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Abstract: This paper is concerned with the long-time dynamical behavior of a piezoelectric system
with magnetic effect, which has nonlinear damping terms and external forces with a parameter. At
first, we use the nonlinear semigroup theory to prove the well-posedness of solutions. Then, we
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1. Introduction

In this paper, we investigate the piezoelectric beam system with magnetic effect:

PVir — QVxx + ’)/ﬁpxx + ﬁ(vv p) + gl(vt) = ‘ghl’ (0’ L) X (O’ T)7

(1.1)
MPu _ﬁpxx + YIBVXX + fz(V, p) + g2(pt) = 8h2’ (0’ L) X (0’ T)’

where £ € [0,1], @« = a; + 9?8, and a, p, 7, B, 4 > 0 mean elastic stiffness, the mass density per
unit volume, piezoelectric coefficient, water resistance coeflficient, magnetic permeability, respectively,
which is supplemented by the following initial boundary conditions:

v(0,1) = av(L,t) — yBp(L,1) =0, t>0,
p0,0) = p(L, 1) —yvi(L,1) = 0, t>0,

(1.2)
v(x,0) = vy, vi(x,0)=vq, O<x<L,

p(X,O)Zpo, pt(X,O):pl, 0<.x<L
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It is well known that the ability to convert mechanical energy and electrical energy into each other
is a characteristic of piezoelectric materials. In addition, it is smaller, less expensive, and more efficient
[1]. Therefore, it has been applied in automotive [2,3], medical [4,5], space structures [6,7] and many
other fields [8]. In the previous modeling stage, the magnetic effect was basically ignored due to its
slight [9], but the latest results show that the magnetic effect may influence the performance of the
system [10], so it is crucial to study piezoelectric beam models with magnetic effects. Nowadays, a
growing number of scholars are beginning to do related research in this field.

The establishment of mathematical models of piezoelectric beams has a long history. In the early
days, Tebou [11] and Haraux [12] established the model of a single beam due to Maxwell equation
[13, 14] and the dynamic interaction between electromagnetism is ignored. Therefore, they obtained
the following equation:

PV — a1Vyy = 0, (x,1) € (0,L) xR,
v(0,1) = aqv(L,t) + 6vi(L, 1) =0, t€eR*.

Based on the magnetic effects and variational method, the equations of a single beam were derived
by Morris and Ozer [15], as follows:

PVir — QVxx + y:Bpxx = O’ (X, t) € (O, L) X RJr,

HP1 = BPxx + YBVrx = 0, (x,1) € (0,L) x R*,

(1.3)
v(0,1) = p(0,1) = av (L, 1) — yBp(L,t) =0, teR*,

Bp«(L, 1)+ 52 =0, t e R*.

where V(¢) = p,(L, t) denotes electrical feedback controller. Then, they established the further results:
the well-posedness of solution, strong stability of piezoelectric beam and so on [16, 17].

In [18], Ramos et al. inserted a dissipative term 0v, in the first equation of (1.3) and considered the
following boundary condition

v(0,1) = av(L,t) — yBp.(L,t) =0, 0<t<T,

p0,1) = p(L,t) —yv(L,t) =0, O0<t<T.

The authors applied energy method to prove the energy of the system and estimated that the energy
is exponentially stable. After that, Ramos et al. changed the boundary condition in [19]:

v(0,0) = avi(L.)) = ypp(L. ) + £ 252 =0, 0<t<T,

p0,1) = pu(L.1) = yvi(L, 1) + 252 = 0, 0<t<T,
and proved the exponential stability regardless of any relationship between system coefficients and
there is equivalent to exact observability at the boundary.

Moreover, we know there are many ways to control piezoelectric vibration, among which time-
delayed feedback control is a common way to improve stability of the system. Therefore, more and
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more researchers studied the influence of time-delayed effect on the stability of hyperbolic systems,
and also proved the so-called destabilizing effect.

Dakto et al. [20-23] has obtained a series of research results in this direction. Among them, Dakto
studied the equation as follows,

Uy — Upy +2u(x, 1 —7) =0,  (x,1) € (0,1) X (0, +00),

where 7 > 0, and proved that the time delay in the dissipative term charcatered by velocity term could
make the beams lose stability.

Therefore, it is necessary to add some controlled term to stabilize the hyperbolic systems.

In 2021, Freitas and Ramos [24] considered the longitudinal vibration of the piezoelectric beams
with thermal effect, magnetic effect and fraction damping:

PVt — @iy + YBPxx + 00, + f1(v, p) + Vv, = hy, (0,L) x (0, 1),
WPt — BPxx + VPV + Apr + fo(v, p) = hy, (0,L)x(0,T),
cl;, — k0, +6v,, =0, (0,L) x (0,7),

the authors applied the semigroup theory to prove the well-posedness of solutions, then they showed
that the existence of global attractor, exponential attractor and the upper semi-continuity of global
attractor when v — 0*.

Freitas et al. [25] studied nonlinear piezoelectric beam system with delay term:

PV — QVxx + ’)/ﬁpxx + fl(V, P) + V= hla

UDy — BDxx + YBVix + fo(v, p) + i ps + popi(x, t — T) = hy,

and proved the system is asymptotically smooth gradient, and then they used stability estimation to
obtain that the system is quasi-stable. Finally, they also proved the global attractor has finite fractal
dimension.

Ma et al. [26] studied long-time dynamics of semilinear wave equation:

0%u — Au+ a(x)g (Ou) + f(u) = eh(x) in QX R",

where Q C R? is a bounded domain with a smooth boundary dQ and & € [0, 1]. In this paper, they
mainly proved the existence and properties of global attractors and attractors are continuous under
autonomous perturbations. We also mention the pioneering work [27] that is related to nonlinear
damping term in the research of attractor. In [27], Lasiecka and Ruzmaikina considered the existence,
regularity and finite dimensionality of attractors for wave equations with some assumptions on
nonlinear interior damping in 2-D case.

Freitas et al. [28] investigated the following wave equations:

uy — Au+ (=AN)"u; + g1 () = fi(u,v) + ehy, in QxR
Vie — Av + (=A)2v; + g, (v) = fo(u,v) + ghy,  In QXRT,
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where Q ¢ R? is a bounded domain with smooth boundary 0Q, aj,a; € (0,1) and € € [0,1]. The
authors showed that the dynamical system is quasi-stable and that the family of the global attractors is
the continuous with respect to the parameter.

Recently, Freitas and Ramos [29] also considered a system modeling a mixture of three interacting
continua with external forces with a parameter € € [0, 1], and gave the smoothness of global attractors,
the continuity of global attractors.

The main contributions of this paper are:

1) We consider the piezoelectric system with nonlinear damping and external forces with a
parameter, we prove the existence of solutions by maximal monotone operator theory.

2) We establish a quasi-stability estimate to prove the system is quasi-stable and then we obtain the
existence of exponential attractor and some properties of the global attractor.

3) We consider the upper semicontinuity of global attractors with respect to the parameter € € [0, 1].

The present paper is organized as following. In Section 2, we mainly establish the well-posedness
of the solution by nonlinear operator theory. In Section 3, we apply the infinite dynamical system
theory to prove the existence of global attractors and exponential attractors. In Section 4, we mainly
show the upper semi-continuity of the global attractors.

2. Existence of global solutions

In this section, we first give some assumptions and notations. Then, we are concerned with well-
posedness of the solution of the systems (1.1) and (1.2) by the similar argument as in [30-32] and the
references therein.

2.1. Assumption

Now, we give some assumptions which will be used hereinafter. In the following, we shall denote
C, C; be the positive generic constants, which may be different in various lines. We assume that
(1) The function F € C?*(R?) satisfies

VF = (f1, /), (2.1)
and there exists By, mr > 0 such that
F(v, p) 2 =Bo(VP +1p) — mp, (2.2)
where |
0<pBy< % (2.3)

and B, is the embedding constant defined in (2.13). Moreover, there exist constant r > 1, Cy > 0 such
that

IV, pI < Co(L+ I +1pl™h,  i=1,2. (2.4)

Furthermore, for arbitrary v, p € R, we get
VE(®,p)- (v, p) = F(v, p) 2 =Bo(V + |p*) = mp. (2.5)
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(2) The external forces hy, h, € L*(0, L), € € [0, 1].
(3) For the nonlinear damping g;(i = 1,2), we have

g €C'R), £(0)=0,
and there exists positive constants m, M; and g > 1 such that
m < gi(v) < My(1 + 7™, Vv e R.
If g > 3, there exist [ > g — 1, M, > 0 such that
gi(v)v = Moyl vl > 1.
Furthermore, from (2.7), we obtain
(@(p) = &N —-v) =mp-vP?,  pveR
Remark 2.1. A simple example of the function F satisfying the assumption (1) can be
F(v,p)=v+pl' = v+ pl’ +cilvpl’, e >0,
which implies that
fiv,p) = (z—f =4+ p)’ = 2(v + p) + 2cvp?,
L, p) = g—i = 4(v + p)’ = 2(v + p) + 2c1Vp.

It is easy to verify that
1

F(v,p) > min{g! - £} = -2,

which yields that the assumptions (2.2)—(2.4) hold with my = th and r = 4. Noticing that
1
VF(v,p)-(v,p) = F(v,p) 2 3lv+pl' = v+ p* > 1 =T
we can derive that (2.5) also holds.

2.2. The Cauchy problem

In the rest of this paper, we denote
VIl = Vllerony, r=1, v, p)2 = (v, Pr2o.p)-
We shall define the Sobolev Space
H,L)={ve H(O,L) : v(0) =0}, i=1,2.
Because of v(0) = 0, we obtain the Poincaré’s inequality

LlVIE < [vidl3, Yv e HYO, L),

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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where A; > 0. Hence, we deduce an equivalent norm |[v||g1 0.y = [[vll2 in H0,L).
The energy space H is defined by

H =V xH=(H\0,L))?x (L*0, L))

The inner product on H is

L L L L
(2, Du = ay f vivdx + B f (yvx = p)(YVx — P)dx + p f ViV dx + p f pipidx,
0 0 0 0

Where Z= (V, p7 V[a pt)T’ Z = (‘7$ ﬁ, ‘7[, ﬁI)T'
From the inner product, we can define the norm as

I2Ol7 = v, p,vi ) Nl = vl + Bllyve = pall® + plvid? + pllpil. (2.11)

Moreover, there exists a constant « > 0 such that
1
VI + lIpll5 < /l—(llvxlli +1Ipal3) < k(illvill; + Bllyvy — pally). (2.12)
1
In fact, observing that

1PAll3 = 1yve = Py = yvilly < 2llyve = pally + 29711V,
we have
VA3 + 1pll3 < (1 + 292 vsllz + 2llyvs = pall3,
where k = max{(2y*+1)a;"', 287"}, the inequality (Eq 2.12) holds. Combining the Poincaré’s inequality
(Eq 2.10) and the above formula, there exists §; = /l_Kl > ( such that
VI + 1Pl < Bi(@ilvil3 + Bllyvs = pall3)- (2.13)

Let us write the systems (1.1) and (1.2) as an equivalent Cauchy problem
d
d—tz(t) +Az(t) = Fzt),  z(0) = z, (2.14)
where zo = (vo, po,vi, p1). € H, and A : D(A) = {(v,p,¥,p) € H : v,p € H*0,L),7,p €
HY(0,L),v(L) = py(L) = 0} ¢ H — H is defined by
-7
=P
ﬁ(_avxx + Yﬁpxx + gl(vt)) ’
/ll(_ﬂpxx + yﬂvxx + 82(pt))

The function ¥ : H — H is defined by

Az(t) =

0
Fiz) = 0 2.15
@ =1 Leh - A p)| 15
(& = f(v, p)
By a simple calculation, we have
L
(Az, D = f (81(MV + g2(p)p)dx = 0. (2.16)
0
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2.3. Energy identities

Definition 2.1. A function z(t) = (v, p,v,, p)T € C([0, 00), H) with z(0) = (vo, po, V1, p1)! is called a
weak solution of the systems (1.1) and (1.2), if for any ¢, € H'(0, L) it satisfies

d d
P i @)+ (P o + @1 (Ve p)a + BYVi = Pa(yx = 2 + (81 (1), 0)2

L L

+(82(p), ¥)2 + f Jiv, p)edx + f L(v, ppdx = (ghy, )2 + (€hy, Y)s.
0 0

Moreover; if
z € C([0, 00); D(A)) N C'([0, 00); H),
then z is called the strong solution.

The total energy of solutions of (1.1) and (1.2) is defined by

L L
EM =E@) + f F(), p(t))dx — 8f (hv(t) + hyp(1))dx, t>0, 2.17)
0 0
where E(1) = 3llz(0)I2,.

Lemma 2.1. Ifz = (v, p,v;, p)! is a strong solution of (1.1) and (1.2), the following conclusions will
hold,

(1) p
—&() = - VOV, + dx
di (1) f(gl( Ve + &2(p)pr) 2.18)
< =m(vOl5 + Ip@)II3).-
(2) There exist constants 3, Cr > 0 such that
Ballzllz, — Cr < &< Cr(l +Izllh,  120. (2.19)

Proof. Multiplying the equations in (1.1) by v,, p,, respectively, and using integration by parts, and
applying the inequality (Eq 2.9), we can obtain (2.18).
Applying (2.2) and (2.14), we have

L
f F(v, p)dx = =Bo(VIl5 + lIpll3) — Lmp
0

—BoBr(@1llvill3 + Bllyvy = pall5) = Lmye

> (2.20)
Z _ﬁoﬁlll(v’ p’ Vt’ pt)T”(%,[ - LmF.

Using (2.3) and (2.20), we obtain
L L
&) = f F(v, p)dx — 8f (h1v + hyp)dx + E(1)
0 0
1 5 L
2 (E = BoBlllly; — Lmp — € (v + hyp)dx.
0
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Let {
B = 4_1(1 —2BoB1) > 0,

since € € [0, 1], we have

t B
gf (hyv + hap)dx < 22
0 B

1

I + 11p1B) + 2Ll + 1B,
46>
the first part of (2.19) is obtained with
B 2 2
Cr=1L —(||h hl5).
F=Lmp+ 4,82(” iz + llA2ll2)
Moreover, by (2.4) we have
L
f F(v, p)dx < C(v,ll5™" + llpli5™ + 1).
0

By (2.13) and (2.25), we can deduce the second inequality in (2.19).

2.4. Well-posedness

(2.21)

(2.22)

(2.23)

In this subsection, we will use the nonlinear operator theory to prove the well-posedness of

solutions.

Definition 2.2. Let X be a reflexive Banach space, the operator A : X — X' is called monotone if it

satisfies
(A7' —AZ, 7' =) >0, VI'.7% € D),

Furthermore, if (A + 1) : X — X' is onto, then A is maximal.

Definition 2.3. Let X be a reflexive Banach space, the operator B : X — X' is called hemicontinuous,

if

£iné(B(u + Av), w) = (Bu, w), Yu,v,we X.

Lemma 2.2. The operator ¥ : H — H defined in (2.15) is locally Lipschitz continuous.

Proof. Let the solutions z', z2 € H such that ||z' ||, [|z%llr < R, where R > 0.
Then, we can deduce

1t 1 (F
IF ") = F&I, = p f IAGY, Y = A0, pPIPdx + . f A0 ph = A0, pPPdx.
0 0

It follows from (2.4) that

0L P = FO2 PP < Cr T+ Ip T+ T+ PP DAV =R+ Ip = ).

It follows from (2.24) that there exists some constant Cg > 0 such that

L
f L0 P = 02 PPy < Crllz' = 223, 0= 1,2,
0

which implies that
IF(z") = F (@)l < Cllz' = 2l

for some constant Cg > 0. This finishes the proof of this lemma.

(2.24)
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Now, we are in the position to give the existence of the solutions.

Theorem 2.1. Suppose the assumptions (2.1)—~(2.7) hold. If zy € H, the systems (1.1) and (1.2) have a
unique weak solution z(t) satisfies 7 € C([0, o0); H), and it depends continuously on the initial data .
In addition, if 7y € D(A), the weak solution is a strong solution.

Proof. Similar to (2.15) and (2.16), using the monotonicity of function g;,i = 1,2, we know A is
monotone. To obtain (A is a maximal monotone operator, we need to show that there exists z € D(A),
for arbitrary w € H such that

Az+z=w.

In fact, in the following, we decompose the operator A as

0 -1
a-(y 2)

where B : D(B) = {(v, p) € H*(0,L) x H*(0,L)} C V — H,

l(—Q’V)c)c + )/ﬁPXX) )
— 14
B(V, p) ( i(_ﬁpxx + ')/ﬁvxx) ,
G:H—- H, !
_ ;gl(Vt) ]
G(ve, po) ( ’Llng(pt) .

Writing z = (v, p,vi, p)" = (T.)" € VX H,w = (w,w,)" € VX H,s0
T—1=Ww, B(t) + G(n) + 1= wa,

then, we can analyze that 7 € V. Hence, we need to prove K(7) = (B+1)n+G(n) : V — V' is onto. By
Corollary 2.2 of [33], we need only to prove K is maximal monotone and coercive. From (2.11) and
the embedding V — H = H’ — V’ we have

<BT9 TI) = (T’ n)V’ T’n € V <T7 77) = (T, U)H, TE ‘/977 € H

Firstly, let n',* € V, then

(B+D' =m0 =7y =B =)' =0+ ' —=n.n' =)

(2.25)
= In" =I5, + lIm" = ?II3, > 0.

By (2.9), we have
(G = G0 =%y = (G') = G n' =) 2 0. (2.26)
So we obtain that B + I and G are both monotone.
Secondly, let 7,77, € V, 1 € R, we have
KB + (7 + An), ) = (B + D1, $)| = |A(B + D1, §)| < |AU(By, d) + (1, ¢)),
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which implies that the continuity of ((B + I)(t + An), ¢) at 1 = 0. Moreover, we have

2 L
(G(T + A,m), ¢) = Z f gt + ) dx.
i=1 Y0

Clearly
gt + 4, — gi()¢'  a.ein(0,L) as A, — O.

From (2.7) and Dominated Convergence Theorem, we deduce
lim (G(r + 4,1), ¢) = (G(), ).

So we obtain that B + I and G are hemicontinuous.

In addition, we can deduce B + I and G are coercive from (2.25) and (2.26).

Therefore, according to Theorem 2.6 of [33], we know that K is coercive and maximal monotone,
which implies that K is onto. That is, A is maximal monotone in H.

In conclusion, since A is maximal monotone and ¥ is locally Lipschitz, by applying Theorem 7.2 of
[34], we can obtain: when z, € H, the problem (2.14) has a unique weak solution z(#) € C([0, t,,.,); H).
Moreover, if ¢,,,, < oo, then lim sup,_, |lzllzr = co. When zy € D(A), the problem (2.14) has a unique
strong solution z(¢) € C([0, t,4x), D(A)), (tpax < 00).

Now, we need to show the existence of global solutions, that is #,,,x = co. In fact, let z(¢) be a strong
solution defined in [0, f.x). From (2.18), we infer

&) < E0). (2.27)

It follows from (2.19) and (2.17) that
1
llzll3, < —(&(0) + Cp).
B2

By density argument, the conclusion also holds for weak solution. Therefore #,,,, = .
Finally, let 7', 7% be two weak solutions, by the standard arguments, for any 7" > 0, there exists
constant C > 0 such that

' (1) = 2@)Il3; < eIl (0) = 2Oz, 1 €[0,TI. (2.28)

The proof is complete.
3. The existence of global attractor

In this section, for the sake of completeness, we collect some known results in the theory of
nonlinear dynamical systems (see [35-38]).
Let (v, p,v;, p,)" be the unique solution for the systems (1.1) and (1.2). We can define the operator
S(): H — Hby
S(®)(vo, po.vi, p1) = (@), p(), vi(0), pi(0)', 12 0.

Hence, (H, S (1)) constitutes a dynamical system.
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Definition 3.1. Let B C H be a positively invariant set of a dynamical system (H, S (1)).

1. A function ®(v) is said to be a Lyapunov function, if t — ®(S(t)v) is a non-increasing function
foranymn € B.

2. A Lyapunov function is called strict, if there exist ty > 0, 1 € B such that ©(S (ty)v) = ©(v), then
n=S(@y, t>0.

Definition 3.2. The dynamical system (H,S,) is quasi-stable on B C ‘H, if there exist a compact
seminorm yx(-) on the space X and nonnegative scalar function a(t), b(t), «(t) € R* satisfy:

(1) a(t), c(t) are locally bounded on [0, o0);

(2) b(t) € L'(R"), and lim,_,o, b(¢) = 0;

(3) for any v{,1, € Band t > 0, the estimates

IS (1 = S (Omallz, < a®lvr = vall,s

and
IS ()1 = S (Oallz, < D@1 — vally, + (@) sup [yx(' (s) — ()],

0<s<t

hold, where S (f) = (W' (£), 0i(r)),i = 1, 2.

Lemma 3.1. The dynamical system (H, S (1)) is gradient, that is, there exists a strict Lyapunov function
O € H. What’s more,

Oz) >0 & |izllyg > 0.
Proof. Let &(t) defined in (2.17) be a Lyapunov function ® and zy = (vo, po,vi, p1)’ € H, we can
infer that t — (S (1)zp) 1s a non-increasing function from (2.18).

Supposing that (S (¢)zp) = D(zp), for t > 0, we have

v/l = llp®IF =0, 1>0.
We obtain
vi=p, =0, aein(0,L), t>0.

Consequently, v,(f) = vo, p;(t) = po, which implies S (£)zg = z(t) = (vo, po,0,0)? is a stationary
solution of (H, S (¢)).
From (2.19), we obtain
D(z) < Cp(1 +lzllR7h),  £>0.

Let ®(z) — oo, we have ||z|]|y — 0. Then, it follows from (2.19) that

D(z) + Cp
B

As a result, we infer from ||z||y — oo that ®(z) — oo.

2
Izl <

Lemma 3.2. The set of stationary points N of S (t) is bounded in H.
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Proof. Letz = (v, p,0,0)" € N be the stationary solution of systems (1.1) and (1.2). Then, we have
the following elliptic equations

{—avm +¥Bpu + iy, p) = €hy, 3.1)

_ﬁpxx + Yﬂvxx + fZ(V, P) = 8h2-

Multiplying the equations in (3.1) by v, p, respectively, and integrating the result over (0, L), we
have

L L
a1 [vsllz + Bllyvs = pill; = - f (fi(v, p)v + fo(v, p)p)dx + Sf (v + hyp)dx.
0 0
Hence, using (2.1), (2.2), and (2.5), we obtain

L
—f (v, pv + fo(v, pp)dx < 2BoBi(arVill; + Bllyvs = pally) + 2Lmpe.
0

By (2.21), we have

L
ABs(ailIvillz + Bllyvy = pallp) < 2Lmp + Sf (hv + hyp)dx.
0

By Young’s inequalities and (2.13), we infer

L
f (v + hap)dx < Z2VR + P12 + 2L iR + 1ol
0 Bi 48,
< Ba(@rlvalB + Bllyvs = pilP) + %am]ni IR,
2
Therefore, we conclude
3B, < 2Lmy + %umlui + IR, 32)
2

The proof is complete.

Lemma 3.3. Suppose that the Assumption 2.1 holds. Let B be a bounded forward invariant set in H
and S ()7 = (V', p',vi, p)T be a weak solution of the systems (1.1) and (1.2) with z, € B,i = 1,2. Then
there exist constant o, ¢, Cp > 0 independent of € such that

E(1) < SE0)e™" + Cp sup (IV(s)ll5, + Ip()l3), V1 > 0.
s€[0,¢]

where E(t) = 3|lzll5, v=v' =V, p=p' = p*,6>2.

Proof. Let Fi(v, p) = fi(v', p") = i, p?),i = 1,2,G1(v)) = g1(v)) — §1(v?), Ga(py) = 82(p)) — g2(p?).
Then v = v' —V?, p = p' — p? satisfy

PV = @V + YBprx + G1(v) = —F1(v, p),
KD = BPxx + ¥BVxx + G2ps) = —F2(v, p),
((0), p(0), v:(0), p(0)) = z' = 2%,
v(0) = p(0) = vi(L) = p«(L) = 0.

(3.3)
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Multiplying the first equation of (3.3) by v, the second one by p, and integrating over [0, L] X [0, T,
we have

T 1 T T , )
f E(ndt = - 5 f (oviv +upip)da| |+ f (Pllvil; + llpr)dr
0 2 Jo 0 Jo
1 T L 1 T L
5 [ [ @+ Gapamasar=3 [ [ #iwpw+ Pt pipisa.
0 0 0 0

Step 1. By Poincére’s and Holder’s inequalities, we have

L
f (ov,v + up,p)dx < CE(¢).
0

Then .
[ @ s uppar < ceo + .
0

where C is a positive constant. From (2.9), we conclude

T 1 T L
f (olvillz + pllpdis)dr < Ef f (G1(v)v) + Ga(py)p)dxdt.
0 o Jo

Step 2. According to Young’s inequality and (2.9), we can deduce

2
f f 1(vovdxdt < —f f G (v)vdxdt + = f f (v,)udxdt

Applying (2.7), we infer

L 1 L M L
f Gi(v)vdx < = f G(v)vdx + — f (1 + W7+ P2 Y Pd.
0 2 0 2 0

For further estimation, we divide it into three cases.
Case a: g = 1. It is easy to get

L L
f (1 + 17+ P HvPdx < 3|l +f (@1 (v v} + & ())v))d).
0 0
Case b: 1 < g < 3. Applying the assumption (2.9) and Holder’s inequality, we have
L L 1
f (1+ W7+ W DvPdx < ClIvil, ( f (14 oy [0+ D) dx)
0 0
L 1
< Clvll,, (1 +f (@1 (v Vi + & (v))dx)7
0

L
< CIME, (1 + fo (@) + g1 (P W),
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Case c: ¢ > 3. Using the assumption (2.8), by the similar argument as in Case b, let d = - > 1,

gq-1
we can obtain the same result.
Combining the estimates of the above three cases, we can deduce that there exist C > 0,6 > 2 such
that

L 1 L L
f Gi(vvdx < > f G (v)vidx + CIVI(1 + f g1V} + g1(v))v))dx). (3.4)
0 0 0

Similarly,

L 1 L L
[ Gawopx< 5 [ Gaamax+ clpa+ [ @l + oo, 69
0 0 0

Furthermore, due to 7', z? € B, and by (2.18), (2.19), we conclude there exists Cz > 0 such that

L
f @O + 1 (W dx < C,
0

L
f (@2(php! + g2(p)pA)dx < C.
0

Combining with (2.8), (3.4), (3.5), and applying L*(0, L) < L%(0, L), we deduce

1 T L 1 T L
- f f (Gi(v)v + Ga(p)p)didt < = f f (G1()Vv; + Ga(py)p)dxd
2 0 0 2 0 0

+ Cpz sup (V(9)IB3y + 11p(5)I13)-
s€[0,T]

Step 3. Applying (2.4), H!(0,L) < L'(0, L), r € (1, o) and Holder’s inequality, we can infer

L
f Fi(v, pyvdaxdr < Cp(Iv' ' + V115" + 1p 1" + 1121155 D CUIVIs + [1pllo) VI
0

3.6
< Cp((Ivlle + lIplo)lvil2 (3-6)
< Ca((IVIy + 11pII54)-
Similarly, we obtain
L
f Fa(v, p)pdxdt < C((IVIl5, + lIpll3,)- 3.7
0
Combining (3.7) with (3.6), there exists Cr > 0, we have
1 T L
) f f (F (v, p)v + Fo(v, p)p)dxdt < Cgr sup (IV(s)l55 + IP(5)I130)-
0o Jo 5€[0,T]
Therefore, combining the above estimates, we have
T T AL
f E(t)dt < CBf f (G1(v)v, + Go(py)p)dxdt
0 0 0 (3-8)

+Cpyr S[l(l)];;](IIV(S)H%g +11p(s)ll50) + C(E(0) + E(T)).
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for some constants Cg, Cgr > 0.
Step 4. Multiplying the equations of (3.3) by v;, p;, respectively, and integrating over [0, L] X [s, T'],
we obtain

T L T L
E(r) = E(s) - f f (G1(vov: + Ga(p)pdxdt — f f (F1(v, p)ve + F2(v, p)pdxdt.  (3.9)
s 0 s 0

Due to -
—f f (Gi1(v)v; + Go(p)pdxdt <0,
s 0
we obtain

T L
E(t) < E(s) - f f (F1(v, p)vi + F>(v, p)ppdxdt.
s 0

By the similar argument, we have

L
—f F1(v, pyvidxdt < Cp((Vll2g + llpllo)l|vill2
0

Csp
< Zlvili3 + 4—§(IIVII§9 + 1pl30)-
Analogously,
- 2, C oo 2
— | F2(v, p)pdxdt < lpil; + E(IIVIIZG + lIpll)-
0
Consequently,
L
C
- f (F1(v, p)v; + F2(v, p)pdxdt < JE(1) + 4—5(IIVI|§9 +11pli3). (3.10)
0

Let( = %, we have

1 T T
E(T) < T f E(t)dt + TCy f (I3, + lple)dt + E(s).
0 0

Then, integrating in [0, 7], there exists a constant Cg 7 > 0 such that

T
TE(T) < 2[ E(t)dt + Cpz sup (V)35 + [1p(5)I[3)- (3.11)
0 s€[0,T]
Step 5. Let (3.9) with s = 0 and (3.10) with { = 1, we have
T L T
f f (G1(v)v, + Go(p)pdxdt < E0) — E(T) + f E(@)dt + TCpz sup (V(s)l3 + Ip(5)][3)-
0o Jo 0 5€[0.77]
Combining the above estimates with (3.8), we can deduce

T
fo E(t)dt < Cgy sup (IV(s)li5 + 1p(s)Il5,) + C5(E0) + E(T)).

s€[0,7]
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Then, from (3.11)

TE(T) <Cpr S[l(l)];;](IIV(S)H%e +Ip(9)l29) + Co(E) + E(T)).

Choosing T > 2Cp, letting my =

Cp .
-G < 1, we obtain that

E(T) < mrEQ) + Cpr S[l(l)p](IIV(S)H%g + 1p($)I13)-
s€[0,T

Let M, = sup i, +1)T](||V(S)||§9 + ||p(s)||§9), n € N. Then, repeating the above argument progress
on any [nT, (n + 1)T], we have

E(nT) = myEQ) + Cpr ) miy™~'M;
k=1

C
< mlEQ) + —22— sup (Iv(s)IZ, + Ip(s)I13,).

1 - MT 5¢[0,mT]

For any ¢ > 0, there exists n € N, k € [0, T) such that t = nT + k. Hence, we have

CB,T

E@t) < E(nT) < m}lmiE(O) + sup (V)3 + 1P($)159)-

1 —my s€[0,1]

Consequently, letting o~ = —@, c=m;',Cp= ]C_ZTT, we have
E(f) < SE0)e™" + Cp sup (IV(s)ll5, + Ip()l5y), Yt > 0.
s€[0,1]

The proof is complete.

Lemma 3.4. Let B C ‘H be a bounded positively invariant set, then dynamical system (H,S (1)) is
quasi-stable.

Proof. Defining S(1)z' = (Vi(?), p'(?), vi(?), pi(t))T forz' € B,i = 1,2, and v = v! —v*, p = p' — p?. Then,
it follows from (2.28) that
IS @)z = S5, < allz' = 225,

where a(7) = €¢7.

Now, we let X = H!(0, L) x H!(0, L) and define the semi-norm

1
xx(s p) = (VI3 + lIpl3e) 2.

Since H!(Q) << L*(Q), we can obtain that yy is a compact semi-norm on X.
According to Lemma 3.3, we have
ISz = S5, < bOlIz' = 22115, + (@) sup [xx((s), p(s)T’,
5€[0.1]

with b(?) = g™, ¢«(t) = C.

It is easy to verify that b(f) € L'(R*) and lim,_,., b(t) = 0.

Then, since B is a bounded subset of H, we have ¢(¢) is locally bounded on [0, c0). By the Definition
3.2, we have the dynamical system is quasi-stable on B C H.
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Since dynamical system (H, S ()) is quasi-stable, we can give our main results as following.

Theorem 3.1. Under the assumptions of Theorem 2.1, we obtain
(1) The dynamical system (H, S (t)) has a global attractor A C H which is compact and connected.
Moreover, the attractor can be characterized by the unstable manifold

A =M"(N),

emanating from the set of stationary solutions established in Lemma 3.2.
(2) The attractor A has finite fractal dimension dimqA.
(3) Every trajectory stabilizes to the set N, that is,
lim disty(S;z,N)=0 foranyze H.
t—+00
In particular, there exists a global minimal attractor A, to the dynamical system, which is
precisely characterized by the set of the stationary points N, that is A,;, = N.
(4) The attractor is bounded in H, = (H*(0,L) N H!(0, L))> x (H!(0, L))?, and every trajectory
2=, p,vi, p)T in A has the property

2 2 2 2
”(V, p)H(HZ(O,L)ﬂHi(O,L))z + ”(V[, pt)”(Hi(O’L))Z + ”(th, plt)”(LZ(O’L))Z S R s (312)

for some constant R > 0 independent of € € [0, 1].

Proof. (1) It follows from Lemma 3.4 that (H, S (¢)) is quasi-stable. Hence, we have that (H, S (7)) is
asymptotically smooth by Proposition 7.9.4 of [36]. Then, applying Lemmas 3.1, 3.2 and Corollary
7.5.7 of [36], we can conclude (H, S (¢)) possesses a compact global attractor (A. In addition, it can be
characterized by A = M*(N).

(2) Since the system (H, S(¢)) is quasi-stable, applying Theorem 7.9.6 of [36], we conclude that
attractor ‘A has finite fractal dimension dimg A.

(3) Combining Theorem 3.1(1) and Theorem 7.5.10 of [36], we can get the desired result
immediately.

(4) Since (H,S (1)) is quasi-stable on A, the arbitrary trajectory z = (v, p, v, p;)T in A has the
following regularity properties

vi, pr € L*(R; HX(0, L)) N C(R; L*(0, L)),
Vits Pie € LM(R; LZ(O’ L))

It follows from (1.1) that

Vi = PV + VPPx + fi(v, p) + g1(vy) — ghy,
(3.13)
BPxx = UPu + YBVyx + fZ(Va p) + g2(pt) —&hy.

Then, we can deduce
A Vix = PV + YPu + V2V, p) + v82(p) — vehy + fi(v, p) + §1(v,) — &hy.
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Using the fact a@; # 0, v, p, € L°(R; H(0, L)) — L*(R; L*(0, L)) and f(v, p) is locally Lipschitz
continuous, we have
Ve € LY(R; L*(0, L)),
ve L®(R;H*(0,L) N H\(0, L)).
It follows from (3.13) that
Bpix € L™(R; L*(0, L)),
peL®[R;H*0,L) N H(0,L)).

The proof is complete.

Theorem 3.2. The system (H, S (t)) has a generalized exponential attractor. More precisely, for any
given ¢ € (0,1], there exists a generalized exponential attractor A,., C H with finite fractal
dimension in the extended space H_g which is defined as the interpolation of

Hy :=H, H_, = (L*0,L))*x (H;'(0,L))7

Proof. Let us take B = {z € H|D(z) < R} where @ is the strict Lyapunov functional given in Lemma
3.1. Then we can derive that for sufficiently large R that 8 is a positively invariant bounded absorbing
set, which shows that the system is quasi-stable on the set 5.

Then for solution z(#) = S (¢)zyp with initial data z(0) € B, we can derive that, for any 7" > 0,

T
2 2
fo (IR, ds < Cy,

which shows that )
2 1
IS () z =8 (@) 2ly, < f lz:(llye, ds < Car |ty — 1|

n

where Cgr is a positive constant and ¢, 1, € [0, T]. Hence we obtain that for any initial data z, € H the
map ¢t — S(t)zp 18 %—Hblder continuous in the extended phase space H_;. Therefore, it follows from
Theorem 7.9.9 in [34] that the dynamical system (H, S (¢)) possesses a generalized fractal exponential
attractor with finite fractal dimension in the extended space H_;.

Furthermore, by the standard interpolation theorem, we can obtain the existence of exponential
attractors in the extended space H_; with £ € (0, 1). The proof is complete.

4. Upper semicontinuity of global attractor

In this section, we denote the attractor obtained in Theorem 3.1 as the A,. Then, we investigate the
upper semicontinuity of the attractors A, as € — &y.

Definition 4.1. [26] Let A be a complete metric space and S ,(t) a family of semigroups on H, where
o € A. The global attractors A is called upper semicontinuous on oy € A if

lim disty(Ay, Ay,) =0,

o0
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where distp{A,B} = sup,., infyep d(A, B) expresses the Hausdorff semi-distance in X. Similarly, A,
is lower semicontinuous on oy € A\ if

lim disty(As,, Ay) = 0.

o0

Then A, is continuous on oy € \ if

lim dy(A,, ﬂ(ro) =0,

o0

where dy (A, B) = max{disty (A, B), disty (B, A)} expresses the Hausdorff metric in X.

Proposition 4.1. [39] Assume that

(HI) (H, S ,(1)) has a global attractor A, for any o € A,

(H2) There exists a bounded set B C H such that A, C B for every o € A,

(H3) S ,(1)z is continuous in o for t > 0 and uniformly for z in bounded subsets of H.
Then the global attractor is continuous on all I, where I is a “residual” set dense in A.

Lemma 4.1. There exists a set I dense in [0, 1] such that the global attractor A, obtained in Theorem
3.1 is continuous at gy € 1, that is

lim dy (A, Agy) = 0. 4.1)

&)

Proof. The argument is inspired by [40,41]. We apply Proposition 4.1 with A = [0, 1]. Then Theorem
3.1 implies that the assumption (H1) holds.
It follows from (2.19) and the fact sup .4 P.(z) < sup, .y, D.(2) that

Supzeﬂs (DS(Z) + CF

2
sup ”Z”‘H <
z€A, ﬁZ

. Crsupn llzll7}" +2Cr
< 2 .

Hence, we can derive from (3.2) that there exists a positive constant C independent of & such that

sup Il <€, Ve elo,1].
Zey{a

Then we have that B ={z € H : ||z||§{ < C}is a bounded set which is independent of € and A, C B
for any € € [0, 1]. Therefore, the assumption (H2) holds.
Let B be a bounded set of H. Then for any given &1, &; € [0, 1], 29 € B, we define

S (D20 = OV (0), pI(O,ViD), PiO)T,  i=1,2,

and
v=vl =2 p=pl - p2
Then (v, p, v;, p;) satisfies the following equations
PVir — AVxx + 7ﬁpxx = (81 - 82)h1 - F] (V, p) - Gl(vt)’

“4.2)
UPy — BDxx + VBV = (€1 — €2)hy — F1(v, p) — Ga(py),
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where F;(v, p) (i = 1,2) G{(v;) and G,(p;) are constructed by the same as in Lemma 3.3. Multiplying
the equations of (4.2) by v,, p,, respectively. and integrating over [0, L] by parts, we have

1d

L L
EEIIZH%{ =- f (F1(v, p) + F2(v, p))dx — f (G1(v)v: + Ga(po)prdx
0 0

I 4.3)
(61— 8) f (v, + hapo)dx.
0

Using (2.4), Holder’s inequality and H!(0, L) < L"(0, L), r € [0, o), we can derive that

L
f Fi(v, pyvidx < Cp(1+ 1S &, D20l + 1S e, D20l DAVl + NPl ) IVl
0

< Cr(1+ IS e, (D20l + 1S & (Dzoll YUVl + 1Pl IIVilla-

4.4)

Since E,(7) is a non-increasing function, then for any z, € B, we have

88,‘ (O) + CF

2

IS & (Dzoll7" < <Cp i=1,2.

Combining the above estimate with (4.4) and (2.12), we have

L
f Fi(v, pyvidx < Cp(villy + 1Ipadi)lvila < Coailvillz + Bllyvs = pall3) + Ivill3.
0

Similarly,
L
f Fy(v, p)pidx < Cp@nllvill; + Bllyvi = pal3) + Ipill3.
0

Therefore,

L
f (F1(v, pyvi + Fa(v, p)pdx < Clizlly,. (4.5)
0
It follows from the monotonicity property (2.9) that
L
- [ @0+ Gatpopix <0, 46)
0

Moreover, it is easy to verify that

L 1 1
(&1 - 82)f (hve + hapr)dx < E(Ilvzllﬁ +lIpdlI3) + §|81 = &l (I3 + 13
0 . . 4.7)
< el + sler — &Pl + A1)
2 2
Combining (4.5)—(4.7) with (4.3), we have
d
a{,—tllzll(2 < Cyllzliz, + ler — &2l (1hll3 + [hall3). (4.8)
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Using the Gronwall’s inequality and the fact ||z(0)||§( = 0, we can derive from (4.8) that

1
[{G][F C—(eCBt = DIl + IhalB)ler = eal, 1> 0.
B

Hence we have
1 1
IS (020 = S ey (D0llze < (= = DI + Vol ler = eal.
B

So the assumption (H3) holds. As a conclusion, we obtain that there exists a dense set / C [0, 1]
such that (4.1) holds by Proposition 4.1.

Theorem 4.1. Suppose the assumptions of Theorem 3.1 hold. Then the family of global attractors A,
is upper semicontinuous at &y, namely,

lim disty(As, Agy) = 0. 4.9)

£—&)

Proof. The argument is inspired by [42,43]. Firstly, we suppose that (4.9) does not hold. Then there
exist A > 0, the sequence &, — & and z;; € A, such that

disty(zy, Ag)) 2 A>0, nelN. (4.10)

Let z(1) = (vV'(2), p"(1), V'(1), p"(¢))" be a bounded full trajectory from the attracator A with 7'(0) =
25 It follows from (3.12) that 2" is bounded in L¥(R; H)).

Noticing H; <—<— H, applying Simon’s Compactness Theorem (see [44] for details), we can
obtain that there exist z € C([-T, T]; H) and a subsequence ( still denote ){z"} such that,

7' >z inC(-T,T];H).

Then, we can conclude that

sup [[z(Dllg < 0.
teR

Let z(r) = (v(1), p(t), v,(2), p:(t))T be a bounded full trajectory of the limiting semi-flow. Then, we
can infer that z solves the limiting equation (& = &), namely,

PV — Vyx + YBPx + iV, p) + 81(V;) = oy,

4.11)
MPy = BPxx + YBVix + 2(v, p) + g2(p1) = &oha.
In fact, from (1.1), we can get 7" satisfies
pvy —avi +yBp + iV, p") + g1(v]) = €y,
(4.12)

upy = B, +yBVy + L0V, p) + g2(pf) = €'hy.

we can use the same argument as in the proof of (H3) in Lemma 4.1, so we can infer that (4.11) is the
limit case of (4.12) as n — oo.
Consequently, we have
z5 — 2(0) € A,

which contradicts (4.10). This completes the proof.
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