although many researchers are devoted to capturing the driver’s stochastic behavior by adding 
white noise to the acceleration function [38,45,46]; it does not reflect the relationship between 
stochasticity and some internal attributes of drivers (for example, some expectations or wishes of the 
driver during driving, which have a great impact on the driver's behavior and activities [49]); that is, 
the added white noise does not depend on some internal characteristics of the driver. However, 
Wagner [50,51] asserted that the random fluctuation of traffic flow is determined by the internal 
stochasticity of the driver itself. In addition, Makridis et al. [52] pointed out that the variation of the 
driver’s desired velocity significantly impacts traffic flow stability. Therefore, it will be an interesting 
question of how the stochasticity of the driver’s desired velocity influences the traffic flow stability.  

To better describe the impact of the driver’s internal stochasticity on car-following behavior, we 
use stochastic progress to describe the stochastic property of the driver’s desired velocity and propose 
a stochastic FVDM (SFVDM). Furthermore, we propose a stable speed guidance model (S-SFVDM) 
based on the V2I environment. The driver’s memory effect is considered to alleviate the traffic 
oscillation caused by driving stochasticity. We derive the stochastic stability conditions for the 
proposed models based on the stochastic differential equation. We prove that the S-SFVDM can rapidly 
enhance traffic stability by finding the close equilibrium position based on the stochastic stability 
diagram regarding the current state of instability. 

The organization of the rest of this paper is as follows. Section 2 describes the formulation of the 
SFVMD and S-SFVDM. Section 3 derives the stochastic linear stability condition of two proposed 
models based on the Lyapunov stability analysis theory. In Section 4, numerical simulations are 
presented to verify the effectiveness of the developed models. Finally, the conclusions are summarized 
in Section 5. 
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2. Model formulation 

The desired velocity of the driver, which has proved to have a significant impact on the stability 
of traffic flow, is affected by the inherent attributes of the driver, and it is closely related to the driver’s 
age, personality, environment and other complex factors. Therefore, the driver’s desired velocity is not 
a fixed value, but fluctuates randomly in a bounded range over time. It is one of the internal 
stochasticity of drivers. Hence, in this paper, the driver’s desired velocity is considered as a stochastic 
process rather than assuming a constant value. Similarly, our model is based on the classical FVDM, 
which is given by 

 
ௗ௩೙ሺ௧ሻ

ௗ௧
ൌ 𝛼ൣ𝑉௢௣൫△ 𝑥௡ሺ𝑡ሻ൯ െ 𝑣௡ሺ𝑡ሻ൧ ൅ 𝜆 △ 𝑣௡ሺ𝑡ሻ  (1) 

where  nv t  is the nth vehicle’s velocity at time t.      1n n nv t v t v t   and      1n n nx t x t x t   
are the velocity difference and distance between the nth vehicle and the (n-1)th vehicle at time t, 
respectively. ,    are the headway sensitivity coefficient and the velocity difference sensitivity 
coefficient of the driver, respectively.   nV x t  is the optimal velocity (OV) function, given by [38]: 

 𝑉௢௣൫△ 𝑥௡ሺ𝑡ሻ൯ ൌ ௩బ

ଶ
ቂ𝑡𝑎𝑛ℎ ቀ

△௫೙ሺ௧ሻ

ℎబ
െ 𝑎ቁ ൅ 𝑡𝑎𝑛ℎሺ𝑎ሻቃ (2) 

where 0v  is the desired velocity of the driver, 0h  is the critical headway and a is a positive constant. 
Yet, in reality, the desired velocity of a driver is not a constant, but fluctuates randomly in a 

bounded range over time with the dynamic variety of the driver’s physiological and psychological 
properties. And, those properties are influenced by the external environment and many complex factors. 
To study the impact of the random variation of the desired velocity during stable traffic flow, we give 
the deterministic speed 0v  a stochastic term. Without losing generality, we propose the extended OV 
function as follows: 

 𝑉௢௣
ௌ ൫△ 𝑥௡ሺ𝑡ሻ൯ ൌ

௩೏
ೄ

ଶ
ൈ ቂ𝑡𝑎𝑛ℎ ቀ

△௫೙ሺ௧ሻ

ℎబ
െ 𝑎ቁ ൅ 𝑡𝑎𝑛ℎሺ𝑎ሻቃ (3) 

where S
dv  is the stochastic desired velocity, which is calculated as       0 , ,n nv x t t v t   .     is 

the stochastic source, which depends not only on the state of the vehicle, but also on the stochastic 

progress  t  at time t. When   0  ,      S
op n op nV x t V x t  , which degenerates into Bando’s 

OV function [3]. By taking the stochastic part      into account in the FVDM, we develop the 

SFVDM, in which the Gaussian white noise is applied. By replacing   op nV x t  with   S
op nV x t  in 

Eq (1), we can reformat the SFVDM as 

𝑑𝑣௡ሺ𝑡ሻ ൌ 𝛼ൣ𝑉௢௣൫△ 𝑥௡ሺ𝑡ሻ൯ െ 𝑣௡ሺ𝑡ሻ൧𝑑𝑡 ൅ 𝜆 △ 𝑣௡ሺ𝑡ሻ𝑑𝑡 ൅ 𝛼𝑓൫△ 𝑥௡ሺ𝑡ሻ൯ ଵ

௩బ
𝑉௢௣൫△ 𝑥௡ሺ𝑡ሻ൯𝑑𝑊ሺ𝑡ሻ (4) 

where  W t  is a Wiener process.   nf x t  is the diffusion coefficient function of the stochastic term, 
which indicates that the strength of the stochasticity depends on the value of the headway. According 
to the actual situation, we could know that when the headway is large, the driver will show a high 
degree of stochasticity, because the random fluctuation of headway does not affect driving safety. On 
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the contrary, when the headway is very small, drivers will drive carefully, so their stochasticity will 
remain at a low level. Hence, in this study, we consider the diffusion coefficient function   nf x t  
of the stochastic term as follows: 

 𝑓൫△ 𝑥௡ሺ𝑡ሻ൯ ൌ 𝜎 𝑡𝑎𝑛ℎ ቀ
△௫೙ሺ௧ሻ

௛బ
ቁ (5) 

Equation (5) endows the model with a good characteristic. Previous studies [39–44] suggested 
that there is no unique relationship between the space headway and the vehicle’s velocity. In other 
words, drivers do not maintain a fixed space headway at a certain velocity, as they randomly change 
their preferred space headway [40–42]. In reality, we know that the smaller the space headway, the 
more cautious the driver will become. With the space headway increasing, drivers may have the 
opportunity to elevate the desired velocity. In Eq (5), if the spacing is far less than the safe distance 

(i.e.,   0nx t h   ), 
 

0

tanh nx t

h

 
 
 


  will become very small. Hence,   nf x t   will be minimally 

affected by the high value of the constant  . In other words, the impact of the stochastic part on the 
desired velocity will be reduced largely in this situation. 

Note that there is no consistent form of the diffusion coefficient function (i.e., Eq (5)) in previous 
studies [38–44,46,50], and it rarely affects the operation of vehicles [53]. On the one hand, the diffusion 
coefficient function developed in this paper guarantees a more reasonable acceleration with stronger 
non-negativity by integrating the driving state and traffic situation. On the other hand, it provides an 
opportunity to explore how the stochastic part in S

dv  influences traffic flow stability by deriving the 
string stability conditions. 

Equation (5) can also describe the driver’s stochastic desired velocity characteristics when the 

headway is relatively large. Even if the headway is far greater than the safe distance (i.e., 
 

0

1nx t

h


 ), 

the oscillation of the stochastic part is bounded. The function term 
 

0

tanh nx t

h


 
 
 


 can enhance the 

non-negativity of the velocity and ensure that negative values of velocity are not easily generated as 
in other stochastic car-following models [45,46]. 

3. Linear stability analysis 

Stability analysis is an important part of traffic flow research [6–12]. The stochastic nature of 
each driver will influence the stability of traffic flow. In order to understand the impact of random 
changes in the driver’s desired speed on the stability of traffic flow, this section focuses on the 
investigation of the linear stability condition of the SFVDM. 

3.1. Location stability analysis of SFVDM 

Theoretically, each vehicle has the same velocity and space headway in the equilibrium state

 ,equ equv x  , given by 1 2 3 equv v v v       and 1 2 3 equx x x x      , where  equ equv V x  . To 
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derive the stability condition of the SFVDM, we put small disturbances (    n n equv t v t v     and 

   n n equx t x t x   ) on the velocity and space headway around the equilibrium state, respectively. The 

first-order Taylor expansion is used to linearize the stochastically perturbed evolution equation as follows: 

 𝛿𝑣௡ሺ𝑡ሻ ൌ 𝛼ൣ𝑉௢௣
ᇱ 𝛿𝑥௡ሺ𝑡ሻ െ 𝛿𝑣௡ሺ𝑡ሻ൧𝑑𝑡 ൅ 𝜆൫𝛿𝑣௡ିଵሺ𝑡ሻ െ 𝛿𝑣௡ሺ𝑡ሻ൯𝑑𝑡 ൅ 𝛼𝜎𝛽𝛿𝑥௡ሺ𝑡ሻ𝑑𝑊ሺ𝑡ሻ (6) 

where 

 𝛽 ൌ ଵ

௩బ
ቆ𝑡𝑎𝑛ℎ ቀ

௫೐೜ೠ

௛బ
ቁ 𝑉௢௣

ᇱ ൅
௏೚೛൫௫೐೜ೠ൯

௛బ
ቀ1 െ 𝑡𝑎𝑛ℎଶ ቀ

௫೐೜ೠ

௛బ
ቁቁቇ (7) 

In addition, the following equation could be obtained according to the definition and dynamics. 

 𝑑𝛿𝑥௡ሺ𝑡ሻ ൌ ሾ𝛿𝑣௡ିଵሺ𝑡ሻ െ 𝛿𝑣௡ሺ𝑡ሻሿ𝑑𝑡 (8) 

A small disturbance may break the stable state of traffic flow under certain conditions and lead to 
local instability. The local stochastic stability analysis can help us understand the evolution of a small 
disturbance and how it leads to the local instability of the traffic flow. Based on the stochastic theory, 
the local stochastic stability condition is derived. 

To simplify the analysis of the proposed model, Equations (6) and (8) can be formulated as a 
matrix equation, as follows: 

 𝑑Xሺ𝑡ሻ ൌ PXሺ𝑡ሻ𝑑𝑡 ൅ QXሺ𝑡ሻ𝑑𝑊ሺ𝑡ሻ (9) 

where 

 Xሺ𝑡ሻ ൌ ൤
𝛿𝑥௡ሺ𝑡ሻ
𝛿𝑣௡ሺ𝑡ሻ൨

 
(10) 

 P ൌ ൤
0 െ1

𝛼𝑉௢௣
ᇱ െሺ𝛼 ൅ 𝜆ሻ൨ (11) 

 Q ൌ ൤
0 0

𝛼𝛽𝜎 0൨ (12) 

Based on the Lyapunov stability theory [54,55], we have the definition below for studying the 
local stability of the SFVDM. 

Definition 1. The trivial solution of Eq (9) is pth-moment exponentially stable if there exist two constants 
 1 2 ,  0,c c  

 and a Lyapunov function   V tX
 that satisfy the following two conditions: 

 𝑐ଵ|Xሺ𝑡ሻ|௣ ൑ 𝑉൫Xሺ𝑡ሻ൯ ൑ 𝑐ଶ|Xሺ𝑡ሻ|௣ (13) 
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 𝐿𝑉൫Xሺ𝑡ሻ൯ ൏ െ𝜅𝑉൫Xሺ𝑡ሻ൯ , 𝜅 ൒ 0 (14) 

Equations (13) and (14) are equivalent to the generally strict formulation, as follows: 

 𝑙𝑖𝑚
௧→ஶ

𝑡ିଵ𝐸|Xሺ𝑡ሻ|௣ ൏ 0 (15) 

where 

 𝐿𝑉൫Xሺ𝑡ሻ൯ ൌ 𝑉௑൫Xሺ𝑡ሻ൯PXሺ𝑡ሻ ൅ ଵ

ଶ
𝑡𝑟𝑎𝑐𝑒 ቂ൫QXሺ𝑡ሻ൯

்
𝑉௑௑൫Xሺ𝑡ሻ൯QXሺ𝑡ሻቃ (16) 

𝑉௑൫Xሺ𝑡ሻ൯ ൌ ቀ
ப௏൫ଡ଼ሺ௧ሻ൯

பఋ௩೙ሺ௧ሻ
,

ப௏൫ଡ଼ሺ௧ሻ൯

பఋ௫೙ሺ௧ሻ
ቁ

்
         (17) 

 𝑉௑௑൫Xሺ𝑡ሻ൯ ൌ ቌ

பమ௏൫ଡ଼ሺ௧ሻ൯

பఋ௩೙ሺ௧ሻఋ௩೙ሺ௧ሻ

பమ௏൫ଡ଼ሺ௧ሻ൯

பఋ௩೙ሺ௧ሻఋ௫೙ሺ௧ሻ

பమ௏൫ଡ଼ሺ௧ሻ൯

பఋ௫೙ሺ௧ሻఋ௩೙ሺ௧ሻ

பమ௏൫ଡ଼ሺ௧ሻ൯

பఋ௫೙ሺ௧ሻఋ௫೙ሺ௧ሻ

ቍ (18) 

Based on Definition 1, we have the following theorem: 
Theorem 1. The SFVD model is 2nd-moment exponentially stable if 

 𝜎ଶ ൑ ଶሺఈାఒሻ௏ ′

ఈఉమ  (19) 

Proof. Based on the Lyapunov stability theory, the Lyapunov function is set as 

 𝑉൫Xሺ𝑡ሻ൯ ൌ ൫X்ሺ𝑡ሻFXሺ𝑡ሻ൯
೛
మ (20) 

According to the definition of   LV tX , if the matrix F is positive-definite,   LV tX  can be 

reformatted as 

𝐿𝑉൫𝑋ሺ𝑡ሻ൯ ൌ 𝑝൫𝑋ሺ𝑡ሻ்𝐹𝑋ሺ𝑡ሻ൯
௣
ଶିଵ

൫𝑋ሺ𝑡ሻ்𝐹𝑃𝑋ሺ𝑡ሻ൯ ൅
𝑝ሺ𝑝 െ 2ሻ

2
൫𝑋ሺ𝑡ሻ்𝐹𝑋ሺ𝑡ሻ൯

௣
ଶିଶ

ቚ൫𝑄𝑋ሺ𝑡ሻ൯
்

𝐺𝑄𝑋ሺ𝑡ሻቚ
ଶ

൅ 

ଵ

ଶ
𝑡𝑟𝑎𝑐𝑒 ൬൫𝑄𝑋ሺ𝑡ሻ൯

்
𝐹𝑄𝑋ሺ𝑡ሻ൰  (21) 

Then, we set 2p   , 0  and F as follows: 

 F ൌ ቎
𝛼𝑉ᇱ ൅

ଵ

ଶ
ሺ𝛼 ൅ 𝜆ሻଶ ିሺఈାఒሻ

ଶ
ିሺఈାఒሻ

ଶ
1

቏ (22) 
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The Lyapunov function is 

 𝑉൫Xሺ𝑡ሻ൯ ൌ ቂ𝛼𝑉ᇱ ൅
ଵ

ଶ
ሺ𝛼 ൅ 𝜆ሻଶቃ 𝛿𝑥௡

ଶሺ𝑡ሻ െ ሺ𝛼 ൅ 𝜆ሻ𝛿𝑥௡ሺ𝑡ሻ𝛿𝑣௡ሺ𝑡ሻ ൅ 𝛿𝑣௡
ଶሺ𝑡ሻ (23) 

Furthermore, 

 𝐿𝑉൫Xሺ𝑡ሻ൯ ൌ ሾ𝛼ଶ𝛽ଶ𝜎ଶ െ ሺ𝛼 ൅ 𝜆ሻ𝛼𝑉ᇱሿ𝛿ଶ𝑥௡ሺ𝑡ሻ െ
ሺఈାఒሻ

ଶ
𝛿ଶ𝑣௡ሺ𝑡ሻ (24) 

If    0LV t X , Equation (14) holds. Equation (13) is also satisfied by setting the values of 1c  and 

2c  as follows: 

 𝑐ଵ ൌ െ ଵ

ଶ
ටቀ𝛼𝑉ᇱ ൅ ଵ

ଶ
ሺ𝛼 ൅ 𝜆ሻଶ ൅ 1ቁ

ଶ
െ 4 ቂ𝛼𝑉ᇱ ൅ ଵ

ସ
ሺ𝛼 ൅ 𝜆ሻଶቃ ൅ ଵ

ଶ
ቀ𝛼𝑉ᇱ ൅ ଵ

ଶ
ሺ𝛼 ൅ 𝜆ሻଶ ൅ 1ቁ (25) 

 𝑐ଶ ൌ ଵ

ଶ
ටቀ𝛼𝑉ᇱ ൅ ଵ

ଶ
ሺ𝛼 ൅ 𝜆ሻଶ ൅ 1ቁ

ଶ
െ 4 ቂ𝛼𝑉ᇱ ൅ ଵ

ସ
ሺ𝛼 ൅ 𝜆ሻଶቃ ൅ ଵ

ଶ
ቀ𝛼𝑉ᇱ ൅ ଵ

ଶ
ሺ𝛼 ൅ 𝜆ሻଶ ൅ 1ቁ (26) 

3.2. String stability analysis of SFVDM 

The string stability analysis of the SFVDM explains how a small disturbance propagates from the 
first leading vehicle to the last vehicle in a platoon. If the string stability condition is satisfied, any 
small disturbance will be weakened from the leading vehicle to the next following vehicle and the 
strength of random fluctuations will be decreased continuously in traffic flow. 

We expand   1  in zt
nv t e      and   2

in zt
nx t e      in Eq (6), where 1   and 2   are two 

constants. Then, the SFVDM can also be treated as the linear stochastic ordinary difference equation: 

 𝑑Xሺ𝑡ሻ ൌ P෩Xሺ𝑡ሻ𝑑𝑡 ൅ QXሺ𝑡ሻ𝑑𝑊ሺ𝑡ሻ (27) 

where 

 P෩ ൌ ൤ 0 𝑒ି௜ఠ െ 1
𝛼𝑉ᇱ െ𝛼 െ 𝜆 ൅ 𝜆𝑒ି௜ఠ൨  (28) 

To study the string stability of the proposed stochastic car-following model, Theorem 2 is given 
to study the moment exponential stability of the traffic flow.  
Theorem 2. The stochastic car-following model is 2nd-moment exponentially stable if 

 𝜎ଶ ൏
ଶቈఈାఒିටఒమାଶఈ௏೚೛

ᇲ቉

ఈమఉమ  (29) 

Proof. According to Definition 1, by incorporating Eq (27) into Eq (21) and setting 2p  , we can 
obtain the characteristic equation of the system as follows: 

 𝑧ଶ െ 𝑧ሾെ𝛼 ൅ 𝜆ሺ𝑒ି௜ఠ െ 1ሻ ൅ 0.5𝛼ଶ𝛽ଶ𝜎ଶሿ െ 𝛼𝑉ᇱሺ𝑒ି௜ఠ െ 1ሻ ൌ 0 (30) 
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Expanding 2
1 2z i z z      into Eq (30) and ignoring the high-order terms, the expressions 

of 1z  and 2z  can be obtained as follows by setting the first-order and second-order terms to be zero: 

 𝑧ଵ ൌ
ିఈ௏೚೛

′

ఈି
భ
మ

ఈమఉమఙమ
 (31) 

 𝑧ଶ ൌ
௭భ

మାఒ௭భି
భ
మ

ఈ௏ ′

ఈି
భ
మ

ఈమఉమఙమ
 (32) 

The condition of stochastic stability will be held if 1 0z    and 2 0z   . Hence, we can obtain the 
stability conditions by treating   as the variable: 

 𝜎ଶ ൏
ଶቈఈାఒିටఒమାଶఈ௏೚೛

ᇲ቉

ఈమఉమ  (33) 

It is worth mentioning that, if 0  , the SFVDM will degenerate to the FVDM. In the meantime, the 

stochastic stability condition will become '

2opV
   , which is the stability condition of the FVDM. 

 
(a)                                                             (b) 

 
(c)                                                             (d) 

Figure 1. Stability region of SFVDM with different values of , where (a) , (b)
, (c)  and (d) . 

 0.24 
0.28  0.32  0.36 
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Figure 1 shows the stability diagrams for the SFVDM with different values of the velocity difference 
sensitivity coefficient   , where the values of    in Figure 1(a)–(d) are 0.24, 0.28, 0.32 and 0.36, 
respectively. Other parameters of the SFVDM were set as 10.3s  , 2  h m  and exp 2 /V m s . In 
Figure 1, it is shown that the coverage of the unstable region decreases as the value of   increases. 

Figure 2 shows the stability diagrams for the FVDM. Note that Figure 1d and Figure 2 have the 
same value of  (i.e., ). In Figure 2, the traffic flow is always in a stable state when . 
In Figure 1(d), the traffic flow is in the stable regime when , but it is always in the unstable 
region when  . It clearly indicates that the stochasticity has a significant potential negative 
impact on the stability of traffic flow. When the random noise strength exceeds a threshold value, the 
traffic flow will become unstable. In addition, when  is a relatively small value (e.g., ), a 
small value of  will result in instability of the traffic flow with headways between 3.5 and 4 m. It 
indicates that the driver’s stochasticity will decrease the stability of the traffic flow. 

According to the above analysis, we can observe that the stochastic desired velocity of the driver 
is a critical factor that induces the instability of the traffic flow. This result is consistent with the 
findings in the previous study [52]. Therefore, it is necessary to design a control strategy to reduce the 
negative impacts of stochastic driving properties on the traffic flow. V2I communication technology 
can realize the information interaction between vehicles and roadside facilities within an effective 
range, which provides a prerequisite for speed guidance. In the next section, a stable speed guidance 
strategy is proposed considering the driver’s memory effect, as based on the V2I environment, to 
address the above issue. 

 

Figure 2. Stability region of FVDM. 

4. Stable speed guidance model (S-SFVDM) based on V2I environment 

The development of V2I communication technology allows us to alleviate the traffic oscillation 
caused by the driver’s stochastic nature. In this section, we propose an S-SFVDM to reduce the effect 
of the driver’s randomly desired velocity based on the V2I environment. We consider the potential 
influence of the driver’s short-term memory on the speed guidance. We assume that all vehicles can 
communicate with the intelligent roadside system that can capture all vehicles’ speeds, locations and 
other useful information at each time step (communication delay will not be considered in this study). 

Based on the stability diagram, it is easy to find the point  ,te x   by fixing   at any time step, 
where tx  denotes the mean value of the space headway of all vehicles at time t . The essential idea is 

 0.36  0.28 
1.2 

1.2 

 0.32 

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that it is easy to find the equilibrium point e  nearest to the current point e  in the unstable region 
as the expected state for when the platoon will arrive after the speed guidance. And, this process 
is real-time and dynamic. 

The stable speed guidance strategy is described using the following equations: 

𝑑𝑣௡ሺ𝑡ሻ ൌ 𝛼ൣ𝑉௢௣൫△ 𝑥௡ሺ𝑡ሻ൯ െ 𝑣௡ሺ𝑡ሻ൧𝑑𝑡 ൅ 𝜆 △ 𝑣௡ሺ𝑡ሻ𝑑𝑡

൅ 𝛼𝜎 𝑡𝑎𝑛ℎ ቆ
△ 𝑥௡ሺ𝑡ሻ

ℎ଴
ቇ

1
𝑣଴

𝑉௢௣൫△ 𝑥௡ሺ𝑡ሻ൯𝑑𝑊ሺ𝑡ሻ 

+𝜙ሺ𝜂ሾ𝑔ሺ𝑥̄௧ሻ െ 𝜏 ∑ 𝑓୻ሺ𝑘𝜏ሻ𝑣௡ሺ𝑡 െ 𝑘𝜏ሻ்௦
௞ୀ଴ ሿ ൅ ሺ1 െ 𝜂ሻሾ𝑔ሺ𝑥̄௧ሻ െ 𝜏 ∑ 𝑓୻ሺ𝑘𝜏ሻ𝑣௡ିଵሺ𝑡 െ 𝑘𝜏ሻ்௦

௞ୀ଴ ሿሻ (34) 

 𝑔ሺ𝑥̄௧ሻ ൌ 𝑉௢௣
ௌ ሺ𝑥̄௧ሻ (35) 

where    denotes the mean value of the compliance of drivers to the speed guidance.  0.5,1   

indicates that the weight of the target vehicle in the speed guidance strategy is greater than the 

preceding vehicle.    is the length of each memory interval.   ,    and    are all constants.  tg x  

denotes the of guidance speed computed by the intelligent roadside system. 
The driver’s memory effect is assumed to be homogeneous in many studies. It can potentially 

incur unrealistic phenomena. For example, when the length of the time period of the driver’s historical 
memory is a relatively large value, the car-following system will be stable regardless of the value of 
the sensitivity. One reason leading to this problem is that the memory effect of drivers should decay to 
zero when the time increases to a large value. In order to better describe the actual situation, the 
memory effect of drivers is considered as a gamma distribution [21,22] in this paper. 

 𝑓୻ሺ𝜔ሻ ൌ ௨೘ఠ೘షభ௘షೠഘ

୻ሺ௨ሻ
 (36) 

 Γሺ𝑢ሻ ൌ ׬ 𝑥௨ିଵ𝑒ି௫𝑑𝑥
ାஶ

଴
 (37) 

When a vehicle is in the steady state, under critical conditions, Equation (33) can be formulated as 

 𝜎ሺΔ𝑥ሻ ൌ ଶ

ఈఉ
ඨ𝛼 ൅ 𝜆 െ ට𝜆ଶ ൅ 2𝛼𝑉௢௣

ᇱ (38) 

The stability diagrams show that the function  x   is monotonic both in the left part and the 

right part. It is decreasing in the left parts and increasing in the right parts. Figure 3 gives the sketch 
map of the stable speed guidance strategy based on the stable diagram. The intention for this study was 
to identify a reasonable and effective guidance velocity which can facilitate the process of stabilizing 
traffic flow. More specifically, we first calculate the average headway x  of traffic flow and find the 
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point  ˆ,t te x   , which is the closest position of the stable regime to  ,t te x   with a fixed t . The 

expression of neutral stable curves 1C  and 2C  are already obtained so that we can derive the point 

 ˆ,t te x    by calculating 1
td  and 2

td  ( 1 2
t td d ). To calculate i

td  accurately, we use the simple least 

squares method to compute the intersection  ˆ,t te x   . The relationship between iteration error and 

iteration times is as follows: 

 
௕ೠ೛ି௕೗೚ೢ

ଶೕ೔೟೐ೝశభ ൏ 𝜀 (39) 

where iterj  is the number of iterations and   is the iterative error. 

 

Figure 3. Sketch map of stable speed guidance strategy based on the stable diagram in 
equilibrium space headway-diffusion coefficient space under the conditions of the V2I 
environment. 

If there is a small deviation from the equilibrium state, the function  tg x  could be treated as a 

constant. The stability analysis can be explored in this situation, as the results display how the speed 
guidance under the conditions of the V2I environment influence the stability of traffic considering 
driver memory. Therefore, in the next step, the stability analysis of the expanded stochastic model will 
be deduced. For simplicity, we give the stability condition directly by omitting the details here, and the 
detailed derivation process is given in Appendix A. 
The S-SFVDM is considered to be 2nd-moment exponentially stable if 

 𝜎ଶ ൏
ସቆఈାఒାథఎఛ ∑ ௙౳ሺ௞ఛሻ೅ೞ

ೖసబ ିටൣఒିథሺଵିఎሻఛ ∑ ௙౳ሺ௞ఛሻ೅ೞ
ೖసబ ൧

మ
ାଶ൫ଵିథఛమ ∑ ௞௙౳ሺ௞ఛሻ೅ೞ

ೖసబ ൯ఈ௏೚೛
ᇲቇ

ఈమఉమ  (40) 

Later, we will find that, compared with the SFVDM, the S-SFVDM has a larger stability region due to 
considering the speed guidance strategy. 
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Figure 4. Stable diagram in equilibrium space headway-diffusion coefficient space for 
different values of  . 

Figure 4 shows the neutral stability curves for different values of  . The region enclosed by the 
curve and coordinate axis is the stable region of the traffic flow, and all other regions are the unstable 
region of the traffic flow. Figure 4 indicates that, with the increase of  , the stability of the stochastic 
car-following model becomes stronger. It further indicates that providing effective speed guidance 
information to the driver, given that the driver’s memory is considered, is beneficial to the 
improvement of the stability of traffic flow based on V2I technology. This result is consistent with 
many findings of relevant studies [21–26]. 

 

Figure 5. Stable diagram in equilibrium space headway-diffusion coefficient space for 
different values of  0.6,  0.8,  1.0 . 

Figure 5 describes the neutral stability curves for different values of  . The region enclosed by 

the curve and coordinate axis is the stable region of the traffic flow, and all other regions are the 

unstable region of the traffic flow. It can be seen in Figure 5 that the stability of the traffic flow 

increases with the decrease of   , which indicates that considering the dynamics of the preceding 

vehicle for the target vehicle in the speed guidance strategy is conducive to improving the stability of 

the traffic flow. In addition, we can also find that a change in   has a limited impact on the stability 

of traffic flow. 
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(a)                                                                 (b) 

Figure 6. Stable diagram in equilibrium space headway-diffusion coefficient space for 
different values of Ts and different parameter settings, where (a)  and (b) 

. 

Figure 6 displays the stable diagram in equilibrium space headway-diffusion coefficient space for 

different values of Ts , where (a) 0.28, 0.03    and (b) 0.3, 0.02   . The region enclosed by 

the curve and coordinate axis is the stable region of the traffic flow, and all other regions are the 
unstable region of the traffic flow. It indicates that the area of the stability region increases with 
increasing driver memory time. In addition, Figure 6 shows that the increase in the stability regime  
gradually converges with the elongation of the driver’s memory time. Meanwhile, taking the driver’s 
memory into account is more reasonable [21,22]. 

5. Numerical simulations 

In order to validate the accuracy of the theoretical analysis and the superiority of the proposed 
models, numerical simulations were carried out under a periodic boundary condition. We assumed that 
all vehicles run on a ring road and have the same initial headway, as well as the same velocity. For 
simplicity, we applied the explicit Euler–Maruyama scheme to discretize the stochastic differential 
equation. The numerical approximation of the SFVDM is 

𝑣௡ሺ𝑘 ൅ 1ሻ െ 𝑣௡ሺ𝑘ሻ ൌ 𝛼ൣ𝑉௢௣൫𝛥𝑥௡ሺ𝑘ሻ൯ െ 𝑣௡ሺ𝑘ሻ൧𝛥𝑡 ൅ 𝛼𝜎𝑡𝑎𝑛ℎ ቀ
௱௫೙ሺ௞ሻ

௛బ
ቁ

ଵ

௩బ
𝑉௢௣൫𝛥𝑥௡ሺ𝑘ሻ൯√𝛥𝑡𝛥𝑊ሺ𝑘 ൅ 1ሻ ൅ 𝜆 △ 𝑣௡ሺ𝑘ሻ𝛥𝑡 (41) 

Based on the proposed SFVDM, we first carried out a series of simulations of platoon with 
different numbers of vehicles under the open boundary condition (i.e., on a straight road of infinite 
length). The model parameters were as follows: 

 𝛼 ൌ 0.3 , 𝜆 ൌ 0.3 , ℎ଴ ൌ 15𝑚 , 𝑣଴ ൌ 20𝑚/𝑠, 𝜎 ൌ 1  (42) 

The standard deviations of the speed profiles and fitting curves of different simulations are shown 
in Figure 7. The number of vehicles in each sub-figure are (a) 50 vehicles, (b) 100 vehicles, (c) 150 
vehicles and (d) 200 vehicles. In Figure 7, the black points represent the standard deviation of each 
vehicle’s velocity in the platoon, and the blue lines are quadratic polynomial fitting curves in different 

0.28, 0.03  
0.3, 0.02  
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simulations. Figure 7 shows an interesting property of the SFVDM, where the profiles of the standard 
deviations of speed are concave curves, which are consistent with empirical data [38–43,52]. 

 
(a)                                                                (b) 

 
(c)                                                               (d) 

Figure 7. Standard deviations of speed profiles and fitting curves for different 
simulated numbers of vehicles, where (a) 50 vehicles, (b) 100 vehicles, (c) 150 vehicles 
and (d) 200 vehicles. 

To further verify the SFVDM and S-SFVDM, we conducted a series of simulations under the 
periodic boundary condition (i.e., on a ring road). The initial parameters are given as follows: the 
vehicle number 100N  , the road length 400L m  and the time step of the simulation was 0.1 s. 
Other parameters were set as follows: 

 𝛼 ൌ 0.3 , 𝜆 ൌ 0.3 , 𝜂 ൌ 0.7 , ℎ଴ ൌ 2𝑚 , 𝑣଴ ൌ 2𝑚/𝑠 , 𝑎 ൌ 2 , 𝑡 ൌ 3000𝑠 (43) 

 𝑥ଵሺ0ሻ ൌ 𝐿 െ
௅

ே
 (44) 

 𝑥௡ሺ0ሻ ൌ ሺ𝑁 െ 𝑛ሻ ௅

ே
ሺ𝑛 ൌ 2,3,4,⋅⋅⋅⋅, 𝑁ሻ (45) 

 𝑣ଵሺ𝑡ሻ ൌ 𝑣ଶሺ𝑡ሻ ൌ⋅⋅⋅ൌ 𝑣௡ሺ𝑡ሻ ൌ 𝑣௘ ൌ 𝑉௢௣ ቀ
௅

ே
ቁ (46) 
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 𝑣ଵሺ20/𝜏ሻ ൌ 0.9𝑣௘  (47) 

 
(a)                                                               (b) 

 
(c)                                                              (d) 

Figure 8. Time-space evolutions of all vehicles for different values of  , where (a) 0  , 
(b) 0.5  , (c) 1   and (d) 1.5  . 

Figure 8 shows the time-space evolutions of the platoon for different values of the diffusion 

coefficient 0,  0.5,  1,  1.5  , with the color representing vehicle velocity. From Figure 8, it can be 

found that, with the increase of   , the oscillation of velocity becomes larger. In addition, higher 
stochasticity leads to more vehicles staying at a low-velocity state for a longer period. It indicates that 
the increasing stochasticity of drivers leads to stronger instability of traffic flow and more frequent 
stop-and-go phenomena. Furthermore, with the increase in the intensity of the randomness of the 
driver’s desired velocity, the density wave of traffic flow becomes more uneven. 

Figure 9 shows the time-space evolutions of the headway profile for different values of  . In 
Figure 9,   is equal to 3.0, and the headway is equal to 3.2 m. According to Theorem 2, the boundary 
of stability is 2 2.276 2.5   . In Figure 9(a), large uneven oscillations occur in the headway and 
the traffic flow is extremely unstable. On the contrary, the headway is steady without fluctuation in 
Figure 9(b), and the traffic flow is stochastically stable. The simulation results are consistent with the 
stability boundary conditions. 
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(a)                                                       (b) 

Figure 9. Time-space evolutions of the headway profile after a sufficient time 1400t s , 
where (a) 2.5   and (b) 2.0  . 

 

(a)                                                             (b) 

Figure 10. Snapshots of headway configuration of all vehicles at time 1650t s , where 
(a) 2.5   and (b) 2.0  . 

 

(a)                                                               (b) 

Figure 11. Time-space evolutions of the headway profile after a sufficient time 2300t s , 
where (a) 2.0   and (b) 1.0  . 
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(a)                                                            (b) 

Figure 12. Snapshots of headway configuration of all vehicles at time 2650t s , where 
(a) 2.0   and (b) 1.0  . 

 
(a)                                                                  (b) 

 
(c)                                                                  (d) 

Figure 13. Time-space evolutions of the headway profiles for different values of  , where 
(a) 0.00  , (b) 0.01  , (c) 0.02   and (d) 0.03  . 

Figure 10 shows the snapshots of the headway configuration of all vehicles at time 1650t s  for 
different values of  . It shows that the headway oscillations in Figure 10(a) are severe. However, the 
headway profile in Figure 10(b) approximates a straight line. Similarly, we also verify the correctness 
of the stability condition under another condition. 
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As shown in Figures 11 and 12, the time-space evolutions of the headway profile and snapshots 
of the headway configuration of all vehicles at time 2650t s   were both used to further test the 
correctness of the stability conditions. According to Eq (33), when 0.36   and the headway is 
equal to 3.8 m, the stable boundary condition is 1 1.528 2   . It indicates that the traffic flow is 
unstable when 2  , and that the traffic flow is in the string stability regime when 1  , which are 
in line with the numerical simulation results revealed in Figures 11 and 12. Moreover, these results 
suggest that the driver’s stochastically desired velocity will decrease the stability of traffic flow. 
However, with the increase of the stochasticity strength, the stable regime will further reduce and the 
oscillation of traffic flow tends to become more serious. Therefore, the random variation of the driver’s 
desired velocity is one of the important reasons for traffic oscillation. 

 

(a)                                                           (b) 

 

(c)                                                            (d) 

Figure 14. Snapshots of headway configuration of all vehicles at time 2350t s   for 
different values of  , where (a) 0.00  , (b) 0.01  , (c) 0.02   and (d) 0.03  . 

Figure 13 presents the time-space evolutions of the headway profiles for 0.00,0.01,0.02,0.03  . 
Drivers do not receive the speed guidance information when 0  . The amplitude of the headway 
profile is considerable and traffic flow is volatile. With the increase of  , the amplitude of the headway 
profile decays obviously. It indicates that the fluctuation of traffic flow decreases with the increase of 
 . When 0.03  , the traffic flow is stochastically stable. Figure 14 shows snapshots of the headway 
configuration of all vehicles at time 2350t s  for different values of  , which shows the same results 
as Figure 13. 

Meanwhile, we can conclude from the above diagrams that giving equilibrium speed guidance to 
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the driver can effectively reduce the instability of traffic flow caused by the random change of the 
driver’s desired velocity. Compared with the SFVDM, the proposed S-SFVDM based on the V2I 
environment has a larger stable region. Moreover, the negative impact of the stochasticity of the 
driver’s desired velocity can be abated effectively by stable speed guidance. The numerical simulation 
results are consistent with the theoretical analysis results. 

6. Conclusions 

In this study, a stochastic car-following model, i.e., an SFVDM, was developed to explore the 
impact of human expectation uncertainty of velocity on traffic stability. The desired velocity of the 
driver was considered as a stochastic process. The magnitude of the stochasticity is related to the traffic 
condition, which determines the non-negativity of the vehicle’s velocity in most cases. Stochastic 
stability analysis was simulated to observe the conditions of local stability and string stability of traffic 
flow. The results demonstrate that the driver’s stochastic desired velocity will decrease the coverage 
of the stable regime. To reduce the negative effects of the internal stochasticity of the driver, we 
developed a stable speed guidance strategy, i.e., the S-SFVDM, based on the V2I environment. 
Furthermore, the driver's memory effect is considered as a gamma distribution to fit the actual situation 
better. Numerical simulations were carried out to validate the proposed models. The results indicate 
that the stability of traffic flow can be enhanced effectively by applying the proposed stable speed 
guidance strategy. Specifically, sending a stable guidance velocity to each driver can weaken the 
negative influence brought about by the driver’s stochastic nature. 

However, the main work of this paper focuses on the model formulation and the derivation of the 
stochastic stability analysis of the proposed model. The model parameters were not calibrated based 
on field or experimental data. In future research, we will conduct car-following experiments to validate 
the numerical results and calibrate the model parameters. In addition, modeling and analysis of 
heterogeneous traffic flow that mixes regular and connected vehicles with the stochastic nature of 
humans are also further research directions. 
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Appendix A. Stability condition derivation for S-SFVDM 

Expand   1  in zt
nv t e      and   2 in zt

nx t e     . 1   and 2   are constants. Therefore, 
Equation (34) can be read as the linear stochastic ordinary differential equation: 

 𝑑Xሺ𝑡ሻ ൌ PୗୋXሺ𝑡ሻ𝑑𝑡 ൅ QୗୋXሺ𝑡ሻ𝑑𝑊ሺ𝑡ሻ (A1) 

where 

 Pୗୋ ൌ ൤
0 𝑒ି௜ఠ െ 1

𝛼𝑉ᇱ െ𝛼 ൅ 𝜆൫𝑒ି௜ఠ െ 1൯ ൅ 𝜌ሺ𝜆, 𝑘, 𝜏, 𝜂, 𝜙ሻ൨  (A2) 

  Qୗୋ ൌ ൤
0 0

𝛼𝜎𝛽 0൨ (A3) 

 𝜌ሺ𝑘, 𝜏, 𝜂, 𝜑ሻ ൌ 𝜙𝜏𝜂 ∑ 𝑓୻ሺ𝑘𝜏ሻ𝑒ି௭௞ఛ்௦
௞ୀ଴ ൅ 𝜙𝜏ሺ1 െ 𝜂ሻ ∑ 𝑓୻ሺ𝑘𝜏ሻ𝑒ି௜ఠି௭௞ఛ்௦

௞ୀ଴  (A4) 

Based on Definition 1, Theorem 3 and the corresponding proof will be derived. 
Theorem 3. The stochastic car-following model with the speed guidance strategy considered is 2nd-
moment exponentially stable if 

 𝜎ଶ ൏
ସቆఈାఒାథఎఛ ∑ ௙౳ሺ௞ఛሻ೅ೞ

ೖసబ ିටൣఒିథሺଵିఎሻఛ ∑ ௙౳ሺ௞ఛሻ೅ೞ
ೖసబ ൧

మ
ାଶ൫ଵିథఛమ ∑ ௞௙౳ሺ௞ఛሻ೅ೞ

ೖసబ ൯ఈ௏೚೛
ᇲቇ

ఈమఉమ  (A5) 

where /Ts T  . 
Proof. The characteristic equation of the matrix P is 
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𝑧ଶ െ 𝑧൫െ𝛼 ൅ 𝜆൫𝑒ି௜௪ െ 1൯ ൅ 𝜙𝜏ൣ𝜂 ∑ 𝑓୻ሺ𝑘𝜏ሻ𝑒ିఒ௜ఛ ൅ ሺ1 െ 𝜂ሻ ∑ 𝑓୻ሺ𝑘𝜏ሻ𝑒ି௜ఠିఒ௞ఛ்௦
௞ୀ଴

்௦
௞ୀ଴ ൧൯ െ

𝛼𝑉ᇱ൫𝑒ି௜ఠ െ 1൯ ൌ 0 (A6) 

Expanding 2
1 2z i z z       into Eq (A6) and ignoring the high-order terms by setting the 

first-order and second-order terms to zeros, the expressions of 1z  and 2z  can be obtained: 

 𝑧ଵ ൌ ିఈ௏ᇲ

ఈାథఛ ∑ ௙౳ሺ௞ఛሻ೅ೞ
ೖసబ ି

భ
మ

ఈమఉమఙమ
 (A7) 

൫ଵିథఛమ ∑ ௞௙೨ሺ௞ఛሻ೅ೞ
ೖసబ ൯൭ ഀೇᇲ

ഀశഝഓ ∑ ೑೨ሺೖഓሻ೅ೞ
ೖసబ ష

భ
మഀమഁమ഑మ

൱

మ

ାൣఒିథሺଵିఎሻఛ ∑ ௙೨ሺ௞ఛሻ೅ೞ
ೖసబ ൧൭ షഀೇᇲ

ഀశഝഓ ∑ ೑೨ሺೖഓሻ೅ೞ
ೖసబ ష

భ
మഀమഁమ഑మ

൱ାభ
మ

ఈ௏ᇲ

ఈାథఛ ∑ ௙೨ሺ௞ఛሻ೅ೞ
ೖసబ ିభ

మ
ఈమఉమఙమ

  (A8) 

The condition of stochastic stability will be held only if 1 0z   and 2 0z  . Therefore, we can obtain 
the stability conditions by taking   as the variable: 

 𝜎ଶ ൏
ସቆఈାఒିథఎఛ ∑ ௙౳ሺ௞ఛሻ೅ೞ

ೖసబ ିටൣఒିథሺଵିఎሻఛ ∑ ௙౳ሺ௞ఛሻ೅ೞ
ೖసబ ൧

మ
ାଶ൫ଵିథఛమ ∑ ௞௙౳ሺ௞ఛሻ೅ೞ

ೖసబ ൯ఈ௏೚೛
ᇲቇ

ఈమఉమ  (A9) 

When  
0

1
Ts

k

f k 


   (for example, 100 10Ts s    and  
0

 1
Ts

k

f k 


   for 2 u    and 1m   ; 

10 s was deemed as a reasonable value of the length of effective memory time of drivers [18]), Equation 
(A9) can be simplified as 

 𝜎ଶ ൏
ସቆఈାఒିథఎିටሾఒିథሺଵିఎሻሿమାଶ൫ଵିథఛమ ∑ ௞௙౳ሺ௞ఛሻ೅ೞ

ೖసబ ൯ఈ௏೚೛
ᇲቇ

ఈమఉమ  (A10) 
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