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Abstract: This paper focuses on the energy equality for weak solutions of the nonhomogeneous
incompressible Hall-magnetohydrodynamics equations in a bounded domain Q c R"(n > 2). By
exploiting the special structure of the nonlinear terms and using the coarea formula, we obtain some
sufficient conditions for the regularity of weak solutions to ensure that the energy equality is valid. For
the special case n = 3, p = g = 2, our results are consistent with the corresponding results obtained by
Kang-Deng-Zhou in [Results Appl. Math. 12: 100178, 2021]. Additionally, we establish the sufficient
conditions concerning Vu and Vb, instead of u and b.
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1. Introduction

The goal of this paper is to study the energy equality for weak solutions of the nonhomogeneous
incompressible Hall-magnetohydrodynamics (Hall-MHD) equations in Q X (0, T'),

0; (ou) +div(pu @ u) — uAu+ VP — (VX b) x b =0, (1.1)
v
c?tb+d1Vx(M)—Vx(uxb)—Ab:O, (12)
o
8,0 + div (ou) = 0, (13)
divu =0, div b =0, (1.4)

with initial data

pu(x, 0) = pouo(x), p(x,0) = po(x), b(x,0) = bo(x), (1.5)
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and homogeneous Dirichlet boundary conditions

u=0, b=0 on 9Qx(0,7), (1.6)
where Q ¢ R" (n > 2) is bounded with 0Q € C2. p,u, b and P are the density, velocity field, magnetic
field and scalar pressure, respectively. The constant ¢ > 0 represents the viscosity coefficient of the
flow. The term d;V X ( W) denotes the Hall effect, and d; is the Hall coefficient.

In 1960, Lighthill [1]said that the MHD equations cannot provide a precise description of physical
phenomena and introduced first the Hall term into the MHD equations, which constitute the so-called
Hall-MHD equations. Subsequently, Arichetogaray et al. [2] analyzed the Hall-MHD equations from
either a two-fluid Euler-Maxwell system for electrons and ions or kinetic models, which are used
for describing many physical phenomena in geophysics and astrophysics, such as the magnetic re-
connection of space plasma, star formation and neutron stars. From the mathematical viewpoint, the
Hall-MHD equations have been widely studied, involving the local and global well-posedness [2-5],
blow-up criteria [4,6], large time behavior [7-10], Liouville-type theorems [11-14] and energy con-
servation [15,16]. Itis worth pointing out that Kang et al. [16] recently studied the energy conservation
for systems (1.1)—(1.4) in a bounded domain Q C R? and obtained that if weak solutions (p, u, b, P)
satisfy

0<ci <p(x,1) < ey <oo, ubeL™0,T;L*(Q)NLY0,T; H(Q)),

1.7
PeL*((0,T)xQ), u,be L*((0,T)xQ), VxbeL*(0,T)xQ), 147
then the following energy equality is valid:
1 1 ! !
f (—p ul* + = |b|2)dx + f f w|Vul* dxds + f f \Vb|* dxds
Q 2 2 0 Q 0 Q (1 8)

1 1
=f(ﬂmw+4mﬂw,w6wfy
al\2 2

Concerning the energy equality for the MHD equations, one can refer to the works [17-20], etc.

When b = 0, systems (1.1)—(1.4) reduce to the incompressible Navier-Stokes system. For the energy
equality of the incompressible Navier-Stokes system, the Lions-Shinbrot type criterion on the velocity
was obtained by Lions [21], Shinbrot [22], Da Veiga and Yang [23] and Yu [24]. Later, Yu [25]
extended Shinbrot’s result to the bounded domain, with an additional Besov regularity imposed on
the velocity, which is essential to deal with the boundary effects, and Nguyen et al. [26] handled the
boundary effects without requiring extra conditions of velocity field u near the boundary.

For the energy equality of the compressible Navier-Stokes equations, Yu [27] proved the energy
equality holds true if u € LVLY, p is bounded, and +jp € L*(0,T; H'(Q)). Later on, Chen et al. [28]
extended the result of [27] to the bounded domain by performing global mollification. In addition, it
is worth mentioning that Berselli and Chiodaroli [29], Liang [30] and Wang and Ye [31] derived the
energy equality criteria in terms of the velocity and its gradient.

Inspired by the works [16, 26, 31], we provide sufficient conditions on the regularity of solutions
for systems (1.1)—(1.4) to ensure the energy equality holds. Compared with the results of [16], we
obtain the sufficient conditions concerning Vu and Vb, rather than u and b, to guarantee that the energy
equality is valid.

Before stating our main results, we give the definition of weak solutions to systems (1.1)—(1.4).
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Definition 1.1. A couple (p, u, b, P) is called a weak solution to systems (1.1)—(1.4) with initial data
(1.5) if (o, u, b, P) satisfies the following,

1) Equations (1.1)—(1.4) hold in D’(0, T'; 2), and
b1, plul* € L¥(0,T; LY (Q)), Vu,Vb e L*(0,T; L*(Q)). (1.9)

2) p(,) = poin D'(Q) ast — 0, i.e.,

lim f p(x, He(x)dx = f Po(X)p(x)dx, (1.10)
t—0 Q Q

for every test function ¢ € C;’(Q).
3) (ou)(-,t) — poug in D'(Q) ast — 0, i.e.,

lifg f (ou)(x, DY (x)dx = f (Pouo) (XY (x)dx, (L.11)
=0 Ja Q

for every test vector field ¢ € C7(€2)".
4) The energy inequality holds, i.e.,

1 1 ! !
f (—p|u|2+—|b|2)dx+ f f w|Vul* dxds + f f \Vb|* dxds (1.12)
Q 2 2 0 Q 0 Q

1 2 1 2
< — + —|bol” | dx.
fg(zpow 1 o|) X

Next, we state our main results as follows.

Theorem 1.1. Let Q € R*(n > 2) be a bounded domain with C? boundary dQ. The energy equality
(1.8) of weak solutions (p, u, b, P) to systems (1.1)—(1.4) with initial data (1.5) and Dirichlet boundary
conditions (1.6) is valid provided

0<c<plun<c<oo, PelX0,T;LAQ), VxbeL(0,T; L (Q)),

. ) (1.13)
Vu, Vb e L0, T; LQ)), u,be L (0,T; Lr(Q)) N L0, T: LY(Q)),

where 1 < p,g < oo.

Remark 1.1. Thanks to the embeddings

L7770, T; LiT(Q)) — L0, T; LY(Q), 1< p,q<3,
L7(0,T; LQ)) — L (0, T; LT (Q)),  p.q >3,

the conditions u, b € L1 (0, T; L (Q)) N LP(0, T; L4(Y)) in (1.13) could be replaced by the following:

2p 2q
L0, T: Li(Q)), 1< p.qg<3,
u,be{ ( “) Pq (1.14)

LP(0, T; LY(Q)), p.q>3.
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Remark 1.2. Setting n = 3, p = ¢ = 2 in Theorem 1.1, we obtain the sufficient conditions in (1.7) due
to the work [16].

On the other hand, when n = 3, we get the following corollary by exploiting the Gagliardo-
Nirenberg inequality.

Corollary 1.1. Let Q c R? be a bounded domain with C? boundary 0Q and (p, u, b, P) be a weak
solution of systems (1.1)—(1.4) with initial data (1.5) and Dirichlet boundary conditions (1.6). Assume
that one of the following conditions is satisfied:

DO<ec <pxf)<c<oo, PeLX0,T;LX(Q)), VxbeL*0,T;LYQ)),

43
u,b e L0, T; L'(Q)) with { Lo (1.15)
= + =

2) 0 < <p(x1) << oo, PeLX0,T; LX), Vx b e L0, T; L (Q)),

1
-+

Vu, Vb € LP(0,T; LY(Q)) with { i+ (1.16)
p

Then, the energy equality (1.8) holds.

Remark 1.3. The conditions (1.16) show that we can get the regularity involving Vu and Vb, rather
than u and b, to ensure that the energy equality (1.8) is valid.

2. Preliminaries

Let . : R" — R be a standard mollifier, i.e., n(x) = Coe_ﬁ for |x| < 1 and n(x) = O for |x| > 1,

where Cy is a constant such that n(x)dx = 1. For any € > 0, we define the re-scaled mollifier
Rn

1:(x) = =n(%). For any function f € L;

10c(£2), 1ts mollified version is defined as

£ = ene = [ -y, e,
Rn
where Q. =: {x € Q : d(x,9Q) > &}.
Next, we recall the results involving the mollifier established in [26].

Lemma 2.1. ([26])Let2 <n € N, Q C R" be a bounded domain with C? boundary Q, 1 < p,q < o
and f: Qx(0,T) — R.

1) Suppose that f € LP(0, T; LY(€2)). Then, for any 0 < £ < ¢, there holds
IV £l o.rray < €& I oo 7200 - (2.1)
Moreover, if p, g < oo, then
limsup e ||Vfg||U(O,T;Lq(Qﬁ)) =0.

&e—0
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2) Assume f € LP(0,T; L4(Q2)) with p,g < c0cand g : QX (0,7) > Rwith0 <c¢; < g < ¢ < oo.
Then, for any 0 < & < ¢, there holds

Fl7)

gé‘
Lemma 2.2. Let Q C R” be a bounded domain with C? boundary 4, 1 < p, g, p1,q1, P2, ¢ < oo with
11, piz and é = qi + i Assume f € LP1(0,T; W41 (Q)) and g € LP*(0, T; L(Q)). Then, for any

p 1
0< sp l< 0 small, there holds

-1
< Cler,0)e ”f”Lp(o,T;Lq(Q)) . (2.2)
LP(0,T;L9(Qs))

I(fg)* — fggSHLp(o,T;Lq(Qzﬁ)) < Cellfllri o.r:wrar @ 18l Lr20.7:22 ) - (2.3)
Moreover, if p;, g, < oo, then
. -1
limsupe™ ||(fg)° - f888||Lp(o,T;Lq(925)) =0. (2.4)
&—0

Remark 2.1. The above lemma with p = g, p; = ¢g; and p, = g, was proved in [26].

Proof. The proof is similar to that of [19, Lemma 2.2]. For any (x, s) € Q5 X (0,7), Qys C Qs C Q,
we know that

(feyY —f¢ =R -(f - -9 (2.5)
and

R8

I
S— 5

(G ) = £(x 9)(80% 5) = 8Cx. 8))ne(x = )y

X—Yy
&

(O 9) = £x, 9)(80 9) - 8(x, S))én( )dy

\[Bu,s) (70,9 = 15950 5) = g 90) on (=)

= f 0 (fCx+e2,5) = flx, )80+ £2, 5) = g(x, )2z,
B(0,1)

where z = y_Tx and B(x, €) is an open ball centered at x with radius . The triangle inequality yields

||(fg)‘p - fggg”Lp(o,T;Lq(on.)) < ||R£||Lp(0,T;Lq(Q2(,~)) + ||(f‘p - f)(gg - g)”Lﬁ((),T;Lq(Qzﬁ)) . (2.6)
Next, we will handle the term [|R®||1»0.7.100,,))- By utilizing the Minkowski inequality and Holder
inequality, we get

”RSHLP(O,T;L‘!(Qzé))

f . (fCx+ 82,9 = f(x,9))(gCx + £2, 5) = g(x, ) n(2)dz
B(O,

LP(0,T;L9(Q95))

In(2)l dz 2.7)

LP(0,T;L(Q26))

<f3(071) ”(f(x +¢z,8) — f(x, s))(g(x +ez,8) — g(x, s))

<f Ilf(x+ez,5) — f(x, S)”Llll(()’T;L‘il(QZ(;))
B(0,1)

X (Ilg(x + &2, 2 0.1:192(005)) + 118X, S)||LP2(0,T;L112(Q2§)))dZ-
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Due to |z] < 1, we have

llg(x + &z, S)”Lf’z(O,T;LqZ(Qza))

T = »
:{f (f lg(x + &z, )| dx) a’s}
0 Qo5
T = ”
<{f (f lg(x + ez, )| d(x + sz)) ds} (2.8)
0 Qs

=|lg(x, S)||U2(0,T;L42(Q5))’
and

llg(x, S)”Lpz(o,T;qu(gzﬁ)) < lg(x, S)”LPZ(O,T;LQZ(Qd))- (2.9)

On the other hand, in view of Leibniz’s formula, we conclude that
1
f(x+ez,5)— f(x,s) = f 0y f(x + ez, 5)dO
0

1
:f Vf(x+ 6ez, 5)dO - ez.
0

Taking the norm for both sides of the above formula, we deduce

H(f(x +ez,5) — f(x, s))

LP1(0,T;L91 (€25))

=&

1
f Vf(x+6ez,5)do -z
0

LPI(0,T5L71(Q25))

1
<e f V£ (x + 662, )| 0,711 1340 (2.10)
0

1
< 8f V£, Il (0,T:L91 (Qé))de
0
< CSHVf(X, S)”LP] (0,T:L91 (Q5))>

where we have used the fact that |z] < 1, 6 € [0, 1], and the constant C > 1 does notrely on 6, z, €, f
and g.
Plugging (2.8)—(2.10) into (2.7) yields

||R8||L1’(O,T;Lq(925)) < Cellfll (0,T; W1 (Qy)) ”g”LPZ(O,T;L‘IZ(Q(;)) . (2.11)

For the second term of the right hand side of (2.6), one has
I(f° =g -9l = fQ £, 8) = f(x, $)Ins(x — y)dy fg lg(y, $) = g(x, )lne(x — y)dy
1 (x—-y 1 (x—-y
- fﬂ (0.9 = £ 9) —n (=2 )y fQ (80 9) = 80x,9) (=2 )y

:fB( )(f(y, $) = £(x,9)(80 9) - 8(x, s))én(x_y)dy 2.12)

&
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:j;(o . (f(x +&z,8) — f(x, S))(g(x + &z, 5) — g(x, S))T](Z)dz,
where z = == Similar to (2.7), we arrive at

NG = g - g)”LP(o,T;Lq(QM)) < Cellfllpm (0,7;W"41(Qg)) ||g||U72(0,T;L42(Q§)) . (2.13)

Combining (2.11) and (2.13), we get

I(fg)" - fsgSHLp(o,T;Lq(QM)) < Ce ”f”LM(o,T;Wqu (©Qs)) ||g||LP2(0,T;qu(Q§)) ) (2.14)
which yields (2.3), while (2.4) follows from (2.3) by the density arguments.

Taking into account the boundary terms, we need to use the following coarea formula for 0 < k; < «,

established in [26]:
K2
f f g(@)dH" ' (0)dk = f g(x)dx. (2.15)
K1 BQK le \sz

Lemma 2.3. Let Q C R” be a bounded domain with C? boundary. If f € L?(0,T; Wé’q(Q)), p,q €
[1, o0), then for £ > 0 small,

1A lro i@ < CENIVAlor@amn) - (2.16)

Proof. Lete > 0be small. For any x € Q\(Q),, there exists a unique xjq such that |xyo — x| = d(x, 9Q).
We define the projection mapping as

T(X) = X590
Then, we know that
”VT - id”L‘X’(Q\Qg) = 0(1) as 0 — O, (217)

where id represents the identity matrix.
Thanks to f =0 on dQ x (0, T), from the coarea formula and Leibniz’s rule, we deduce

f |f(x, )17 dx = f f (0, )| dH"™' (O)dk
Q\Q, 0 0Qy
= f f (6, 8) = F(T(6), )" dH"" (B)dk
0 00,
& 1
< f f f IV£(0 + p(T(0) — 6), )| |T(0) — 07 dpdH"~" (6)dk
0 0, JO
& 1
<& f f f IV£(0 + p(T(0) = 0), )l dpd H"™" (8)dk (2.18)
0 0, JO

1
=gl f f IVf(x+ p(T (x) = x), s)|! dxdp.
0 Jaa,

Set 7,(x) =: x + p(7 (x) — x). For £ > 0 small and p € (0, 1), we conclude from (2.17) that
1 3
5 < |det(VT ,(x)] < 3 and 7,(Q\Q,) C Q\Q,,.
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Therefore,

1 1 dx
\Y T (x) — x), $)|?dxdp = Viix,s)? d,
fo fg o VG pT @) = 0.9 dxdp fo fr eV T

P

< 2f [V£(x,s)?dx, (2.19)
Q\Q,

which combined with (2.18) yields (2.16).
3. Proof of Theorem 1.1 and Corollary 1.1

In this part, we first give the proof of Theorem 1.1. Unlike the periodic region, we are concerned
with the boundary terms produced by using integration by parts. Then, making use of the Gagliardo-
Nirenberg inequality, we prove Corollary 1.1 by the results of Theorem 1.1.

Proof of Theorem 1.1. First of all, we denote m =: V X b and mollify the systems (1.1)—(1.4) in space
to obtain

8, (ou)’ + div (ou ® u)® — uAu’ + VP* — (m X b)* = 0, 3.1)
6tb‘9+d,V><(mXb) — VX (uxb) — Ab* =0, (3.2)
8,0° + div (pu)® = 0, (3.3)
div u = 0, div b° =0, (3.4)

in Q. x (0,T). Next, selecting 0 < € < £/10 < &/10 < ry/100, we multiply (3.1) by (pou)*/p® and
integrate on (7,1) X Q,, with 0 < 7 <t < T. Choosing &3 > 0 small, by integrating with respect to &,
on (&1, & + &3), we have

E1t+E3 & E1t+E3 &
f (p”) 8, (pu)® dxdsde, + — f f f (pu ) div (pu ® u)® dxdsds,

E1+E3 & E11+E3 £
- — f f (p “) uAu‘gdxdsdaz + — f (p ) VP?dxdsde,
Q Q.

€2

E1+E3 &
- — f (p ) (m X b)°dxdsde, 3.5
:F+G+H+K+L

The terms F, G, H, K and L will be estimated, separately, as follows.
Estimate of F. By direct calculations and (3.3), we arrive at

£1+E3 12 E1+E3 g2
F = —f ff at(l(p”” )d dsd82+—f ff |(p ) | dxdsdez
283
E1+E3 g2 E1+E3 g2
f ff&,(Kpu)')dddz——f ffdl(p)KpHdddsz
283

=. F1+F2,
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where F is the desired term, while F» will be canceled with G4 later.

Estimate of G. Taking advantage of integration by parts and free divergence condition (3.4) im-
plies

G = l o f f (pL:)sdiV[(pu ® u)° — (ou)° ® u®ldxdsde,

1 Gy +—j.‘91 &ff Vi(pu)® & —dxdsdsz
283
: G, +— f o f f l(ou)?|? n(@)dH” LO)dsde,
283
f o f f |(ou)® |2d1V( )dxdsdsz
283
G1+— f o f f |(pu)€|2 n(e)dH" LO)dsde,
283
E11E3 £12
f ffd(p”)l(p”dddgz
283
: Gy +— f o f f l(ou)?|? n(e)dH" LO)dsde,
283
E11E3 12
283f ff div[(p°u®) — (pu)g]l(’(;)))| dxdsde,

o )P
div (pu)® dxdsde
283f f fg (o) (o X562

=: G, + Gy + G3 + Gy,

d1V ((ou)® ® u®) dxdsde,

where the superscript “bdr” in G5?" indicates that the term includes a boundary layer, and it is clear
that G4 + F, = 0. Thus, we only consider the terms Gy, G’z’d’ and G;. First of all, for G, and Gj3, by
exploiting integration by parts, we have

G =— 81+83ff ((p )8) [(ou ® u)® — (pu)® ® u®ldxdsde,

+ o f (p )6 [(ou ® u)* — (pu)® ® u’ln(O)dH""' (O)dsde,
0.,

. bd
=: G“ + Glzr,

and
Gy - - f f (("”)8) ((" )s)[oos °) — (puyldxdsde,
[ —
+§8_3 f fa G 0~ o @ \(O)dsds,

Electronic Research Archive Volume 31, Issue 1, 17-36.
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— G31 + der
For G, by Holder’s inequality, Lemma 2.1 (i1) and Lemma 2.2, we get

1 E1+E3 ! &
Gl = |— f f f V(pu) [(ou ® u)® — (pu)® ® u®ldxdsde,
€3 Jg T JQ,, pg
] E1+E3 &
e
&3 p LPT(0,T;L7T (Q)

X [lGou ® w)* = (pu)* @ u’]|| 2

Lp+1 0,T; Lq+] Q)
&
< |fl5)
ol

2
< C lull” 5, 2 el wra)) »
LP=1(0,T;L971 ()

ellull 2 20 Nlutll oo, w10
L%(O,T:L%(Q)) L EEERE)

which implies

lim sup limsup |G| = 0

e—0 0

Similarly, we deduce

Gal= |- [ f f ((””)g) (("Lf)[(pguﬁ—(pu)g]dxdsdsz

€3 Jg Y
<L e V((PL)S)

&3 p° Nt o @) P° M ot @)

X I[(e°u®) = (P”)s]”ur(o,T;Lq(Q)) de;
(pu)®
<c Hv(p—) s W
X Pl 0,72 1l oo, 7;w1a())

< C ull,, 2 Pl =) 1l e, wra) -

LP=T(0,T;L97T ()

Asp € L*(0,T; L*(Q)), u € LF(0, T; W"4(Q)), we obtain

lim sup lim sup |G3;| = 0

-0 70

Next, we estimate the boundary terms G5%, G?¥" and G%%". For G5¥, we employ coarea Eq (2.15),

Hoélder’s inequality and Lemma 2.3 to conclude

£1,6—0 -0 £1,6—0 -0

1 ! &
lim sup lim sup |G5%| = lim sup lim sup [~— f f I(pu)slzu—n(x)dxd s
2e3 Jr Ja, )\, p*

C

< — lull , 2 Nl o710
263 QT 1(9\951) O.T;L1(N\Q5)

< Cllull P 2 ”Vu”LP(O,T;Lq(Q\ngs))-
Lr=1(0,T;L4 1 (Q\Q,,))

Since Vu € LP(0,T; L4(QY))and u € L% O, T; L%(Q)), by letting &3 — 0, we get

lim sup lim sup lim sup |G5%"| = 0
e3—0 £1,e—0 70
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Likewise, for G%4" and G%%", we have

32
lim sup lim sup |G24"
£1,6—0 7—0
. . 1 [ u)®
=lim sup lim sup |— f f b 8) ® — (ou)® @ u’ln(x)dxds
ere-0 150 |83 Jr JO\Quey P
u)®
< — ((ps ) 2 2 IlGou ® u)® — (pu)® ® u?]|| 2 20
&3 P LPT(0,T:L7 T (Q\Q5,)) Lr+(0,T5L9% 1 (Q\Qey))
2
< C ||ull 2 2 ||u||LP(O,T;W1"/(Q\Qg3)) >

Lr-1 (O,T;qu(ﬂ\983))
and

lim sup lim sup |G53"

£1,e—0 70
. . 1 (ow)®P?
=lim sup lim sup |— f f > [(0°u®) — (pu)®In(x)dxds
€1 ,£—0 -0 283 €] \er +e3 (pg)
[(ow)*l?
S — I[G0°u®) - (pu)g]”LP(O,T;LKI(Q\QF )
283 (P ) Lp P-1(0,T;L4- I(Q\Qéz)) 3

<C ||M|| 2p 2 ||u||LI’(O,T;W1~‘I(Q\QS3)) ||P||Lw(0,T;Lw(Q\Q€3)) .
Lr=1(0,T5L47 1 (Q\Q;))

Owing to the assumption (1.13), by letting €3 — 0, we derive

lim sup lim sup lim sup |G%3'] = 0,  lim sup lim sup lim sup |G53'| = 0

e3—0 £1,e—0 70 &30 £1,e—0 70

Estimate of H. We see that

1463 e 8 8 1 e1+E3
f f f (pu) W —P T Aufdxdsde, — — f f uAututdxdsde,
&3
E1t+E3 E1+23
_ Hl 3 _f f f /,tVM n(e)dHn_l(e)de82 + _f f f /,lqusldedeSQ
&3 £] T Qaz

=:H, + H}" + H;.

As Hj is the desired term, we only need to handle terms H, and H?". For Hj, taking advantage of
Holder’s inequality and Lemmas 2.1 (i) and 2.2, we deduce

E1+E3 s_ ey
Hy| = f f f (p”) W P Aufdxdsde,

E1+E3 (pu)g
L [ e
83 &1 p

< Ce ”p”Lw(o,T;Lw(Q)) ||u||L2(0,T;H1(Q)) ”AMSHLZ(O,T;LZ(Q))

N

AU 1200,7:12(02)) &2
L2(0,T;L2(Q)

<C ”p”Lw(o,T;Lw(Q)) ||M||L2(0,T;H'(Q)) ||VM||L2(0,T;L2(Q>) .
According tou € L*(0,T; H'(Q))and p € L¥(0, T; L*(RQ)), we get
lim sup lim sup |H;| = 0

-0 -0
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The boundary term Hgd’ is estimated by using coarea Eq (2.15) and Lemma 2.3 as
lim sup lim sup |H5¥| = lim sup lim sup
£1,6—0 70 £1,6—0 7—0

l !
— f f uVutu®n(x)dxds
€3 Jr J0 \ Qs

C

< ,Us— ||Vu||L2(O,T;L2(Q\Q£3)) ||u||L2(O,T;L2(Q\QS3))
3

< ClIVullzo, 2@, IVull2o, 720005, -

Since u € L*(0, T; H'(Q)), by &3 — 0, we obtain

: : : bdr) _
lim sup lim sup lim sup |H;“| = 0.
e3—0 £1,6—0 -0

Estimate of K. In light of the free divergence condition (3 4), we rewrite K as

E1+E3 (pu)a _ a ut 1te3
K = f f f —— VP%xdsde, + — f f VP°u’dxdsde,
&3

e1t+E3
=K, +— f f Peufn(0)dH" ' (9)dsde,

. bd
=K+ K2 r'

For K;, by making use of Holder’s inequality, we have

£1+&3 & 8 ué
u
K| = f f f e, ) VP dxdsde;
1+&3 (pu)a‘_ £ 8
<= f = IVPNl20.1:200 d&2
€3 Je, p L2(0.T:L*(Q)

<Ce ”p”Lw(o,T;Lw(Q)) ||M||L2(0,T;H'(Q)) ||VP8||L2(0,T;L2(Q))
<C ||p||L°°(o,T;L°°(Q)) ||u||L2(0,T;H1(Q)) ||P||L2(0,T;L2(Q)) :
Due to Lemmas 2.1 (i)and 2.2, one has

lim sup limsup |[K;| = 0
=0 0

Exploiting Holder’s inequality, coarea Eq (2.15) and Lemma 2.3 again, we deduce

1 !
— f f Peutn(x)dxds
&3 Jr J \Q, 1

<= I1Pllz20,7:12 00, el 220075020000, ))
X ;

lim sup lim sup |H2%| = lim sup lim sup
£1,e—0 70 £1,e—0 70

< ClIPll2o 2@, IVull2o 200050, )) -
Owing to u € I2(0,T: H'(Q)) and P € I2(0, T: [A(Q)), by &5 — 0, we derive

lim sup lim sup lim sup |K3%"| = 0

£3—0 £1,6—0 70

Estimate of L. First, it is clear that

e1t+E3 £
L= f ('0 ) (m X b)°dxdsde,
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1 E1t+E3 ! &
_ = f f OO o 5 bYE — m® x bFldxdsdes
0., P°
1 E1+E3 & _ s ut
- — f (pu) ————(m® x b®)dxdsde,
Q.,

+l B 83[[ me[(u® X b®) — (u X b)°ldxdsde, (3.6)

Q.

E1+E3
+ — f f b® -V X (ux b)’dxdsde,

+ = " f f (b° X (u X b)*)n(@)dH" " (8)dsde,
=L, + L2 + L3+ Ly + L’;d’,
where div (b° X (u X b)°) = (u X b)* - VX b® — b® - V X (u X b)®.
Next, multiplying (3.2) by b® yields

b8
mXx ) B =V X (ux b)Y - b — AbF - b = 0. 3.7)

1
Eaf Ib°) + d;V x (

Plugging (3.7) into (3.6), we infer that

e1t+E3 E1+E3
f f —9,|b°) dxdsd82—— f f f Ab? - bPdxdsde,
E1+E3
+— f f d,Vx(mXb) b dxdsde
Qs
e1+E3
=Ly — — f f f Vb® - b°n(0)dH" ' (0)dsde, (3.8)
69

e1t+E3 e1+E3 m X b
f f |Vbe|*dxdsde, + — f f dm® - ( ) dxdsde,
&1 T ng P
E1t+E3 ! X b
f f dib* x (m
&1 T 0Q,,

. bd bd
=:L4 + L42r + Ly + Lyy + L45r,

) n(0)dH" ' (0)dsde,

where Ly, Ly3 are our expected terms, and we just need to deal with the rest of the above items.

For L, applying Holder’s inequality and Lemma 2.2, we have

E1tE3 (p )8
|Ly| = f f f [(m X b)* — m® X b®|dxdsde,
E11E3 (pu)s
S = I 2 2w Mm XD —m® Xb°)|| 20 2 de
€3 P~ L1007 1(Q) LPT(0,T;LI*T(Q))
<C ||M|| 2p 2q gllmll 2 2q ||b||L1’(O,T;W1~‘I(Q))'
LPl(OTL l(Q)) LPl(OTL -1(Q))
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Under the hypothesis (1.13), by e = 0,7 — 0, we obtain

lim sup limsup |L;| =0

-0 70

The term L, is estimated by utilizing Holder’s inequality and Lemma 2.2 as
1 E1tes 4 E _ &€
Lol = |— f f OU P x b )dxdsde
€3 JUg Q. i
(pu)s _ psus

P
1 E1+E3
< J—
&3 f p*

< Ce 0 00 ul|rr 1 mj| 2p 2 b|| > 2 .
ol 0. 7.1 14llLro,7:wracyy Iml| ﬁ(OT;LVqu(Q))” ”LTfl(o,T;Lqqu(g))

l(m® X DI - de,

LI’ 1(0TL‘I 1(Q))

Lr(0,T;L9(Q))

Asp € L¥(0,T; L>(Q)), u € LF(0, T; WH(Q)), we get

lim sup lim sup |L,| = 0

-0 70

Similarly, we deal with L3 and Ly as

e1+E3
|Ls] = f f f m®[(u® X b®) — (u X b)°|ldxdsde,
&3
E1t+E3
< — [|m* || 2 n [ X b%) — (uxbY]|| - y de
&3 P=1(0,T:L9"T (Q)) Ll’“(OTL‘i“(Q))
< C||m|| Ll 2*1 SHMHLP(OTW“?(Q))”b” 2q

() T (0,T;L49~ = (Q))
and

1 1+€3 t b &€
Ll = |— f f f dum® - (m a ) dxdsde,
€3 Jg T JQ, Y
1 E1+E3 t
<C —f f f m® - (m X b)°dxdsde,
&3 &1 T Q‘9
E11+E3
=C|— f f f -[(m x b)® — m® X b®|dxdsde,
&3

E1+E3
<ot lm’ll 2 ag lm X D) =m® XD 2 2 dep
&3 Jg, LP=T(0,T;L4T(Q) Lr+1(0,T;L4+! ()
2
< Cellm||” ,, 2 Dl rwiaq)) -

Lr=1(0,T;L9-T(Q))

Then, we deduce that

lim sup lim sup |L3| = 0, lim sup lim sup |L44| = 0

e—0 70 e—0 70

Next, we treat the terms about the boundary L%4", L34 and L2, separately. For L2, by using coarea
Eq (2.15) and Lemma 2.3, we have

1 t
lim sup lim sup |L59"| =1lim sup lim sup |— f f Vb® - b°n(x)dxds
€3 oy \ Qe 403

£1,6—0 70 £1,e—0 70

Electronic Research Archive Volume 31, Issue 1, 17-36.



31

< o IVDlr20,7; 1200, 1Pll2200, 7512000, )
3
< ClIVBllo. 2@, IVOll20.7: 12000, )) »

which, together with b € L*(0, T; H'(Q)), implies

lim sup lim sup lim sup |L53"| =
£3—0 £1,6—0 -0

Similarly, for L2 and L2, we get

lim sup lim sup |2
£1,e—0 70

1 (" x b\°
=lim sup lim sup |— f f dib® x (m ) n(x)dxds
£1,6—0 ™0 |€3 Jr Qe \ Qg 45 p

1 !
< Climsup limsup |[— f f {b® X [(m X b)® —m® X b®] + b® x m® X b®} n(x)dxds
&3 o \ Qe 4o

£1,e—0 70

— ||b‘9|| 2 [l(m X b)* — m® X b°|| 2 2
&3 L T OTLTT I(Q\Q€3 ) LT (OTLq*l(Q\Qg3))

+ — ||b|| 2 ||m|| 2 161l Lr0.7: 192\, ))
P T 0,T;L9~ =l (Q\Q¢5)) LP=T(0,T; Lq =l (Q\Q)) 3

Cllbll [ limll 2 % 161lr 0,7 wra@10.)
OTLET@Q) LT OTLET (@\0p) ’

+CWbN 2 lmll 2o 2 IVOllLr0.7:1000\Q0, ) »
OTLET @@ LPTOTLET (@\4) 3

and

lim sup lim sup |2

£1,6—0 =0

1 !
= lim sup lim sup |— f f b® x (u X b)°n(x)dxds
O\ 65

£1,6—0 70 &3

1 !
= lim sup lim sup - f f (bs X [(u x b)® —u® x b°] + b® X u® x bg)n(x)dxds
3 Fl \Qt“l +F3

£1,6—0 70
— IIb Il 2 I(u X b)* — u® X b°|| -
L” '(OTL‘i 1(Q\Qq)) L”*' (0TLq+‘(Q\Qs3))
= IbII?
+ —IDIF 5, 2 luller0.7:00 @004, )

&3 LP=T(0,T;L9 T (Q\Qe,))

2
SCIbIm o lullzoo7wra@00,))
LPTOT5LET (@\Qy) ’

2
+CblI” 5, 2 IVullLro.7:L9@\0s, ) -
Lr=1(0,T5L47 1 (Q\ Q) ’

Under the assumption (1.13), by letting €3 — 0, we obtain

lim sup lim sup lim sup |Lbd’| =0, limsuplimsuplimsup ILZd’I =0.

£3—0 £1,6—0 -0 £3—0 £1,6—0 70
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Then, we collect all the above estimates F'y, H3, L4;, L4z and put them into the right side of equation
lim sup lim sup lim sup

(3.5) to conclude
1 E1+E3 t 1 £12 1 ‘
1 f f f a,(-'(p”) . -|bé|2)dxdsdsz
30 £1,6—0 0 &3 &1 T ng 2 ps 2

1 E1+E3 ! 1 E1+E3 !
+— f f ulVue Pdxdsde, + — f f f \Vb®Pdxdsde,
€3 Jg r Ja, €3 Jg T JQ,

Using the weak continuity of p, pu in(1.10) and (1.11) and limits

=0.

1 E1+E3 f 73
lim sup lim sup lim sup —f f f ,uqu""lzdxdsdsz —f fuIVulzdxds =0,
&3—0 e1,6—0 7—0 €3 Jg T JQ,, 0 JQ
1 1+&3 ! !
lim sup lim sup lim sup |— f f f \Vb*|*dxdsde, — f f |Vb|*dxds| = 0,
&3—-0 £1,6—0 0 €3 Jg T JQ, 0 JQ
and
. ‘ . 1 £1+E3 t 1 o0 ! 1 5
lim sup lim sup lim sup |— =0, |b*|"dxdsde, — =0, |b|"dxds| = 0,
£3—0 £1,e—0 70 &3 &1 T Q, 2 0 Q 2

we finish the proof of Theorem 1.1.
In what follows, we will prove Corollary 1.1 based on Theorem 1.1, where n = 3.

Proof of Corollary 1.1. First, we prove the first case of (1.15). The basic regularity of weak solutions
gives u, b € L=(0,T; L>(Q)) N L*(0, T; H'(Q)). Choosing p = g = 2 in (1.13), we know from Theorem
1.1 that the conditions u, b € L*(0,T; L*(Q)) and V x b € L*(0, T; L*(Q)) could guarantee the energy
equality (1.8). Thus, to prove the first case of (1.15), it suffices to prove that u, b € L*(0, T; L'(Q)) with
2+2 = 1,1 > 4couldyield u,b € L*(0, T; L*(Q)). To this end, with the help of the Gagliardo-Nirenberg
inequality, we have

—4

o
||u||L4(O,T;L4(Q)) < C ”u“LZ;AEO’T;Lz(Q)) ”M”Z?{B’T;LI(Q)) < C’

=4

||b||L4(O,T;L4(Q)) < C ||b||z:zO7T’L2(Q)) ||b||lzlta_(%’T’Lt(Q)) < C7

which finishes the proof of the first case of (1.15).
Next, we consider the second case of (1.15) with % + % = 1,3 < t < 4. Using the Gagliardo-
Nirenberg inequality, we deduce

34-1 t
2(6-1) 2(6-1)
||u||L4(O,T;L4(Q)) <C ||u||L2((;,T;L6(Q)) ”M”LS((;’T;L,(Q))

3(4-1) T
< C(IVullpz0,7:020)) + el 20, 7:02(0))) ¢ ||M||Z(x6(0t’)T;L,(Q)) < C,

34-1

t
2(6-1) 26-9
||b||L4(O,T;L4(Q)) < C ||b||L2(Or’T;L6(Q)) ”b”Ls‘(Ot’T;Lt(Q))
3¢4-0 5
< C(IVDll20,7:020)) + 10N L0, 7:12002)) ||b||z(§6,)T;L,(Q» < C.
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Thus, by Theorem 1.1, we get that (1.15) could ensure the energy equality (1.8).

In what follows, we give the proof of the first case of (1.16). According to Theorem I. 1 for
1 < p,q < 3, one knows that the conditions Vu, Vb € L(0,T; LY(€)) and u,b € LP 1(O T; Lq 1(Q))
can ensure that energy equality (1.8) is valid. Therefore, to prove the first case of (1.16), we need to
show that the conditions Vu, Vb € LP(0, T; LY(Q)) can yield u, b € L%(O, T, L%(Q)). To this end, for
g < g < 3, by virtue of the Gagliardo-Nirenberg inequality, we know that

5¢-9
546 Sq 6
||M||L%(Q) < C ||u||L2(Q) ||V ||Lq(g) B
59-9
5¢g—6 546
IIbIIL%(Q) < CIbl 5 IIVbIILZ(Q)
Furthermore, in view of % + % = 1, we deduce that
5¢-9
5¢g-6 Sq 6
el 2z, oray <€ el 0,722y IVl 20,7200y < €
599
5¢-6 5q 6
10 2 2 < CBISG oy VP s < C-

Then, we complete the proof of the first case of (1.16).
Next, we treat the remaining case of (1.16). For % <g< %, it follows from the Gagliardo-Nirenberg
inequality that

9-5¢ 2g-3
6-3q 6-3g
el 24 < Cllul i 1Vl gy
9-5¢ 2g-3
6-3, 6-3,
181, 24 < Clllsi, Vb -
Thanks to 1_17 + % = 2, we further infer that
9-5¢q 2g-3
6-3q 6-3g
ell 2, 2, S €M i IVl oy < 6
9-5¢ 293
6-3¢q 6-3q
||b||Lp2P1 (OT:L7 20 @) <C “b“LZ(O,T;Lﬁ(Q)) ”Vb”LP(O T;L9(Q) <C

Then, from Theorem 1.1, we know that (1.16) could guarantee the energy equality (1.8), and the proof
of Corollary 1.1 is finished.

4. Conclusions

This paper is dedicated to the energy equality of nonhomogeneous incompressible Hall-MHD equa-
tions in a bounded domain Q c R” (n > 2). Through the special structure of the nonlinear terms, and
using the coarea formula, we get some types of regularity conditions to guarantee that the energy equal-
ity is valid. It is worth noting that among them are the regularity conditions concerning Vu and Vb,
rather than u and b.
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