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Abstract: This paper deals with the following quasilinear attraction-repulsion chemotaxis system
ut = ∇ · ((u + 1)m∇u − χu(u + 1)θ−1∇v + ξu(u + 1)l−1∇w) + au − buκ, x ∈ Ω, t > 0,

0 = ∆v + αuγ1 − βv, x ∈ Ω, t > 0,

0 = ∆w + γuγ2 − δw, x ∈ Ω, t > 0,

with homogeneous Neumann boundary conditions in a bounded, smooth domain Ω ⊂ Rn(n ≥ 1),
where m, θ, l ∈ R and χ, ξ, a, b, α, β, γ, δ, γ1, γ2 > 0, κ > 1. It is proved that if the nonlinear exponents of
the system satisfy θ + γ1 < max

{
l + γ2, κ,m + 2

n + 1
}
, then the system has globally bounded classical

solutions. Furthermore, assume that θ + γ1 = max{l + γ2, κ} ≥ m + 2
n + 1, if one of the following

conditions holds:

(a) when θ + γ1 = l + γ2 = κ, if θ ≥ l ≥ 1 and
[(κ − 1 − m)n − 2](2αχ − γξ)

2(l − 1) + (κ − 1 − m)n
< b

or if l ≥ θ ≥ 1 and
2αχ[(κ − 1 − m)n − 2]
2(θ − 1) + (κ − 1 − m)n

< b;

(b) when θ + γ1 = l + γ2 > κ, if θ ≥ l ≥ 1 and 2αχ ≤ γξ;

(c) when θ + γ1 = κ > l + γ2, if θ ≥ 1 and
2αχ[(κ − 1 − m)n − 2]
2(θ − 1) + (κ − 1 − m)n

< b,

then the classical solutions of the system would be globally bounded. The global boundedness criteria
generalize the results established by previous researchers.

Keywords: boundedness criteria; attraction-repulsion system; nonlinear signal production; logistic
source
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1. Introduction

Chemotaxis is one of the basic physiological reactions of organisms, which refers to the directional
movement of biological cells or organisms along the concentration gradient of stimulants under the
stimulation of some chemicals in the environment. The chemotaxis phenomenon has been described
in the pioneering work proposed by Keller and Segel [1], which is given by

ut = ∆u − χ∇ · (u∇v), x ∈ Ω, t > 0,

τvt = ∆v − v + u, x ∈ Ω, t > 0,

u(x, 0) = u0(x), v(x, 0) = v0(x) x ∈ Ω,

(1.1)

where Ω ⊂ Rn(n ≥ 1) is a bounded domain with smooth boundary, χ > 0, τ ∈ {0, 1}, u(x, t) and v(x, t)
denote the density of cells and the concentration of the chemical signal, respectively. It is well known
that chemotaxis research has many important applications in biology and medicine, such as in bacterial
colonies [2], tumor invasion processes [3,4] and embryonic development [5], so that it has been one of
the hottest research focuses in applied mathematics nowadays. In the past few decades, a large number
of valuable theoretical results have been obtained by scholars [6–8]. Among them, one of the main
issues related to (1.1) is to study whether there is a globally in-time bounded solution or when blow-up
occurs. For τ = 1, it has been shown that the system (1.1) has globally bounded classical solution
when n = 1 [9] or n = 2 and

∫
Ω

u0dx < 4π
χ

[10, 11], whereas the system (1.1) has finite time blow-up
solution in the case of n = 2 and

∫
Ω

u0dx > 4π
χ

[12, 13] or in the case of n ≥ 3 [14, 15]. When the
chemical substance diffuses much faster than the diffusion of cells [16], model (1.1) can be reduced
to the simplified parabolic-elliptic model, namely, the second equation in system (1.1) is replaced by
0 = ∆v + µ − v with µ = 1

|Ω|

∫
Ω

u0(x)dx. Compared with the fully parabolic version of system (1.1), the
similar results on global boundedness and blow-up of solutions can be found in [17–20], which still
depend on the dimensions of space.

As described in system (1.1), the term of signal production is a linear function of the cell density
in the classical Keller-Segel model. Nevertheless, the mechanism of signal production might be very
complex, particularly, it could be in a nonlinear form. When the second equation in system (1.1) is
replaced by vt = ∆v − v + g(u) with g(u) ∈ C1([0,+∞)) and 0 ≤ g(u) ≤ Kuα for some constants
K, α > 0, Liu and Tao [21] proved that if 0 < α < 2

n , the system (1.1) possesses a globally bounded
classical solution. When the second equation in system (1.1) degenerates into an elliptic equation, u
is replaced by g(u) and v is replaced by µ(t) := 1

|Ω|

∫
Ω

g(u(·, t)), g(u) = uκ with κ > 0, Winkler [22]
derived a blow-up critical exponent κ = 2

n , which asserted that the radially symmetric solution blows
up in finite time if the parameter κ satisfies κ > 2

n . Conversely, when κ < 2
n they proved that there

existed suitable initial data u0 such that the system has globally bounded classical solutions. In many
biological processes, the proliferation and death of cells should be considered, from which one can
derived the related chemotaxis-growth model

ut = ∆u − χ∇ · (u∇v) + f (u), x ∈ Ω, t > 0,

τvt = ∆v − v + g(u), x ∈ Ω, t > 0,

u(x, 0) = u0(x), v(x, 0) = v0(x) x ∈ Ω.

(1.2)
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Here it is worth mentioning that logistic source term f (u) should somewhat decrease the possibility
of blow-up. When τ = 0, Tello and Winkler [23] considered the system (1.2) with f (u) ≤ u(a − bu)
and g(u) = u for a, b > 0 and they proved that the system has globally bounded classical solution
whenever n−2

n χ < b. For the more general case f (u) ≤ u(a − bus) and g(u) = uk with k, s > 0, Wang
and Xiang [24] showed that the system (1.2) has globally bounded classical solutions if either s > k
or s = k with kn−2

kn χ < b. For f (u) = au − bus and g(u) = u with s > 1, a ≥ 0, b > 0, Winkler [25]
proved global existence of very weak solutions of (1.2) under the assumption that s > 2− 1

n , moreover,
boundedness properties of the constructed solutions were studied. When τ = 1, g(u) = u and f (u) is
controlled by −c0(u+us) and a−bus, respectively, for all u ≥ 0 with some s > 1, b, c0 > 0 and a ≥ 0, by
an appropriate definition of very weak solution, Viglialoro [26] constructed the such global solutions
under the assumptions that n ≥ 2 and s > 1 − 2

n , and in [27], a relaxation of these hypotheses could
be achieved so as to ensure solvability even for any s > 2n+4

n+4 when n ≥ 2. Furthermore, when f (u) =
au−bus and g(u) = u,Winkler [28] proved that if s ≥ 2− 2

n , under an appropriate smallness assumption
on χ any such solution at least asymptotically exhibits relaxation by approaching the nontrivial spatially
homogeneous steady state

(
(a

b )
1

s−1 , ( a
b )

1
s−1

)
in the large time limit. Continuing the research initiated

in [26], Viglialoro and Woolley [29] studied the boundedness and regularity of these solutions after
some time.

However, not all logistic source terms can guarantee the global existence of solutions. When g(u) =
u and v is replaced by m(t) := 1

|Ω|

∫
Ω

u(·, t) in the second equation of system (1.2), f satisfies the set of
hypotheses: (i) f ∈ C0([0,∞)) ∩ C1((1,∞)); (ii) f (u) ≥ −µuκ for all u ≥ 0 and some µ ≥ 0 and κ > 1;
(iii) f (u) ≤ A(u + 1) for all u ≥ 0 with some A ≥ 0.Winkler [30] proved that if n ≥ 5 and κ < 3

2 +
1

2n−2 ,

then there exist initial data such that the smooth local-in-time solution of (1.2) blows up in finite time.
When f (u) = λu − µu2 with λ ≥ 0, µ > 0 and ∆u in the first equation of system (1.2) is replaced
by ε∆u with ε → 0, Winkler [31] proved that if µ < 1 then some solutions blow up in finite time.
Later, Lankiet [32] extended this result to higher-dimensional cases. Kang [33] improved the results
in [31, 32] to Rn(n > 1) and f (u) = λu − µuβ with β > 0.When f (u) = λu − µuκ with λ ∈ R, µ > 0 and
κ > 1,Winkler [34] obtained a condition on initial data to ensure the occurrence of finite-time blow-up
to system (1.2) for

κ <


7
6 , if n ∈ {3, 4},

1 + 1
2(n−1) , if n ≥ 5.

When f (u) = λu−µuα for α > 1 and the second equation in system (1.2) is replaced by 0 = ∆v−m(t)+
g(u) with g(u) ≥ kuκ for k, κ > 0 and m(t) = 1

|Ω|

∫
Ω

g(u(·, t)), Yi et al. [35] proved that if κ and α satisfy
κ + 1 > α(1 + 2

n ), then the corresponding solutions to system blow up in finite time. Besides, for the
fully parabolic case, Winkler [36] revealed an unboundeness phenomenon, possibly transient in time,
despite logistic growth restrictions.

From a physical point of view, the equation modeling the migration of cells should rather be re-
garded as nonlinear diffusion [37], especially the slow diffusion with finite propagation property, which
reads  ut = ∇ · (D(u)u) − ∇ · (uS (u)∇v) + f (u), x ∈ Ω, t > 0,

τvt = ∆v − v + u, x ∈ Ω, t > 0,
(1.3)

where the positive functions D(u) and S (u) are used to describe the strength of diffusion and chemoat-
tractant, respectively. When τ = 1, n ≥ 2, Ω ⊂ Rn is a ball and f (u) = 0, Winkler [38] proved that if
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D(u)
S (u) grows faster than u

2
n as u→ ∞ and some further technical conditions are fulfilled, then there exist

solutions that blow up in either finite or infinite time, which implies that the result is optimal. Inter
alia, there still exist many results on global boundedness and blow-up in (1.3), please see [39–42]. For
τ = 0, when f (u) = au− buκ for all u ≥ 0 with a ≥ 0, b > 0 and κ > 1, and the second equation in (1.3)
is replaced by 0 = ∆v− µ(t)+ u with µ(t) = 1

|Ω|

∫
Ω

u(x, t)dx. In [43], for D(u) ≥ D0u−m and S (u) = χ for
all u > 0 with some m ∈ R, χ,D0 > 0, it was shown that the system (1.3) possesses a unique globally
bounded classical solution for any initial data u0 ∈ C0(Ω) and n ≥ 2 if κ > max{m + 3 − 4

n+2 , 2}; and
for D(u) = D0u−m and S (u) = χ with 4

n − 1 < m ≤ 0, the system (1.3) blows up in finite time in a ball
if κ ∈

(
1, (3−m)n−2

2n−2

)
and n ≥ 5. For more boundedness results and blow-up of solutions to system (1.3)

with or without logistic source, we refer the interested readers to [44–48].
As stated in [49], studies have shown that the reaction of one species to multiple stimuli is given by

the motion of microglia in Alzheimer disease tethered to a glass side in a conflict situation involving
β-amyloid (an attractant) and tumor necrosis factor α (a repellent). To model such biological processes,
the following attraction-repulsion chemotaxis system was proposed in [50]

ut = ∇ · (∇u − χ∇v + ξ∇w) + f (u), x ∈ Ω, t > 0,

0 = ∆v − βv + g1(u), x ∈ Ω, t > 0,

0 = ∆w − δw + g2(u), x ∈ Ω, t > 0,

(1.4)

where u, v and w represent the density of cell, chemical concentration of attractant and chemical con-
centration of repellent, respectively, the parameters χ, ξ > 0. To better understand system (1.4), let us
mention some previous contributions in this direction. We first introduce some global boundedness of
classical solutions related to system (1.4). For the case of f (u) ≤ u(a − bu), when g1(u) = αu and
g2(u) = γu with a, b, α, γ > 0, Zhang et al. [51] obtained that for any nonnegative u0(x) ∈ C0(Ω), if one
of the following conditions holds

(a) αχ − γξ ≤ b; (b) n ≤ 2; (c)
n − 2

n
(αχ − γξ) < b with n ≥ 3, (1.5)

then the system (1.4) has a globally bounded classical solution. For the case of f (u) ≤ u(a−bus), when
g1(u) = αuk and g2(u) = γul with a, b, α, γ, k, l, s > 0, Hong et al. [52] showed that if k < max{l, s, 2

n },

then the system (1.4) admits a globally bounded solution. Furthermore, when k = max{l, s} ≥ 2
n ,

the system (1.4) also admits a globally bounded solution if one of the following assumptions holds:
(a) k = l = s, kn−2

kn (αχ − γξ) < b; (b) k = l > s, αχ − γξ < 0; (c) k = s > l, kn−2
kn αχ < b. More

recently, on the basis of [52], in high dimension (n ≥ 2), Zhou et al. [53] have further studied the
boundedness of globally classical solution for the critical cases: (a) k = l = s, kn−2

kn (αχ − γξ) = b;
(b) k = s > l, kn−2

kn αχ = b; (c) k = l > s, αχ − γξ = 0, nk(nk − 2) < 4, 0 < k = l ≤ 1. Apart from
that, there are some interesting findings about blow-up behavior of solutions for system (1.4). When
f (u) = 0, g1(u) = αu and g2(u) = γu with α, γ > 0, Li et al. [54] proved that the nonradial solutions
to system (1.4) would blow-up in finite time if either αχ − ξγ > 0, β , δ and

∫
Ω

u0dx > 8π
αχ−ξγ

or
αχδ − ξγβ > 0, δ < β and

∫
Ω

u0dx > 8π
αχδ−ξγβ

in the case n = 2. Yu et al. [55] improved the above
finite-time blowup result under the condition of αχ− ξγ > 0 and

∫
Ω

u0dx > 8π
αχ−ξγ
.More recently, when

f (u) = 0, the second and third equations are replaced by 0 = ∆v − m1(t) + g1(u),m1(t) = 1
|Ω|

∫
Ω

g1(u)
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and 0 = ∆w−m2(t)+ g2(u),m2(t) = 1
|Ω|

∫
Ω

g1(u), respectively, for g1(u) ≥ k1uγ1 and g2(u) ≤ k2uγ2 for all
u ≥ 0 with k1, k2, γ1, γ2 > 0, Liu et al. [56] proved that if γ1 > max{γ2,

2
n }, the radial solutions to system

(1.4) would blow-up in finite time, and if γ1 <
2
n , the classical solution would be globally bounded.

Later on, Wang et al. [57] extended such blow-up results to a quasilinear system with logistic source.
Similar to classical Keller-Segel system, when considering the effect of nonlinear diffusion and logistic
source, Chiyo et al. [58] studied the following parabolic-elliptic-elliptic system

ut = ∇ · ((u + 1)m−1∇u − χu(u + 1)p−2∇v + ξu(u + 1)q−2∇w) + f (u), x ∈ Ω, t > 0,

0 = ∆v − αv + βu, x ∈ Ω, t > 0,

0 = ∆w − γw + δu, x ∈ Ω, t > 0,

with m, p, q ∈ R, where they classify boundedness and blow-up into the cases p < q and p > q without
any condition for the sign of χα − ξγ and the case p = q with χα − ξγ > 0 or χα − ξγ < 0.

In contrast to the systems mentioned above, we find that there are very few results on the existence
of globally bounded classical solutions to the attraction-repulsion system with nonlinear diffusion and
logistic source as well as nonlinear signal production at the same time. On the basis of work [52], the
purpose of the present paper is to continue to detect the effect among nonlinear diffusion and logistic
source as well as nonlinear signal production on the boundedness of the solution to the following
attraction-repulsion system

ut = ∇ · ((u + 1)m∇u − χu(u + 1)θ−1∇v + ξu(u + 1)l−1∇w) + au − buκ, x ∈ Ω, t > 0,

0 = ∆v + αuγ1 − βv, x ∈ Ω, t > 0,

0 = ∆w + γuγ2 − δw, x ∈ Ω, t > 0,
∂u
∂ν
= ∂v
∂ν
= ∂w
∂ν
= 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω,

(1.6)

where Ω ⊂ Rn(n ≥ 1) is a bounded domain with smooth boundary ∂Ω, ν denotes the outward unit
normal vector on ∂Ω. Here, u, v and w represent the density of cell, chemical concentration of at-
tractant and chemical concentration of repellent, respectively, and the parameters satisfy m, θ, l ∈ R,
χ, ξ, a, b, α, β, γ, δ, γ1, γ2 > 0, κ > 1.

We state our main results to system (1.6) as follows.

Theorem 1.1. Let Ω ⊂ Rn(n ≥ 1) be a bounded domain with smooth boundary and the parameters
satisfy m, θ, l ∈ R and χ, ξ, a, b, α, β, γ, δ, γ1, γ2 > 0, κ > 1. For any nonnegative initial data u0(x) ∈
C0(Ω), if

θ + γ1 < max
{

l + γ2, κ,m +
2
n
+ 1

}
,

then the system (1.6) admits a globally bounded classical solution.

Remark 1.2. Theorem 1.1 implies that the behavior of solutions to system (1.6) is determined by
the interactions among the six mechanisms, namely, self-diffusion ∇ · ((u + 1)m∇u), cross-diffusion
−∇ · (χu(u + 1)θ−1∇v), cross-diffusion ∇ · (ξu(u + 1)l−1∇w), attraction, repulsion and logistic source. If
attraction and cross-diffusion −∇ · (χu(u + 1)θ−1∇v) are dominated by the other four mechanisms with
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θ + γ1 < max
{
l + γ2, κ,m + 2

n + 1
}
, then the solutions would be globally bounded. From the previous

work by Winkler [22], we know that if the nonlinear exponent of attractant production is controlled
by 2

n , the classical solution would be globally bounded. Thus the boundedness criteria established in
Theorem 1.1 are consistent with [22] for the case w = 0,m = 0, θ = 1, a = b, κ = 1. Moreover, if the
parameters m = 0, θ = l = 1, Theorem 1.1 covers the conclusions of Theorem 1(i) in [52].

Theorem 1.3. Let Ω ⊂ Rn(n ≥ 1) be a bounded domain with smooth boundary and the parameters
satisfy m, θ, l ∈ R and χ, ξ, a, b, α, β, γ, δ, γ1, γ2 > 0, κ > 1. For any nonnegative initial data u0(x) ∈
C0(Ω), assume that θ + γ1 = max{l + γ2, κ} ≥ m + 2

n + 1. If one of the following three conditions holds:

(a) when θ + γ1 = l + γ2 = κ, if θ ≥ l ≥ 1 and
[(κ − 1 − m)n − 2](2αχ − γξ)

2(l − 1) + (κ − 1 − m)n
< b

or if l ≥ θ ≥ 1 and
2αχ[(κ − 1 − m)n − 2]
2(θ − 1) + (κ − 1 − m)n

< b;

(b) when θ + γ1 = l + γ2 > κ, if θ ≥ l ≥ 1 and 2αχ ≤ γξ;

(c) when θ + γ1 = κ > l + γ2, if θ ≥ 1 and
2αχ[(κ − 1 − m)n − 2]
2(θ − 1) + (κ − 1 − m)n

< b,

then the system (1.6) admits a globally bounded classical solution.

Remark 1.4. Under the above three balance situations, namely, θ+ γ1 = l+ γ2 = κ, θ+ γ1 = l+ γ2 > κ

or θ+γ1 = κ > l+γ2, the boundedness of solutions would be determined by the sizes of the coefficients
involved. When m = 0, θ = l = 1, Theorem 1.3 is consistent with Theorem 1(ii) in [52]. Here, it should
be noted that we only prove the case of min{l, θ} ≥ 1, and we will continue to study the other cases in
future.

Remark 1.5. Theorem 1.1 and Theorem 1.3 also leave an interesting problem, i.e. it is still unknown
whether the boundedness criteria obtained in Theorem 1.1 and Theorem 1.3 are optimal for system
(1.6). We will also further study the finite-time blow-up criteria of the solution for system (1.6) in the
future research.

We carry out this paper as follows. In Section 2, we state a result on the existence local solutions
and give some useful lemmas. In Section 3, we construct the Lp−estimates for component u and then
use the Moser iteration to prove Theorem 1.1 and Theorem 1.3.

2. Preliminaries

In this section, we first state the existence of local solutions to system (1.6). The proof relies on
Schauder fixed theorem. We omit it for brevity and refer the readers to [59, 60] for more details.

Lemma 2.1. Let Ω ⊂ Rn(n ≥ 1) be a bounded domain with smooth boundary. For any nonnegative
initial data u0 ∈ C0(Ω), there exists Tmax ∈ (0,∞] such that the system (1.6) admits a unique nonneg-
ative classical solution (u, v,w) belonging to C0(Ω × [0,Tmax)) ∩ C2,1(Ω × (0,Tmax)) in Ω × (0,Tmax)
with

u, v,w ≥ 0 in Ω × (0,Tmax). (2.1)
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Furthermore,

if Tmax < ∞, then lim sup
t↗Tmax

∥u(·, t)∥L∞(Ω) = ∞. (2.2)

The following two lemmas are useful in obtaining the estimate of
∫
Ω

up. The proof of Lemma 2.2
can be found in [58, Lemma 2.3], we omit it here.

Lemma 2.2. Let σ > 1. Then for all ϵ > 0,

(x + 1)σ ≤ (1 + ϵ)xσ +Cϵ , x ≥ 0, (2.3)

where Cϵ := (1 + ϵ)((1 + ϵ)
1
σ−1 − 1)1−σ.

Lemma 2.3. Let (u, v,w) be a solution of system (1.6), then for any γ2, η > 0 and τ > 1, there exists
c0 > 0 depending only on γ2, η and τ such that∫

Ω

wτ ≤ η
∫
Ω

uγ2τ + c0 for all t ∈ (0,Tmax). (2.4)

Proof. Integrating the first equation of system (1.6) over Ω, we find

d
dt

∫
Ω

udx =
∫
Ω

au − buκ ≤ a
∫
Ω

u −
b
|Ω|κ−1

(∫
Ω

u
)κ

for all t ∈ (0,Tmax), (2.5)

where we have used Hölder’s inequality (
∫
Ω

u)κ ≤ |Ω|κ−1
∫
Ω

uκ. Thus, using a standard ODI comparison
theory, we can obtain ∫

Ω

u ≤ max
{ ∫
Ω

u0,
(a
b

) 1
κ−1
|Ω|

}
for all t ∈ (0,Tmax). (2.6)

Moreover, we can derive directly by integrating the third equation over Ω,

∥w∥L1(Ω) =
γ

δ
∥uγ2∥L1(Ω). (2.7)

Multiplying the third equation of system (1.6) with wτ−1 and integrating over Ω, we can get

4(τ − 1)
τ2

∫
Ω

|∇w
τ
2 |2 + δ

∫
Ω

wτ = γ
∫
Ω

uγ2wτ−1 ≤
τ − 1
τ
δ

∫
Ω

wτ +
γτ

τδτ−1

∫
Ω

uγ2τ (2.8)

by Young’s inequality and thus

∥w∥Lτ(Ω) ≤
γ

δ
∥uγ2∥Lτ(Ω) for all t ∈ (0,Tmax) (2.9)

and

4(τ − 1)
τ

∫
Ω

|∇w
τ
2 |2 ≤

γτ

δτ−1

∫
Ω

uγ2τ for all t ∈ (0,Tmax). (2.10)
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By Ehrling’s lemma, for any η > 0 and τ > 1, there exists C1 = C1(η, τ) > 0 such that

∥ϕ∥2L2(Ω) ≤ η∥ϕ∥
2
W1,2(Ω) +C1∥ϕ∥

τ

L
2
τ (Ω)

for all ϕ ∈ W1,2(Ω). (2.11)

Let ϕ = w
τ
2 , from (2.7), (2.9) and (2.10), there exists C1 = C1(η, τ) > 0 such that∫

Ω

wτ ≤ η
∫
Ω

uγ2τ +C1∥uγ2∥τL1(Ω). (2.12)

For γ2 ∈ (0, 1], using Hölder’s inequality, from (2.6) one may obtain

∥uγ2∥τL1(Ω) ≤ C2 (2.13)

with C2 = C2(η, τ, γ2) > 0. For γ2 ∈ (1,∞), using interpolation inequality and Young’s inequality, from
(2.6) we have

∥uγ2∥τL1(Ω) ≤ ∥u
γ2∥τϑLτ(Ω)∥u

γ2∥
τ(1−ϑ)

L
1
γ2 (Ω)
≤ η

∫
Ω

uγ2τ +C3, (2.14)

where ϑ = γ2−1
γ2−

1
τ

∈ (0, 1) and C3 = C3(η, τ, γ2) > 0. Thus (2.4) is the direct result of combining
(2.12)–(2.14). □

3. Global existence and boundedness

In this section, we construct the Lp−estimate for component u under different conditions to prove
Theorem 1.1 and Theorem 1.3.

Lemma 3.1. Let p > max{1, 1 − θ, 2 − θ − γ1, 3 − l}. Then there exists a constant C > 0 such that the
solution of system (1.6) satisfies

1
p

d
dt

∫
Ω

(u + 1)p ≤ −
4(p − 1)
(p + m)2

∫
Ω

|∇(u + 1)
p+m

2 |2 +
2αχ(p − 1)
p + θ − 1

∫
Ω

up+θ+γ1−1

+
ξδ(p − 1)
p + l − 1

∫
Ω

(u + 1)p+l−1w −
γξ(p − 1)
p + l − 1

∫
Ω

up+l+γ2−1

+ a
∫
Ω

(u + 1)p − b
∫
Ω

up+κ−1 +C for all t ∈ (0,Tmax). (3.1)

Proof. Multiplying the first equation of system (1.6) by (u + 1)p−1 and integrating by parts over Ω, we
derive

1
p

d
dt

∫
Ω

(u + 1)p =

∫
Ω

(u + 1)p−1∇ · ((u + 1)m∇u) − χ
∫
Ω

(u + 1)p−1∇ · (u(u + 1)θ−1∇v)

+ ξ

∫
Ω

(u + 1)p−1∇ · (u(u + 1)l−1∇w) + a
∫
Ω

u(u + 1)p−1 − b
∫
Ω

uκ(u + 1)p−1

= − (p − 1)
∫
Ω

(u + 1)p+m−2|∇u|2 + χ(p − 1)
∫
Ω

u(u + 1)p+θ−3∇u · ∇v

− ξ(p − 1)
∫
Ω

u(u + 1)p+l−3∇u · ∇w + a
∫
Ω

u(u + 1)p−1 − b
∫
Ω

uκ(u + 1)p−1
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:=I1 + I2 + I3 + I4 (3.2)

for all t ∈ (0,Tmax).
As to the first term I1, it can be rewritten as

I1 = −(p − 1)
∫
Ω

(u + 1)p+m−2|∇u|2 = −
4(p − 1)
(p + m)2

∫
Ω

|∇(u + 1)
p+m

2 |2. (3.3)

For the second term I2, by integrating by parts we can obtain from the second equation of system (1.6)

I2 =χ(p − 1)
∫
Ω

u(u + 1)p+θ−3∇u · ∇v

=χ(p − 1)
∫
Ω

∇

[∫ u

0
s(s + 1)p+θ−3ds

]
· ∇v

=χ(p − 1)
∫
Ω

[∫ u

0
s(s + 1)p+θ−3ds

]
(−∆v)

=χ(p − 1)
∫
Ω

[∫ u

0
s(s + 1)p+θ−3ds

]
(αuγ1 − βv)

≤αχ(p − 1)
∫
Ω

[∫ u

0
s(s + 1)p+θ−3ds

]
uγ1 . (3.4)

For p > 1 − θ, we can infer that[∫ u

0
s(s + 1)p+θ−3ds

]
uγ1 ≤

[∫ u

0
(s + 1)p+θ−2ds

]
uγ1

≤
1

p + θ − 1
(u + 1)p+θ−1uγ1

≤
1

p + θ − 1
(u + 1)p+θ+γ1−1. (3.5)

Using Lemma 2.2 with ϵ = 1 and p > 2 − θ − γ1, we can obtain from (3.4) and (3.5)

I2 ≤
2αχ(p − 1)
p + θ − 1

∫
Ω

up+θ+γ1−1 + c1 (3.6)

with some c1 > 0.
Similarly, for the third term I3, we deduce

I3 = − ξ(p − 1)
∫
Ω

u(u + 1)p+l−3∇u · ∇w

= − ξ(p − 1)
∫
Ω

∇

[∫ u

0
s(s + 1)p+l−3ds

]
· ∇w

=ξ(p − 1)
∫
Ω

[∫ u

0
s(s + 1)p+l−3ds

]
∆w

=ξ(p − 1)
∫
Ω

[∫ u

0
s(s + 1)p+l−3ds

]
(δw − γuγ2). (3.7)
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Noticing that sp+l−2 ≤ s(s + 1)p+l−3 ≤ (s + 1)p+l−2 for p > 3 − l, we derive that

1
p + l − 1

up+l−1 ≤

∫ u

0
s(s + 1)p+l−3ds ≤

1
p + l − 1

(u + 1)p+l−1. (3.8)

Substituting (3.8) into (3.7), we have

I3 ≤
ξδ(p − 1)
p + l − 1

∫
Ω

(u + 1)p+l−1w −
γξ(p − 1)
p + l − 1

∫
Ω

up+l+γ2−1. (3.9)

For the term I4, we can obtain

I4 =a
∫
Ω

u(u + 1)p−1 − b
∫
Ω

uκ(u + 1)p−1

≤a
∫
Ω

(u + 1)p − b
∫
Ω

up+κ−1. (3.10)

Thus the inequality (3.1) is the direct result of combining (3.2), (3.3), (3.6), (3.9) and (3.10).
□

Lemma 3.2. Let (u, v,w) be a solution of system (1.6). If θ + γ1 < max{l + γ2, κ,m + 2
n + 1}, then for

any p > max{1, 1 − θ, 2 − θ − γ1, 3 − l} there exists a constant C > 0 such that∫
Ω

(u + 1)p ≤ C for all t ∈ (0,Tmax). (3.11)

Proof. Using Lemma 2.2 once more with ϵ = 1 and p > 2 − l, one may infer that

δ

[∫ u

0
s(s + 1)p+l−3ds

]
w ≤

2δ
p + l − 1

up+l−1w + c2w (3.12)

with some c2 > 0.Moreover, by Young’s inequality and Lemma 2.3 we have

2δξ(p − 1)
p + l − 1

∫
Ω

up+l−1w ≤
ε

2

∫
Ω

up+l+γ2−1 + c3(ε)
∫
Ω

w
p+l+γ2−1
γ2

≤ε

∫
Ω

up+l+γ2−1 + c3(ε) (3.13)

and

c2

∫
Ω

w =
c2γ

δ

∫
Ω

uγ2 ≤ ε

∫
Ω

up+l+γ2−1 + c3(ε) (3.14)

with any ε > 0.
Thus, from (3.12)–(3.14), we can get

ξδ(p − 1)
p + l − 1

∫
Ω

(u + 1)p+l−1w −
γξ(p − 1)
p + l − 1

∫
Ω

up+l+γ2−1 ≤

(
2ε −

γξ(p − 1)
p + l − 1

) ∫
Ω

up+l+γ2−1 + 2c3(ε). (3.15)

Substitute (3.15) into (3.1) to get

1
p

d
dt

∫
Ω

(u + 1)p ≤ −
4(p − 1)
(p + m)2

∫
Ω

|∇(u + 1)
p+m

2 |2 +
2αχ(p − 1)
p + θ − 1

∫
Ω

up+θ+γ1−1
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+

(
2ε −

γξ(p − 1)
p + l − 1

) ∫
Ω

up+l+γ2−1 + a
∫
Ω

(u + 1)p − b
∫
Ω

up+κ−1 + c4 (3.16)

for all t ∈ (0,Tmax).
Let θ + γ1 < κ. In view of Young’s inequality, we get

2αχ(p − 1)
p + θ − 1

∫
Ω

up+θ+γ1−1 ≤
b
2

∫
Ω

up+κ−1 + c5 for all t ∈ (0,Tmax). (3.17)

Choosing ε = γξ(p−1)
2(p+l−1) > 0 in (3.16), one can derive

1
p

d
dt

∫
Ω

(u + 1)p ≤ a
∫
Ω

(u + 1)p −
b
2

∫
Ω

up+κ−1 + c6. (3.18)

This proves (3.11).
Let θ + γ1 < l + γ2.We know from Young’s inequality

2αχ(p − 1)
p + θ − 1

∫
Ω

up+θ+γ1−1 ≤
γξ(p − 1)

2(p + l − 1)

∫
Ω

up+l+γ2−1 + c7 for all t ∈ (0,Tmax). (3.19)

Substituting (3.19) into (3.16) and taking ε := γξ(p−1)
4(p+l−1) > 0, we can obtain

1
p

d
dt

∫
Ω

(u + 1)p ≤ a
∫
Ω

(u + 1)p − b
∫
Ω

up+κ−1 + c8. (3.20)

Hence we complete the proof of (3.11) under this case.
Let θ + γ1 < m + 2

n + 1. Without loss of generality, suppose θ + γ1 ≥ max{l + γ2, κ}. Taking
ε := γξ(p−1)

2(p+l−1) > 0 in (3.16), we can obtain by Young’s inequality that

1
p

d
dt

∫
Ω

(u + 1)p ≤ −
4(p − 1)
(p + m)2

∫
Ω

|∇(u + 1)
p+m

2 |2 +
2αχ(p − 1)
p + θ − 1

∫
Ω

(u + 1)p+θ+γ1−1

+ a
∫
Ω

(u + 1)p + c4

≤ −
4(p − 1)
(p + m)2

∫
Ω

|∇(u + 1)
p+m

2 |2 +

(
2αχ(p − 1)
p + θ − 1

+ c9

) ∫
Ω

(u + 1)p+θ+γ1−1 + c10. (3.21)

Using the Gagliardo-Nirenberg inequality and (2.6), we have∫
Ω

(u + 1)p+θ+γ1−1 =∥(u + 1)
m+p

2 ∥

2(p+θ+γ1−1)
p+m

L
2(p+θ+γ1−1)

p+m (Ω)

≤c11∥∇(u + 1)
m+p

2 ∥

2(p+θ+γ1−1)
p+m θ∗

L2(Ω) ∥(u + 1)
m+p

2 ∥

2(p+θ+γ1−1)
p+m (1−θ∗)

L
2

p+m (Ω)

+ c11∥(u + 1)
m+p

2 ∥

2(p+θ+γ1−1)
p+m

L
2

p+m (Ω)

≤c12∥∇(u + 1)
m+p

2 ∥

2(p+θ+γ1−1)
p+m θ∗

L2(Ω) + c12 for all t ∈ (0,Tmax), (3.22)
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with θ∗ =
p+m

2 −
p+m

2(p+θ+γ1−1)
p+m

2 +
1
n−

1
2
∈ (0, 1), where 2(p+θ+γ1−1)

p+m θ∗ < 2 due to θ + γ1 < m + 2
n + 1. This yields(

2αχ(p − 1)
p + θ − 1

+ c9 + 1
) ∫
Ω

(u + 1)p+θ+γ1−1 ≤
4(p − 1)
(p + m)2 ∥∇(u + 1)

m+p
2 ∥2L2(Ω) + c13 (3.23)

with c13 > 0 by Young’s inequality. Now combining (3.21) and (3.23), we have

1
p

d
dt

∫
Ω

(u + 1)p ≤ −

∫
Ω

(u + 1)p+θ+γ1−1 + c13 for all t ∈ (0,Tmax). (3.24)

Thus there exist c14, c15 > 0 such that

1
p

d
dt

∫
Ω

(u + 1)p + c14

∫
Ω

(u + 1)p ≤
1
p

d
dt

∫
Ω

(u + 1)p +

∫
Ω

(u + 1)p+θ+γ1−1

≤ c15 for all t ∈ (0,Tmax). (3.25)

This completes the proof of (3.11). □

Now we are in a position to prove Theorem 1.1.
The proof of Theorem 1.1 Let m, θ, l ∈ R, χ, ξ, a, b, α, β, γ, δ, γ1, γ2 > 0, κ > 1 and p > max{1, 1 −

θ, 2 − θ − γ1, 3 − l, nγ1, nγ2}. If θ + γ1 < max
{
l + γ2, κ,m + 2

n + 1
}
, there exists C > 0 such that∫

Ω
up ≤ C for all t ∈ (0,Tmax) from Lemma 3.2. By the elliptic Lp−estimate applied to the second and

third equations in system (1.6), we have

∥v(·, t)∥W2,p/γ1 (Ω), ∥w(·, t)∥W2,p/γ2 (Ω) ≤ C for all t ∈ (0,Tmax), (3.26)

and hence

∥v(·, t)∥C1(Ω), ∥w(·, t)∥C1(Ω) ≤ C for all t ∈ (0,Tmax) (3.27)

by the Sobolev imbedding theorem. Using the technique of Moser iteration [45, 61], we have

∥u(·, t)∥L∞(Ω) ≤ C (3.28)

for all t ∈ (0,Tmax). Thus it follows from Lemma 2.1 that Tmax = ∞. This concludes the Theorem
1.1. □

Lemma 3.3. Let (u, v,w) be a solution of system (1.6). Assume that θ+γ1 = max{l+γ2, κ} ≥ m+ 2
n +1.

If one of the following three conditions holds:

(a) when θ + γ1 = l + γ2 = κ, if θ ≥ l ≥ 1 and
[(κ − 1 − m)n − 2](2αχ − γξ)

2(l − 1) + (κ − 1 − m)n
< b

or if l ≥ θ ≥ 1 and
2αχ[(κ − 1 − m)n − 2]
2(θ − 1) + (κ − 1 − m)n

< b;

(b) when θ + γ1 = l + γ2 > κ, if θ ≥ l ≥ 1 and 2αχ ≤ γξ;

(c) when θ + γ1 = κ > l + γ2, if θ ≥ 1 and
2αχ[(κ − 1 − m)n − 2]
2(θ − 1) + (κ − 1 − m)n

< b,

then for any p > 1 there exists a constant C > 0 such that∫
Ω

(u + 1)p ≤ C for all t ∈ (0,Tmax). (3.29)
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Proof. For θ + γ1 = l + γ2, we can get from (3.16) that

1
p

d
dt

∫
Ω

(u + 1)p ≤ −
4(p − 1)
(p + m)2

∫
Ω

|∇(u + 1)
p+m

2 |2 +

(
2ε −

γξ(p − 1)
p + l − 1

+
2αχ(p − 1)
p + θ − 1

) ∫
Ω

up+θ+γ1−1

+ a
∫
Ω

(u + 1)p − b
∫
Ω

up+κ−1 + c4 for all t ∈ (0,Tmax). (3.30)

(a) Let θ + γ1 = l + γ2 = κ. Then the inequality (3.30) can be rewritten as

1
p

d
dt

∫
Ω

(u + 1)p ≤ −
4(p − 1)
(p + m)2

∫
Ω

|∇(u + 1)
p+m

2 |2 +

(
2ε −

γξ(p − 1)
p + l − 1

+
2αχ(p − 1)
p + θ − 1

− b
) ∫
Ω

up+κ−1

+ a
∫
Ω

(u + 1)p + c4 for all t ∈ (0,Tmax). (3.31)

If θ ≥ l ≥ 1, then we have

1
p

d
dt

∫
Ω

(u + 1)p ≤ −
4(p − 1)
(p + m)2

∫
Ω

|∇(u + 1)
p+m

2 |2 +

(
2ε −

γξ(p − 1)
p + l − 1

+
2αχ(p − 1)
p + θ − 1

− b
) ∫
Ω

up+κ−1

+ a
∫
Ω

(u + 1)p + c4,

≤ −
4(p − 1)
(p + m)2

∫
Ω

|∇(u + 1)
p+m

2 |2 +

[
2ε −

(γξ − 2αχ)(p − 1)
p + l − 1

− b
] ∫
Ω

up+κ−1

+ a
∫
Ω

(u + 1)p + c4 for all t ∈ (0,Tmax). (3.32)

When 2αχ ≤ γξ, by taking ε := 1
4

[
(γξ−2αχ)(p−1)

p+l−1 + b
]
> 0, we can get

1
p

d
dt

∫
Ω

(u + 1)p ≤ −
1
2

[
(γξ − 2αχ)(p − 1)

p + l − 1
+ b

] ∫
Ω

up+κ−1 + a
∫
Ω

(u + 1)p + c4 for all t ∈ (0,Tmax).

(3.33)

This yields (3.29).
When 2αχ > γξ, take p ∈ (1, 2αχ−γξ+b(l−1)

(2αχ−γξ−b)+
) to ensure ε = 1

4

[
b − (2αχ−γξ)(p−1)

p+l−1

]
> 0 in (3.30). We

deduce

1
p

d
dt

∫
Ω

(u + 1)p ≤ −
1
2

[
b −

(2αχ − γξ)(p − 1)
p + l − 1

] ∫
Ω

up+κ−1 + a
∫
Ω

(u + 1)p + c4 (3.34)

for all t ∈ (0,Tmax). This concludes (3.29) with p ∈ (1, 2αχ−γξ+b(l−1)
(2αχ−γξ−b)+

). So it suffices to deal with the case
of 2αχ − γξ − b > 0. Since [(κ−1−m)n−2](2αχ−γξ)

2(l−1)+(κ−1−m)n < b, we can take p0 ∈ ( (κ−1−m)n
2 , 2αχ−γξ+b(l−1)

(2αχ−γξ−b) ).
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In view of Gagliardo-Nirenberg inequality , we have∫
Ω

(u + 1)p+κ−1 =∥(u + 1)
m+p

2 ∥
2(p+κ−1)

p+m

L
2(p+κ−1)

p+m (Ω)

≤c15∥∇(u + 1)
m+p

2 ∥
2(p+κ−1)

p+m θ0

L2(Ω) ∥(u + 1)
m+p

2 ∥
2(p+κ−1)

p+m (1−θ0)

L
2p0
p+m (Ω)

+ c15∥(u + 1)
m+p

2 ∥
2(p+κ−1)

p+m

L
2p0
p+m (Ω)

≤c16∥∇(u + 1)
m+p

2 ∥
2(p+κ−1)

p+m θ0

L2(Ω) + c16 for all t ∈ (0,Tmax), (3.35)

with θ0 =
m+p
2p0
−

m+p
2(p+κ−1)

m+p
2p0
+ 1

n−
1
2
∈ (0, 1) when p > p0. Due to p0 >

(κ−1−m)n
2 , we have 2(p+κ−1)

p+m θ0 < 2. By Young’s

inequality, for any ϵ > 0 we have∫
Ω

(u + 1)p+κ−1 ≤ ϵ∥∇(u + 1)
m+p

2 ∥2L2(Ω) + c17(ϵ) (3.36)

with some c17(ϵ) > 0. Choosing ε = b
2 in (3.31), we can take ϵ small enough to obtain

1
p

d
dt

∫
Ω

(u + 1)p ≤ −c18

∫
Ω

(u + 1)p+κ−1 + a
∫
Ω

(u + 1)p + c19 for all t ∈ (0,Tmax). (3.37)

This yields (3.29). If l ≥ θ ≥ 1, taking 2ε = γξ(p−1)
p+l−1 , we have

1
p

d
dt

∫
Ω

(u + 1)p ≤ −
4(p − 1)
(p + m)2

∫
Ω

|∇(u + 1)
p+m

2 |2 +

(
2ε −

γξ(p − 1)
p + l − 1

+
2αχ(p − 1)
p + θ − 1

− b
) ∫
Ω

up+κ−1

+ a
∫
Ω

(u + 1)p + c4,

= −
4(p − 1)
(p + m)2

∫
Ω

|∇(u + 1)
p+m

2 |2 +

[
2αχ(p − 1)
p + θ − 1

− b
] ∫
Ω

up+κ−1

+ a
∫
Ω

(u + 1)p + c4 for all t ∈ (0,Tmax). (3.38)

Taking p ∈ (1, 2αχ+b(θ−1)
(2αχ−b)+

) to ensure b − 2αχ(p−1)
p+θ−1 > 0, we can get

1
p

d
dt

∫
Ω

(u + 1)p ≤ a
∫
Ω

(u + 1)p + c4 for all t ∈ (0,Tmax). (3.39)

This proves (3.29) with p ∈ (1, 2αχ+b(θ−1)
(2αχ−b)+

). So it suffices to deal with the case of 2αχ − b > 0. Since
2αχ[(κ−1−m)n−2]
2(θ−1)+(κ−1−m)n < b, we can take p1 ∈ ( (κ−1−m)n

2 , 2αχ+b(θ−1)
(2αχ−b) ). Using the Gagliardo-Nirenberg inequality

once more, we have
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∫
Ω

(u + 1)p+κ−1 =∥(u + 1)
m+p

2 ∥
2(p+κ−1)

p+m

L
2(p+κ−1)

p+m (Ω)

≤c20∥∇(u + 1)
m+p

2 ∥
2(p+κ−1)

p+m θ1

L2(Ω) ∥(u + 1)
m+p

2 ∥
2(p+κ−1)

p+m (1−θ1)

L
2p1
p+m (Ω)

+ c20∥(u + 1)
m+p

2 ∥
2(p+κ−1)

p+m

L
2p1
p+m (Ω)

≤c21∥∇(u + 1)
m+p

2 ∥
2(p+κ−1)

p+m θ1

L2(Ω) + c21 for all t ∈ (0,Tmax), (3.40)

with θ1 =
m+p
2p1
−

m+p
2(p+κ−1)

m+p
2p1
+ 1

n−
1
2
∈ (0, 1) when p > p1. Due to p1 >

(κ−1−m)n
2 , we have 2(p+κ−1)

p+m θ1 < 2. By Young’s

inequality, for any ϵ1 > 0 we have∫
Ω

(u + 1)p+κ−1 ≤ ϵ1∥∇(u + 1)
m+p

2 ∥2L2(Ω) + c22(ϵ1) (3.41)

with some c22(ϵ1) > 0. Choosing 2ε = γξ(p−1)
p+l−1 , in (3.38), we can take ϵ1 small enough to obtain

1
p

d
dt

∫
Ω

(u + 1)p ≤ −c24

∫
Ω

(u + 1)p+κ−1 + a
∫
Ω

(u + 1)p + c25 for all t ∈ (0,Tmax), (3.42)

with c24, c25 > 0. This yields (3.29).
(b) Let θ + γ1 = l + γ2 > κ. Since θ ≥ l ≥ 1, we can obtain from (3.30)

1
p

d
dt

∫
Ω

(u + 1)p ≤ −
4(p − 1)
(p + m)2

∫
Ω

|∇(u + 1)
p+m

2 |2 +

(
2ε −

γξ(p − 1)
p + l − 1

+
2αχ(p − 1)
p + θ − 1

) ∫
Ω

up+θ+γ1−1

+ a
∫
Ω

(u + 1)p − b
∫
Ω

up+κ−1 + c4

≤ −
4(p − 1)
(p + m)2

∫
Ω

|∇(u + 1)
p+m

2 |2 +

[
2ε −

(γξ − 2αχ)(p − 1)
p + l − 1

] ∫
Ω

up+θ+γ1−1

+ a
∫
Ω

(u + 1)p − b
∫
Ω

up+κ−1 + c4 for all t ∈ (0,Tmax). (3.43)

For 2αχ ≤ γξ, by letting ε = (γξ−2αχ)(p−1)
4(p+l−1) , we know

1
p

d
dt

∫
Ω

(u + 1)p ≤ −
(γξ − 2αχ)(p − 1)

2(p + l − 1)

∫
Ω

up+θ+γ1−1 + a
∫
Ω

(u + 1)p + c4 (3.44)

for all t ∈ (0,Tmax). This implies (3.29).
(c) Let θ + γ1 = κ > l + γ2. Taking ε = γξ(p−1)

2(p+l−1) in (3.16), we have

1
p

d
dt

∫
Ω

(u + 1)p ≤ −
4(p − 1)
(p + m)2

∫
Ω

|∇(u + 1)
p+m

2 |2 −

(
b −

2αχ(p − 1)
p + θ − 1

) ∫
Ω

up+κ−1

+ a
∫
Ω

(u + 1)p + c4 for all t ∈ (0,Tmax). (3.45)

The process of proof is same as the case (a) with θ + γ1 = κ + l + γ2 and l ≥ θ ≥ 1. Thus we omit them
here. □
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The proof of Theorem 1.3 With the aid of Lemma 3.3 and Moser iteration in [45, 61], we can
obtain the boundedness of ∥u(·, t)∥L∞(Ω) for all t ∈ (0,Tmax). And we can also get the boundedness
of ∥v(·, t)∥C1(Ω) and ∥w(·, t)∥C1(Ω) by (3.27) for all t ∈ (0,Tmax). Hence we deduce from Lemma from
Lemma 2.1 that Tmax = ∞. This completes the proof of Theorem 1.3. □
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16. W. Jäger, S. Luckhaus, On explosions of solutions to a system of partial differential equations mod-
eling chemotaxis, Trans. Amer. Math. Soc., 329 (1992), 819–824. https://doi.org/10.1090/S0002-
9947-1992-1046835-6

17. T. Nagai, Blow-up of radially symmetric solutions to a chemotaxis system, Adv. Math. Sci. Appl.,
5 (1995),581–601.

18. T. Senba, T. Suzuki, Chemotactic collapse in a parabolic-elliptic system of mathematical biology,
Adv. Differ. Equation, 6 (2001), 21–50.

19. T. Senba, T. Suzuki, Weak solutions to a parabolic-elliptic system of chemotaxis, J. Funct. Anal.,
191 (2002), 17-51. https://doi.org/10.1006/jfan.2001.3802

20. M. Winkler, How unstable is spatial homogeneity in Keller-Segel systems? A new critical mass
phenomenon in two-and higher-dimensional parabolic-elliptic cases, Math. Ann., 373 (2019),
1237–1282. https://doi.org/10.1007/s00208-018-1722-8

21. D. Liu, Y. Tao, Boundedness in a chemotaxis system with nonlinear signal production, Appl.
Math. J. Chin. Univ. Ser. B, 31 (2016), 379–388. https://doi.org/10.1007/s11766-016-3386-z

22. M. Winkler, A critical blow-up exponent in a chemotaxis system with nonlinear signal production,
Nonlinearity, 31 (2018), 2031–2056. https://doi.org/10.1088/1361-6544/aaaa0e

23. J. I. Tello, M. Winkler, A chemotaxis system with logistic source, Comm. Partial Differ. Equation,
32 (2007), 849–877. https://doi.org/10.1080/03605300701319003

24. Z. Wang, T. Xiang, A class of chemotaxis systems with growth source and nonlinear secretion,
preprient, arXiv :1510.07204.

25. M. Winkler, Chemotaxis with logistic source: very weak global solutions and boundedness prop-
erties, J. Math. Anal. Appl., 348 (2008), 708–729. https://doi.org/10.1016/j.jmaa.2008.07.071

26. G. Viglialoro, Very weak global solutions to a parabolic-parabolic chemotaxis-system with logistic
source, J. Math. Anal. Appl., 439 (2016), 197–212. https://doi.org/10.1016/j.jmaa.2016.02.069

27. M. Winkler, The role of superlinear damping in the construction of solutions to drift-
diffusion problems with initial data in L1, Adv. Nonlinear Anal., 9 (2020), 526–566.
https://doi.org/10.1515/anona-2020-0013

28. M. Winkler, Attractiveness of constant states in logistic-type Keller-Segel systems in-
volving subquadratic growth restrictions, Adv. Nonlinear Stud., 20 (2020), 795–817.
https://doi.org/10.1515/ans-2020-2107

29. G. Viglialoro, T. E. Woolley, Eventual smoothness and asymptotic behaviour of solutions to a
chemotaxis system perturbed by a logistic growth, Discrete Contin. Dyn. Syst. Ser. B, 23 (2018),
3023–3045. https://doi:10.3934/dcdsb.2017199

Electronic Research Archive Volume 31, Issue 1, 299–318

http://dx.doi.org/https://dx.doi.org/10.4310/MAA.2001.v8.n2.a9
http://dx.doi.org/https://doi.org/10.1016/j.jde.2010.02.008
http://dx.doi.org/https://doi.org/10.1016/j.matpur.2013.01.020
http://dx.doi.org/https://doi.org/10.1090/S0002-9947-1992-1046835-6
http://dx.doi.org/https://doi.org/10.1090/S0002-9947-1992-1046835-6
http://dx.doi.org/https://doi.org/10.1006/jfan.2001.3802
http://dx.doi.org/https://doi.org/10.1007/s00208-018-1722-8
http://dx.doi.org/https://doi.org/10.1007/s11766-016-3386-z
http://dx.doi.org/https://doi.org/10.1088/1361-6544/aaaa0e
http://dx.doi.org/https://doi.org/10.1080/03605300701319003
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2008.07.071
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2016.02.069
http://dx.doi.org/https://doi.org/10.1515/anona-2020-0013
http://dx.doi.org/https://doi.org/10.1515/ans-2020-2107
http://dx.doi.org/https://doi:10.3934/dcdsb.2017199


316

30. M. Winkler, Blow-up in a higher-dimensional chemotaxis system despite logistic growth restric-
tion, J. Math. Anal. Appl., 384 (2011), 261–272. https://doi.org/10.1016/j.jmaa.2011.05.057

31. M. Winkler, How far can chemotactic cross-diffusion enforce exceeding carrying capacities?, J.
Nonlinear Sci., 24 (2014), 809–855. https://doi.org/10.1007/s00332-014-9205-x

32. J. Lankeit, Chemotaxis can prevent thresholds on population density, Discrete Contin. Dyn. Syst.
Ser. B, 20 (2015), 1499–1527. https://doi.org/10.3934/dcdsb.2015.20.1499

33. K. Kang, A. Stevens, Blowup and global solutions in a chemotaxis-growth system, Nonlinear
Anal. Real World Appl., 135 (2016), 57–72. https://doi.org/10.1016/j.na.2016.01.017

34. M. Winkler, Finite-time blow-up in low-dimensional Keller-Segel systems with logistic-type su-
perlinear degradation, Z. Angew. Math. Phys., 69 (2018), 40. https://doi.org/10.1007/s00033-018-
0935-8

35. H. Yi, C. Mu, G. Xu, P. Dai, A blow-up result for the chemotaxis system with non-
linear signal production and logistic source, Discrete Contin. Dyn. Syst. B, 22 (2017).
https://doi.org/10.3934/dcdsb.2020194

36. M. Winkler, Emergence of large population densities despite logistic growth restrictions in
fully parabolic chemotaxis systems, Discr. Cont. Dyn. Syst. Ser. B, 22 (2017), 2777–2793.
https://doi.org/10.3934/dcdsb.2017135

37. Z. Szymanska, C. Morales-Rodrigo, M. Lachowicz, M. Chaplain, Mathematical modelling of
cancer invasion of tissue: The role and effect of nonlocal interactions, Math. Models Methods
Appl. Sci., 19 (2009), 257–281. https://doi.org/10.1142/S0218202509003425

38. M. Winkler, Does a ”volume-filling effect” always prevent chemotactic collapse?, Math. Methods
Appl. Sci., 33 (2010), 12–24. https://doi.org/10.1002/mma.1146
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